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Analysis of a Family of Strongly Commuting Self-adjoint
Operators with Applications to Perturbed D’Alembertians
and the External Field Problem in Quantum Field Theory
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Abstract: A family of strongly commuting self-adjoint operators associated with some
objects in the d-dimensional Minkowski space is introduced and operator calculi concerning
these self-adjoint operators and the canonical momentum operator p = (po, p1, cte 3 Pd—1)
are developed. It is shown that a class of unitary transformations of P, 1s given by a
class of operator-valued Lorentz transformations of perturbed p,’s. Moreover, the integral
kernels of the unitary groups of perturbed d’Alembertians are explicitly computed. As
an application, a detailed analysis of the quantum theory of a charged spinless relativistic
particle in an external electromagnetic field is given. The present analysis clarifies a gen-
eral mathematical structure behind Schwinger’s proper-time method for the external field
problem in quantum field theory. '
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I. INTRODUCTION

In the external field problem in quantum field theory, which concerns a quantized
scalar field or a quantized Dirac field interacting with a classical (unquantized) electro-
magnetic field, it is important to investigate the properties of the Green functions (“propa-
gators”) of the Dirac or the Klein-Gordon operators with vector potentials. Schwinger [Sch]
presented a beautiful method, called the proper-time method, to obtain explicit formulae
of the Green functions for some classes of electromagnetic fields (cf. also [I-Z, §2-5-4]).
Recently Vaidya et al [V-S-H] have reconsidered the proper-time method from an alge-
braic point of view and algebraically computed the Green function for a spinless charged
particle in an external plane-wave electromagnetic field. The discussions in [V-S-H] are
heuristic, but suggest some ideas that may lead one to a complete and mathematically
_rigorous understanding for the proper-time method from an operator-theoretical point of
view. With this motivation, we develop in this paper an operator theory associated with
some objects in the d-dimensional Minkowski space M?. The operator theory presented
here does not only clarifies algebraic-analytic structures of the proper-time method for a
class of vector potentials, but also is interesting in its own right. In particular, it has
applications to perturbed d’Alembertians or Klein-Gordon operators.

Before describing the outline of the present paper, we introduce some basic symbols.

We denote a vector in M? or the Euclidean space R? as z = (2°,--. ,2%"!) = (z# z;})
and by g = (guv)u,v=0,... ,d—1 the metric tensor of M¢? with
goo = —gjj = 1, j=1,---,d=-1,
guw =0, p#v,
so that the indefinite inner product of M¢ is given by
d—l . .
2y = guaty” =2y — Y zlyl. (1.1)
i=1

Here, and in what follows, summation over repeated Greek indices with respect to upper

and lower ones is understood unless otherwise stated. We write zz = z2.

We define
m}t=g;w$u1 /1'=0a"'7d_1'

1 1

Then we can write zy = z*y,. The inverse ¢g~* of the matrix ¢ is given by ¢7! =
(9% )u,p=0, ,d—1 With ¢*¥ = g, p,v =0,--- ,d — 1, so that one can write

xu=gﬂyzu7 V’=0a"'ad_1~
For each a € M9, the function az defines a self-adjoint multiplication operator on

L*(R*) with domain D(az) = {¢ € L*(R%)|azy € L*(R?)} (we denote by D(-) operator

domain).

[3V)



Let 8, be the generalized partial differential operator in z# acting in L?(R?), so that

the p-th component
Pu = iay (12)

of the canonical momentum operator p = (py,- -+ ,pa—1) is self-adjoint. For each b € M¢,
we can define a self-adjoint operator on L?(R¢?), denoted bp, as follows:

D(bp) = {ep e @) [ fredte) e < oo} , (132)
(bp¥)(€) = beP(€), % € D(%p), (1.3b)

where
1

P(€) = @) /I;_d e*p(z)dz, ¢ €RY,

is the Fourier transform of ¢ with £z being the Minkowsk: inner product of € and z as in

(1.1). -

We introduce a subset of M? x M¢:
Mo = {(a,b) € M? x M%| a # 0,b # 0, ab = 0}. (1.4)

In Section II we first show that, for each (a, b) € My, az and bp strongly commute. In
this case, via the two-variable functional calculus, one can define, a self-adjoint operator
u(az, bp) for a real-valued Borel measurable, almost everywhere (a.e.) finite function u on
R? with respect to (w.r.t.) the Lebesgue measure on R?. We compute the unitary transfor-
mation of p, and of the free d-dimensional d’Alembertian by the unitary operator e?*(¢2:bp),
As an application, we prove essential self-adjointness of a perturbed d’Alembertian.

Section III concerns a self-adjoint operator strongly commuting with az and bp. For a
d x d real antisymmetric constant matrix f = (fuu)p,v=0,..,d—1, We introduce a self-adjoint
operator Ly, which is a linear combination of the components of the angular momentum
operator in M4, It is shown that, if f is in a subset of d x d real antisymmetric matrices,
then Ly strongly commutes with az and bp.

In Section IV we introduce operator-valued Lorentz transformations in an abstract
framework and present some elementary facts on them.

Section V is devoted to operational calculus of the self-adjoint operators az, bp, L¢
and p,. The main result of this section is the unitary transformation property of p, by
a unitary operator defined in terms of ax,bp and Ly. We show that an operator-valued
Lorentz transformation of a perturbed momentum operator is unitarily equivalent to p
on a dense domain. As a corollary, we obtain a self-adjoint extension of a perturbed
d’Alembertian.

In Section VI, we explicitly compute the integral kernels of the unitary groups gen-
erated by perturbed d’Alembertians. This section should clarifies a general mathematical
structure behind Schwinger’s proper-time method.

Section VII is an application of the results in Sections V and VI to the external field
problem of a charged spinless particle for a class of vector potentials. The method em-
ployed, which includes a regularization procedure or a deformation of the vector potential
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with a parameter € > 0 and limting arguments with respect to the limit ¢ — 0, does not
only give a mathematically rigorous basis to the discussions in [V-S-H], but also present
more general results than those in [V-S-H).

In the last section, we give a remark on the mathematical meaning of what is done
in Section VII from a view-point of representation theory of “partially broken canonical
commutation relations”.

II. OPERATIONAL CALCULUS ASSOCIATED WITH TWO VECTORS IN THE MINKOWSKI
SPACE AND ESSENTIAL SELF-ADJOINTNESS OF A PERTURBED D’ALEMBERTIAN

We say that two self-adjoint operators on a Hilbert space strongly commute if their
spectral measures commute. The following fact is well known (see, e.g., [R-S1, Theorem
_VIIL13)).

PROPOSITION 2.1. Let A and B be self-adjoint operators on a Hilbert space. Then the
following (i)—(iii) are equivalent:

(i) A and B strongly commute.
(i) Forall s,t € R, e'4e’*B = ¢ioBeitA,
(ili) Forallt € R, e B C Be''4.

Let (a,b) € M, (see (1.4)). We first show that the operators az and bp defined in
the Introduction strongly commute. Then we consider a unitary transformation defined
by the functional calculus of az and bp.

LEMMA 2.2. The self-adjoint operators az and bp strongly commute.

PROOF: It is easy to see that
(e™Py)(z) = 9(z - tb). (2.1)
Using ;chis formula and the condition ab = 0, we have for all s € R
(eitbpeiaaz,‘b) (z) = e"%E=®) (g — th) = e#9%3(z — tb) = (eisaxeitbp¢) ().

Hence e'tbPei*e® = ¢¥0az¢ibP for all s,¢ € R. Thus, by Proposition 2.1, az and bp strongly
commute.

We denote by B,eal(Rd) the set of real-valued, Borel measurable fucntions on R?
which are a.e. finite w.r.t. the d-dimensional Lebesgue measure. Let E,;(-) and Epp(-)
be the spectral measures of az and bp, respectively. Then, by Lemma 2.2, there exists a
unique two-dimensional spectral measure E,; 4,(-) such that, for all Borel sets B;, B; in

R, Eqaz,bp(B1 X B2) = Equz(B1)Epp(Bz). As is well known, the spectral measures of p, and
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z,, respectively, are absolutely continuous w.r.t. the Lebesgue measure on R. Hence so
do E,;(+) and Epp(-), respectively. Thus, for each u € Brea1(R?), the operator

u(az, bp) = /R 40, 20)Ear (0, 22)

is self-adjoint.

We denote by L=(R?) the set of essentially bounded Borel measurable functions on
R? and set ||¢)||oo := ess.sup,ers|¥(z)|, the essential supremum of ¢ € L°(R?). In what
follows, for simplicity, we mean by “ a bounded function on R%” an element of L*(R?).
The subset of real-valued functions in L®(R¢?) is denoted L, (R?).

real

Let Ny = {0,1,2,---}. For r € Ny, we denote by C7_,(R?) the set of r times

real

_continuously differentiable, real-valued fucntions on R? and by B"(R?) the set of bounded

functions u in CT R?) such that, for all j = 1,--- ,r, the partial derivatives of u of order

§ is bounded on R4.

We say that a real-valued function u = u(z;,z2) on R? is in the set B™> (r € Ng)
if, for a.e. =, u(-,z3) € BT(R) and, for all j = 0,---,7, the function & u(z,z,) :=
o u(zl,wg)/ax{ is bounded on R2. We say that a function u is in B°°7 if the function
i(z1,22) 1= u(z2, 1) is in BT, In this case, we write dJu(zy,z2) := diu(z1, z2)/ 0],

We denote by C$°(R?) the set of infinitely differentiable functions on R¢ with compact
support.

LEMMA 2.3. For all u € B"*°(R?), there exists a sequence {uy}r of real-valued functions
in C§°(R?) such that, forall j =0,---,r,

sup |0] ur(z1,22)] < C,
k>1

kl_i_’rroloafuk(xl,xz) = Hu(z1,z2), a-e (x1,22),
where C is a constant.
PROOF: This follows from a standard limting argument using Friedrichs’ mollifier. i

LEMMA 2.4. (i) Let u € BV°(R?). Then, for each p = 0,1,-++ ,d — 1, u(az,bp) leaves
D(p,) invariant and - - .

[Py, u(az,bp)] = iaualﬁ(ax, bp) on D(p,), (2.2)

where [A,B] := AB — BA.
(ii) Let u € B*!(R?). Then, for each p = 0,1,--- ,d — 1, u(az, bp) leaves D(z,)
invariant and '

[z, u(az,bp)] = —ib,0u(az, bp) on D(z,).

