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ON THE CRITICAL DECAY AND POWER FOR SEMILINEAR
WAVE EQUATIONS IN ODD SPACE DIMENSIONS

Hipeo KuBo

Department of Mathematics Hokkaido University, Sapporo 060, Japan

1. Introduction and Statements of Results. In this paper we consider the initial
value problem to semilinear wave equations:

ug — Azu=F(u) in R} x[0,00),

(1.1)
u(z,0) = ¢(z), uz,0)=4¢(z) for zeR™,

where u is a real valued function and @, ¥ have appropriate 'regularity. To begin with, we
“mention a typical example of the nonlinear term, that is, F(u) = [ul? with p > 1. Tt is
known that if the initial data are large in a certain sense, the solution to the initial value
problem (1.1) blows up in finite time. (See e.g. [5]). Therefore it is necessary to exist a
global solution that the initial data are sufficiently small. However under this smallness
assumption on the initial data, F. John [8] obtained such a remarkable result that if
1 < p < po(n), any nontrivial solution blows up in finite time and that if p > py(n), then
a unique global solution exists, when n = 3 and the initial data are compaétly supported.

Here py(n) is the positive root of the quadratic equation:
(n—1p*—(n+1)p—-2=0. (1.2)

When 2 < n <4, we know the criticality of the value py(n) in the above sense. (See for
instance [6], [7], [15] and [20]). Moreover when n = 2,3, J. Schaeffer [14] proved blow-up
of solutions if p = po(n). Furthermore if 1 < p < po(n), T.C. Sideris [15] showed the
blow-up result in general space dimensions. On the other hand, when n > 5, only for

the following cases we know the global existence results; p is large enough or F(u) is

sufficiently smooth with F(0) = F'(0) = 0. (See [3], [4], [12] and [13)]).

Typeset by ApS-TRX



2 ON CRITICAL DECAY AND POWER

- We now tern our attention to the decay rate of the initial data, because it plays an
important role to determine a global behavior of the solutions as well as the power p.

Let the initial data satisfy either

Do)+ Y 10%%(x)] < e(1+ [xf)mHD (1.3)
|ef<L[n/2]+2 |o]<L[n/2]+1
or
$=0, P(z)>e(l+|a])~"H, (1.4)

where £ and € are positive parameters. When n = 3, F. Asakura [2] proved that if
k> Ky = 2[/(p—1) and p > po(n), a unique global solution exists by assuming (1.3)
with € sufficiently small. Moreover it is proved that if 0 < & < kg and (1.4) holds, any
classical solution blows up in finite time.

This result extended to two space dimensional case. And for the critical case where
K = Kg, the global existence results obtained when n = ’2,3; (See [1], [11] and [17-19)).
Moreover when n > 4, H. Takamura [16] proved the blow-up result if 0 < & < k.
Furthermore when 0 < & < k¢ and n > 2, we know the following upper bound of the
lifespan:

T. < Ce~p~D/@=(=1)r) o _ C(n,p, &) > 0. (1.5)

(See (1], [16], [17, 19]).

On the other hand, in [9] the author has proved the global existence result and obtained
the lower bound of the lifespan, provided the initial data are radially symmetric, the space
dimension is odd and either p > max(po(n), (n—3)/2) or the nonlinear term is sufficiently
smooth. Therefore when n = 5, we can show the existence of a global solution to the
problem (1.6) below for arbitrary p > py(5).

The aim of this paper is to consider the case where n > 7 and to remove the lower

restriction p > (n — 3)/2. Then our problem is written as

n—1

Ut — Urr —

ur = F(u) in Qp=(0,00) x [0, T), (1.6a)

r

u(r,0) = f(r), wur,0)=g(r) for r >0, (1.6b)

where n = 2m + 3 with m a positive integer and T > 0. We assume that f € C2([0, 00)),
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g € C'([0,00)) and that
2PN + 3 lg D)) <, (1.7
j=0 j=0
where &, € are positive parameters and we have set (r) = V1 + r2.
As to F(u) we suppose the following hypbthesis (H):
F(\) € CY(R), F(0) = F'(0) = 0 and there are constants p > 1, A >0

such that
n+4+1 _ m -+ 2
n—3 m

p>po(n) and p<

(H)
and

|F'(u) — F'(v)] < Aplu —v|P~! for wu, veR.

We now define the lifespan 7. by the maximal time interval where a solution u € C%(Q7)

to the problem (1.6) exists uniquely. Then our main result is

Main Theorem. Suppose that (1.7) and (H) hold. We also assume m > 2. Then

there is a positive number 9 = €o(n, F, &) such that for 0 < & < &g

T'=T.=c i &2k =2/(p-1), (1.8a)
T=T, > Ce~ = D/Q=(=1%) i <k < &y, (1.8b)

where C'= C(n, F,k) > 0.

