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GINZBURG LANDAU EQUATION AND STABLE STEADY
STATE SOLUTIONS IN A NON-TRIVIAL DOMAIN

SHUICHI JIMBO*, YOSHIHISA MORITA** AND JIAN ZHAI*

*Department of Mathematics, Faculty of Science
Hokkaido University
**Department of Applied Mathematics and Informatics
' Faculty of Science and Technology,
Ryukoku University

ABSTRACT. The Ginzburg Landau equation with a large parameter is studied in a
bounded domain with the Neumann B.C. It is shown that if n.= 2 or n = 3 and
the domain is not simply connected, many kinds of non-constant stable equilibrium
solutions exist.

§1. Introduction A_
In this paper we study the existence of non-constant stable equilibrium solutions
of the following Ginzburg Landau equation,

%2{3 —AG+A1—|8P)® in (0,00) x 2,
(1.1) 5 | |
5= 0 on (0,00) x0Q (&:C - valued),

where 2 C R is a bounded domain with C?® boundary and A > 0 is a parameter.
. Ginzburg and Landau (1950) introduced a model of the superconductivity phe-
nomena in the low temperature. Afterwards the important features of this phenom-
enon were analyzed through the GL equation. Moreover the successful idea of GL
model has been used in many other fields of physics. The original GL equation is
the system of equations of the wave function @ of the electrons in a material and the
vector potential A of the magnetic field made by the current of the electrons. The
equation (1.1) is one of the simplified models and it is obtained by putting A = 0 in
the original equation and it is sometimes used in the case that the magnetic effect
is expected to be very small and negligible inside the superconductor . We are
concerned with the occurrence of a permanent current of electrons without outer
(magnetic) driving force. Mathematically speaking, it is the problem of existence
of non-constant stable equilibrium solution of (1.1). In [15] it was proved that if
{) is convex, there is no non-constant stable solution to (1.1) for any A > 0. This
shows that the domain (2 should be more or less complicated so that (1.1) has non-
constant stable steady state solutions. In [15], [16] it was proved that non-constant
stable equilibria exist in a ring shaped domain (solid torus) for large A > 0. In this



paper we deal with more general domains than that in [15], [16]. Precisely speaking,
we will obtain the same result for the domains, which are not simply connected in
the case n =2 or n = 3 (cf. Fig. 1). From this result we see that the situation of
solutions of the GL equation is very different from that of the (real valued) single
reaction diffusion equation and the competition diffusion system (2 species) with
Neumann B.C., because these equations do not have non-constant stable equilibria
in an annulus (see also [7], [17], [18], [19], [20]).

Let us fix the meaning of the stability of an equilibrium solution. (1.1) defines a
dynamical system in the function space X = C°(Q;C). We consider the stability
in the sense of Lyapunov, which is defined as follows.

Definition 1.1. An equilibrium solution ¥ of (1.1) is stable iff for any neighborhood
W (3 ¥)in X there exists a neighborhood of W’ (3 ¥) such that any solution ®(¢,-)
of (1.1) with &(0,-) € W' satisfies &(¢,-) € W (V¢ 2 0).

For other important problems (vortices, motion of votices, magnetic quantiza-
tion) of Ginzburg Landau equation with or without magnetic effect, see [2], [3], [4],
(8], [9], [14], [25] and the references therein.
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§2. Main results
In this section we present the main results. Let & C R™ (n 2 2) be a bounded
domain with C® boundary and consider the following equation,

(2.1) 8%

— =0 on 0Q (&:C - valued),

{ AD+A(1-]8)®=0 in Q,
Oov

where v is the outward normal vector on 2. We deal with the domains with the
following condition.

(A) There exists a continuous map 8y : @ — S* which is not homotopy equivalent
to a constant value map.

Now we present the main theorem of this paper.
Theorem 2.1. Assume the condition (A). Then there exists a non-constant stable
equilibrium solution @, to (2.1) for large A > 0. Moreover ®(z) # 0 in  and the
map -

(22) 03z — 8x(2)/|2a(2)| € §* = {z €C]| |z| =1}

is homotopic to 8y for large A > 0.