)



PROOF: (i) Let ¥ € D(p,). We first consider the case where u € C§°(R?). Then we have

u(az, bp)p = o- /R (6, )ty dey de, 2.3)

where
i 1 [
u(&,6) = 2—71_/;‘2 e~ Cmteemy () 2,)dz, day

is the standard Fourier transform of u and the integral on the right hand side (RHS) of
(2.3) is taken in the strong topology. By (2.1), we have

(12 eiabP) (@) = &7 h(z — bea).
‘Hence the function e¥12%¢#2b2y) is differentiable and
Ou(e 122 Py)(2) = iau€1e™ 15 (2 — b2) + €19 (Ou)(z — b2),
which implies that 9, (e¥$12%¢¥25Py) € L?(R?). Hence e*12%¢¥2tPy ¢ D(p,) and
pueiezei€abpy = _g ¢ eitios itabry 4 gitiazitabpy o
which implies that
| /Rz |81, &2 )pue’® 27 2P| |dE1 dEr < oo
It follows from the closedﬁess of p, that u(az,bp)y € D(p,) and

puu(az, bp)y
1 N i€1azx _il2bp - i€1az i2bp
-—{—-a,‘ /R2 @(€1,82)€1€"1%"e 1,1)c‘l€1d§2+/R2 @(£1,82)e" 1 e Pu¢d§1d€2}

=27r

= ia,du(az, bp) + u(az, bp)p, .

Thus (2.2) follows. ,
We next consider the case where u € B1°°(R?). Then we can take a sequence {ui};
as given in Lemma 2.3. By the preceding result, we have

puuk(az,bp)y = ia,0yur(az, bp)y + ur(az, bp)p,ib.
By the functional calculus, ui(az,bp) — u(az,bp), Oyur(az,bp) — Oyui(az,bp) strongly
as k — oo. Hence p,ur(az,bp)y — ia,0iu(az,bp)y + u(az,bp)p,y as k — oco. By the

closedness of p,, u(az,bp)y € D(p,) and (2.2) holds.
It is easy to see that, for all ¥ € D(z,),

m“ezflazeiﬁsz,(p = b“£2ei51az61£2bp¢ + ezflazezﬁgbpx”d). '
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Hence,b in the same way as in the case of p,, we can prove part (ii). B

We say that a function u in Brea(R?) is in the set €"(R?) if, for a.e. z, € R, u( ,x2) €
(R) and there exists a sequence {u}x in B™*°(R?) such that, for j = 0,--- ,r,

real
sup Iafuk(z‘l,xz)l < Clofu(zy, z2)), (2.4)
klim a{uk(zl,xz) = afu(ml,wg), a.e.(z1,z2), (2.5)
—00

where C is a constant.

THEOREM 2.5. Letu € €'(R?) and ¢ € D(p,)ND(d1u(az,bp)). Then, for u =0,--- ,d—
-1, e—iu(az,bp)¢ € D(p“) and

eiu(a:c’bp)pue_iu(az’bp)'lp = [p”’ + au31u(afl3, bp)]d"' (2'6)

PROOF: We first consider the case where u € B1°(R?). Then u(az,bp) is bounded.
Hence we have

oo . k
e—iu(aa:,bp)¢ — Z (—2)kU(Z'$,bp) ¢’ ¢ € LZ(Rd)
k=0 )

Let ¥ € D(p,) and 3y = Zk-—o( —i)*u(az, bp)*/k!. Then, ¢N — e~iulas, "1’)¢ (N — o0).
Moreover, by Lemma 2.4, ¥n € D(p,) and

k
PutPN = Z zaualu(ax bp) - u(a:v bp)k 1¢+Z( 2) ugcc!w,bp) Put.

k=0

Hence | |
PutN — aualu(ax,bp)e_'“(a”’bp)d} + e—zu(ax,bp)pu¢

as N — co. By the closedness of p,, e~#*(a2:tP)y, ¢ D(p,) and
pue—iu(az,bp)¢ = aualu(ax, bp)e—iu(az,bp),(/) + e—iu(ax,bp)puw'

Thus (2.6) holds.
We next consider the case where u € €1(R?). Then there exists a sequence {ux}s in
B1°(R?) satisfying (2.4) and (2.5) with j = 0,1. Let ¥ € D(p,) N D(d1u(az,bp)). By

the preceding result, we have
p#e“i“*(“”’bp);b = e‘i“"(“’b”)[p# + a,01ur(az, bp)|y.
By the functional calculus, one can easily show that

kl_i—)n;o[pu + a,01ur(az,bp)l = [p, + a,Oru(az, bp)lp.
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Similarly, for all € D(u(az,bp)),
klim ur(az, bp)n = u(az, bp)n.

Hence, by standard convergence theoreoms ( [R-S1, Theorem VIII.25, Theorem VIIL.21]),

s — lim e-—iuk(az,bp) = e—iu(ax,bp)
k—oo ’

where s — lim denotes strong limit. Thus we obtain
Jim pye= ey = =T p, 4 a,0,u(az, bp).
-By the closedness of p,, e~#(4=4?)y) ¢ D(p,) and
pue=iH@m bRy e-—iu(az,bp)[pu + a0 u(az, bp)]Y,
which imply the desired result. B

REMARK: By virtue of Lemma 2.4(ii), we can also obtain formulae for z, in the same way
as in the case of p,, e.g., the formula corresponding to (2.6) is given

elt(@2bP) g e=ive250)yy — [z — b,Byu(az, bp))e

under a condition parallel to the one in Theorem 2.5. This kind of translations from
formulas of p, into the ones of =, is easy. Thus, in this paper, we concentrate our attention
only on formulae of p,.

As a corollary of Theorem 2.5, we obtain the following.

THEOREM 2.6. Let u € B%°°(R?). Then, for each p = 0,--- ,d — 1, e~4(32:bP) Jegyes
D(p?) invariant and

eiu(az,bp)pie—iu(ar,bp)d) = (p# + a#alu(ama bp))2¢, 1/" € D(pfz)a H = 0) 1, e ’d'— 1. (2'7)
PROOF: Let ¢,9 € D(pi). Then, by Theorem 2.5, we have

(P2, e~ =Py = (p, 8, pe™ @2 4y = (p 1, n),

where :
n = e"'“(“’b”)pud) + e“i"(“”b”)aualu(ax, bp)y.
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Since p,%¥ € D(p,), it follows from Theorem 2.5 again that e=**(¢%%")p 4 € D(p,). Since
u(az, bp) and Oyu(az, bp) commute, we have

e—iu(az,bp)alu(a:c, bp)(L' - alu(aw, bp)e—-iu(az,bp),(b‘

Since 8, u € B1*°(R?), it follows from Lemma 2.4 that &, u(am bp)e~iu(a:bP)y is in D(p,).
Thus n € D(p,). Hence

(P24, e~ =5y = (4, p,7),

which implies that e=#(e2:bP)y) ¢ D(p%) and pze"'“(“ 59)¢p = p,n. The last equation
combined with (2.6) gives (2.7). &

Let
d—1
-y 8 (2.8)
i=1

be the free d’Alembertian with D((1J) :=nN ”_OD(p“) It is easy to see that [] is essentially

self-adjoint on S(R?) (the set of rapidly decreasing C* functions on R%). We denote the
closure of [ by Hyp: .
Hy =01. (2.9)

For u € €'(R?), we can define

O = (p + ad1u(az, bp))*

d-1
= (po + a0d1u(az, bp))® — Y (p; + a;81u(az, bp))® (2.10)
j=1
with D((1,) = ﬂﬁ_%,D([p,, + a,0u;(az, bp)}?), which gives a perturbed d’Alembertian.

THEOREM 2.7. Let u € B%*°(R?). Then [J, is esSentia]Iy self-adjoint on D((J) and the
following operator equality holds:

eiu(az,bp)Hoe—i"(az’bP) = D—u.

PRrROOF: By Theorem 2.6, we have
e (@2 Oe=(22P)y = (p + adyu(az, bp))’y, ¢ € D(O).

Theorem 2.6 also implies that e~"(®%5?) maps D([(J) onto itself. Hence the essential
self-adjointness of [ on D([J) gives the desired result. B

REMARK: As is easily seen, analysis similar to that in this sectlon can be made also in the
Euclidean space R? in quite a parallel way.



III. A LINEAR COMBINATION OF THE COMPONENTS OF THE ANGULAR MOMENTUM
OPERATOR IN THE MINKOWSKI SPACE

We denote by M3*(R) the set of d X d real anti-symmetric matrices:

M;S(R) = {f=(fuu) l f#V € R'; fﬂV = —fw“ H, V= 071"" ad—' 1} (3-1)

For each f € M3%(R) and a constant vector ¢ € M¢, we define

Qu(z) = fu(z¥ -¢"), p=0,1,-..,d-1. (3.2)

It is easy to show that the multiplication operator @, is essentially self-adjoint on C$°(R?).
Moreover, @, leaves S(R?) invariant and satisfies the commutation relations

: [pV,Qﬂ]¢ = if#"¢7 Y€ S(Rd)7 pyv=0,--- ,d—1. (33)

We define an operator Ly by ; .
Ly = Qup", (3.4)

with D(Ly) = ﬂz;%,D(Q uP*), where, for notational simplicity, we suppress the dependence

of Ly on q. Note that Ly can be written

L= fuud(z* = ¢")p* — (" — ¢" "},

v<u

i.e., Ly is is a linear combination of (z# — ¢*)p¥ — (z* — ¢ )p* (v < u), the components of
the angular momentum operator in the coordinate system translated by gq.

It follows from the antisymmetry of f and (3.3) that, for all ¥ € D(Ly), Q¢ € D(p*)
and

Qup*Y = p"Quy, o € D(Ly), (3.5)

which implies that Ly is a symmetric operator on L?(R?). Moreover, we can prove the
following fact.

PROPOSITION 3.1. Ly is esentially self-adjoint on C$°(RY).

