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1 Introduction

We consider the Cauchy problem of the Klein-Gordon-Zakharov equations in

three space dimensions :

Pu—Autu=-nu, t>0, z€R>3 (1.1)
?n—An=Aluf’, t>0, zeR? (1.2)
u(0,z) = up(z), Owu(0,z) = us(z), (1.3)

n(0,z) = no(z), 0n(0,z) = ni(z),

where 0, = 8/0t, and u(t, ) and n(t, z) are functions from R4 x R3 to C3 and from
R, x R® to R, respectively. The system (1.1)-(1.2) describes the propagation of
strong turbulence of the Langmuir wave in a high frequency plasma (see [14]).
Many results have been obtained concerning the global existence of small am-
plitude solutions for the coupled systems of the Klein-Gordon and wave equations
with quadratic nonlinearity (see, e.g., [1-4, 6, 7, 9-11]). Two methods are known to
be applicable to solve those systems. One is to use the invariant Sobolev space with
respect to the generators of the Lorentz group. This was developed by Klainerman
[7]. He also introduced the notion of the null condition to prove the existence of

global solutions for the wave equations with quadratic nonlinearity. We note that

*Partially supported by THE SUHARA MEMORIAL FOUNDATION.

1



the null condition technique is based on the Lorentz invariance of the equations. Re-
cently, Bachelot [1] and Georgiev [3] improved the null condition technique to show
the global existence result for the Dirac-Klein-Gordon equations and the Maxwell-
Dirac equations, respectively, which are physically important (see also Georgiev [4]).
Another method is based on the theory of normal forms introduced by Shatah [10],
which is an extension of Poincaré’s theory of normal forms for the ordinary differ-
ential equations to the partial differential equations. The idea of this method is to
transform the original systerh with quadratic nonlinearity into a new system with
cubic nonlinearity. See also [12] and its references. Recently, applying the argument
of normal forms to (1.1)-(1.2), Ozawa, Tsutaya and Tsutsumi [9] have proved the
existence of global solutions to (1.1)-(1.3) for small initial data. However, in [9] one
needs the high regularity aséumptions on the data to ensure the global existence.
Moreover, the global solution n of (1.1)-(1.3) constructed by [9] must belong to the
homogeneous Sobolev space H~! of negative index. In this paper we prove that there
exist the global solutions of (1.1)-(1.3) for small data usi'ng the invariant Sobolev
space but without applying the null condition technique. We improve the regularity
requirements on the intial data. Our proof seems simpler and shorter than that of
[9].

Before we state the main results in the present paper, we give several notations.
We put §; = 0/0z; for j =1,2,3. Let I' = (I';; 7 = 1,-- -, 10) denote the generators
of the Poincaré group (0;, 01, 02,03, L1, L2, L3, Q12, Q23, Q13), where

L, = :Ejat + taj, 7=1,2,3,
Q,‘j =a:,-8j—m]-6,-,1 <:1<3<3,

and we put

9 = (8,84, 0, ).

For a multi-index a = (a1, as, a3), we put

a . Ao Qo Qas
02 = 07052 05°.



For a multi-index a = (o, a2, as, a4), we put
0% = 071052052 031.
For a multi-index o = (s, -, a10), we put
r*«= Fi’;‘ - T30,

For 1 < p < o0, let L? denote the standard L? space on R3. For m > 0 Vand s >0,

we define the weighted Sobolev space H™* on R2 as follows:

H™ = {ve L*(1+|z")/*(1 - A" € L?}

We put H™ = H™ for m > 0. Let w = (1 — A)*/? and wp = (—A)Y/2,
We have the following theorem concerning the global existence of solutions to

(1.1)-(1.3) for small initial data.

Theorem 1.1 Let0 < e <1/6 and k > 4. Assume that ug € HF3k+4 o, ¢

Hk+4k+4 o € HA4k44 gnd ny € HF3%+4, Then, there exists a 6 > 0 such that if

”uO”Hk+5,k+4 + ||u1||Hk+4,k+4 + “n()”Hk+4,k+4 + ”nlllHk+3,k+4 <6, (1.4)

then (1.1)-(1.3) has the unique global solutions (u,n) satisfying

k+d .

u € [ C7([0,00); HF4-9), (1.5)
Jj=0
k+4 . .

n € [ C7([0,00); H***-), (1.6)
J=0

> sup(l+ &) {laT*u(t)llze + lwTu(?)]|z2}
laj=k+4 £20
+ 2 sup(l+8)7°Tu(®)llzz + D sup|IT*n(t)lz
la]<k+4 820 la|<k+44 120

+ 20 sup {|(1 +1t+[2])**"*Tu(t, z)|

laj<k t20
~ zeR? .
- +|(1 4+t + |z])[*n(t, 2)|} < oo. (1.7)

-

Remark 1.1 (i) By (1.7), we see that the right hand sides of (1.1)-(1.2)

are integrable in time and therefore we find that the solutions (u,n) of (1.1)-(1.3)
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constructed by Theorem 1.1 asymptotically approach the free solutions as t — oo.
See [9].