Remarks. 1) In [9], we have dealt with the case where m = 1. Indeed the conclusions
are still holds, without assuming the upper bound of p in the condition (H). However
when m > 2, we need the assumption in order to control the singularity of the solution
at r = 0.

2) The lower bound in (1.8b) is optimal with respect to the order of ¢ by (1.5).

This paper is organized as follows. First we shall study a solution to a linear wave
equation in Section 2. Section 3 is devoted to obtain preliminary estimates. In the final
section we shall get basic a priori estimates to prove Main Theorem. Throughout this
paper, we shall denote various constants depending ‘only on n, F and & by C, Cy, C;

and so on.
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At the end of this section, we mention that for the even space dimensional case, similar
results obtained recently. The detail will be published elsewhere.

2. Linear Wave Equations. The aim of this section is to obtain decay estimates

for a solution to a linear wave equation:

n—lur=0 in £ =(0,00) x [0,00). (2.1)

Ut — Upr —

We consider a function defined by

N
N

: t+r t+r ‘
uO(r,t) = / g AN K (X, r,t)d\ + & FNK (N r,t)d\, r#0, (2.2)
t

[t—r] [t—r]|
where we have set

, DT AT 0 1"
I\()\,T‘,t)— oml (T) (81\2/\) ¢ (/\,T‘,t),

dArt)y=(A—t+r)E+r—N).

Here we summarize some known results obtained in [10], Lemmas 2.2 and 2.3, and

Section 3.

Lemma 2.1. We suppose that (r,t) € Q and |r —t| < A <r +t. Then we have
[8%™ (X, 1) < Cr2™~lel for o] < 2m, (2.3)

[ K(A\,r,t)| < Cpmm—1 )M+ (2.4a)

Moreover if we further assume 0 < t < 2r, we get
0K (A1) < CrmIxmHi=lel for 1< |l <m+1, (2.4b)

where 0% = 0Y'0%207° with a = (a1, as,®3) a multi-index.

Proposition 2.2. We suppose f € C2([0,00)) and g € C}([0, 00)). Then u® belongs
to C2(Q) and satisfies (2.1) and (1.6b).

We now state the main result of this section.
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Proposition 2.3. We suppose (1.7). Then we have for (r,t) € Q

[« (r,t)| < Coer™™(r) 71T (r,1). (2.5a)
102 u(r,t)] < Coer™™Wx(ryt), |af=1, (2.5b)
where we have set
(t 4 r)y—rtm f 0<k<m+1,
Tu(r,t) =< (E+7)"1(1+1log gf:;) if k=m+1,
(t +r)y"Ht — rp)—rtmtl if £>m+1

Before we prove the above proposition, we prepare the following two lemmas.

Lemma 2.4. Let (r,t) € Q satisfy t > 2r > 0. Then we have for |a| < 1

t+r m—1

1021 (r, 1)) < Crm =l / (3 A= G ) 4 1Gn(W}dA, (26)

t—71 j=0

where we have set

Gi(N) = Mg + (MHFN), 0<j<m—1,
Gm(X) = — (A™Hg(A)) — (A™FLF(N)".

Proof: Since K(\,r,t) = p2m=—1 Z?:o C,-Ai+1a§¢m(,\, r,t), one can write u%(r,#) as

w¥(r,t) =721 " Chu (r, ), (2.7)

j=0

where we have set

t+r .
uy(rt) = / GA)AHB g™ (A, 7 t)dA
t—r
t+r . .
+0, [ FOOVTe™ (i

= Ug -+ 8th

First we assume |a| = 0. When 0 < j < m — 1, we have

=0,

& e™(\,r,1)
‘ A=t+r
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hence we get
t4r

OUf=— FOOMTIRITI™ (N 7, 1)dA

t—r

=/ t+r(f(/\)Aj“)'3f{¢”‘(A,r,t)dA-
t

-7

Therefore we have
) t+7r .
uj(r,t) = / G;i(AN)FRe™ (A, t)dd for 0<j<m-—1,
t—r
where G;(A) is given in (2.6). When j = m, we have

t+r )
U (7 t) = — /t (g(M)A™HY =1 4™\ 7, )dA

-7

t+r
~ 8, /t (FON™YOR-16m(0, ).

As to the second term, proceeding as before, we have
t+r
U (T, t) = Gm(/\)af\""1¢m(/\, r,t)dA,

t—r

where G, () is given in (2.6). By (2.3) we have

186™ (A, )] < Cr¥m=i < CrmtIAm=i=l 0 < i< m—1

Or~1g™(\,r,t)| < Cr™tl,
A

Substitutuing these estimates into (2.8), we obtain (2.6) with |a| = 0.