In the case of low dimensions, the condition (A) reduces to a more compre-
hensive property of (2. Precisely speaking, (A) holds if n = 2 or 3 and Q is not
simply connected (cf. Proposition A.1 in Appendix). Hence the next result follows
immediately from the above theorem.

Corollary 2.2. Assume that n = 2 or n = 3. If Q is not simply connected, the
same result as Theorem 2.1 holds.

Remark 2.3. In the case that {2 is a solid torus in R3, the same result was obtained
in [16). :

The proofs of the above results will be given in the remaining sections of this paper.

§3. Preliminaries and S!—valued (harmonic) functions

In this section we prepare a formulation which we will use in the proof of the
construction of non-constant solutions to (2.1). Let £ be the universal covering
space of 2 which is endowed with the canonical metric such that the projection

0 — Qis locally isometric. It is well known that R is the universal cover of
51 Let 13 : R — S? be the covering map. Remark also that the fundamental

group m1(Q) acts as an isometric diffeomorphism on £ (the covering transformation
group). We denote its action as follows

Q x m(Q) : (2,7) l———-)z-'yeﬁ.
We denote the generators of 71(Q) by B, ..., Bm with the relations

Bma, .)p(l,i) Bz, ,)p(Z,i) e B, )P("( i) ¢
(1 £m(j,:) Sm, p(j,i) =lor —1,1 <5 n(z),n(z)EN 15:i5k)

where e € 71(Q) is the unit. For any continuous map 6 : @ — S, there exists a

continuous map F : §l - 51 = R such that the following diagram is commutative
(cf. Proposition 5.3 in [13]).

£, 5=R

-
8

s g1

t1

0/ D

(3.1) ' 0(11(2)) = 1o(F(2)) for Vze Q.

F' is unique up to an additive constant (integer x 27). Such F is called a lift of

. On the other hand, what is the totality of R—valued continuous functions in ﬁ,
which are obtained by lifting all the continuous maps on § into S! ? A standard
argument in the theory of the covering spaces gives the following result.
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Lemma 3.1. For a R—valued continuous function F' in ﬁ, there exists a continuous
map 0§ on 2 into S? satifying (3.1) if and only if there exists a unique set of integers
(31, ...,Zm) € Z™ with .

P(L, )@, + P(2,)m(z,) * - + P((), D)limniy,iy =0 (1S ESk)
such that
(3.2) F(z -Bi) = F(z) +2rl; (VzeQ, 15i<m).
Here (¢4,...,4m) € Z™ depends only on the homotopy class of 6.

Remark 3.2. F satisfies the condition (3.2) for (4, ...,£n) = (0,...,0) if and only
if there exists a R—valued continuous function p in Q such that p(¢1(2)) = F(z)
for z € Q. This correspondence is one-to-one. Hence, F' can be identified with a
function on Q. By the same consideration, for a C*? class R—valued function F'
on Q which satisfies (3.2) for (£1,...,4m), V. F can be identified with a R®—valued
function on Q because V,F(z- ;) = V,F(z) for 2 € S and 1 £ j S m.

. Rr

(3}

0 — D)

Using the above formulation, we will prove that there éxists a S* —valued harmonic
function in  (with the Neumann B. C.) in each homotopy class of continuous
maps on §) into S*. This fact is known in more general framework in the theory of
harmonic maps on manifolds (cf. [12]). However we give the proof below because
the following argument is important in the construction of the solutions of (2.1) in
§4. The equation is written as follows,

(3.3) div(V8)=0 in Q, % =(V8-v)=0 on 9Q.

Here V§ is well-defined as a R™—valued function in §2, while 8 itself is a S*—valued
function. We suppose the solutions of (3.3) to be regular up to the boundary
because of the elliptic regularity theory and hence we naturally regard solution 6
as a function on .

Lemma 3.3. There exists a solution to (3.3) in each homotopy class of continuous
mappings on § into S1. Moreover, the solution is unique up to uniform rotation of
values in S*.