Proor: The idea of proof is to apply Nelson’s commutator theorem ([R-S2, Theorem
X.37]). Let

|z| = \/(:1;0)2 F(z1)2 + -+ (z1)2,

the Euclidean norm of z = (2%,--.,z%"1), and A be the d-dimensional Laplacian:
d-1
A= Z pz.
p=0
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It is well known that the operator
N := —A + |z]?, (3.6)

the Hamiltonian of the harmonic oscillator on RY, is self-adjoint with D(N) = D(A) N
D(|z]?) and essentially self-adjoint on C$°(R%). We have

I = A9l + |z *9]1* < N2+ 2d||9[1?, ¢ € D(N). (3.7)
Let 1 € C°(R?). Then, by (3.3), we have

ILs9l1? = | = ifun(p*%, Q"%) + (Puputh, @ Q49)|

d-1 d—1 d-1 d-1
SC(f)\JZIIPM/)H?JZIIQu«/JH?+\l >, ||pupu¢n?J > lle#Qryll,

p=0 v=0 pv=0 p,v=0

d—1 ,
C(f) = Ql 3 ful? (3.8)
p,v=0

By (3.7), we have the following estimates:

d—1
.' a2 = [I(=2) 29} < [INY24]], (3.9)
p=0

d—1
J > lpupoll2 = 1] — Ay|] < [IN9]] + V2d][9]],

B,v=0

where

d—1
\ 1Rl < C()Il |z — gl

v=0

< CHUH= LN + lal 11
< COAUINY2] + lal 11D,

d—1
J > 1QHQ Y2 < C(H?lz ~ gf*¥l]

u,v=0

< CEH* N1l + 2lgl ]|z 1%1] + lal* 1111
< CUOUING| + V2dllll + 21glIN 2] + lgP {1 ]])-

Hence we obtain

LI < IV + Dl . (3.10)
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where C > 0 is a constant. Moreover, by using (3.3), we have
 d-1 d-1
[Le, NI = =20 ) fuup"putp — 2 Y Qua e,
v=0 n=0

which gives

(L, Np) — (N, Lyp)| < C'JI(N + 1)1/ 24| 2,

where C' > 0 is a constant. Hence we can apply Nelson’s commutator theorem to obtain
the desired result. B

For each a € M¢, we introduce a class of d x d real antisymmetric matrices:

Fo={f € M*(R)| a*fyy =0,» =0,1,--- ,d - 1}. (3.11)

PROPOSITION 3.2. Let a € M¢.

(i) If f € F,, then each Q, strongly commutes with ap.
(ii) If f € F,, then L; strongly commutes with az and ap.

PROOF: (i) Let ¢ € C§°(R%). Then, by (2.1), %P4 is in C§°(R?) and

(Que™P¥)(z) = fu(z” — ¢")(z — at)
= fu(z¥ — a’t - ¢")Y(z — at)
= (e"**PQ¥)(x),

where, in the second equality, we have used the property f,,a” = 0. Hence |
Qpeitapd) = eitapr.,l/}.
Since C$°(R?) is a core of @, as already mentioned, it follows that e¥**PQ, C Q,e'*°?.

Hence, by Proposition 2.1, @, strongly commutes with ap.
(ii) Similar to the proof of part (i). 1

REMARK: One can easily show that, if each @, strongly commutes with ap, then f € F,.

IV. OPERATOR-VALUED LORENTZ TRANSFORMATIONS

In this section we take an interlude to introduce operator-valued Lorentz transforma-
tions and to prove some basic facts on them.
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Let H,,p=0,1,--- ,d — 1, be complex Hilbert spaces and
d-—1
7-‘———@%”' {¢“{¢#}u—ol¢#eH“, —0,1,,d—1}
u=0 ,

be the direct sum of H,,u =0,1,--- ,d — 1. The metric tensor g of M? naturally defines
a bounded linear operator on H, denoted also g, by

(gd) b= guu¢u’ H= 011>' * - 1 "[J - {d’ﬂ}p—o (41)

DEFINITION 4.1: A densely defined linear operator L on H is called an operator-valued
.Lorentz transformation on H if L*gL C g.

Every linear operator T on H is represented as a matrix operator T' = (T*,) with
T, a linear operator from H, to H,. We call T#,’s the components of T. In terms of
components, a bounded linear operator L on H is a Lorentz transformation if and only if

(L’\u)* g/\pru = Guv-

PROPOSITION 4.2. Let T be a bounded linear operator on ‘H such that T*g = —gT. Then
eT is a bounded operator-valued Lorentz transformation on H.

PROOF: Putting L = eT(= 1o, T*/k!), we have

= o] o0

RN I L

Fo=) =2 oy =9 =ol7,
=0 =0

which implies the desired result. N

We denote by N = {1,2, - - - } the set of natural numbers. For a densely defined linear
operator T on ‘H such that T¥*! = 0 for some N € N, we deifine e” by

N
; —i— (4.2)
with D(eT) = D(TN+1),

PROPOSITION 4.3. Let T be a densely defined linear operator T on ‘H such that, for some
N € N, TN*! = 0 with D(TN*!) dense and T*g D —gT. Then T is an operator-valued
Lorentz transformation on H. A :

13



PROOF: We have (eT)* > Zi\;o(T*)k/k!. By the assumption T*g D —¢T, g maps D(T*)
into D((T*)*) for all k € N and (T*)*gy = g(=1)*T*4 for all » € D(T¥). Hence, for all

¥ € D(eT), we have geTyp = ZLO(—I)"(T*)kgz/)/k!. Hence geTy € D((eT)*) and

N N k(N j+k
(CT)*geT¢ — ZZ ("'1)](':; ) + g% = gvb.

J=0 k=0

Thus the desired result follows. N

A special case is of some importance in applications. Let us consider the case

Hoz...—_-Hd_l:K

and S be a densely defined linear operator on K. For a d x d matrix f = (fuu)p,v=0,1, ,d=1,

we define a d X d matrix

f: (f“u)u,u=0,---,d-1
by :
fuu = gll)\f)‘u_
Let B
Sf - fS,

. d-1
a linear operator on B, _; K.

(4.3)

(4.4)

(4.5)

PROPOSITION 4.4. Let S be a symmetric operator on K and f € M3(R). Then the

following (i) and (ii) hold:

(i) IS is bounded, then e is a bounded operator-valued Lorentz transforma-

tion on @d K.

p=0

. (ii) Suppose that fN+! = 0 for some N € N. Then SN+1 = 0 and €% is an

operator-valued Lorentz transformation on EB §=0

T K Wxth components

(eSf)ﬂ = §*, + Z oy f“mfmuz cofte-t v =0,--.,d-1, (4.6)
where 6%, is the Kronecker delta.
PROOF: It is easy to see that (f)*g = —gf. Using this property, we can show that

579 D —gSy. Hence Propositions 4.2 and 4.3 give part (i) and (ii), respcetively. B
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V. OPERATIONAL CALCULUS ON THE SELF-ADJOINT OPERATORS
az,bp AND Ly

Let (a,b) € M. Let f € F, N F} and u € Bey(R?). Then, by Proposition 3.2(ii),
u(az,bp) and L strongly commute. Hence, putting

sk
DF, = n D(u(az,bp)’ Ly), (5.1)
jvkeNO

the operator

M(u, Ly) := [u(az,bp)Ly} | DF, (5.2)

is self-adjoint.
For f € M?(R) and u € L
the Hilbert space

% (R?), we define a bounded linear operator A(f,u) on

d-—-1
*RY) = P I*RY) (5:3)
u=0
by |
~ *® k~ku az k
A(f,u) = e—fu(az,bp) = Z ( 1) f k'( ,bp) ) (54)
k=0

where f is defined by (4.3).

LEMMA 5.1. The operator A(f,u) is a bounded Lorentz transformation on [L*(R?)).
Moreover, the following (i) and (ii) hold:

(i) If f € F,, then
A(f,u)* ,a”" =a*, p=0,1,---,d-1,, (5.5)

. on L*(R4).
(i) If u € BY°(R?), then each component A(f,u)*, leaves D(p,) invariant
(A=0,---,d-1) and, for all p € D(p,),

PAM(S ) % = —taxOyu(az, bp)A(f, u)¥  FP, % + A(f,u)¥  pasp. (5.6)

PROOF: The first assertion follows from Proposition 4.4(i). By the property f#,a* = 0
and (5.4), we obtain (5.5).
To prove part (ii), we note that, for all ¢,v% € D(pa),

~

f p/\¢7 ax,bp)kd))'

(p/\¢7A(f1u)uu¢) = Z
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By Lemma 2.4, u(az, bp)*¢ € D(py) and
pau(az, bp)* = ikaxdyu(az, bp) - u(az, bp)¥~19 + u(az, bp) prp. (5.7)
Hence
(pad, A(f,u)¥ ,¥) = (8,1ax01u(az, bp)A(Sf, w)¥ , f, % + A(f,w)" payp).

Since this equation holds for all ¢ € D(p,), the desired result follows. B
The first of the main results of this section is the following,.

-THEOREM 5.2. Let f € F,NFy and u € BY°(R?). Then, for all p € D(N), e=M(u:.Ls)y)
isin D(p,),p=0,--- ,d—1, and

eMLp)ppe=iM(u,Ly)y, — A(f,uw)*, (p* + a*81u(az,bp)Ly) ¢ (5.8)
REMARK: By (5.5), the RHS of (5.8) can be written

A(f,u)*, (p” + a*d1u(az,bp)Ls) ¥ = A(f,u)* "¢ + a*O1u(az, bp)L . (5.9)

To prove this theorem, we need some preliminaries. For two linear operators A and
B acting in a Hilbert space, we define (ad A)*B, k € Ny, by

(ad 4)°B = B,
(ad A)*B = [4,(ad A)*'B), k>1. (5.10)

It is well known (or easy to see) that

k .
(=) =9k o ki
(ad A)kB'l/) = T:Z(:) -j—!(k—-_—:y—)-!—A]BAk J'l!) (5.11)

for all ¢ € o D(A7BAF-Y),
LEMMA 5.3. Let f € F, N Fy and u € BL°(R?). Let ¥ € S(R?). Then, for all j,k € No
and p = 0,1, ,d—1, we have M(u, L;)*y € D(p,) and puM(u, Ly)*p € D(M(u, Lg)?).

Moreover,

k —ia*Oyu(az, bp)L sy + tu(az, bp) f*, p*v, k=1, :
(ad M(u,Lg)) pkep = _ v (5.12)
F (5 u(az, bp)*p¥ib, k> 2.

16



PROOF: Since Ly is in S(R?) C D(p,), Lemma 2.4 and (5.7) imply that u(az, bp)*Liy €
D(p,) and

puulaz, bp)kLl}d) = tka, O u(az, bp) - u(az, bp)k—lLf}z/J + u(az, bp)kp,,Ll}x,b.

It follows from this equation and the strong commutativity of u(az, bp), d1u(az, bp) with
Ly that p,u(az, bp)L’}z/) = puM(u,Ls)*y is in D(M(u,Ls)’) and
M(u,Ls) puM(u,Ls)*¢
= ika,O1u(az, bp)M (u, Lf)j"'k"lsz,b + M(u, Lf)ju(aa:, bp)kpuL§¢.
(5.13)

_Thus the first half of the lemma follows.
By (5.13) and the commutation relations

[p#, Lsl¢ = —if*,p"¢, ¢€SRY),p=0,---,d-1, (5.14)
we obtain (5.12) with £ = 1. Hence we have |
(ad M(u, Lf))2p“¢ = iu(az, bp) f*,[M(u, Lf)7pu]¢
= qu(az, bp) f*,(—ia* Oy u(az,bp)L ; + iu(az,bp) f¥ \p 1
= 2(f*)*, u(az, bp)’p"¥.