Next we assume |a| = 1. It follows from (2.8) that

t+r .
07 yuj(r,t) = G (MO BT (A rit)dr, 0<j<m—1,
t—r
t+r
O um(rt)= [ Gn(NOZOP16™(N, 7 t)d.
t—r

By (2.3) we have

102,85 ¢™(\, 7y t)] < Cr2m=i—l < CrmA™=iTl 0<j<m—1,

102,071 ™ (A, 1 t)| < Cr™

Substituting these estimates into (2.9), we obtain (2.6). The proof is complete.

(2.8a)

(2.8b)

(2.9)
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Lemma 2.5. Let (r,t) € Q satisfy 0 < t < 2r. Then we have

t+r

WO, 8)] < Crmm=? /,t_ LTI ATIF )] (2.102)

+Crmm £ ™ H £ £ 1),

t-+r
0%°(r,t)| < Crmm /[ AT+ A A A
+ Cr =g r [P {Jg(Jt )|+ |F/(Jt & 7)) (2.100)

+Cr ™ Ut £ r|™|f(t £ 7])| for |a|=1.
Proof: First we prove (2.10a). From (2.2) we have

t+r t+r
u®(r,t) =/ g(A)K (A, r, t)d) + FNGK (N, r,t)dA
It |

—7| jt—r

+ fr + K (r +t,7,8) = O|r — t| - F(Ir — ) K (|r — t|,7,2).

(2.11)

By (2.4) wehavefor [r —#| < A <r 4t
KA, r,2)] SCr7™7IA™ 1 and |08, K(\,r, )| < Cro ™ IA™, ol =1, (2.12)

hence (2.10a) follows.
Next we prove (2.10b). From (2.11) we have for |a| = 1

) t+r ) t+r
02’ (r,t) = / g(N)%, K (X, t)d) + FN)B2 8K (X, r,1)dN
I

t—r| t—r

+g(r + ) K (r +t,r,t) = O |r —t| - g(|r — ) K (|r —t|,r,1)
+ f(r +t)0:K(r + t,r,?f) - agtlr —t| - f(lr —tDOK(|r - t|,r,t)
+ aﬁft(f(r + ) K(r + t,r,t)) — Or —t|- 07, (f(lr —t)K(|r -t r,t)).

Employing (2.12), we get (2.10b). This completes the proof. ' O

End of Proof of Proposition 2.3: First we consider the case t > 2r > 0. By (1.7)
we have |G;(A)] < Ce(A)I7%,0< j < m—1and |Gr())| < Ce(A)™ 51, where we have
set G;, 0 < j <min (2.6). Substituting these estimates into (2.6) we have for |a| < 1

t+r
0% 40(r, 2)| <Cer—mlel / iy

{—r

Scerl—m—|a| (t + r)m—x—l’
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which implies (2.5).
Next we consider the case where 0 <¢ < 2r. By (1.7) and (2.10a) we have
t+r

u(r,t)| < Csr‘m_I/ A™(A)"FdA
() lt=r] W) (2.13a)

+ Cer ™ g £ |t £ )75,
When 0 < r < 1, it is enough to show [u’(r,t)] < Cer ™%l Since A™(\)™* <
3r(A)™~1=* for |t —r| < A <t +r, we get the above inequality.
When r > 1, we have r~! < C(t 4 r)~!. Therefore we have from (2.13a)
t41r

[u®(r,t)] < Cer™™(t +r)~? (/{

t I(/\)m“"d/\ +(t+ r)m"'l“"), (2.14)
which implies (2.5a).
Finally we prove (2.5b). It follows from (1.7) and (2.10b) that for || =1
|02u’(r,t)| < Cer—™! /I:+r|(/\)m"'°_ld)\ + Cer ™™ Nt Lr|™t£r)™"  (2.13b)
It is easy to see that |02,u’(r,t)] < eCr~™ for 0 < r < 1. When r > 1, noting that

(2.13b) implies (2.14), we obtain (25b) The proof is complete. O

3. Preliminaries. In this section we derive some preliminery estimates. Since
p > po(n) by (H), we have kg = 2/(p— 1) < (m + 1)p — 1. Therefore without loss of
generality we may assume

k< (m+1p-1, (3.1)

because if (1.7) holds for some %, then (1.7) necessarily holds for any x < %. If we notice

that
p—1+1—(p—1)& if k=m+1,

p—1l+m+2—-(m+1)p if k>m+1

and employ Lemma 3.4 with ¢ = p in [9], we obtain

m+1——mp={

Lemma 3.1. We suppose (3.1) and p > po(n) hold. Then we have

¢ €+77 m+l-—m . 1+§ p —
[ Dot ios e an < cley o) (32)

£ B -
/ <§ 'J)' n>m+l—mP<77>P(m+l—N)dn < C(é‘)p+m—n®n(£) ifoR>mtl,
- (3.3)
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where we have set ®,(s) = max(1, (s)2~?~D*) for s € R.

