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Asymptotic behavior of the first exit time of randomly perturbed dynamical systems
with a repulsive equilibrium point

Toshio Mikami
Department of Mathematics
Hokkaido University
Sapporo 060
Japan

Summary
We consider small random perturbations of dynamical systems {X*(t,)};>0 rere (€ > 0)
on a d-dimensional Euclidean space R? when the origin 0 € R? is a repulsive equilibrium
point of unperturbed dynamical systems and when o is not exponentially unstable. The
weak law of large numbers, as € — 0, on the first exit time 75 (z) of {X*(¢,z)}+>¢ from
a bounded domain D(3 o) of R? and the asymptotic behavior of E[r§(z)], as € — 0, are
given.

0. Introduction.

Let X*(t,z) (t > 0,z € R% e > 0) be the solution of the following stochastic differential
equation:

dX*(t,z) = b(X°(t,z))dt + e*/ 20 (X *(t,z))dW (2),

(0.1). X(0.0) =

where b(:) = (b'(-))4, : R? — R¢? is Lipschitz continuous, where o(-) = (a"j(-))fl,j___.1 :
R? — M4(R) is bounded, Lipschitz continuous, and uniformly nondegenerate, and where
W () is a d-dimensional Wiener process (see [11]). X*(¢,z) can be considered as the small
random perturbations of X(¢,z) for small ¢ (see [8)]).

Let D(C R¢) be a bounded domain which contains the origin o and suppose that
b(z) = o if and only if z = o. The asymptotic behavior of the first exit time 7§(z) of

X<(¢t,z) from D defined by

(0.2). p(z) =inf{t > 0; X°(¢,z) ¢ D}

has been studied by many authors.

The first result on the asymptotic behavior of 75(z) as € — 0 was given by M. L.
Freidiin and A. D. Wentzell. .



Theorem 0.1. ([8], p. 127, Theorems 4.1 and 4.2). Suppose that the origin o is an asymp-
totically stable equilibrium point, and that X°(t,z) € D (t > 0) and lim,_ X°(t,z) = o
for all z € D. Then the following holds; for any z € D and § > 0,

lim P(exp((Vp — 6)/¢) < 7p(z) < exp((VD + 6)/¢)) = 1,

0.3).
(0.3) lirr%)slog E[rp(z)] = Vp,

where we put

04, Vo= nt{ [ Io(o(s) ™ (dpls)/ds ~ Mp()ds/26(0) = o,it) € 0D,
{p(s);0< s <t} c D,t>0}

(see also [8], [7], [18]).

If the origin o is not asymptotically stable, then the asymptotic behavior of 7§(z)
as € — 0 was first studied by Y. Kifer (see [12]). To explain his result, let us give some
notation. Put A; = {z € D; there exists s = s(z) < 0 such that X°(t,z) ¢ D fort < s
and such that X°(t,2) € D for t > s. X°(t,z) = 0oast — oo}; 4; = {z € D; there
exists s = s(z) > 0 such that X°(t,z) ¢ D for t > s and such that X°(¢t,z) € D for t < s.
XO(t,z) — o as t » —oo}; A3 = {z € D; there exist s; = s1(2) > 0 > 55 = s5(z) such
that X°(t,z) € D for s > ¢ and t > s; and such that X°(¢,z) € D for s3 < t < s1}.

The following is the assumption in [12].

(A.D). D has a C*-boundary 8D. D = {o} U 4; U A, U A; and A, U 4; is not empty. b(-)
is differentiable at o. The eigenvalues of (8b*(0)/0z j)?’ j=1 have non-zero real parts.

d

Denote by A the maximum of the real parts of the eigenvalues of (6bi(o)/3:vj)i’j=1

which is positive under (A.D). Then the following is known.

Theorem 0.2. ([12], Theorems 2.1 and 2.2). Suppose that (A.D) holds. Then for any
6 >0 andz € A; U {o}\0D,

lim P(|7p()/log(e /@) 1] < §) =1,
(0.5). i . . 12
lim E[rp(z)]/log(e™"") = 4,

and for any 6 > 0 and z € A2 U A;3\8D,
lim P(|rp(z)/mp(z) — 1| < 6) =1,
lin% Elrp(z)] = T%(w).
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The reader can find the large deviations results for 75(z)/ log(e~1/(2%) in [16], and
the central limit theorem for 7§(z) — log(e¢~*/(*3) in [4].

The condition that D = {0} U A; U A; U A3 is a topological one, and it does not imply
that the eigenvalues of (8b%(0)/ 6::;]-);{]-=1 have non-zero real parts. In fact, in Theorem
0.1, they do not suppose it. For instance, in Theorem 0.1, (8b*(0)/ 6:1:,-);-1’1-=1 can be a zero
matrix in which case the origin is not exponentially stable (see [10]). As a typical example,
put d = 1, D = (-1,1) and b(z) = —=z® for |z| < 1 in which case db(0)/dz = o and
XO(t,z) = z(1 + 2tz?)~1/2 satisfies the assumption in Theorem 0.1.