This implies that N
(ad M(u, L))’ p*s = *(F°)* ,u(az, bp)°p" 3.

Repeating this process, we obtain (5.12). &
We next estimate HL’}z,bH (f € M¥(R),k € N) for suitable vectors ¢. For this

purpose, it is convenient to rewrite Ly in terms of the annihilation and creation operators

deifned by
. 1 . 1 .
Cu = E(-’”” —ipu), ¢l = ‘\/'5(13“ +1py), (5.15)

respectively. Obviously ¢, and cL leave S(RY) invariant and satisfy the commutation
relations:

[cuye]p =0, [epe] =0, [euctld =60, ¥eSRY. (5.16)

Let ,
Bo(z) = 7~ Ut~ 121/2 ¢ e RY, (5.17)

and

xa-1 Qg (5.18)

1
&, = Ct Qo Ct
@ /010!"'01.1-1!( #0) ( #d—l)
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where @ = (ag,- -+ ,a4-1) € N& is a multi-index (a, € No,pu = 0,--- ,d = 1). It is well
known that {®,}, is a complete orthonormal system of L2(R?) (note that &, is a tensor
product of Hermite functions). It is easy to see that

CLCDa = Vop + 1@, a1, 1)

and

cl‘@“ = Va#q)(ao,'",au—lr" yag-1)r  Qp 21,

C“Q(aof" !au-—lvovan+l"' ’ad—l) = 0'

We denote by cff either ¢, or c}:. It follows from the above relations that

g, - e @all < V(a[+ 1)+ -(la] + k), (5.19)

where |a| = Zﬁ'__'_}) a,.
We have

L@ all < | furm ) | fuene lllP* (87 = ™) - - pP* (2 — ¢**) @l

1
< _Z_I-c'lf“l”ll' e |fﬂkuk| Z ”Cﬁbﬁ o 'kabzﬁ(ba”v

6% terms

where b% denotes ¢ either v/2¢”. Hence

IL}@all < C(f,9) (el + 1) - (Ja] + 2), (5.20)
where o
C(fq)=3 ( >, lf,w|> (V2gloo +1) (5.21)

with |¢|eo := max,—o,... a—1 |¢”|. Similarly we haveforall? € Nand p; =0,--- ,d—1,5 =
1,--0,r

1P+ o iall € 520 0 VIRTF D (2647, (5:22)

Let
Su(RY) = L{®.] a € N}, (5.23)

where L£{---} denotes the subspace algebraically spanned by the vectors in the set {---}.
For f € Fo, N Fp and u € L%=,(R?), we define

real
Dy(u) = L{u(az,bp)’ Lkbeltpe € SH(R?),,k,€ € No}. (5.24)
Obviously we have Sy(R%) C Df(u).
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LEMMA 5.4. Let f € Fo N Fp,u € BV °(R?) and set

1
2|lulleeC(f,9)’

where we set 1o ;= o0 ifu =0 or f =0. Let |t| < ro (t € R) and 1 € Dy(u). Then, for all
m € N, multi-indicesa, and u = 0,--- ,d~1, the vector is in D(f?) and u{az, bp)mf;zb
is in D(p,). Moreover, e~*M(%:L1)y, is in D(p,) and

(5.25)

o =

, haid t)™ bp)™ L
e—'tM(u’L’)l/) - Z ( —1 ) U(a:z' p) f ¢ (526)
m=0
» ®_ (—it)™p,u(az, bp)™ L7 o
pue~ ML)y, — Z ( s — . (5.27)
m=0 ’

PROOF: It is sufficient to prove the assertion of the present lemma for 3 = u(az, bp) 'Lk
(j,k € Np). The fact that S(R?) C ﬂ]_OD(L ) and the strong commutativty of Ly
and u(az, bp) imply that ¢ € D(Lf ). We have u(az, bp)mLf Y = u(az, bp)m+JLm+k<I>
Hence, by (5.20), we have

I(=it)™u(az, bp) " L7 9| < [t llullZH C(f, )™ Vel +1) - (la] +2m + 2k),

which implies that, for |t| < ro, the infinite series Y oo _, ||(—it)™u(az, bp)mf}nw/m!ﬂ con-
verges and so does ¥ := 3 °_ (—it)™u(az, bp)mf}nzp/m!. By the strong commutativity of
u(az, bp) and ff, we can write u(az, bp)mf}nzll = M(u,Lf)™. Hence ¥ = e~ #tM(u,Ly)y,
which gives (5.26).

Let

Z (= Zt) u(az, bp)™ Lf¢ Z (az, bp)m+kLm+k<I>

m=0 m=0

Then, by Lemma 5.3, Un € D(p,) and

N (—it)™p,u(az bp)m+jL}"+k<I>a

PulN =D -

m=0

By (5.7) and (5.22), we see that p, ¥y converges as N — co. Since ¥y — e~ #M(Ls)y
as N — oo, it follows from the closedness of p, that e~"*M(%:Ls)yy € D(p,) and (5.27)
holds.

Proof of Theorem 5.2
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Throughout the proof, we set M = M(u,Ly). We first consider the case |t| < ro. Let
¥, ¢ € Dg¢(u). Then, by Lemma 5.4, (5.11) and Lemma 5.3, we have

(¢, e Mpte™ Myp) = (e7 Mg, pte™*My) = ZZ(”) (,k,”) (M6, p"M*¢)

J=0 k=0

= 3> @6, asnympre)
m=0
= (¢,ta*A1u(az,bp) Ly + A(tf,u)* P ¥).
Since Dy(u) is dense in L?(R?), we obtain

'tM pe—itMyy = ta* O u(az, bp)Lfd) + A(tf,u)® p"
= A(tf,u)*, (p* + ta”d1u(az, bp)Ly) 3. (5.28)

Let |s| < ro and

N .
(—is)k My
N=D T

Then ¥ € Dg(u) and Py — e **Myp as N — co. By (5.28), we have
etMphe=itMy, o — A(tf,u)¥, (p" +ta*d1u(az, bp)Ly) Y.

By Lemma 5.4, we have .
pu,le - pue—st¢ (N — oo)

Note that

and Ly € Dy(u). Hence Ly — e~ *MT ¢p (N — o). Since 1u(az, bp) is bounded, it
follows that

ta”01u(az,bp) Ly — ta” O u(az, bp)e'i’Mffd)
= e *M1a" 9 u(az,bp)Lsyp (N — o0).

Hence
e Mpre="Myn — Atf,u), (p¥e ™M + e**Mta” 0 u(az, bp)Ly) ¥

It is clear that e Moy — e~ tMe=isMy) — o=it+s)My, (N 5 o0). Hence, e~ Ht+9)My, ¢
D(p*) and

e!tMpre=itHIMy — A(1f y)k (p*ei*M 4 e=#M1q¥ 3, u(az, bp)Ly) .
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Hence we obtain
i IMppe=ilitIMy — A(tf,u), (M pYe M 4 ta*81u(az, bp)Iy) ¥,

where we have used the commutativity of e**™ and A(tf,u)*,. By using (5.28) with ¢ = s,
we obtain (5.28) with ¢ replaced by t + s. Repeating this process, we can show that (5.8)
holds for all ¢ € Ds(u).

By (3.9) and (3.10), the RHS of (5.8) with ¢ € Dg(u) is dommated by C||(N + 1)9||
(C > 01is a constant). As is well known, each @, is an eigenfunction of N with eigenvalue
2|a| + d. Hence Sy(R?) (C Df(u)) is a core of N. By a simple limiting argument, one
can easily show that (5.8) established for 1 € Ds(u) extends to all 1y € D(IV), at the same
time, proving that e~*™ € D(p*) for all ¢ € D(N). This completes the proof of Theorem
5.2. 1

Let u,v € Brea(R?) and f € F, N F,. Then, by Proposition 3.2, u(az,bp) and
M(v, Ly) strongly commute. Hence u(az,bp) + M(v,Ly) is essentially self-adjoint. We
denote its closure by M(u;v, L¢):

M(u;v,Ly) = u(az, bp) + M(v, Ly). (5.29)
We have
eitM(u;v,L/) — eitu(az,bp)eitM(v,L/) — eitM(v,L,)eitu(aa:,bp),‘ teR. (530)
THEOREM 5.5. Let u,v € BV°(R?) and f € F, N Fy. Then, for all ) € D(N) and
p=0,---,d—=1, e Muv.Ls)y ¢ D(p*) and

ezM(u;v,L!)pue—iM(u;v,Lf)d)

= A(f, v)f‘u {p" + a*(81v(az,bp)Ls + B1u(az, bp))} ¥. (5.31)

PROOF: Under the present assumption, 0;u(az,bp) is a bounded self-adjoint operator.
Hence, p* + a#0yu(az, bp) is self-adjoint. Then, Theorem 2.5 implies the operator eqaulity

eiu(an ) pg=intaziy) — pi | 0,0 u(az, bp).

Hence

eiz\!(v,L/)eiu(a:c,bp)pue—iu(az:,bp)e—z'M(v,L,) — eiM(v,L;)pue—-iI\/I(v,L/) + aualu(ax, bp),

where we have used the strong commutativity of 0u(az,bp) and eF*M(»Ls) By (5.30)
and Theorem 5.2, we obtain (5.31). N

~ We next consider the transformation of the free d’Alembertian by the unitary operator
e'M(wivly)  For this purpose, we prepare some lemmas.
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LEMMA 5.6. Let u € B2>°(R?). Then, for each u,v = 0,1,--- ,d — 1, u(az, bp) leaves
D(pypu) N D(pupy) invariant and, for all ¢ € D(p,p,) N D(pup.),

pvpuu(az, bp)y
= u(az, bp)p,pu¥ + 101u(az, bp)(ayp, + aupy )Y — a,,auafu(az, bp)y

PROOF: Application of Lemma 2.4(i).
LEMMA 35.7. Let u € B>®?(R?). Then, for each p,v = 0,1,--- ,d — 1, u(az, bp) leaves
D(z,z,) N D(z,z,) invariant and, for all ¢ € D(z,z,) N D(z,z,),

zyz u(az, bp)y
= u(az, bp)zyz 9 — i0u(az, bp)(byz, + 2,0, )¢ — b,b,02u(az, bp)p.