(Proof of Lemma 3.3) Given any continuous map 6y on Q into S?, we will make a
solution of (3.3) with the same homotopy as 8. We can assume, without loss of
generality, that 6y is C® up to Q, because we can mollify 8, (if necessary) in each
local patch of @ without changing the homotopy. We “lift” the equation (3.3) to
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one on the universal covering space Q so that we can argue about solutlons which
are R—valued functions. Using Lemma 3.1, 8o satisfies (3.2) for a (41,...,4m) € Z™.
The equation for the lift 9:0— R, is

o9
Ov, ,
with €(z-8i)=¢€(z)+2n8; for Vz€Q and 1Zi<m.

divz(Vz§)=0 in ﬁ, =0 on 6?2,

(3.4)

Thus the problem turns to seek for 9 satisfying (3.4) and the condition (3.2) for the
same ({1,...,4m) as 8. By transforming the unknown variable 8 to Eby E=6— 8o,
we get the equatlon

. L omN oA 08 88, ~
div,(V,€) = —div(Véy) in Q, .=, ™ oQ,

with €(z-B8;)=¢€(2) for VzeQ and 1<i<m.

(3.5)

From Remark 3.2, { in (3.5) can be identified with a function in R—valued function
in § (also denoted by ) and hence the equation (3.5) reduces to the equation on
Q,

(3.6) div(V¢) = —div(Véy) in Q, g—g=—%%o- on Of.

It is well-known that (3.6) has a unique equation up to an ai‘bitrary additive real
constant and thus we obtain a required solution with the same homotopy class as
8o to the original equation (3.3). O

§4. Construction of equilibrium solutions"

Before the construction of solutions, we prepare an auxiliary inequality (cf. (4.2) )
due to S. Campanato [6], which gives an estimate of norm of the resolvent of the
2nd order elliptic operator in the Hélder space. We rely on this inequality in the
proof of the existence of the solution and its asymptotic behavior. We state this
inequality in the simplest version for our later use. Consider

(4.1) _AUHN=f i @, %g- —0 on 09,

where A >0 is a positive parameter. Let o € (0,1) be an arbitrarily fixed constant.
It is well known that for any f € C*(f2) and X > 0, there exists a unique solution
Uy € C?T*(Q). Moreover the following estimate holds for this solution Uy.

Proposition 4.1 (Campanato [6]). There exists a constant K > 0 (independent
of A > 0) such that

> =

(4.2) 1UMlce@my & Tlfllga@ (X>0).
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We will construct equilibrium solutions to the Ginzburg Landau equation in the
following form

(4.3) 3(z) = w(z)e

where '
w:Q— (0,00), 6:Q— S!=R/27Z.

From the equation (2.1) we easily derive the following equations for w and 4.

Aw+ (M1-w?) - |[VOP)w=0 in Q,
4.4
(44) Qv =0 on 04,
Ov
(4.5) div(w?V8) =0 in Q, g—q =(Vl-v) = 0 on 9.
v

We remark again that V@ is well-defined as a R™—valued function in Q for a C*?
map ! — S = R/2xZ. The purpose of this section is to construct a nontrivial
solution (w, 8) to (4.4)-(4.5). We will prove the following result.

Proposition 4.2. There exists a A, > 0 such that the system of equations (4.4)
and (4.5) has a pair of solutions (wy, #x) such that 8 is homotopic to 8y (given in
the assumption in Theorem 2.1) with

(4.6) 1—-§-§w,\§1 in Q,

(4.7) limsup “VG)‘”Loo(Q) <.00, lim ||A9)‘”Leo(g) = 0,
A—o0 A—00 v

(4.8) Jim A (1 = w) = VOl (@) = 0.

The sketch of the proof is as follows. A solution is obtained by seeking for the
fixed point of the map ¥ : § — w — 8 where 8 is homotopic to 6y, w is a
positive solution of (4.4) for this § and 8 is a solution of (4. 5) (for this w) which
is homotopic to 8. Then using several kinds of estimates, we set up a situation
where the Schauder fixed point theorem works.