Next we prove the. following lemma which will be used in the proof of Propositions

4.3 and 4.5 below.

Lemma 3.2. We suppose (3.1), p > po(n) and
m+2-mp>0 (3.4)

hold. Then we have for (r,t) € = (0,00) x [0, 00)

t A+
IE/ dr/ (/\)m+1_m”\11£()\,7‘)d)\ S Cr¥,(r,t)®,.(t+ 1), (3.5a)
0 IA_]
t )\+
J= / dr / AT=m=DPONVI=PEP(N )X < Cr,(r, 1)@, (t + 1),
0 A | (3.5b)
where Ay =t — 7+ r. Moreover fort > 2r and 0 < rv_<_ 1 we have
t—2r /\+
J = / dr/ AmHI=mpgP A ) dA < Cr¥,(r,t)®,.(t+r). (3.5¢)
0 A
Furthermore for r > 1 we have
t
Py = / (/\i)m"'l_m”\llﬂ(l/\i],r)dr S Cr¥(rt)®.(t + 7). (3.6)
0 .

Here U, is given in (2.5).

Proof: First we prove (3.5a). Let 0 < k < m + 1. Introducing the characteristic

coordinates £ = A + 7, n = A — 7, we have

t+r £ :
=3 [ toremma [ (ERDmaomeg
2 |¢ r—t 2

_TI
t+r
<C (EymHaTrrge,

[t—r|
because the 7-integral is dominated by C(£)™T2~™P by (3.4). Therefore we have
t4-r .
I<C®,(t+r) with I =/ (&)~ (rmm) g , (3.7)
[t—r| .

because Coe

m+2—-—pr=—(k—m)+2—(p-1)s. (3.8)
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Note that (3.7) is also holds for the case where x > m + 1, if we use (3.2) (resp. (3.3))

when # =m + 1 (resp. £ > m + 1). Therefore our aim becomes
I' < Cr¥,.(r,t). (3.9)

When either ¢ > 2r > 0 or 0 < r < 1 holds, since (£) is equivelent to (¢ + r), we
have I' < Cr(t + r)~(*~™) which implies (3.9). When 0 < ¢ < 2r and r > 1, we have
C < r(t+r)~1. Therefore we get (3.9), hence obtain (3.5a).

Next we prove (3.5b). When |[A_| > 1, we have

At
A —integral < C (AymHI=mPgP () r)d.
Ix-1
When [A_| £ 1, we have
min(1,A})
A — integral < C( / Am=(m=1)p () =p(k=m) g
IA-1

max(1,A4)
+ / (AymFL=mPgP (), T)d/\),
1

because )\m—(m—l)p(/\)l_'p < C(AN™TI=mP for X\ > 1 and ¥.(),7) < C(T)—P(””m) for

0 < X £1. Combining these estimates, we arrive at
J<CJ+1),

where I is given in (3.5a) and we have set

. ) min(1,Ay)
J= / (r)~Pl=m)dr / Am=(m=1pg),
b A~

L={rel0,t]: |M] <1}

Whent>2r>0o0r0<r<1lor0< s <m, we have

N t—r+1
J < C(t —r)pls=m) /

t—r—1

. A
(1+|A_|)m—<m-1>PdT/ dx
Ao
< Cr{t 4 r)7Ple=m),

Here the last inequality follows from the following inequality deduced by (3.4):

m+1—(m-1)p>0. (3.10)
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Since

—-p(k—m)=—(k—m)+2—(p—1)k — (m+2—mp), (3.11)

noting (3.4), we get
J< Cr(t+ r)_(""m)fb,;(t +7) < Cr¥(r,t)®,(t+r).

When 0 < ¢t < 2r,r>1 and & > m, we have

. t—r+1
J <Cit - r)=pe=m) /

t—r—1

SOt —ry P=m™ < Ot —r) =™ G (¢ — ),

1
dr / A= (m=1r gy
0

by (3.10), (3.11) and (3.4). ¥ m < x < m + 1, we have
J<CO(t+7) < Crit+r)~ "™, (¢t +7),

because for any p € (0,1], r{t + r)~# is bounded below for this case. If K > m + 1, we
get _
JLCrit+ry Yt —r)y~ (=™, (¢ + 7).