ProOF: Application of Lemma 2.4(ii). &

Let r,s € Nog. We say that a function u on R? is in the set B7™*(R?) if, for all z; € R,
u(-,z2) € CT_,(R) and 8ju € B®*(R1)NC(R?) forj =0, ,r with 850u = 8]0%u,j =
0,---,r,k=0,---,s, where C(R?) denotes the space of continuous functions on R2.

LEMMA 5.8. Let u € B%%(R?) and f € F, N F;. Then u(az,bp)L; maps D(N?) into
D(N) and, for all ) € D(N?),
INu(az, bp)Lsl| < CH(N + 1), (5.32)

where C > 0 is a constant.

PROOF: By (3.10) and the fact that Si(R?) is a core for (N +1)2, it is sufficient to prove
(5.32) for ¢ € SH(Rd). Let ¢ € SH(Rd). Then ff¢ = Lfl,/) € SH(Rd) C D(N) =
D(A)( D(|z|?). Hence, by Lemmas 5.6 and 5.7, u(az,bp)L sy € D(N) and

. d-1 ‘
INu(az, bp)L el < Co(llLsll + D (laupuL sl + [1Buzu Lswll) + [IN L sibl],

»=0
where Cj is a constant. By using (5.19), we can show that
llaupuL sl < CLlI(N + 1) 29,

lbueuLspll < CLI(N + 129,
INLspll < Cil|(N +1)%9l,

where C is a constant. By these estimates and (3.10), we obtain (5.32) with ¢ € Sy(R). 1

The following lemma is well known (or easy to prove) (use (5.19) and a limiting
argument ).
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LEMMA 5.9. Foreachu =0,---,d -1, p, maps D(N%/?) into D(N) and
INpupll < IV +1)°%pll, ¥ € DIN/?),

where C is a constant.

For u,v € €}(R?), we define

Uf,u,0 = (p + a(O1u(az,bp) + 01v(az, bp)Ly))?

= (po + ao(Bru(az, bp) + Brv(az, bp)Ly))?
d—1
- Z(pj + a;(8,u(az, bp) + d1v(az, bp)Ly))? (5.33)

j=1
~with D(Lf,4,0) = ﬂz_%,D ((py + au(81u(az, bp) + 81v(az, bp)Ly))?).

THEOREM 5.10. Let u,v € B*%(R?) and f € F, N Fp. Then, for each p = 0,-+- ,d — 1,
e~ M(wv.Ly) maps D(N?) into D((p*)?) and, for all ¢ € D(N?),

eiM(u;v,L,)(pu)2e—iM(u;v,Lj)¢

= (A(f,v)* [p¥ + a*(B1u(az, bp) + Hr1v(az, bp)-L-f)])2 Y. (5.34)
In particular, D(N?) ¢ D((y,,,) and
ML) [Me=iMwvlr)y = [0, , b, o € D(N?). (5.35)

PROOF: Let ¢ € D(p?) and ¢ € D(N?). Set M = M(u;v,Ly). Then, by Theorem 5.5,
e~*My) € D(p*) and we have

((p*)%¢, e My) = (p“¢,p“e"'M ¥)
= (p"4,n),

where

n=e *MA(f,v)* {p* + a”(d1u(az, bp) + Oiv(az, bp) L) }4h.

By Lemmas 5.6-5.9, the vector {p” + a”(8,u(az,bp) + 8yv(az,bp)Ls)}3p is in D(N). Note
that e=*™ commutes with A(f,v)*,. Hence, by Theorem 5.5, 7 € D(p*). Hence we obtain

((p*)2¢,e7* M) = (¢, p"n)- |
This implies that e=*M4 € D((p*)?) and (p*)2e~*M¢p = pt7. Thus (5.34) follows. Equa-
tion (5.35) follows from (5.34) and the fact that A(f,v) is a bounded Lorentz transformation
on [L*(R%)] (Lemma 5.1). B
For u,v € Brea(R?) and f € F, N Fy, we define a self-adjoint operator H¢(u,v) by
Hy(u,v) o= ML) foe=iMuvls), (5.36)
where Hy is given by (2.14). By Theorem 5.10, we obtain the following. result.
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COROLLARY 5.11. Let u,v € B3?(R) and f € Fu N Fy. Then Hy(u,v) is a self- adjomt
extension of [ 4 o D(N2)

REMARK: It is an open problem to clarify whether the symmetric operator [, , | D(N?)
in Corollary 5.11 is essentially self-adjoint or not.

VI. INTEGRAL KERNELS OF THE UNITARY GROUPS GENERATED BY PERTURBED
D’'ALEMBERTIANS

Let Hy be given by (2.9). It is well known (or easy to see ) that e’* (s € R\ {0})
is an integral operator in the sense that

(o)) = [ Ao, o€ DERYALRY, (6.)

with
eie(s)ﬂ'(d—Q)/4 .

Hr— 2
As(z,y) = Sapdya]e|ifE ¢ (z=9)"/2e, (6.2)

where €(s) is the sign function: e(s) =1if s > 0 and ¢(s) = -1 if s < 0.

Throughout this section, we assume that (a,b) € M. Let Hy(u,v) be as in (5.36)
with u,v € Brea(R?). In this section, we show that et Hs(uv) ig an integral operator and
compute the integral kernel of it. ’

We first consider a simple case. Let u € Breat(R?) and

H(u) = ei(0nt9) e =iulazip) (6.3)

Note that, if u € B%°(R?), then H(u) = [, (see Theorem 2.7.)
A vector z € M4 satisfying z2 = 0 is called a null vector. We denote by Ny the set of
null vectors in M¢.

THEOREM 6.1. Let u € Breat(R?) and a,b € Ny. Then, for all € L*(R?%) N L*(R?) and
s € R\ {0},

(6i3H(u)1/))(.T) — /1;'4 ei[u(az,(by-—bx)/2s)-—u(ay,(by—bz)/2s)]As(x, y)l/J(y)dy (64)

To prove this theorem, we need a lemma.

LEMMA 6.2, Let K be a bounded integral operator on L?*(R?) with kernel k(z,y) such
that, for all ¢ € L*(R?) N L}(RY),

(ko)) = | ke | (63)
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Suppose that |k(z,y)| is bounded on R? x R? and, for all {; € R,

o - by) = Zim S kG 0) ae(s,y) e RTxRY,  (66)

1

where r € N,b; € M? (j = 1,---,r) is a constant vector with property (a,b;) € My
and 8;(z,y) is a real-valued Borel measurable function on R¢ x R%. Further, assume
that, for all null sets B in R w.r.t. the one-dimensional Lebesgue measure, {(z,y) €
R? x R49;(z,y) € B} is a null set w.r.t. the 2d-dimensional Lebesgue measure for all
j=1,---,r. Let F € L®(R™*'). Then, for all € L*(R%) N L*(R%),

(F(ax, b1p7 Tt brp)K¢)($) = Ld F(axa 91(-77’ y)7 T 91‘(3:, y))k(xv y)tb(y)dy- (67)
PrOOF: For F € S(R"™1!), we have

1 ~ i r b
F(az,bip,--+ ,brp) = W/RF(M,Q,'“ yEr)e - ShPge, ... dE,,

where

1

F(aw,fl,“' &r) = WAe—izi=l tjEjF(am,tl,--- ytr)dty - - dit,

in the operator norm toplogy. Let 1 € L}*(R%) N L?2(R?). Then we have

(ei2;=1€jbijz/))(x)=(K¢)(3’_Z§jbj)= / e‘z;=1E"”"(”””k(w,y)«ﬁ(é)dy- (6.8)

Ré

Using these representations, we see that (6.7) holds.

For any F € L°°(R"™*!), there exists a sequence {F,}%°_, C S(R"*!) such that
sup,,>i [|[Fmlle < oo and, for a.e. (z1,z2,-++,2041) € R™, Fr(z1, - ,2r41) —
F(z,,- - ,Tr41) a8 m — oo. Then, by the functional calculus, F,(az,b;p,---,b.p) —
F(az,byp,- - ,b.p) strongly as m — oo. By the assumption on 8;(z,y),

Fm(aw,el(m,y)a" : ,ar(way)) - F(ax,el(may))"' 79r(way))

~ for a.e(r,y) as m — oco. Hence, by the dominated convergence theorem, we have for all
¥ € LY(RY) N L3(RY)

mioes /R Fn(az,6:(z,y), -+, 0r(2, y))k(z, )Y (v)dy

= /R_d F(amael(w’ y)7 °e 79r(x,y))k(m,y)¢(y)dya a.e.q:.
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Thus we obtain (6.7) with FF € L®(R"™*!). &

LEMMA 6.3. Let F € L®(R™!),a € MY, and (a,b;), (bj,br) € Mg, j, k=1, ,r. Then,
for all p € L'Y(R¥) N L*(R%) and s € R\ {0},
(F(az,bip, -+, brp)ei8H°¢)(m)

biy — bz boy — by by — bz |
R G P

PRrOOF: By (6.2) and the condition b;b; = 0, we have
Aa =Y &by y) = ¢ Tim SOTTHNII (g ),
i=1

It is easy to see that 6;(z,y) = (bjy — bjz)/2s satisfies the assumption of Lemma 6.2.
Hence we can apply Lemma 6.2 to obtain the desired result. B

Proof of Theorem 6.1

We can write
ez.sH(u) — ezu(a:c,bp)e—m, estO,

where u, = e"*foy(az, bp)e~*Ho, Let
X(s) = e**Hogge=isHo,

and
zh(s) = eisHo pro—isHo

Then it is easy to see that z#(s) = z* + 2sp* on S(R?). Hence it follows that X(s) = az+
2sap on S(R?). By applying Nelson’s commutator theorem as in the proof of Proposition
3.1, we can show that az + 2sap is essentially self-adjoint on C§°(R?). Hence X(s) =
az + 2sap. By the condition a? = 0, X(s) strongly commutes with az,ap and bp. Also
note that p* strongly commutes with Hy. Hence, by the functional calculus, we have
us = u(az + 2sap, bp). This implies also that u(az,bp) and u, strongly commute. Hence

eisH(u.) — ei[u(aa:,bp)—-u(az+‘2aap,bp)]eisHo.
We can apply Lemma 6.3 with F(z;,zq,z3) = eil*(#1:23)~u(z142822,23)] {4 obtain (6.4). B

We next consider the integral-kernel representation of the unitary group generated by
the self-adjoint operator

Hy(u) = ML) foe=iMnls) . (6.9)
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where u € Breal(R?) and f € F,NF;. It follows from Corollary 5.11 that, if u € B32(R?),
then Hy(u) is a self-adjoint extension of the symmetric operator (p + aalu(ax bp)L f)2
D(N?).
For a matrix T = (Tyy ) v=0,.,d-1 and z,y € M?, we set
Ty =T,,z"y".
For u € Breal(R?) and f € F, N Fy, we define a function @, 5 on R? x R¢ x R\ {0} by
@u,5(2, 93 )
1
= (1 — _ o—[u(az,(by—bx)/28)~u(ay,(by—bz)/25)]f _
w—a)(1-e _ N -9 (6.10)

_THEOREM 6.4. Let u,v € Breu(R),f € Fa N Fs and a,b € Ny. Then, for all % €
L} RHNLA(RY) and s € R\ {0},

(ez'sH,(u),w)(x):/ e 2ut GUIA (2,4 ) (y)dy. (6.11)
R4

To prove this theorem, we prepare two lemmas. For a function A on R x R? and
a € C, we define

w(z,ya)= 2—15(?/ -q) (1 - e""h(“’y)f) (z —9). (6.12)

LEMMA 6.5. Let f € F,. Suppose that , for each y € R%, h(t,y) is continuously differen-
tiable in t € R. Then, for all z,y € R* and o, € C,

o . k -
Z (ZIC:') h(a:z:, y)k(L})ket‘I’)’,(z»y;ﬂ)As(m’ y) = et‘l’,.(z,y;a+.3)Aa($, y), (613)
k=0 :

where L denotes the operator Ly with respect to x variable.