Therefore the following problem comes out natually; study the asymptotic behavior of
75(z) as € — 0 when D = {o}UA; UA,UA; with A;UA; # 0, and when (8b'(0)/z5)¢ ;s
is a zero matrix.

In this paper we study the asymptotic behavior of 7§ (z) when D = {0} U A, in which
case the origin o is a repulsive equilibrium point, and when (8b'(0)/0z j)fl, j=1 18 a zero
matrix.

In section 1, we state our result. In section 2, we give lemmas which are necessary
for the proof of our result. In section 3, we prove our result. In section 4, we consider the
special class of the case D = {0} U A; U A5 U A; as an application of the results in section

1.

1. Main result.

In this section we give our main result.

Let us first introduce our assumptions.
(A.0). D(C R?) is a bounded domain which contains 0. b(z) = o if and only if z = o.
(A.1). There exist positive constants £ and C; such that for z € D

1.1). lb(z)| < Cylz|t+.

(A.2). D = {0} U A2, and there exist positive constants §,, £ and C, such that for z for
which [z] < 6,, '

(1.2). < z,b(z) >> Colz[*F2.

The following is our first result.

Theorem 1.1.

(I). Suppose that (A.0)-(A.1) hold. Then for any T € (0,1),

3



1.3). lim sup P(rp(y)<e “/(“2))} =0.
D
€0 |yl et/ t42)

(II). Suppose that (A.0)-(A.2) hold. Then for any T > 1,

(1.4). lim { inf) P(rp(y) S e THEDY) = 1,

e=—0

(III). Suppose that D = {0} U A2. Then for any z € D\{o} and § > 0,

(1.5). lirré P(Jrp(z) — t(z)| < 8) = 1.
The following corollary can be easily obtained from Theorem 1.1.

Corollary 1.2.
Suppose that (A.0)-(A.2) hold. Then for any § > 0,

(1.6). iﬁ% p(s—(l—ﬁ)f/(£+2) <15(0) < 6—(1+6)f/(£+2)) =1.

Remark 1.1. Corollary 1.2 implies that X (¢, 0) exit D at time of order ¢~4/(4+2), This is

a big difference between the case £ = 0 (see Theorem 0.2) and the case £ > 0. 7§(o) is,

as € — 0, of order log(1/¢) when £ = 0, but it is, as € — 0, of polynomial order of ¢!

when £ > 0. Moreover the asymptotic behavior of 75(0) as € — 0 depends on the first

derivatives of b when £ = 0, but it does not depend on the derivatives of b when £ > 0.
We also have the following result.

Theorem 1.3.
(I). Suppose that (A.0)-(A.1) hold. Then for any § > 0,

: < (1-6)2/(£+2) : e >
(1.7). liminf{e lylslerll/f(‘“) E[rp(y)l} 2 1.

(IT). Suppose that (A.0)-(A.2) hold. Then for any § > 0,

(1.8). - lim s:)lp{s(l+5)e/(e+2) sgg Elrp(y]} £ 1.
e— Yy

(II1). Suppose that (A.0)-(A.2) hold. Then for any z € D\{o},

(1.9). lirr%J E[r5(z)] = 75(z).
From Theorem 1.3, (I) and (II), we get the follbwing corollary.
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Corollary 1.4.
Suppose that (A.0)-(A.2) hold. Then

(1.10). lim (log B{r5(o)]}/ log(e*“+?) = 1.

If a(z) = o(z)o(z)*, b(z) and OD are sufficiently smooth, then u®(¢,z) = P(r5(z) <
t) € C12((0,00) x D; R) and v(z) = E[r§(z)] € C*(D; R) satisfy the following, respec-
tively (see [6]);

d
du(t,)/0t = e{ Y  a(2)0%u(t,z)/0x:0z;} /2

i,j=1

d
(1.11). + ) bi(2)0us(t,z)/0z; (t >0,z € D),

u®(0,z) =0 (z € D),
uf(t,z)=1 (t>0,z € dD).

d d
e{ ) a¥(2)0%"(2)/0z:0z;} /2 + Y bi(2)0v*(2)/0z; = —1 (z € D),

i,j=1 i=1

(1.12).
v’(z) =0 (z € 8D).

Put @°(t,z) = u®(e~*/(+?) z). Then Corollary 1.2 can be rewritten as follows.

Corollary 1.5.
Suppose that (A.0)-(A.2) hold. Then

(1.13). lim v®(¢,0) =

e—0

{0 ift<l,
1 ift>1.



2. Lemmas.
In this section, we give lemmas which are necessary for the proof of our results.
The following lemma plays a crucial role in this paper.

Lemma 2.1.

Let f(t) and ¢(¢) (t > 0) be positive continuous functions. |
(I). Suppose that there exists a positive constant C' such that the following holds for all
t>0; -

(2.1). f(2) < exp(C /0 £(5)ds)a(2).
Then |
(2.2). £ <o)/~ C [ g(s)ds)

as far as 1 > C’fot g(s)ds.
(II). Suppose that there exists a positive constant €' such that the following holds for all
t > 0; '

(23). )2 ex2(C [ F(5)ds)a(t)
Then for all t > 0,

1>C tg(s)ds,

e J s
ﬂﬂZAWU—OAgwwl

Proof. We first prove (I). From (2.1),

(2.5 | —dJexp(~C /0 ' F(s)ds))/dt < Calt).