(ii) As compared to [9], we have brought down the regularity assumptions on the
data significantly. Instead, we need some spatial decay on the data, which is in-
evitable as far as the method depends on the invariant Sobolev norms.

(i) The estimate (1.7) is close to the optimal one as regards the space-time

behavior of solutions.

The following corollary follows easily from the proof of Theorem 1.1.

Corollary 1.2 In addition to all the assumptions in Theorem 1.1, if ug, uy, no,

ny € Nmy1 H™, then the solutions (u,n) given by Theorem 1.1 satisfy

u(t, ), n(t,z) € C*([0,00) x R?).

We prove Theorem 1.1 by the contraction argument in the next section. The
main tools in the proof are the decay estimate of the inhomogeneous linear Klein-
Gordqn equation due to Georgiev [4] and the Sobolev inequality in the Minkowski
space by Klainerman (6, 8] and Hérmander [5]. We show the global existence result
for (1.1)—(1.3) by using these two inequalities and adopting the weight function in
the norm slightly different from [2, 3] and [1]. Finally, we remark that the various

constants in the estimate are simply denoted by C.

2 Proof of Theorem 1.1.

In this section we describe the proof of Theorem 1.1. We solve (1.1)-(1.3) by the

contraction mapping principle. For k € N, a € R, we define the norms

ulea = sup(1+s+y))™ D [Tu(s,y)l,

y’ezrga lof<k.
[ellea = sup(l+s)7*u(s)]l,
520
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lu(@llx = I;kllrau(t)ll,
)l = lu@llzms)-
We put
X = X(k,M)
k+4
= {(u(?),n(t));u(?) € Oo C¥([0,00); H***79),
k+4
n(t) € Q)C’([O,oo); H*4=3) 4(0,2) = uo(x), 8;u(0, 2) = uy (),
n(0,z) = no(x), in(0, ) = ny(2), [|(u,n)llx < M},
where

I(usm)llx = |ulk~a/242e + ullesae + [Oullesae + linllirao (k2 4, 0 <& <1/6),

and M is a positive constant, which will be determined later. We introduce the

metric d((u,n), (v,m)) into X as follows.

d((u, n), (v,m)) = ||(v — v,n — m)||x

for (u,n),(v,m) € X. We note that X is complete with respect to the metric d.

Given (u,n) € X, we define the maps

Xt (uﬁn)_)"/):Xl(uan))

xz ¢ (u,n) = ¢ =xa(uy,n) for (u,n) € X

by solving the Cauchy problem

O — A+ =—nu, t>0, zeR’ o (21)
0o —Ap = Alu?, t>0, zeR’, | (22)
$(0,2) = uo(z), 0(0,2) = w(z), (2.3)

©(0,z) =no(z), 8:¥(0,z) = ny(x).



We put x(u,n) = (x1(u,n), x2(u,n)). Let § be a positive constant satisfying (1.4).
We show that if 6 is sufficiently small, then the map x is a contraction from X into
itself.

We first evaluate ¢ = x1(u,n). To derive the L™ estimate of 1, we use the
following time decay estimate of solution of the linear Klein-Gordon equations due

to Georgiev [4].

Lemma 2.1 Let u(t,z) be a solution of the inhomogeneous linear Klein-
Gordon equation :
2y — Au+u = f, t>0, ze€R3
{ u(0,z) = uo(z), OGwu(0,z) = u;(z), z € R
Then, we have ’

L+t +|2))*lu(t, o) < Gi Y- sup @i(s)I(1+ s+ yDTF (s, 1)l 2 (rs)

=0 |a|<4 s€(0,¢)

+CZ > la+ Iyl)a/z%(lyl)l“"U(O,y)lle(Ra),

J=0]al<5
where {p;}32, is a Littlewood-Paley partition of unity, i.e.,
Y2owi(s) =1, s20; ¢;€CPR), ¢; 2> 0 for allj > 0;
supp ¢; = (2771, 27%Y] forj 21, suppypo NRy =[0,2].