PROOF: We first prove (6.13) with 8 = 0:

(194 k
Z( ) h(az,y)* (L) As(z,y) = eV EBD A (2, y). (6.14)
k=0

It is obvious that the function
E(a) = YAEUNA (z,y)

of a is entire. Hence, to prove (6.14), it is sufficient to show that the following equality

holds:
k

Fhlas DI ) = B L (6.15)
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We prove this by induction on k. The case k = 0 is trivial. Suppose that (6.15) holds for
~ k. Since h(az,y) and L} commute, we have

ik"'lh(aa:, y)k+1(L§)k+1A3(:D, y)
. , O
= zh(aa:,y)Lf-a—&Tc-E(a)

a=0
k
= —h(az,y)fun(z” — ¢*) [86 k aa E(a)]

a=0

; k k=r a
=T Zo(—l)'“kCr(y — g)(h(az,y)f) ™ (z - Q)%

H
a==0

(6.16)

“where we have used the property that f,,a” = O,p=0,---,d—1. It is easy to see that
the last quantity in (6.16) is equal to
ot (8
= [ (7)),

Thus (6.15) holds with k replaced by k¥ + 1. Hence we obtain (6.14).
As for (6.13), by the same reason as above, it is sufficient to show that the following
equality holds:

3k+1

Dok +1 E(O‘)

k
*h(az, ) (L) DDA, (2,) = Ao B+ 6)

a=0

This can be done in quite the same way as in the preceding case.
LEMMA 6.6. For all f € M3*(R), L; strongly commutes with Hy.
PROOF: Let ¢ € S(R?). Then e**Hoyp € S(R?) and, by (6.1), we have

T o is 1 v
e p)e) = =55 [ fule” = 2)a" = ") )00}y
By the antisymmetry of f,,, we can write

fur(z” = ¢") (2" — y*)A(z,y) = fuu(2” = ¢")(¢" = v*)As(z,y)
= fuu(z” — 9" )" — y*)As(z,y)

: 0A,(z,y
= 25t fuu(g" — y")———a—%:-—-z.

Then, by integration by parts, we obtain
feiSHod) —_ eiSHoff'(/).
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isHy

By Proposition 3.1, this equality implies that e**0L; C Lye Thus, by Propoéition

2.1, Ly and Ho strongly commute. 1

Proof of Theorem 6.4

We first consider the case where u € B1*°(R?). We can write

eisHJ(u) = eiM(u,L/)e—iM,(u,Lf)eisHo’

where

My(u, Lg) = e*HoM(u, Ly)e "o,
By Lemma 6.6 and the proof of Theorem 6.1, we have
M,(u, L;) = u(az ¥ Zsap, bp) L
on D(Ly). Hence, putting
V(z1,22,23) = u(zy,z3) — u(z) + 2522, 23), 1,72 € R,
and denoting by M the closure of V(az, ap, bp)Ly, we obtain
eisHr(v) — ,iM gisHo
Let ¢ € Su(R?) (see (5.23)) and ¥ € CP(RY). Let § = (2/|V]|eC(f,g))~! and

|t| < 8. Then, as in the proof of Lemma 5.4, we have

k
e~ My — Z( Zt) V(az, ap,bp)kL

Hence
o0

(¢’ eitMeiSH"’l,[) Z (¢, kV(ax ap, bp)kLk 18Ho¢)

Using the strong commutativity and Lemma 6.2, we can write

(¢,i*V(az,ap, bp)* Lie**Pogp) = /R 8@ ( /R L i"h(az, y)*( ?)’“As(w,y)zb(y)dy) dz

wheré we set )
haz,y) = V(az,(ay — az)/2s,(by — bz)/2s).
By (6.13) and Cauchy’s estimate, we have for all » > 0

SUP|a|=r ]E(a)l
k

T

[i*h(az, y)* (L) Ay(z,y)] < K

k!
S FHY‘(:B7 y)7
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where ) )
He(2,9) = soapgar <P (éﬁ(l + €Tl CI)|g — qglly - ql) :

Hence, for all r > |t| and N € N, we obtain

N .k

e, 0 et e < (1- ) By,

Since ¢(z) is of the form P(z)e~1*I’/2 with P(z) a polynomial (see (5.17)) and % has
compact support, it follows that |¢(z)* H,(z,y)¥(y)| isin L} (R x R%). Hence, by Fubini’s
theorem and the Lebesgue dominated convergence theorem, we obtain

k=0

(¢, e*MeioFoy) = / §(2) e VA PIIA (2, y)(y)dz dy.

RIxR4

Thus
(etMeisHoy) () = / e VAEBVDA (2, y)p(y)dy. (6.17)
Rd

Let |7] < 6. Then we have

(T ] T . i L9
(¢, e (THIMgisHoyy — Z TCT(qS,sz(am,ap, bp)kL'}e tMgisHoy,y, (6.18)
k=0

Using (6.17) and Lemma 6.5, we can show in the same way as above that the RHS of (6.18)
is equal to

L 8@y e A o,y dy
X

Hence (6.17) holds with ¢ replaced by ¢ + 7. Repeating this procedure, we see that (6.17)
holds for all ¢ € R. In the present case, we have ¥j(z,y;1) = &, f(z,y;s). Thus (6.11)
with ¢ € C§°(R?) follows. To extend this result to all ¢ € L(R?%)[)L?(R%), we need
only to make a simple limiting argument, noting that there exists a sequence {¥x}52; C
C$°(RY) such that, for p = 1,2, || — YllLe(rey = 0 as k — co.

Finally we consider the case where u € L2, (R?). Then there exist sequences {uy }« in
B1:>°(R?) such that supys; ||[uklle < o0 and, for a.e. (z1,22) € R?, up(z1,29) — u(zy,23)
as k — oo. By the preceding result, we have

(D)) = [ sy

Rd

By the Lebesgue dominated convergence theorem, we easily see that

lim e""’ik'f(”’y)d)(y)dy:/ P By dy.
R4 '

k—oo R4
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On the other hand, for all y € D%, (see (5.1)), M(uk, L)y — M(u, L) as Sk — oo. Since

D%, is a common core for M (uL,L 7) and M(u, Ly), it follows by standard convergence

theorems ( [R-S1, §VIIL.T]) that, for all t € R,

S — lim eit-M(‘u.k,L/) —_ eitM(u,Lf).
k—o0

Hence
s — lim eist(uk)_ — eiaHf(u).

k—o0

Thus (6.11) with u € L2, (R?) holds. By a limiting argument similar to the one just
given, we can extend (6.11) with u € L%,;(R?) to the case where u € By (R?). 1

real

We are now ready to derive the integral-kernel representation of the unitary group
etsHs(4:2) (see (5.36)).

THEOREM 6.7. Let u,v € Brea(R?), f € Fo N F; and a,b € Ny. Then, for all ¥ €
LYRY) N L*(RY) and s € R\ {0},

(eisH,(u,v),‘[})(w) — Ad ei[u(az,(by—b:c)/2s)-—u(ay,(bz—by)/2s)]+i<1>:'l(z,y)As(x,y)¢(y)dy. (619)

PROOF: As in the case of proof of Theorems 6.1 or Theorem 6.4, we need only to prove
(6.19) for the case where u € L2, (R?) and v € B1*°(R?). In the same way as in the case
of H(u) or H(v), we can show that

eist(u,v) — ei[u(az,bp)-—u(az+2sap,bp)]eisH,(v)

The kernel .
k(z,y) = e v BN A (2, y)

of e**Hs(%) satisfies the assumption of Lemma 6.2 with
, k(;,; _ éla'— fzb, y) _ 61'51(ay—az)/?s-}-ifg(by—bz)/?sk(x’ y)'

Thus, by Theorem 6.4 and Lemma 6.2, we obtain (6.19).

VII. APPLICATION TO THE EXTERNAL FIELD PROBLEM

In this section we apply the operator theory developed in the preceding sections to
the external field problem mentioned in the Intorduction.

We consider a quantum system of a charged particle moving in the Minkowski space
M¢* under the influence of an electromagnetic field F = (F,, ), »=0.... a—1, a tensor field on
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M¢?. A vector potential A = (Ag,-+- ,A4—1) of the electromagnetic field is a vector field
on M¢ such that

F,, =0,A,-0,A,. (7.1)
The gauge covariant momentum operator (wg, -+, mg—1) is defined by
Tp = Py — Ay (7.2)

with D(x,) = D(p,) N D(A,), where we take the physical unit system such that £ (the
Planck constant divided by 27) = ¢ ( the light speed) = 1 and the electric charge of the
particle is equal to one.

To apply our theory, we introduce a class of vector potentials: we assume that the
vector potential A is of the form

All»(x) = Q“(LL‘)W'(Q:I:), M= 07 Tt d— 17 (73)

where a € M? is a constant vector, W € CL,(R) , and Q, is given by (3.2) with f €
M3@R). W € C%,(R), then

real
Fu(z) = =2fu,W'(az) + (aufur - a,,f,,,\)(a:’\ — MW" (az). (7.4)

PROPOSITION 7.1. Let W € B%(R). Then each , is essentially self-adjoint on C{°(R4).