Therefore we obtain the desired estimate for J, hence (3.5b) holds.
Next we prove (3.5¢c). Analogously to the treatment of J, we have
t—2r At
J' < CI+ ) Ple—m) / (14 A™H=mP) gy d),
(t—r—1)4 _ Ao
where [ is given in (3.5a) and (t —r—1)4 = max(t —r — 1,0). By (3.4) we have
t—2r |
/ AT e < Ot — r)™ TP < O™,
(

t—r—1)4

Therefore by (3.5a) and (3.8) we obtain (3.5¢),
Finally we prove (3.6). We consider only P_, because P, can be handled analogously.

Let ¢ > 2r > 2. When 0 < & <m + 1, we have

L
P_< C(t-l—r)—P("‘m)/ (A_ym+1=mp g
0
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because |A_|+ 7 > C(t — r) > C(t +r). Changing the variable by A = A_, we get

t—r
“p SC(t_{_r)"—l’(n——m)/ (/\)m+l——mpd/\

t—r

<2C(t 4 r)~Plr=m) / (Aym+1=mp )
0

<C(t 4 rymti=rs,

by (3.4). Using (3.8) we obtain (3.6), because r > 1.

When & =m + 1, we have

P C+n)77(Q- +Q4)

where we have set

t=r (t—r)

Q_ =/0 (A_)y™+1=mP (1 4 log m)?dr,
_ t mtl—m (2r —t+r)
Q+ f[_r(—A—) F7mP(1 + log W—)pdﬁ

It is easy to see that

Q+ < (1 + log H)P/: (_}\_)m+1—mpd7. < C(r)m‘i‘?—mp’

by (3.4). Changing the variable by n =t — r — 27, we get

1 Y7 t—r49 (t—r)\p
Q— < _/ z U iym4l-mp 1+ log d:
2 —(t—r)( 2 ) ( s (m) ) dn

<C{t—r)P7 1@, (t—r),

by (3.2) with £ = ¢ —r. Similarly we can deal with case where £ > m + 1, if we use (3.3).
We omit further detail.
Next we let both 0 < ¢ < 2r and r > 1 hold. When 0 < s < m, changing the variable

by A = A_, we get

t—r
P_ SC(t + r)"p("'m) / ()\)m+1—mpd/\

-r

SQC(t + r)“P(K-—m)/ ()\)m-i—l—mpd/\

0
<C(t +rymt2-pe T

which implies (3.6) by (3.8).
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When m < & < m + 1, we have U, (]A_],7) < (JA=| + 7)~(*~™+6 where § = 0 if
m < k& <m+1andif K =m+1, we took 6 so small that 0 < pé < 1 holds. Therefore

we have ,
t t
P_< C/ (A_)mHI=PEtPi g < OB, (¢ + r)/ (A_ym—r=1+pé g
0 0
by (3.8). Since the integral is bounded, we get
P_<C®(t+r)<Crit+r)y" "™, (t +7),

because m < kK <m+ 1.
When £ > m + 1, we have

where we have set

t—r :
Q= [ e
0

4
Q= [ (A Ay e
t—r
As to Q! , we have
i
Qi}- S (t _ r>m+1—K. / (_)\_)m+1—(m+1)pd7_ S C(t _ r>m+1-—~,’
t—r

because m +2 — (m+1)p < 0if p > py(n). | Changing the variable by n =t — r — 27, we
get
) t—r
Q’_ < <t_ T-)—P/ (E_:_g__—'___y_)m-l-l—mp(ny(m—}-l——n)dn
—(t—r) 2

<CE—rYy™ 5, (¢t —T1),

N =

by (3.3) with £ = ¢ — r. Combining these estimates, we arrive at (3.6), because there is

a constant C > 0 such that C < r(t +r)~?! in this case. The proof is complete. O

4. Basic A Priori Estimates. We consider the following integral equation associ-

ated with the initial value problem (1.6):

-

u(r,t) = u®(r,t) + L(u)(r,t) in Q, (4.1)
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where u° is given by (2.2) and we have set

- L(u)(r,t):/0 w(r,t, 7)dr,
At
w(r,t,7) = / G\, YK (A, ryt — 7)dA
A~} .

with Ay =t — 7% r and G(A, 7) = F(u)(A, 7).

We now introduce a Banach space X on which we will construct a solution of (4.1):
X = {u(r,t) € C*(Qr) : |lul| < oo},

where the norm ||ul| is defined by

1
m+i—129: 1—i 5 —
lull =) sup [Pt Giu(r,t)l(r) T N ().
i=p (M) EQT

Here ¥, is given in (2.5). Since (H) implies
|F'(v)] € Aplu|P™!, |F(u)| < Alu|P for ué€R, (4.2)

we obtain

Lemma 4.1. Suppose (H) holds. Setting G(A, ) = F(u)(\,7) for u € X, we have
GO, 7] < CllulPA=t=DPQ)PEE(7), (A7) € L, (4.3)

[BAG(A, 7)| < Cllu|PA~m=DP=1(X)IZPER (A, 1), (A,7) € Q. (4.4)
For u € X the integral operator L(u) satisfies the following inhomogeneous wave

equation. (For the proof, see [10], Section 4).