(Proof of Propostion 4.2)

(Step 1:) Without loss of generality, we can assume that 6, : § — S is C®. We
fix arbitrary points p € 2 and ¢ € S. From Proposition 3.1, there exists a unique
harmonic map 6, : £ — S* with Neumann B.C. such that 6,(p) = ¢. Fix arbitrary
points p € Q and g€ ST = R such that t1(p) = p and 13(q) = ¢. Remark that any
continuous S map 6 : Q — S* with 6(p) = ¢ is uniquely lifted to a map :0—R

such that 9(p) = ¢ (cf. [13]). We introduce a certain class of continuous maps, in
which we will find a solution of (4.5)

E = {0 € C*"**(%; S*) | 6(p) = q, §is homotopic to b,, d(6,6,) < 1},
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where L
o d(61,02) = [0 ~ Bollrso

for 61,6, € C'**(Q; S1) such that 6; is homotopic to 6, and bi(p) = q (i =1,2).
Remark that (9\1 - 52 is well-defined as a R—valued function in (see Remark
3.2). Under this metric d, E is a complete metric space and it is isometrically
diffeomorphic to the following set

{pe Q) | p(p) =0, llpllcriem < 13-

(Step 2:) Applying the same arguments in [15] (making upper-lower solution pair),
we have a Ag > 0 such that (4.4) has a unique positive solution w = w(}, 6) for any
A 2 X and 8 € F and an estimate

(4.9) I—c/Asw()b;2)S1 (z€Q),
for a constant ¢ which is independent of A\ and § € E and this inequality yields

sup sup sup [A(1 — w(}, 8;2)%)w(), 6;z) — |V6|2w(), 6; z)| < +oo.
Ao 9EE z€Q '

Applying the Schauder estimate to the equation (4.4), we obtain {w(}, )} Ao, 0€E

- is bounded in C**%(Q). To see a more detailed asymptotics of w(A,d). Define
a function g by the relation w(),8;z) = 1 — g(},6;2)/) and derive the equation
satisfied by g.

1 o
(4.10) (2-3A8)g+(w+2)(w-1)g~ [VOw=0 in Q,
8g/8v =0 on 0Q.
Applying Propostion 3.1 to (4.5), we have

lgllgagmy & arll(w +2)(w — 1)g — [VO*w]| g i
= Cl(€||9”ca(h‘) + 02”9”00(6)) +c3,

for A 2 A(e). € > 0 can be taken arbitrarily small. By taking ¢ > 0 such that
0 < c1€ £ 1/2, we obtain that there exists ¢, > 0 such that

(4.11) l9(A Ol ceary = Mlw(X, 8) = Ul gamy S e
for A 2 \; and 8 € E and consequently there exists also cs > 0 such that
[[Aw(A, 8)(1 — w(), 8)?) - |V9|2w(/\,0)”0a(§) Ses (A2)M,0€E).

Applying again the Schauder estimate in (4.4), we get that [w(A, 6)llg2+amy is
bounded uniformly in 1§ € E and A 2 A\;. From the compactness of the inclusion
map C**%(Q) — C*(Q), we obtain

(4.12) lim sup [|w(A,8) — 1l g2y = 0.
A—o0 gc R (

7



(Step 3:) Next we consider (4.5) for w = w()\, ) obtained above. To seek for a
solution 8 of (4.5) which is homotopic to §, and G(p) = ¢, we do as in §3. We
consider the following lifted equation of (4.5) in 0, which is satisfied by 8 (lift of
6).

00

Bu,,:O' on 09,

(4.13) div,(w(41(2))*V.0) =0 in §,

where the unknown funct1on fis a R— valued function in Q. By changing the
unknown function from 8 to n' byn = - 00, we obtain the equation

on ____99_0 on 0.

diva(w(11(2))*V.7) = —div.(w(u(2))*V.) in &, o, o,

Now remark that we are seeklng for 6 which is homotopic to 8y and hence, from
Lemma 3.1 and Remark 3.2, n' = =6 — 8y can be regarded as a R—valued function
in 2. That i s, a unique 7 : Q — R corresponds to 7’ in such a way that 7'(z) =

n(e1(2)) in Q. The equation for n is

2 _ 2 dn _ _ %%
(4.14) div(w*Vn) = —=div(w?Vé,) in Q, £ 5, Ob 0.
It is easy to see that (4.14) has the unique solution n(z) such that n(p) = §— 90 0(D)-
Thus we obtain the solution 8(z) = 8, + n(t1(2)) of (4.13). Hence 6(z) = 12(8(2))
with ¢1(2) = 2 € Q is a solution of (4.5) for w(z) = w(), ) such that 8(p) = q.
Denote this solution § by ¥ A(6).