PROOF: It is obvious that 7, is symmetric and C§°(R%) ¢ D(w,). Let N be the self-
adjoint operator given by (3.6) and ¥ € C$°(R?). Then, by (3.7) and (3.9), we have

llmul] < CI(N + 1)M29) < CII(N + D)l
where C is a constant. Moreover, we have
[W#’N]d’

d—1
= 2izhep —1 Z {[f,“,W'(a:v) + Qua,,W"(az)]p,,d) + pu[fu W(az) + Q“a,,W”(am)]zp}.

v=0

Hence it follows that

[(mutt, Np) = (N, m,)| < C'||(V + 1)),

where C’ is a constant. Thus we can apply Nelson’s commutator theorem ([R-S2, Theorem
X.37]) to obtain the desired result. N

For technical reasons as well as for some interest, we first consider a deformation of
A.
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7.1 A class of deformed vector potentials with a parameter ¢ > 0.

Let € > 0 be a parameter and u, = u.(t) be a function in C}(R), depending on ¢
with the following properties:

() tu € BY(R).

(ii)
sup [tu(t)| < C (7.5)
teER

with C' a constant independent of ¢.
(iii)
lim ue(t) = % te R\ {0). (7.6)
REMARK: A simple example of u, is the following one:

t
2 fe?’

ue(t) =

In what follows, we assume that a € Ny, i.e., a® = 0. For W € C? ,(R), we define

A; = apu.(ap)A, + %a“us(ap)[l - apue(ap)](aa: — aq)?W'(az)’. (7.7)

The following lemma shows that the operator A?, is a deformation of the multiplication
operator A4,.

LEMMA 7.2. Forally € [ﬂ D(A,‘)] N D((ap)~(az - aq)zT/V'(a:l:) )

pn=0

!%Az¢=Au¢a #=01"’ad_1'

PROOF: By the functional calculus, (7.5) and (7.6), we have
lim apu(ap)é = ¢, ¢ € L*(RY). (7.8)
Let ¢ be as above. Then, by (7.8), we have
| lim apu, (ap)Apth = Ayt
and
tim ue(ap) (apue(ap) — 1) (az — ag)?W'(az)"y

= lim apuc(ap) (apue(ap) — 1) (ap) ™" (az — ag)* W' (az)’y
=0.
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Thus, by (7.7), the desired result follows. K

For f € 7, and u,v € L2 (R?), we define

real

Pu(w,v; f) = pu + fuvu(az, ap)p” + v(az,ap)Q,. (7.9)

LEMMA 7.3. Suppose that u,v € BVI(R?). Then, each P,(u,v; f) is essentially self-
adjoint on CP(R?).

PROOF: For all ,¢ € C§(RY), we have (%, fyvu(az, ap)p”$) = (fuvu(az, ap)b,p"d).
By Lemma 2.4, u(az,ap)y € D(p,) and p“u(az, ap)y = ia*01u(az,ap)y + u(az,ap)p”y.
Using f,,a” = 0, we see that f,,u(az,ap)p” is symmetric on C{°(R?). Similarly, we
“can show that v(az,ap)Q, is symmetric on C°(R?). Hence P,(u,v; f) is symmetric on
C°(R?). We have

[1Pulu, w5 £l S CIN + 12| S CI(N + 1)¢l], ¥ € C(RY),
where C is a constant. Similarly we can show that

(P, v; £, N$) = (N, Po(u,v5 f))] < DI|(N +1)M24]|2,

where D is a constant. Thus, by Nelson’s commutator theorem, we obtain the desired
result. N

Corresponding to the deformation of A given by (7.7), we have a deformation of m,:
Tu(€) = p, — A5 (7.10)

with D(m,(¢)) = D(py) N D(A5) = D(p,) N D(A,) N D((az — ag)*W'(az)").

LEMMA 7.4. Suppose that W € B*(R) and (t—aq)W' € L*°(R). Then ,(¢) is essentially
self-adjoint on C§°(RY). .

PRroor: Under the present assumption for W, the second term on the RHS of (7.7) is
bounded. Hence it is sufficient to show that '

’7?“(6) = Pp a’pue(ap)Aﬂ

is essentially self-adjoint on C§°(R?). Note that 7, = P,(0, —W' ® tue; f), where, for two
functions u,v on R, u ® v is a function on R? defined by

(u @u)(s,t) =u(s)v(t), s,teR. , (7.11)
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Hence Lemma, 7.3 gives the desired result. N

For W € C! _,(R) such that

real
Y(t):=W(t)+ (t — ag)W'(2) (7.12)

is bounded, we can define a bounded operator-valued Lorentz transformation on [L2(R?)]
by
A(e) = fY(ez)uc(ap) (7.13)

where f € M7*(R) (see Proposition 4.4).
Let '
##(e) = A(e)# 7" (e). (7.14)

We say that W is in the set 20, (r € N) if W € B"(R) and (¢ — aq)(d*W/dt*) €
L*R),k=1,---,r.
We define a subset of F, by

Go = {f € Fulf* f*, = a*ay,p,v=0,--- ,d —1}. (7.15)
Note that every f € G, satisfies N
fF=0, k>3 (7.16)

LEMMA 7.5. Let W € 20;, a € Ny, and f € G,. Then #*(¢) is essentially self-adjoint on
Cs(RY). '

PROOF: By direct computations, we have for all ¢ € C°(R?)
| Tu(e)b =[Sy + Viu(e)l¥,
where
S = Py(Y @ue, = W' ®tue; f) — apapue(ap)’Y (az)(az — ag)W'(az),
Vi(e) = jauapu(ap)’Y (az)

+ %a#us(ap)(apus(ap) — 1)(az ~ GQ)2WI(G$)2'

It is easy to see that u. and Y are in B!(R). Hence V,(¢) is bounded. In the same way
as in the proof of Lemma 7.3, we can show that S, is essentially self-adjoint on C{P(R?).
Thus the desired result follows. B

For W € CL,,(R), we define

Q) = /t(s —aq)*W'(s)%ds, teR, | (7.17)

q
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and put
QQu.
2

4

U. =exp{-—z’M< ;W®u¢,Lf)}, (7.18)

where M( - ; - ,Ly) is defined by (5.29).
We say that f € G, is in the set G0 if
fuuaA + quau + fapay =0, p,v,A=0,1,--- ,d -1, (719)
THEOREM 7.6. Let a € Ny, f € G and W € 20,. Assume that (t — ag)W' € L*(R).
Then the following operator equality holds:

U.ptU = #k(e).

"PROOF: Let ¢ € S(R?). By the assumption on W, Q is in B!(R). Hence we can apply
Theorem 5.5 and Lemma 5.1 to obtain

Uep U
= 8, { A = ) 0,9 = a*unlan)W (0o — 2D, ]
(7.20)
By Proposition 4.4(ii), we have
A (Y = W) @) M
= P — ¥ sue(ap)(¥ (az) — W(az))p*p + 3a*apu.(ap) (¥ (az) — W (az))*s.
(7.21)

By (7.19), we can write
Ly = apQ* ~ f*p*(az — ag)y.
Putting this relation and (7.21) into (7.20), we obtain
| UpPUS M = i (e)p.
This equation and Lemma 7.5 imply the desired result. B

REMARK: Theorem 7.6 shows that the closure of the Lorentz-transformation of n(¢) =
(7#(e)) by A(e) is unitarily equivalent to the canonical momentum operator p = (p*).
This may be an interesting fact from a view-point of representation of “partially broken
canonical commutation relations” (see Section VIII).

Let
H. = UeHoUe"l. (7.22)

As a corollary of Theorem 7.6, we have the following:
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COROLLARY 7.7. Let a € Ny, f € G2, W € W3 and assume that u, € B2(R) in addtion
to the given properties of u.. Then H, is a self-adjoint extension of =(¢)? | D(N?).

PROOF: One easily sees that W € 203 implies € B3(R). Hence, by Theorem 7.6 and
the mapping property of exp(—iM( + ; - ,Ly)) on the domain D(N?) given in Theorem
5.10, we obtain the desired result. R

We have the following integral-kernel representation of H..

THEOREM 7.8. Let W € CL,,(R) and a € Ny, f € F,. Then, for all € L*(R*)NL*}(RY)
and s € R\ {0},

(e*Hep)(z) = / e~ =BAA (2, y)p(y)dy, (7.23)

R d
where

ay — az

0u(zv115) =g (L5 ) [2(a2) - 2av)]

~ 50— ) [1-exp (ue (252 ) (o) - W) -,

(7.24)
PROOF: We need only to apply Theorem 6.7 with u = ~-Q ® u./2,v = -W @ u.. &
7.2 The limit ¢ — 0.
We next consider the limit € — 0. Let
1
u_1(t) = o te R\ {0}. (7.25)
For W € C} (R), we define
| Q®u |
M:M( B u 1;W®u_1,Lf> (7.26)
and set .
U=e M, (7.27)
LEMMA 7.9.
s—lin:.)Us-——:U, s—lin%)Us_1 =U"1, (7.28)
Proor: We set Q
M, = M( %UE;W(X)uS,Lf) .
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Let D = ﬂfk=0D((ap)‘jfl;). Then, for all ¥ € D, we have

M) = %u,(ap)Q(ax)z,b + ue(ap)T/V(am)ffzp,
Myp = -az)(ap) ™ + W (az)(ap) T .

By the functional calculus, one can easily show that lim._.o M.¢ = M. Note that D is a
common core for M, and M. Hence, we can apply general convergence theorems ([R-S1,
Theorem VIII.25, Theorem VIIL.21]) to obtain (7.28). B

For f € G, and W € 20;, we define an operator A acting in [L?(R%)] by

~

A = f(aP) ™ Y (az) ‘ ' (7.29)

Then, by by Proposition 4.4, A is an operator-valued Lorentz transformation on [L?(R%))
and

ARy =8, + 2, (ap) 7Y (a2) + 5550, (@)Y (a2))? (7.30)

on D(A*,) := D(((ap)~'Y (az))?).

We prepare a general lemma.

LEMMA 7.10. Let Sk (k € N) and S be self-adjoint operators on a Hilbert space H such
that Si converges to S in the strong resolvent sense as k — co. Suppose that there exist
a dense domain D of H and a symmetric operator Sy on ‘H such that D C D(Si) N D(Sy)
for all k € N and, for all Y € D, limg—oo Sxt¥ = Sotp. Then, So | D C S, ie., Sisa
self-adjoint extension of Sy [ D.