Proposition 4.2. We suppose that (3.1) and (H) hold and that u belongs to X. Then
we have L(u)(r,t) € C*(Q1). Moreover L(u) satisfies the zero initial data and

n_

. 13r)L(u) = F(u) in Q.

(0 — 07 -

In what follows, we examine the quantitative properties of L(u).
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Proposition 4.3. Let the hypotheses of the preceding proposition be fulfilled. Then
we have for (r,t) € Qr

167, L(w)(r: )] < Crllu|lPri= ™o)1 O (r, 1)@t 4+ 7), ol ST (45)

Proof: We prove (4.5) by dividing the argument into the cases.
Case 1: 0<r<1.
It follows that for |a| <1

- (t—27)4 t
Or L(r,t) = / Or yw(r,t, T)dr + / Orw(r,t,7)dr = Ajq + Bjq)
0 (t—27‘)+

because w(r,t,t) = 0. Here we have set (¢ — 2r)y = max(¢ — 2r,0). To begin with, we

consider Ajq. Since ¢t — 7 > 2r for 7 <t — 2r, we get similarly to (2.6)
At
0% (£, )] < Crmmlel [ GO )]+ [Gm (A, b,
|A-1
where we have set G, (A, 7) = —0\(A™T1G(A, 7)). From (4.3) and (4.4) we have
Gm(X, 7| < Cllu|PAm=m=DP(X)1=P @2 (), 7).
Therefore we have from this and (4.3)
’ At .
182 w(r,t,7)| < Cllul|Pr—m~lel Am=(m=Dp (A 1=P TP () 7)d),

|A-1

hence we get
IAMI < Cllu|Pr=™ 1y < CllulPri=™ " W o (r, 1) B (t + 1), (4.6)

by (3.5b).
We now tern our attention to B|,|. By (2.4a) we have

At
|w(r,t,7)| < Cr—™"1 APHG(A, T)|dA. (4.7a)
' |A-1

Moreover for 0 <t — 7 < 2r, we get similarly to (2.10b)
|0r sw(r,t,7)| < Cr—™1 / APIGO AN + Cr~™ AL™ P G( A 2], 7). (4.7b)
[A-]
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Since 0 < r £ 1, we have

Dol <A< A <8r <,

hence by (4.3) we have
GO\ 7)) < Cllu|PA= (=P (r)=plmm), (4.8)
Substituting this into (4.7a), we get

3r
lw(r,t,7)| < Cllu|Pr—m=1(r)Ple-m) / AmFI=(m=1p )
] ,
< ClluflPr=m(r)=Ple=m),

because of (3.10). We also get from (4.7b), (4.8) and (3.10)

1
10y, w(r,t,7)| < Clluf|Pr=m=1(r)=P(x=m) / \m—(m=1)p g3
0
-+ Clfullerm ry el

< CllulfPr=m=H r)7emm),

Combining these estimates, we obtain for |a| < 1

t
Bl < Cllalr= el [ () =y < Ol e,

which implies (4.5) by virtue of (3.11).
Case 2: r > 1.
First we prove (4.5) with o = 0. By (4.7a), (4.3) and (3.10) we have

At
o(r,2,7)| < Clul[Pr—m"1 / (A)™H=mPER (A 1Y,
| A=
hence we get
IL(r,8)] < CllullPr=™"11 < CllulPr="Tn(r,)B.(t + 1)

by (3.5a).
Next we prove (4.5) with |a| = 1. We divide 8, ;L into A; and B, as before. Note
that (4.6) is still valid for r > 1, because we did not use the assumption 0 < r < 1 to
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derive it. Moreover (4.7b) also holds for » > 1if 0 < ¢ — 7 < 2r. Therefore by (4.3) and
(3.10) we have
At
|0 sw(r,t, )] < Cllu||Pr—™1 / Am=(m=1p M\ =PGP (X, 7)dA
|

+ CllulPr=™ 7 (A) "I PRE (A, 7).
Therefore by (3.5b) and (3.6), we get

1B1| < CllullPr™™7(J + Px) < Cllu|Pr™™@u(r, t)@x(t + 7).
We thus obtain (4.5). The proof is complete. O