(Step 4:) We will check the continuity of the map ¥) : E — E. Fisrt, the
continuity of the map

E 36— w()6) e C?(Q)
is verified by estimating the difference w(},8;) — w(}, 62) through

(A =24 = |V6,]*) (w2 — w1) + Mws —w1)(3 — (w} + wyw; + w}))
(415) = w1(|V92|2 - |V91|2) in Q,
(0/0v)(wy —w;)=0 on &9,

where w;(z) = w(), 0;;2) for : = 1,2. By the aid of the Schauder estimate and
(4.8), we see that ||wg —w; || g2+ay is small if d(6;,6;) is small for 6y, 6, € E. Here
we used that the coefficient of the second term is bounded for large A and hence it
is absorbed in “\” in the first term. Next we consider the difference of §; = ¥ A(61)
and 02 = W,(0). Similarly as in the above argument, the difference £ = 61 - 92
can be regarded as a R—valued function in (), which satisfies

(4.16) {dlv(wlvé) div((w; —w})Vhy) in Q,

0/0v=0 on 00 with ¢(p)=0.

8



Applying again the Schauder estimate to (4.16) and obtain that ||| c2+a ) is small
if ||wz — w1]|c14a(g) is small. Consequently we complete the proof of the continuity
of ¥y in E. In the above argument it is easy to see that U,(E) is relatively
compact in E for large A > 0. Applying the Schauder fixed point theorem, we get
a fixed point 8, in E and complete the proof of the existence of soution (w., 6)) by
putting wy = w(A,0x). The estimates (4.6), (4. 7) (4.8) follow from (4.9), (4.12)
and (4.5). O

§5. Stability of @) = wye?%

In this section, we will discuss the stability of the equilibrium solution @, of (1.1),
which has been constructed in the previous section. For the later discussion, we
express @, in terms of real functions. Let u) and v be the real and imaginary part
of ®,, i.e., ®x(z) = ux(z) + va(z)i. Clearly (ux,vy) is a solution of the following
system of equations,

o A(:>+A(1—Q2—v2)(3)‘=<8) in Q
C2(9-(0) @ o

Let us consider the linearized eigenvalue problem of (5.1) at ®) = (uy, vy).

A($>+AM(uA,vA)(z>+u($> = (g) n Q

(5.2)
2(0)-() = =
where
(5.3) M(u,v) = (1 — 3u? — v? ~2uv )
: : A —2uv 1—u?2—-302 )"

It is easy to see that (5.2) is a selfadjoint eigenvalue problem with the real e1gen—
values of finite multiplicity.

Definition 5.1. Let {px(A)}$2, be the set of the eigenvalues of (5.2) which is
arranged in increasing order (with counting multiplicity). It is known that these
eigenvalues are real values with finite multiplicity and the corresponding eigenfunc-
tions can be chosen as real valued.

For the solution (ux,vy), *(—va, uy) is an eigenfunction of (5.2) for an eigenvalue
g = 0. This implies {#x(A)}$2; 3 0. Remark also that {e®, | ¢ € R} forms
a one dimensional family of solutions of (2.1). Hence, to prove the stability (cf.
Definition 1.1) of @), it suffices to show that 0 is a simple eigenvalue and all other
eigenvalues are positive. Such argument to prove the stability of an equilibrium
point in a continuum of equilibria (of finite dimension) in a dynamical system, is

9



standard and can be found in several literature (cf. Chapter 5 in [11]). We can
prove the following results.

Proposition 5.2.
(54 JEm ()= (k2 1),

where {11 }22, are the set of the eigenvalues arranged in increasing order (counting
multiplicity) of the Laplacian with Neumann boundary condition, i.e.,

{A¢+u¢—0 in Q,

(5.5) P

E—O on ON.