[ntegrating both sides of (2.5) in ¢, we get for ¢t > 0,
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(2.6). 1- C/o g(s)ds < exp(—C’/0 f(s)ds),

from which we get (2.2).
Let us prove (II). In the same way as in (2.6), we get for ¢ > 0,

t . t
2.7). 16 / g(s)ds > exp(—C / £(s)ds) > 0,
0 0
which implies (2.4).

Q.E.D.
The following lemma is given the proof for the sake of completeness.

Lemma 2.2. (see [10]).
Let f(2), u(t), g(¢), and v(t) (¢ > 0) be positive continuous functions.

(I). Suppose that there exists a positive constant C such that the following holds for all
t > 0;
, ¢
(28). f<C+ / u(s)f(s)ds.
. : 0

Then for all ¢ > 0,

(2.9). £(£) < Cexp( /0 " u(3)ds).

(II). Suppose that there exists a positive constant C' such that the following holds for all
t > 0;

(2.10). flt) > C~'+‘/0 v(s)f(s)ds.

Then for all t > 0,

t
(2.11). ft) > C’exp(/ v(s)ds).
0
Proof. Since (I) and (II) can be proved similarly, we only prove (I).

7



From (2.8),for all £ > 0

(2.12). 4 /0 " 4(8)f(s)ds expl(— /0 u(s)ds)]/dt
< Cd[-exp(— /(;tu(s)ds)]/dt.

From (2.12), we get (2.9) easily.
Q. E. D.
Thé following lemma plays a crucial role in the proof of Theorem 1.1, (I).
Lemma 2.3.

Suppose that (A.0)-(A.1) holds. Then for any T > 0, there exists € > 0 such that for
e < ¢€g,

(2.13).
P(rp(z) S e TH+D)
< P(Cles—Tl/(£+2)((|x|2+62/(£+2))1/2
4
+sup G [ (X )+ D) < X5, 2),0(X (s, 2)dW () > |
0

0S3S5"T‘/(‘+2)
=Tt/ (242)

+e / Tracela(X (s, 2))](|X (s, 2)|? + >/ (4D)"1/245/2)t > 1/2),
0 _
uniformly in z € D.
Proof. By the Ito formula (see [11]), for ¢ € [0, min(7§(z),e~T¢/(¢+2)),
(2.14). (|X<(t,2)[* + 2/ (V)12
— (|.’L’|2 +€2/(£+2))1/2
t
+ / < X(s,2),b(X%(s,2)) > (| XE(s,2)|? + 2/ EFD)-1/2g,
0
¢
+el/? / (1X (s, z)|? + /2N =12 < X¢(s5,2),0(X5(s,z))dW (s) >
0
t
+ 5/ [Tracela(X*(s,z))]- < a(X°(s,2))X°(s, ), X°(s,2) >
0
JUXE(s,2)2 + e/ N1 X (s, 2) [ + 2/ +D) 712452

8



S(|x|2+€2/(£+2))1/2+oiuli 51/2|/ (IXe(s,m)|2+€2/(l+2))—1/2
<u<t 0

X < X%(s,z),0(X%(s,2))dW(s) > |
+e / Tracela(X*(s, 2))(|X (s, z)[2 + €2/ @D) 1245 /2
; .

t
+ / CulX (s, 2)[A(1X (s, 2)|? + /)24
0

from (A.1).
From (2.14) and Lemma 2.2 , for t € [0, min(T§(z),e T4/ E+2)],

(2:15). (IX°(t,2)|* + ¥/ (EXD)1/2
S((|x|2+62/(£+2))1/2+ sup 61/2|/ (lXe(S,z)IZ+E2/(2+2))—1/2
0<uLe=Tt/(t+2) 0

X < X¢(s,z),0(X*(s,2))dW(s) > |
e~ T2/ (t+2)

+¢ / Tracela(X (s, 2))])(|X (s, z)|* + e/ E+D)~1/2 45 /9)
0 .
« exp( /0 C1|X (s, 7)|ds)

ot
= F(e) exp(/ C1|X (s, )| ds).
, 0
From (2.15), we get

(2.16). |X5(t,2)|* < F(e)* exp(€C, /0 |X (s, )| ds).

Suppose that

(2.17)., Cyle~THED () < 1/2.

Then from Lemma 2.1, for ¢t € [O,min(rl“’)(a;),e*Tl/(H?))],

(2.18). |Xe(t,2)| < 2Y¢F () < (C1€) T/
which means that 75(z) > e T4 (+2) | if ¢ is sufficienlty small, depending on D.
| Q.E.D.
Put
=19 7o (z) = inf{t > 0;|X°(t,2)| 2 6,}

{(sce (A 2) for notation). Then the following lemma is used in the proof of Theorem 3.1.

9



Lemma 2.4.