To proceed further, we now introduce an auxiliary norm |||u||| for u € X by

lulll = sup [r™u(r, )€ (r,1).
(r,)eQ

- Lemma 4.4. Suppose that (H) holds. Set G\, 1) = Fu)(\, 1) — F(v)(\, 1) for u,
v € X. Then we have for (\,7) € Qp

|G(A, )] < CMA=m=Dp=1(\)1=P g2 (), 1), (4.9)
where we have set M = |||u — 'v|||(||u||’"l + ||v||P~?). Moreover we have |
|G(A,7)] < CNQATCP=DP () =PgR () 7), (4.10)
|0AG(A, 7)| < CNIATM=DP=1 M\ 1=PER( ) ) 4 CN,A™™PE2(), 1), -
(4.11)
where we have set N1 = [[u—o||(J|ul|P~* +[v]|?~") and Na = [[ju—v[|[P~*(|lu]|™ +|[v[|™).

Proof: Noting that
| GOr) = (4 — ) /01 F'(0u + (1 — 8)v)do,

hence we have by (4.2)
G, P < Ap2P ™ u — o (JuP ™ + o).

One can easily obtain (4.9) and (4.10) from the above.
By (4.2) and (H) we have
103G, 7)| S|F'(w)]|0ru — Bxv| + [0x0]|F' (u) — F'(v)|
<Aplul?|Oxu — Brv| + Ap|dxv|ju — v]|P~L.
Using ||| - ||| for the second term, we get (4.11). O
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Proposition 4.5. Suppose (H) and (3.1) hold. let u, v belong to X. Then we have
for (r,t) € Qr

|L(u)(r,t) — L(v)(r,t)| < CoMr— ™0, (r,t)®,.(t + r), (4.12)
and fori =0,1

|0:(L(w) = L(v))(r, )| < (C3Ny + CyNo)rt =™ (r)i=18, (1 + 7). (4.13)

Moreover if we further assume 0 < £ < kg, we then obtain (4.12) and (4.13) with &, (t+r)

replaced by ()2~ ?~D*,

Proof: We have from (4.1)
L(r,t) = L(u)(r,t) — L(v)(r,t) = /t w(r,t, 7)dr, (4.14)
0

where @ is equal to w defined in (4.1) with G replaced by G. First we prove (4.12). Since
we have (4.7a) with w and G replaced by @ and G respectively, by (4.9) we get

|L(r,t)| < CMr—™"1J - (4.15)

where J is given in (3.5b). Therefore it is easy to see that (4.12) holds if we use (3.5b).

Next we prove (4.13). Whenr > 1 and: = 0, proceéding as in the proof of Proposition
4.3, we obtain (4.13), because by (4.10) G has the same estimate as G with ||u]|? replaced
by N;. 'Therefore it is enough to consider the case where either 0 < r < 1orr > 1 and
¢ = 1. Setting for : = 0,1

. (t—21’)+ . N t .
A; =/ o,w(r,t,7)dr, B; =/ Oy(r, t, T)dr,
0 (

t-2r)4

we then have 6if,(r,t) = A; + B;. Since by (4.10) B; can be handled similarly to B,
we concentrate on estimating A;. Therefore we may assum 0 < 7 < t — 2r. Similarly to

(2.6) we have

. s L -
|05(r,t,7)| < C’"—m—z/ {AT™G )] + |G (A, T)|}dA,
Ao
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- where we have set Gm(),7) = —9x(A™+1G()\, 7)). Employing (4.10) and (4.11) we have

. . - . Ay
[Oiw(r,t,7)| < Cr‘"‘"(Nl/ /\m‘(m‘l)"()\)l_"’\llﬁ(/\,r)d)\
_ N
+ N, /\m“”'n”lllf;(/\, T)d/\) ,
A

hence we get

|A;] < Crm™ Ny T + NpJ'),

where J and J' is given in (3.5b) and (3.5¢). We thus obtain (4.13).

Finally we consider the case where 0 < £ < k9. When ¢ >r/2>0o0r 0 < r < 2, the
conclusion directly follows from (4.12) and (4.13). Therefore we assume 0 < ¢ < r/2 and
r > 2 in what follows. Let 0 <7 <tand |[A_| <A < Ay, Sincer —¢ > r/2 > 1 for the
case, A, A + 7 and A — 7 are equivelent to (r). In particular, for an arbitrary £ > 0 we
get T (N, 7) < C(r)~(*~™) Here ¥, is given in (2.5).

To begin with, we claim that

I < Cr¥, (rt) ()2~ (p-Dx (4.16a) .
J < Cr¥,(r,t) ()2~ P-x (4.16b)

where I and J is given by (3.5a) and (3.5b). Indeed, from the above remarks we have
J<LCI

¢ Ap
< C(r)rle=m) / dr / (YD )
Al
<Cir m+1—P~/ dr/

< C(ry T (r, ) ()2~ (P~ 1)%,

because m — px = —(k — m) — (p — 1)s. We thus get (4.16), because r > 1. Employing
(4.15) and (4.16b), we find that the assertion concerning (4.12) holds.