Moreover, let {(@x,x,¥x,2)}5%; be an system of the corresporiding eigenfunctions
of (5.2) which is orthonormalized in L?(Q) x L?(Q2). Then

(5.6)  lim ([[V(gx,xcosOx + 9x,asin OI72c)
+ Al|¢x,2 c0s 0 + A sin 9,\)I|%z(9)) =0 (k21).

. This yields the following result which implies the stability of &, for large A > 0.

Corollary 5.3. There exists A, > 0 and d > 0 (d is independent of A ) such that
(5.7) pr(A)=0, pe(A)2d for A2
(Proof of Corollary 5.3.) As was stated before, {ur(A)}52; 2 0, VA > 0 and hence

from p; = 0 and pz > 0, Propostion 5.2 yields that g;(A\) = 0. The other part
follows directly. 0[O

Proof of Proposition 5.2. |
To see more detailed situation of the eigenvalues of (5.2), transform the unknown

variable (¢, %) into (4, %) by

o (4)-(ma e (&)

and get a new eigenvalue problem (which is still selfadjoint with the same e1genval-

ues),
(=) (S va-sp-mmn ()
N D)2t (2)++(9)=() = o

a0 (] )
()= (§) o em

10



For the simplicity of notation we use (¢,%) in place of (¢, %) in the following argu-
ments. To compare the eigenvalue problems (5.5) and (5.9), we use the variational
characterization of the eigenvalues of a selfadjoint operator (cf. [23]). Let us define
Ex(¢,v) and Ex(1) as follows,

(5.10)  &x(¢,¥) = /9 {IV + VB[ + (V65 - V)g — (VO - V)b
= (A1 =~ w3) = [VOA)(#* +4°) + 203 ¢ }dz,

(5.11) Eoo() = /9 IV [2de.

Then the eigenvalues {1x(A)}52,; of (5.9) and {us}$2, of (5.5) and the correspond-
ing systems of the eigenfunctions {(éx,x,%r,2)}%2, and {¥x}$2,, are characterized
inductively by the following series of minimizing problems (5.12) and (5.13), re-
spectively. Put ¢o,x = 1, = 9o = 0 in Q for a convenience of the definition.

(512) () = min{Ex(d, ) (&%) € Ex(\), [8l% + [9ll%e = 1)
where
Eu()) = {(4,9) € HY(Q) x H'(Q); /Q (bbex +ben)de = 0,0 S £ k—1}.

Let (@&, %x,2) be a minimizer (which exists) of (5.12).

(5.13) p = min{Eeo($); % € (o), [[#]lz2 = 1},

where |

Bi(e0) = {4 € H'(Q); [ dudo =0,0S £ k-1,
Ja
Let 1, be a minimizer (which exists) of (5.13). | |
We first prove that each eigenvalue pi(A) is bounded from below when A — co.

That is,

(5.14) li,\minf,uk(z\) >—oco for k21.
hande <}

From Proposition 4.2-(4.7), [[VO|[z=(q) is bounded in ), there exists a ¢ > 0
(independent of A > 0) such that

[VOx - Vb b, — VOx - Vi atbra|
1
< §(|V¢k,>‘|2 + Ve al®) + c (67 5 + ¥F 2)-
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and consequently,

(5.15) pE(A) =Ex(Br 2, Yr,2) 2 %/9 (Va2 + [V a[?) dz
_d / (630 +92,) do +2) / $.dz (k2 1).
Q | Q

Hence, using [|¢x,xl17:(q) + 1¥x,all72¢q) = 1, we obtain (5.14).

We can prove that limy_,. px(A) = pr for k = 1,2,3,... inductively. We are
going to carry out this procedure only for k£ = 1,2 because even these cases (k = 1,2)
are enough to deduce Corollary 5.3, which is the main purpose of this section
(stability of ®,) and also because it is easy to see how the further arguments for
k = 3,4,.... proceed, from these cases k = 1, 2. Similar arguments which will appear
hereafter, are also found in [16].

CASE: k=1
Claim 1.