Suppose that (A.0) and (A.2) hold. Then for any @ > 0 and T > 1, there exists 9 > 0
such that for € < ¢,

(2.20). P(r5(y) > e~/ ¢+2)/3)
< P(sup{je!/? / (IX<(s, 9P +1/m) 2 < X*(s,4), 0(X(s,))dW(s) > |

;0<t <e”HWD 3 > 1) > |y]/2),

for any y for which |y| > el/(t+2)~a(T-1),
Proof.
(2.21).  P(ri(y) > =t/ ¢+ /3)
4
< P(Sup{lsl/z/ (X (s, 9)[* + 1/n) "2 < X(s,y)
0

,a(X(5,9))dW(s) > ;0 < t <e™¥/¢HD /3. n > 1} > |y|/2)
+ P(r5(y) > e~/ 3, (1X(t, )| + 1/n)!/2 > (|y|? + 1/n)*/?

¢
~lul/2+ [ < X560 BX(5,)) > (X, )+ 1) 2ds
0
for all n > 1, € [0,e =¥+ /3)),
since for n > 1 and ¢ € [0, min(7¢(y), e~/ ¢+2)/3)], by the Ito formula (see [11]),

(2:22). (IX*(t,y)I* +1/n)'/?
= (IyI* + 1/n)*/?

+/0 < X*(5,9), (X %(s,9)) > (1X°(s,9)|> + 1/n) " /%ds
4+ 61/2/0 (1X5(s,9)I* + 1/n) "2 < X (s, y), 0(X (s, y))dW(s) >

e / [Tracela(X*(s,y))]~ < a(X*(5,1))X*(5,4), X*(s,9) >

JUXE(s,9)[* + 1/n))(1X (s, y)|* + 1/n) "/ 2ds /2
> (lyl* + 1/n)*/?

- '51/2/0 (X2(s,9)I* +1/n) 7% < X<(s,y), 0(X (s, y))dW(s) > |
i / < X(s,9), 6(X*(s,9)) > (1X(s,y)[* + 1/n) ™/ ?ds.

10



Let us show that the second probability on the right hand side of (2.21) is zero for
sufficiently small . Suppose that 7¢(y) > ¢~¢/(*+?)/3 and that the following holds for all
n>1andt € [0,e"4(¢+2)/3]; '

(2.23). (1 Xe(t,v)|% +1/n)2/?
> (lyl* +1/n)'/% — |y|/2

b [ < X500 (o, 90) > (X sy 4 1/m) s,

Then we get for t € [0,e~4/(¢+2)/3]

t
(2.24). X<(t9)] > Iyl/2 + / CalX*(s, )| ds
]

from (A.2), and henceforth

(2.25). 1X°(t, )] > Iyl exp( / CalX (s, v)|'ds)/2,

from Lemma 2.2.
From (2.25), we get for t € [0,e~4/¢+2) /3],

(2.26). X5t 9)]¢ > (Jul/2)* exp(£C: / X (s, y)[ds),

and from Lemma 2.1, for y(Jy| > et/(¢+D)—ao(T-1))

1> Co[e ™/ /3)(Iy|/2)" = [6C2 /20~ *4T V)3,

—~
[§V]
S}
~1

—

This does not holds if ¢ is sufficiently small, depending on T" and a.
Q.E.D.

Put {la(z)]] = (Z?J=1 ai(z)2)*/? and C = (Cy)?sup,epe |la(z)"!||. The following

lemima s used in the proof of Theorem 3.1.

1



Lemma 2.5.

Suppose that (A.0)-(A.2) hold. Then for any a > 0 and § > 0 for which 8 > a(£+2), and
any T € (1,1 + (a(£+ 2))™!), there exists g9 > 0 such that for € < &,

e~ T4 (t+2) 3

(2.28). P( /0 < a(X%(s,2)) " H(X(s,)), (X (5, 7)) > ds > ! =FT-1) 2

, sup |X€(t,$)l < 61/(£+2)-—(T-—1)a)
0<t<e~ T/ (14+2) /3
e~ TU(t42) 3

< P(C/ |Xs(s,:v)|2(£+1)ds > 61fﬁ(T'1)/2,

e~ TH(44+2) 3

61/2/ < |X(s,z)[* X (s, 2),0(X (5, 2))dW (s) >
0
e~ TU(+2) 13

<-c [ X (s, 2) €+ Vds/2),
0

for all z € D.
Proof. Suppose that the following holds;

(2.29). sup |Xe(t, z)]| < M/ EFD=(T-De
0<t<e=TH/ (142) /3
e~ T+ /3
(2.30). / < a(Xe(s,z))*lb(Xs(s,x))’b(Xe(s,x)) > ds > sl_ﬂ(T‘l)/z.