Next we prove the assertion concerning (4.13). As to the case where ; = 0, similarly
to (4.15) we have

|L(r,t)] < CNyr~ ™11,

if we use (4.10) instead of (4.9) and notice (3.10). By (4.16a) we get the desired result.
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Next we consider the case wherei = 1. Since 0 <t—7<2rfort <r/2and 0< 1<t
similarly to (2.10b) we have

|0, w(r,t)] < Cr~™ ! /I:+| A™|G(, )| + [P,
where we have set
P =G\, ") Ky, rt—1) = G(A_|,)K(A_|, 7t = 7).
Therefore we have by (4.10)
| 18, L(r,t)] < CNyr~™7 1 4 /Ot | P'|dr.

By (4.16b) we have only to consider P'. Setting H(\,r,t,7) = G(\, 7)K(\,r,t — 1), we

obtain

P = /0 %H(/\(s),r,t, T)ds = (Ay — |/\_|)/0 (ONH)(A(s),r,t,7)ds,

where we put A(s) = sAy + (1 — s)[A=|. By (2.4), (4.10) and (4.11), for [A_| < XA < As
we get the following similarly to the proof of (4.16):
(OAH)(\,ryt,7)] < CNyr=™=IAm=(m=Dp(\\1=Pg2()\ 1)
+ CNpr= ™1 \m+1=mp g2 () 1)
< C(Ny + Ny)r=m=1 () m¥i-ps
< C(Ny + No)yr~ ™, (r, 1) (1)~ (P~ D5,

Since Ay — |A_| = 2t, we therefore get
t
/ [P'ldr < C(Ny + No)r~™®,.(r,1)(2)2~ P~ 1x,
o
We thus proved all the assertions of Proposition 4.5 a

End of the Proof of Main Theorem: To begin with, we shall show that a solution
to the integral equation (4.1) exists uniquely. We define a sequence of functions {uz}%2,
by

Ugt1 = g + L(ug) for k>0, up = u’,
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where u® is given by (2.2). By (2.5) we have ||juo|| < Cye. It follows from (4.5), (4.12)
and (4.13) that for u, v € X

[L(w)]| < CulullP@.(T), (4.17)
1Z(u) = L)l < Colllu = olll(lullP™* + [P~ 2x(T), (4.182)

IL(u) = L@)|| < Csllu — v||(JulP~* + |lo[P~)@(T) (4.18b)
- Calllu =P (™ + o) ™)8(T),

First we consider the case where x > ko. Then we have ®,(7) < 1. Therefore by
(4.17), ux € X for any k. Let € be so small that

20062 S 1 and 2p+205(0052)p—-1 _<__ 1 (4.19)

with C5 = ZLI C;. Then if we use (4.18), we find a solution u € X to the integral
equation (3.1) for 0 < & < €, and arbitraly T > 0 by following [8], p.257-p.259. (See also
[9], Section 5).

Next we trea’g the case where 0 < k < xo. We take a pbsitive number ¢&; satisfying
e1<ey and 2'P+205(\/§)'2-<P—1)~(0051)P-l < 1. (4.20)
Since 2 — (p — 1)k > 0 by 0 < & < &g, there is a number #, > 1 uniqely such that
27 205(v2t) P TV (Coe)P = 1 for each € € (0, ¢4 (4.21)
Then considering (4.19) and (4.20), for 0 < € < ¢; and 0 < T < t. we have
2Coe <1 and 2PF2C5(T)2~P~DR(Che)P~1 < 1,

because (T) < v2max(T,1). Hence for 0 < € < &; we get a solution on Q) by iteration.
Finally we claim that the unique solution u € X to (4.1) is also an unique solution to
the initial value problem (1.6). It is easy to see that u satisfies (1.6) by Propositions 2.2

and 4.2. Moreover u becomes the unique solution to the problem. Indeed, if we set

v(r,t) = u(r,t) — (u°(r,t) + L(u)(r, 1), (r,t) € Qr.
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Then v(r,t) satisfies (2.1) in Q7 with the zero initial data. Furthermore by (2.5b) and
(4.5) with |a| =1, Or,v(r,t) = O(r~™) as r — 0. Then the uniqueness follows from the

argument similar to {10}, Lemma 3.2. Therefore we thus obtaine the unique solution to

the problem (1.6). Moreover (1.8b) follows from (4.21), because T, > t.. The proof is

complete. I
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