(5.16) , limsup p1(A) < .-

A—0c0

(Proof of Claim 1)
From (5.12)

) S 809 = [ (VA + (- 0d) - [V3P2) b

Using Proposition 4.2-(4.8), we get (516)
From Claim 1 and the inequality (5.15) for k = 1, we have,
Claim 2. '
(5.17) limsup/([quSl,,\I2 +|V¥1a*)dz < 00, limsupA [ 42 ,dz < co.
—o0 JQ ' A—o00 Q
.The next claim completes the case k = 1.

Claim 3.
(5.18) lim py(A) = pr, lim / (Vdial2 + g2\ )dz = 0.
A—o0 A—oo Jq !

(Proof of claim 3)

Take an arbitrary positive sequence {A,,}3°_; which tends to co as m — co. From
(5.14) and Claim 1, |g;(A)] is bounded when A — co. By the aid of Claim 2, there
exist a subsequence {n,} of {Am} and ¥} € HY(Q) such that

m

lim p(nm) =3p (S m),
5.19
(5.19) lim t;,, =9%] weaklyin H'(Q) andstronglyin L*(Q).

12



From (5.10),

(5.20)  p1(A) = Ex(d1,0,Y1,0) =
/Q (V1AL + V1l + (V85 - Vabia)bin — (Vbx - Vs 2
— (A(1 = wd) = [VBAR)(#2  + 92 ) + 2\wd? , Ydo

From Propostion 4.2, (5.19) and the lower semicontinuity of the norm under the
weak convergence in Hilbert space,

(521) (uZ) p= lim p(m)= lm (1,0 Y10m)

=lim Sup/(;{lv¢117lm l2 + |V¢1177m|2 + 2nmw"2]m iﬂm}dw

m—o0

=tminf [ {V61,0,7 + [V, [ + 20, 885, )

glimsup/ V1,0, |2 da gliminf/ Vb1 5., |2 dz
Q m= Ja

m—o0

2 [ [V4ide = £l
Q
From |41 ||z2(n) = 1 and (5.13), £ (%) 2 p1. Therefore, from (5.21),
Eoo(¥) = p=p1 = lim p1(1pm)

follows and ¢; is an eigenfunction of (5.5) corresponding to u;. Accordingly, we
get :

m—0o0

lim 7, / ¢} ,.dz=0, lim / IVé1 0.2 dz = 0.
Q m=ee Ja

The whole sequence {\,;,} was arbitrary and hence these facts (just proved) con-
cludes Claim 3 and consequently, (5.3) and (5.4) for k = 1.

CASE: k=2

Claim 1.

(5.22) limsup p2(A) £ po.

A—00

(Proof of Claim 1)

Take an-arbitrary positive sequence {A,,} such that lim,, .o Am = co. By the
argument in the case k = 1, there exists a subsequence {n,} and an eigenfunction
¥ of (5.5) corresponding to y; such that

(5.23) n}gnoo V1,9, =¥y weakly in HY() and strongly' in L*Q).

13



We can take ¢ € L.h.[th1,¢2] = {ath; + b2 | a,b € R} such that

(5.24) Iy =1, (¥,%1)120) = 0.

Put . | »

(8)=(3) - (52):

Remark that imm—eo(¥, ¥1,4., )12(0) = 0 and Eeo(¥) £ pa. From (5.12),

p2(1m) £ (80,095, )/ (165, 172 + 17, 1172)-

Using (5.23),(5.24) with (5.18), we have,
Enn(Bh ot ) S / V2dz +o(1) € 2 +o(1) as m — oo
Q

169 122 + 195, 122 = ll1llz2 =1+ (1) as m — co.

Thus lim sup,,, o #2(Mm) S 2 follows. Since the sequence {A\;,,} (T oo) was arbi-
trary, (5.22) is proved.

From (5.15),VClaim' 1 and Proposition 4.2, we have,
Claim 2.

(5.25) limsup/.(|V4$2,,\|2 + |V a?)de < 00, limsupA [ ¢} \dz < oo.
Q A—00 Q

‘A—>oo

The next claim completes the case k = 2.