Then from (A.1) and (2.30), we get

e=TH/(442) /3
(2.31).. C’/ IXs(S,:E)IZ(H'l)dS > sl—ﬂ(T—l)/z'
0 -

Suppose also that the following holds;

e~ T/ (t+2) /3
(2.32). g1/ / < )X (s, 2)|"X (s, 2), o (X (s, 2))dW(s) >

0
e~ T/ (e42) 13

—Cz/ |X (s, 2) |2V ds /2.
0

Then we get the following contradiction if € is sufficiently small. From (2.29), 75(z) >
g~ T0U+3) )3 for sufficiently small € > 0, depending on D, since 1/(£ +2) > (T — 1)a. By
the Ito formula (see [11]), putting yiy;|y|* 2 =0ify =0 (3,5 = 1,---,d),

12



(2.33).  imWHDT-Daypy 9
S |Xs(E—T£/(£+2)/3’$)|£+2/(£ + 2)

e~ T4/ (4+2) 3

= |22 /(e+2) + / 1X%(s, 2)|¢ < X¥(s,2), B(X*(s,2))ds

+eM2o(X (s, 2))dW(s) >
e-Tl/(l+2)/3

+ 8/(; |X€(s,x)]z[Trqce[a(Xe(s,m))]
FL< a(X(5,2))X%(s5,2), X¥(s,) > /| X*(5,2)}ds/2

E—Tl/(l+2)/3

> / 1X (s, 2)|* < X%(s, ), b(X5(s, 2))ds
0

+ M2 (X%(s,z))dW (s) >

s—Tl/(£+2) /3
> /
0

X < X%(s,z),eY%0(X%(s,2))dW(s) > (from (A.2))
-T2 13

> / Cal X (s, 2) |2 ds 2.
0

e~ T/ (42) 13

CalX (s, 2) P4+ ds + / 1X%(s,2)¢
0

From (2.31) and (2.33),

(2.34). 51"‘(3'1'2)(7"—1)&/(( +2) > (Ca/(4C))et~AT-1),

which does not hold for sufficiently small ¢, since 8 > a(f + 2).
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Q. E. D.



3. Proof of Main result.

In this section we prove Theorems 1.1 and 1.3. Since (III) in Theorem 1.1 is an easy -
consequence of Freidlin-Wentzell theory (see [8]), we omit the proof.

Let us first prove (I) in Theorem 1.1.
Proof of (I) in Theorem 1.1. Put C(o) = sup,eRa(E?,j=1 0*(z)?)!/2, Then from Lemma
2.3, by the time change (see [11], Chap. 4, section 4), there exists a one dimensional
Wiener process W such that the following holds; for T' € (0,1) there exists 9 > 0 such
that for € < €9 and z(|z| < e/(¢+2),

(31).
P(TB(.’Z:) < 6-—-T£/(£+2))

t |
< P(Cyle™THE D (261 /D) sup 61/2|/ (1X (s, 2)|* + 2/(EHDy =1/
T 0<s<e=T/ (¢+2) 0
e~ Tt/ (2+2)
X < X%(s,z),0(X%(s,2))dW(s) > | + 5/ Trace[a(X*(s, z))]
0
X (|X(s,2)[? + 2/EFD)~1/245 /238 > 1/2)

< p(ClgE—Tl/(l+2)(2€1/(l+2)+C(a)al(l—T)f+2]/[2(t’+2)] sup |W(s)|
0<s<1

+ C(U)26[(1-—T)£+1]/(£+2)/2)l > 1/2)
< P(C(0)e=D/2 sup |W(s)| > (2C10)71¢)2),
0<s<1

which converges to 0 as € — 0 (see [8], Chap. 3, sections 2, 3).
Q.ED.

Next we prove (II) in Theorem 1.1.
Proof of (II) in Theorem 1.1. Take v > 0 and T, > 0 so that

(3.2). inf {sup{dist(X°(t,2),D);0 <t < T,};|z| > 6.} =1,

which 1s possible from (A.Y2).
Since we only have to prove Theorem 1.1, (II), for T > 1 for which T —1 is sufficiently

small. we assume that T' < (€ + 3)2/[£(£ + 2)] + 1. Then for sufficiently small ¢ > 0, we
have the following (see (2.19) for notation);
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(3.3). P(rh(z) < e~ TH(t+2))

> P( sup | X (¢, z)| > 51/(l+2)—(T-—1)£/(e+3)"”Te(z) < 26-TH/(t42) 3.
B 0<t<e=TH/(1+2) /3 - o >

sup |X (¢, X*(75(z),2)) — X°(t, X*(r5(2),z))| <7) (from (A.2))
0<t<T,

> inf{P( sup |Xe(t,y)] > 61/(£+2)—(T—1)e/(z+3)2)
B 0<t<e— T4/ (442) /3 -

Hy| < e/ EHD=(T-1)t/E+3)*y

x inf{P(ri(y) < g-Tf/(l+2)/3); ly| > 61/(£+2)-—(T—1)e/(g+3)2}

xinf{P( sup |X*(t,y) = X°(t,y)| <7)ilyl 2 b0,y € D},
_t_

o

“uniformly in z € D, by the strong Markov property of X¢ (see [11]).

Since the last probability in the last part of (3.3) converges to 1 as ¢ — 0, which is a
fundamental fact in Freidlin-Wentzell theofy (see [8], Chap. 3, sections 2, 3), we only have
to prove the following theorem to complete the proof.