PROOF: Using the equality (Sx — z)(Sk — 2)~! = I, z € C\ R ([:identity), we have
((Sk—2"),(Sk —2)7'¢) = (4,4), €D, peH.
Taking the limit k£ — oo gives

(S0 = )b, (S ~2)729) = (,9),

which implies that, for all n € D(S), (So¥,n) = (¥, Sn). Hence, ¥ € D(S*) = D(S) and
S = Sy, Thus the desired result follows. B

Let

D, = ﬂf‘;éD((ap)_l:I:,,) N D(z,) N D(p,) N D((ap)_lp,,) n D(p,‘(ap)“l) N D((ap)—:p“))
: 7.31
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Then D, C D(A*,7") and

A*, 7Y
-— v 1 - 14
=" +Y(az)(ap)™ f*,p" ~ Y(az)(ap) T f*, A" + Y (az)* f*1f7, (ap)7?p".
(7.32)
on D,.
We set
Pu=UptU™?, u=0,---,d-1. (7.33)
THEOREM 7.11. Let W,a and f be as in Theorem 7.6. Then
" D [A*,7"] | D, (7.34)

i.e, p* is a self-adjoint extension of [A#,=%] | D,.
ProoF: By Theorem 7.6, we have for all z € C\ R
S -1
Ue(pt —2)7U = (fri‘(s) - z) .

Hence, by Lemma 7.9,

s — lx_rg) (fr“(s) - z) =U(p* —2)"U™!
= (" -

Hence ##(¢) converges to p* in the strong resolvent sense as ¢ — 0. On the other hand, it
is straight forward to see that, for all ¢ € D,,

lin}) (e = A¥ 7"
Thus, applying Lemma 7.10, we obtain (7.34). I

Let Hy be given by (2.13) and

H=UH,U™! (7.35)

LEMMA 7.12. Let W € C?

real(R) and f € F,. Then H. converges to H in the strong
resolvent sense as € — 0.

ProoF: This can be proven by using Lemma 7.9. §
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THEOREM 7.13. Let W € 203, a € Ny, and f € G2. Then H is a self-adjoint extension of
72 [ D(N2).

PROOF: By Corollary 7.7 and Lemma 7.4, D(N?) C D(H.,) and, for all ¢ € D(N?),
lim H,¢ = 73,
e—0

where we take u. such that u, € B?(R). Hence, by Lemma 7.12 and Lemma 7.10, we
obtain the desired result. i

THEOREM 7.14. Let W,a and f be as in Theorem 7.8. Then, for all p € L}(R¢)N L*(R?)
and s € R\ {0},

(Hp)e) = [ O A by (7:36)
R4 ]
where
O(z,y;5) = 3[9(22): Z(ay)]
- 51;(11 - q) [1 — exp <—2s W(a:gz — Z(ay)f)] (z - g).

(7.37)

Proor: This follows from an application of Theorem 6.7. B
REMARK: (i) As easily seen,
lim ©.(z,y;5) = O(z,y;8), = #y.
&=

(ii) If f € G, then we have

_ 8[Q(az) — ay)]

O(z,y;s) =
ar — ay
# D= o - gy 4o (LT (- )2 - 0.

Note that we can be write

W(az) — W(ay)

ar — ay

y
- f@-0)= [ 4",
where the integral on the RHS is taken along the straight line from z to y.
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(iii) Formula (7.36) is more general than the corresponding formula in [V-S-H] (Equa-
tion (70) there). In [V-S-H] only a special value of the kernel e~*®(=:¥:9)A (z,y), i.e.,
eT1®:09) A (2, ¢) (the case y = g and f € G°) is computed.

Finally we consider the implications of the preceding results for the Green functions
(propagators) of d’Alembertians or Kelin-Gordon operators with perturbations. By The-
orem 7.13, the self-adjoint operator H + m? with m > 0 (a constant) may be regarded
as a generalization of the perturbed Klein-Gordon operator 72 + m?2. The propagator of
H 4+ m? may be defined as the limit ¢ — 0 of

Gt :=(H +m?+ie)™! (7.38)

in a suitable sense, where € > 0 is a constant parameter.

Let 0 > 0 be a constant and
o0

G% .(z,y) = :Fi/ e—se:l:ism2_i@(z,y;is)Ais(x,y)dS. (7.39)

o
These integrals are absolutely convergent.

REMARK: The function |A,(z,y)| as a function of s has singularity of order d/2 at s =0
(see (6.2)). This is the reason why the cutoff parameter o is introduced in the integral in

(7.39).
LEMMA 7.15. Let W, a and f be as in Theorem 7.8. Then, for all $,v € L'(R4)NL*(RY),

(6,Get) = im [ GL.(e,0)ola) Y(u)dedy, (7.40)
o0 J/RExRY

ProoF: By the functional calculus, we have
oo ,
Gz, = lim Fi / gEis(midie) gEisH g o (141)
T o .
where the integral and the limit ¢ — 0 are taken in the operator norm topology. Hence

o .
((]5, G:t,s'(/’) = .11_13) q:z/ 6:!::s(m2:i:z£)(¢,e:i:wH¢)ds.

o

Using Theorem 7.14 and applying Fubini’s theorem to interchange the ds-integral and the
space integral, we obtain the desired result. i

REMARK: An expression similar to (7.40) can derived for Hs (6 > 0 ) too (see (7.22)).

Let d > 3. Then, for all ¢ > 0, the integrals

- |
G%(z,y) = / gtiom =IO WEI AL (2 y)ds (7.42)

o

are absolutely convergent (see (6.2)).
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THEOREM 7.16. Letd > 3. Let W,a and f be as in Theorem 7.8. Then there exist unique
G+ € S'(R? x R?) (the space of tempered distributions on R¢ x R¢), respectwe]y, such
that, for all ¢, € S(R?), :

Gi(4 ®¢) = im(¢", Gx,c¢). (7.43)
Moreover,

Gatpow) =lim [ G3(@n)dle(w)isdy (1.49

PROOF: Let 6,9 € S(R?). By Lemma 7.15 and its proof, we can write
(6" G, etp) = T (%) + 5L (4, %)

with

1368 = [ GL(e )y,

R4xR4
s
Sft,s(¢’¢) — :Fi/ e—ss:}:ism2(¢*’ eiiSH’ll))dS,
0

where 6 > 0 is arbitrary. We have

|G e(2, y)e(2 ) ()] < Cslé(@)lv(y)l, (7.45)

where

Ci=p [ L4
8= Qdpdrz [ ST $ < 00,

and

lim G3 . (z,9)8(2)$(y) = GL(z, y)#(2)$(y).
Hence, by the dominated convergence theorem,
Ti($,9) = im T (¢, %)

exist and

TS (¢,9) = / G4 (z,4)8(2)b(y)dady. (7.46)
RiIxR4
Estimate (7.43) implies that

TS (¢, ¥)| < Cslldll1rey |19l (o) : (7.47)
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As for 5% ,(#,%), we have

ism2, % s
lese= 5™ (¢*, e HP)| < [I8llL2(roy 1] L2(ro)

and ‘
. 2 . . 2 H
el.l y e._se:l_-zsm (¢*, e:!:st¢) eizsm (¢*’ 6:&181{’(/)).

Hence, by the dominated convergence theorem,

S5(¢,%) 1= lim 5% (4, )

exist and 5

Si(¢,¥) = Fi / eXiem’ (p*, Xt H ) ds (7.48)

0
with
1S8(6,¥)| < 819l L2rey [Pl L2(r)- (7.49)
Thus N
Gi(¢1¢) = li_{llo((ﬁ*, G:l:,e"xz’)

exist and

G(,%) = TL(¢,%) + SL(e,9). (7.50)

By (7.47) and (7.49), the bilinear functionals G+( - , - ) on S(R%) x S(R?) are jointly
continuous. Hence, by the nuclear theorem, there exist unique G+ € S'(R? x R%), respec-
tively, such that, for all ¢,v € S(R?), (7.43) holds. Taking the limit § — 0 in (7.50) and
using (7.46) and (7.49), we obtain (7.44). R

VIII. CONCLUDING REMARKS — A VIEW-POINT IN CONNECTION WITH
REPRESENTATION OF THE CANONICAL COMMUTATION RELATIONS

In this paper we have developed an operator theory concerning a family of strongly
commuting self-adjoint operators in L?(R%) which are associated with some objects in the
Minkowski space M%. We have constructed a class of self-adjoint operators in L?(R?) (see
(5.36)) which may be regarded as perturbed d’Alembertians in the sense of unitary groups
and whose unitary groups have integral-kernel representations in explicit forms (Theorem
6.7). We have shown that the operator theory given here can be applied to the external
field problem of a charged particle for a class of vector potentials and clarifies an algebraic-
analytic structure behind it. We expect that the framework of the present work can be
extended to a more general one that enables us to treat the external field problem for a
Dirac particle, where Dirac operators on M¢ are the main objects to be analyzed. This
aspect will be considered in a separate paper.
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In concluding this paper, we want to give a brief remark on the mathematical meaning
of what is done in Section VII. The position operator = (z#) and the gauge covariant
momentum operator 7 satisfy the following commutation relations on a suitable domain:

[zﬂ’ xy] =0, (81)
[z#, 7] = —ié%, (8.2)
[(Tuy®y) = =iFyy,, pv=0,---,d-1. (8.3)

If F,, =0, then these commutation relations are just the canonical commutation relations
(CCR) with d degrees of freedom. Hence (8.1)—(8.3) may be regarded as a deformation of
the CCR in the sense that 7,’s are not necessarily commutative ; or we may say that (8.1)-
(8.3) are a representation of “partially broken CCR”(PB-CCR). Theorem 7.11 shows that,
for a class of vector potentials, there exists an operator-valued Lorentz transformation
A on L%(R?) such that Ax is unitarily equivalent on a dense domain to the canonical
momentum operator p. From a representation-theoretical point of view of CCR, this can
be rephrased as follows: Let U be defined by (7.27). Then the set {Uz#U ! A,“,vr”}”_0
of symmetric operators satisfy the CCR with d degrees of freedom. If A,, 7" is essentially
self-adjoint on D, (see (7. 31))(unfortuna,tely, we have not been able to prove this), then
the representation {U x“U “L A7 [ D,z “__0 of CCR is equivalent to the Schrédinger

representation {z*,p, }%Z “6- Thus, for a class of vector potentials, the PB-CCR (8.1)-(8.3)
are related, via an operator-valued Lorentz transformation, to the CCR with d degrees
of freedom. This may be a remarkable mechanism to be further investigated. It is an
interesting problem to find wider classes of vector potentials for which such a mechanism
exists.
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