Claim 3.
(5.26) Jim pa(A) =p2, lim / (IVé2* + Ad \)dz = 0.
— 00 —o0 Jo

(Proof of Claim 3)

Take an arbitrary positive sequence {),,} such that lim;;, oo Am = o00. From
Claim 1, 2 and the case k = 1, there exist a subsequence {n,} C {\.} and
an eigenfunction ¥} of (5.5) corresponding to u; and ¥4 € H(Q) such that

( hm pa(mm)=3p (S ),

lim t1,,, =%; weaklyin H'(Q) and stronglyin L%*(Q),

5.27
(5:27) < lim ¢o,, =0 weaklyin H'(Q) andstronglyin L?*(Q),
m-—oo

lim %o, =%, weaklyin H'(f) and strongly in L*(9).

14



Using Proposition 4.2 and (5.27), we get

(5.28) (p22) p= nll_f_noo p2(Mm) = mh._ﬂnoo Enm(B2,0m 1 ¥2,10m)

=lim sup /s;{lv¢2,1)m l2 + lv¢2,ﬂm|2 + 2nmw721m ¥9ﬂm}dx

m—o0

=lim inf/Q{IV¢2,nm|2 + V2,9, * + 277mw3,m ¢§,ﬂm }dz

m=—+Cco

> lim sup / Vb2 0. |2 dzde 2 lim inf / Vo g, |2dedz
Q m= Q /

m—00

2 [ 1943 ds = ().
Q
On the other hand, from

(B2, P10m) 12 + (2,00, V1,0m)22 =0, | b2,mllz2 + (Y2, ll2 =1,

we obtain (15, %1)r2(e) = 0 and [|1)3]| 2 = 1 respectively. Hence we have Eoo(v05) 2
p2. (5.28) and this inequality prove that

Eool2) = =t = lim piz(nm)

and 9} is an eigenfunction of (5.5) corresénding to uo.

m—0o0

(5.30) lim /Q (Va0 + 1k, Yz =0,

follows simultaneously. Since the whole sequence {Am}5°_, was arbitrary, (5.26) is
proved. Consequenctly the case k = 2 is completed.

The cases for k 2 3 proceed similarly.

Appendix.

We will prove the topological result which we used in §2 to deduce Corollary 2.2 from

" Theorem 2.1. Concerning the following arguments, we are indebted to Professor
M. Morimoto in Okayama university. We are very grateful to him. Let  be a
domain in §2, that is, @ C R™ is a bounded domain with C® boundary. We have
the following proposition.

Proposition A.l ([21]). If n = 2 and n = 3, the condition (A) (in §2) holds if
and only if 2 is not simply connected.

(Proof of Proposition A.1)

We omit the case n = 2 because it is easy. We prove the case n = 3. Put X = .
Let Q be simply connected. Let f : X — S! be an arbitrary continous map.
Because X is simply connected, there exists a continuous map f: X — R such
that f(z) = (f(z)) (z € X) where . : R — S! is a covering map (cf. Proposition

15



5.3 in [13]). Define fi(z) = «(¢f(z)) (0 £t £1). From this, it is easy to see that
f is homotopic to a constant map. Conversely, assume that any continuous map
X — S! is homotopic to a constant map. Then H(X) = 0 (1-dim cohomology
vanishes) (cf. Theorem 7.1 in [13]). The coefficient ring of the homology groups
and cohomology groups in this proof is Z. Remark that X is a 3-dimensional
orientable compact smooth manifold with C® boundary 8X. Using the Poincaré
duality theorem, we have Hy(X,0X) & H!(X) = 0. From the universal coefficient
theorem, H'(X) & Hom(H(X),Z) = 0 and hence H;(X) is a finite abelian group.
On the other hand, 08X is a finite disjoint union of orientable 2 dimensional compact
manifolds and so H 1(0X) is tortion free, i.e. H1(0X)=Z & --- @ Z. Hence, from
the homology exact sequence,

o — Hy(X,0X) — Hy(0X) — Hy(X) —

we have that H;(0X) = 0. This implies that the euler number of each component
of 0X is 2 and hence it is diffeomorphic to S%. By deforming the components of
0X (the spheres) which are located inside of X to points, we see that X is simply
connected. [

Remark A.2. For n 2 4, it is known that there exists & C R" which does not
satisfy the condition (A) while it is not simply connected.
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