Q. E. D.

Theorem 3.1.
Suppose that (A.0)-(A.2) holds. Then for any T € (1,1 + (£ + 3)2/[¢(¢ + 2))),

(34).  lLim(sup{P(r5(y) > e T/ 3); Jy| 2 M/ EHIT-DU T = g,
(3.5). lim (sup{ P( sup | Xt y)| < 61/(l+2)_(T_1)z/(£+3)2)
€—0 0<t<e=TH/ (t42) /3
Hyl < 51/(l+2)—(T—1)€/(£+3)’}) =0.

Proof. Let us first prove (3.4). Put a = £/(£+ 3)%. Then for any y for which |y| >
1 /(t42) —a(T=1)

(3.6). P(ri(y) > et/ &+ /3)
< P(sup{|e!/? /0 t(IX (s, 9)P +1/n) 7% < X*(s,y),0(X ;(s,y))dW(s) > |
10 <t <D 3.0 > 1} > |y|/2),
provided that & > 0 is sufficiently small (from Lemma 2.4).

15



The probability on the right hand side of (3.6) converges to 0, as € — 0, uniformly in
y(ly| > et/E+D==(T-D) In fact, by the time change (see [11], Chap. 4, section 4), there
exists a one dimensional Wiener process W such that

(3.7).  P(sup{le*/ /0 (1Xe(s,9)1 + 1/n) "2 < X%(s,y),0(X*(s,y))dW(s) > |
;0<t<e /D 3,0 > 1) > y|/2)
< P(C(o) sup{e*TD|W(s)|;0 < s < 1} 2> 31/7/2})
—0 ase—0

(see [8], Chap. 3, sections 2, 3).

Next we prove (3.5). Put 8 = a((£ + 2)? + 1/2)/(£ + 2), then for y for which (lyl <
51/(£+2)—(T—1)£/(£+3)2)

(3-8)- P( sup |X€(t,y)[ < 61/(£+2)—a(T—1))
0<t<e~TE/ (442) /3 »
SP( sup |X5(ty)| < /DT

0<t<e-TL/ (t+2) /3
E—Tl/(l+2)/3

0 < a(X*(5,)) (X (5, ), dX *(s,) >< *~AT-D)

+ P( sup |X(¢,y)| < e/ EFD=(T-De
0<t<e=TH (442) /3
e~ THE+2) 13

/0 < a(Xs(S,y))_lb(Xe(s,y)),dX’(s,y) >> 61’—-,3(T—1))'

Let us show that the first probability on the right hand side of (3.8) converges to 0,
as € — 0, uniformly in y(|y| < et/ ¢+D-a(T-1)),
Let Y*(t,z) (t > 0,z € R?% ¢ > 0) be the solution of the following stochastic differen-

tial equation:

dY(t,z) = e ?a(Ye(t,z))dW (¢),

(3.9).
Y4(0,z) =z.

Then by Maruyama-Girsanov formula (see [11]),

(3.100. P sup |X5(t,y)| < e/ EHD~(T-1)e
0<t<e=TH(1+2) /3

16



-1

e-n/(z+2)/3 ’
/ < (X5, ) X5, 1)), dX (s, 9) > £1HTD)
0

'e—Tt/(t+2)/3
= Elexp(| / < a(Y*(s5,1)) 1Y ¥(5,9)), dY *(5,7) >

e~ TH(42) 13

-/ lo(Y*(s,4)) 7' b(Y *(s,v))ds /2] /¢)

; sup [Ye(t,y)| < et/ E+D-(T"De,
0<t<e—Tt/(¢+2) /3
e—m/(z+2)/3

< a(Ye(s,y))—lb(‘YE(s,y)),dYe(s,y) >< El-ﬂ(T—l)]

< exp(ePT-MP( sup Ve(t,y)| < e/ EHD=(T-Dery.
0<t<e=TH/(t42) /3
and by the time change (see [11], Chap. 4, section 4), there exist a one dimensional Wiener
process W and a positive constant C such that for y(ly] < 81/(£+2)—(T—1)0)’

(3.11). P( sup [Ye(t,y)| < e/ EHD—(T-Da)
0<t<e=TH(t+2) /3

< P( sup [Ye(t,y)t| < /(D= (T-D)ay
0<t<e~TH/ (¢+2) (3

< P( sup IYe(t,y)l _ yll < 61/(2+2)—(T—1)a + Iyll)
0<t<e~TH/(44+2) /3

< P( sup W(t) <2- 31/2(1nf{z o*(2)%; 2 € R4 TV/?
k=1
% 5(T—l)a((e+2)’+1)/[2(£+2)])

< exp(—C3g—(T“l)a((l+2)2+1)/(£+2))

for sufficiently small € > 0 (see [11], Chap 6, section 9). Here we used that & = 2/(£+3)%
(3.10)-(3.11) completes the proof, since

(3.12). B<al(l+2)?+1)/(+2),

from the construction (see below (3.7)).