We apply I'* to(2.1) and compute the equation of I'*3 on the basis of the
commutation relation

[0 +1,T] = 0. (2:4)
Then, it follows from Lemma 2.1 and a finite dependence domain argument that

(14t + |2])¥*% |0y (t, z)|

< CZ > sup @i(s)lI(1+ s+ [yl) T (na) (s, )|

Jj=0 |/\|<4 s€(0,¢)

+CZ 22 N+ 1D 2; (JyDT> (0, )]

i= 0|,\|<5

+C Z 3o @+ [y, (lyT* 8 (0, )| (2.5)

J=0])|<4



for |a| < k (see [3], p. 867). From (2.1), we easily see that

55 I+ WD 20T 0, )]

J=0|)<5

+2- 2 A+ 1D eI o (0, 9)Il < C6, o| <k (26)

J=0|x|<4
On the other hand, by the Sobolev inequality in the Minkowski space R3*! due

to Klainerman [6, 8] and Hérmander [5], we have

11+ s+ Jy)' 2T (nu)(s, )l

< C Y 1+ Tu(s,y))|
181+ Ivi=le+ A

< C(L+s)~°|n|w/z+2,-1 1wl ktae
+C(1+ 5) 2 |Inllessolulp/asz-s242e
< C(L+8)7Inllwrz+s0llulleta,e

+C(1 4 8)72|In)|ksaoluli/zra-3/2+2

< C(l+s)"M? |o| <k, [N <4 (2.7)
Since
> sup ¢;(s)(1+s)"° <C,
j-_—QsE(O,t)

inequalities (2.5)-(2.7) yield

ST (1 +t+ |z])¥2 2|0y (¢, 2)| < C6 + CMP. (2.8)
lal<k

We next show the energy estimate of 1. Applying I'* to (2.1) for |o| < k + 4,

we have

T (@)l + IoT% (@)

IN

C(”u0||Hk+5,k+4 -+ “U1||Hk+4,k+4 -+ ”TL0||HI=+3,k+4 + llnll|§k+2,k+4

+ 2 [irems)lds)

lof<k+4

t
< Ci+C Y /urﬂn.m(s)nds
|81+ <h+a O



¢
< C6+C [+ Inlyasa-sllullra
+(1 + 8) 7322 |n|| kg0 tl /2 4+2,-3/242¢ Y ds

< Cé+C(+t)FM?,

where we have used the Sobolev inequality in the Minkowski space R3*! as before.

Hence, using the fact

[B,T°]= > Cgl?,
I8I<]al-1
we obtain

(14 )19 lera + 199 lera)
< Cé+CM-A (2.9)

We next evaluate ¢ = x2(u,n). To derive the L? estimate of ¢, we write the

solution of (2.2) as follows :
Y=o+ 1,
where g is a solution of 0@y — Ay = 0 with the data ny and n;, and ¢, is a
solution of
02p1 — Ay = Alul? (2.10)
with zero data. Then, using the L? — L? estimate by Klainerman [7], we have
IT%o(B)Il < [IT%(0)]]

C(“no”Hk+4,k+4 + ||n1 ]|Hk+3,k+4 )

AN

Cs. (2.11)

IN -

On the other hand, to derive the L? estimate of ¢;, we rewrite (2.10) applied by

I'* as the following integral equation :

Cal)= & [ = 4 g yore(u)s)ds, ol <k +4,
al|<k+4

where we have used the facts

[O,T] =0, [I,0]=0



Then, by integrating by parts and the Hardy-Littlewood-Sobolev inequality, we have

I < € 32 10T*([uf*)(0)lzers(rs)

laf<k+4
+0 3 [ Nor(ur)(e)les
al<k+4 :
< ClouOlkee 3 IP0u(0) )

| BI<[(R+5)/2]
t
+C [+ 87 luliersya-sasael|Oullksaeds

< C&+CM?, ol <k+4, (2.12)
since € < 1/6. Thus, from (2.11) and (2.12), we obtain
le(@)lera < CE+ CE* + CM2. (2.13)
Inequalities (2.8), (2.9) and (2.13) yield
II(¢,<P)II3 < Cé+CM?, ” (2.14)/

where C does not depend on é and ¢. If we choose § > 0 and M > 0 so that

1 M
< — < —
M < 4C”° o< 4C”
then we obtain by (2.12)
1
I )x < SM.

In the same way, we can prove that

d(X(u’n),X(v’m)) < d((u’n)’(v7m))a (u,n), (v,m) € X,

[N

if 6 > 0 and M > 0 are chosen as above. Thus, we see that if § > 0 is sufficiently
small, then x(u,n) is a contraction map from X into itself. Therefore, there exist
unique solutions (u,n) € X of (1.1)-(1.3).

Finally, the uniqueness of the solutions satisfying (1.1)~(1.3) follows by a similar

argument as above. For details, see [2].
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