Next we show that the second probability on the right hand side of (3.8) converges to
0, as £ — 0. uniformly in y(Jy| < e/(¢+D)-oAT-1)),

(3.13).
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P( sup  |XS(t,y)| <&M/ @D (TN,
0<tLe~TE/(L+2) /3
e~ TH(t+2) /3

/ < a(X“(, )X (5, 9)), X (5,3) >2 £18TD)

e~ TH(t42) 3

= P(/o < a(X5(s,y)) (X 5(s, 1)), b(X(s,y)) > ds < e!~FT-D) /g,

e~ T4/ (442) 3

61/2/ < o(X(s,y)) " b(X (s, y)), dW(s) >> ! ~A(T-1) /3)
0

+ P( sup 1Xe(t, )| < M/ EHD=(T-De
0<t<Le~ T/ (442) /3 :
e~ THE+2) /3

< a(X*(s,4)) HX(5,9)), BX(5,9)) > ds 2 T ),
0
The first probability on the right hand side of (3.13) can be shown to converge to 0,
as € — 0, uniformly in y(|y| < /(&+2)=(T-1)) a5 follows; by the time change (see [11],
Chap. 4, section 4), there exists a one dimensional Wiener process W such that

e—Tl/(l+2)/3
(314). P( / < a(X*(5,4)) " B(X(5,9)), B(X*(s,v)) > ds < ~AT-D 3,

e~ T4 (442) 13

a2 [ < 0(X(5,4)) B(X (s,)), dW(s) >2 1 =AT=D) 2)

< P(ePTDI2 sup |W(t)] > 27172
0<t<1

—0 ase—0

(see [8], Chap. 3, sections 2, 3).

Putting R = C5/(2C(0)%€), the second probability on the right hand side of (3.13)
can be shown to converge to 0, as ¢ — 0, uniformly in y(|y] < e*/E+2D—(T-1)) a5 follows;
for sufficiently small € > 0,

(3.15).
T+ 3
P < a(X*(5,9)) " (X (5,1), HX(5,1)) > ds > 1=BTD) 2
0 .
. sup IXe(t’y)l < é:1/(£+2)—(T—1)a)
0<t<e~TE/(442) /3
emTUHY) g3
< ric | 1X¥(s, ) 24V ds > 18TV g,
0

18



e~ T (+2) 13
e\/2 / < X8, )X (5, ), o (X5, y))dW () >
0
e~ T (44+2) 13

< —-C, / |X¢(s,9)|2¢*Vds/2)  (from Lemma 2.5)
0
s-Tz/(z+2)/3

< E[exp(—Rel/z/ < X (s, I X5(s,y), 0(X5(s,y))dW (s) >
0
) e‘T‘/(‘+2)/3
~Re, | 1 (s, 1) ds 2)
=Tt/ (¢+2) /3 .
C/ |X€(s,y)[2(e+1)ds > el—ﬂ(T—l)/z]
e~ TH(42) 3
= Elexp(—Re'/? / <X (s, )| X5(s,y), 0 (X (5, ))dW (s) >
0
e=TtI(42) 3
— Rze/ lo(X<(s,9))* X (s, y)|21X (s, y)|*ds/2
0
e~ T (t+2) 13
+ R% / o (X% (s,4))* X =(s, y) 21X (s, y)[2¢ds/2
0
e~ T (e+2) 3
_ RC, / 1X(s, y) 264 ds /2)
eTUWHD) 3
C/ le(s,y)|2(e+1)dS > El—ﬁ(T-l)/Q]
=T/ (t+2) /3
< Elexp(—Re'/? / < 1X5(5,9)[EX (s, 9), (X (s, 9))dW(s) >
0
s—Tt/(£+2)/3
_ R% / o (X%(5,4))* X (5, 9) | X (s, y)|24ds /2
0
€--Tt/(z+2)/3
* / 1X%(s, ) 2D ds(R2C (o) — RC,)/2)

e=TH(t42) 3

C/ ]XE(S, y)l2(£+1)ds > 6l—ﬁ(T—-l)/z]

< exp([-(C2)?/(8C(0)%e)le PV /(20))

e~ T (t4+2) 3

« Elexp(—Re'/? / < 1X%(s, 9) /X (s, y), o (X(5,y))dW (s) >
0
E—Tl/(t+2)/3

- R26/0 o (X2(s,4))" X (s, 9)*| X *(5, )| *ds/2)]

<L exp(—(C)2e ATV /(16C(0)2C))  (see [11] for exponential martingales )
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-0 as e — 0.
Q.E.D.

Remark $.1. It turns out that there exists a positive constant C’' such that the rate
of convergence in Theorem 1.1 is less than exp(—e~ 1T} for T for which |T — 1| is
sufficiently small. This is also a big difference between the case £ = 0 and that £ > 0 (see
[16]). In fact when £ = 0, in Theorem 0.2, (0.5), there exists C" > 0 such that

(3.16). P(r5(0) > (1 + 8)log(e "/ @N)) > "
(see [16]).

Let us prove Theorem 1.3.
Proof of Theorem 1.8, (I). For y for which |y| < e/¢+?) and § > 0,

(3.17). E[rp(y)] = Elrp(y); 7o(y) = é;--(1—6)1/(f+2)]
> 5"(1—6)4/(£+2)P(7.B(y) > s‘(1‘5)’/(‘+2))

—(1-6)t/(t+2) ¢ ~(1-6)¢/(£+2)
>e IZISgl/f(‘“) P(rp(z) 2 ¢ ).

(3.17) and Theorem 1.1, (I) completes the proof.

Q.E.D
Next we prove Theorem 1.3, (II).
Proof of Theorem 1.8, (II). For y € D and é > 0,
(3.18).  Elrp(y)] < ie_(l"'&w““)(k +1)
k=: p(e-(1+6)8/(£+2)k < 7H(y) < 6—(1+6)£/(l+2)(k +1))
< g~ (1+6)2/(t+2) ip(e—(1+a)e/(e+2)k < 75(y))
< s*(”&)‘z/(‘“){k;;%P(rf)(z) < 5—(1+6)£/(£+2))}—1.
(3.15+ and Theorem 1.1, (II) completes the proof.
Q. E.D.
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Finally we prove Theorem 1.3, (III).
Proof of Theorem 1.8, (III). We first prove the following; for z € D\{o}

(3.19). lim inf E[rp(z)] 2 7p(2)-

For § € (0,7%(z)), put

(3.20). inf{dist(X°(¢,z), D);0 <t < 75(z) - 6} = 7(:1:, ),

which is positive from (A.2). Then

(3.21).  E[rp(2)] 2 E[rp(z); sup  |X°(t,2) - X°(t,2)| < (s, )]
0<t<rY ()6

2 (rp(z) = 6)P( sup  |X*(t,2) — X°(t,2)| < 7(z,9)).
‘ 0<t<ry (z)—6
The probability in the last part of (3.21) converges to 1 as ¢ — 0, which is a fundamental
fact in Freidlin-Wentzell theory (see [8], Chap. 3, sections 2, 3). Since § > 0 can be
arbitrary small, we get (3.19).
Next we prove the following; for z € D\{o}

(3.22). limsup E[r5(z)] < 75().
e—0
Put

(3.23). S(z) = {y € D;73(y) > ()}

Take » > 0 so that

(3.24). U.(o) N S(z)¢ =9.
Then
(3.25). (1= sup P(rp(y) > 70, (0)e(¥))) sup E[rp(y)]
y€dS(z) y€8S5(z)
< sup Efmin(rH(y), 75, (o) (¥))]
y€3S(z)
+ sup P(7p(y) > 70, (0): () sup E[r54y(v)],
'y€9S(z) lyl=r
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since

(3.26).  sup E[rp(y)] < sup E[min(r5(y), 77, (o) (¥))]

y€9S(z) y€95(z)
+ sup E[r5(y) — 70, (o) (¥) TH(Y) > 75, (0)c (¥))]
y€8S(z)
< sup E[Inin(TB(y),TleJr(o)c(y))]
y€dS(z)
-+ sup P(rp(y) > 71,0y (¥)) sup E[rp(y)],
y€9S(z) lyl=r
and since
(3.27). sup E[rp(y)] < sup Elr§y(y)l + sup E[rh(y)]-
yl=r lyl=r y€9S5(z)
To complete the proof, let us prove the following;
(3.28). im( sup P(rp(y) > 77,(0)<(¥))) =0,
Y y€as(z)
(3.29). lim(' sup P(rp(y) > 73, (o) (¥)) sup E[r5(5(v)]) =0,
T y€8S(a) lyl=r
(3.30). limsup( sup Blmin(rh(y), 75, (o W))]) < 75(2).

e—0 ye€adS(z)

Let us first prove (3.28). For § > 0, put

631, n(=n(z,8)
— min(inf {sup{dist(X°(t,y), D);0 < t < r(z) + 6};y € 3S(z)}
,inf {inf{dist(X°(t,y), Ur(0));0 < t < 73(z) + 6};v € 85(z)}),

which is positive from (A.2). Then there exists C(z,8) > 0 such that for sufficiently small

c

© (3.32). sup  P(75(y) > 75, (o) (%))
y€IS(z)

< sup P( sup  |X°(t,y) — X°(t,y)| = n)
y€8S(zx) 0<t<rd (z)+6 .

< exp(—-C(z, 6)/¢)
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(see [8], Chap. 3, sections 2,3), which shows that (3.28) is true.
Next we prove (3.29). From Theorem 1.3, (II), for sufficiently small ¢,

(333). sup Elrgoy()] < sup Elrh(y)] < e™/¢+?),
lyl=r y€D

(8.32)-(3.33) shows that (3.29) is true.
Finally, let us prove (3.30). Put

(3.34). T(r) = sup{rp(2); || 2 r}(= sup{rp(2); || = r}),

and for § > 0, put

(3.35). i = fi(=,6) = inf{sup{dist(X°(t,y), D);0 < t < T(r) + 8};y € D\U(0)}
(= inf{sup{dist(X°(¢,y), D); 0 < ¢t < T(r) + 8};lyl = r})

which is positive from (A.2). For any y € 85(z),

(3.36).  E[min(75(y), 77, (o) (¥))]
= E[min(1H(y), 75, (o) (¥)); min(T5H(Y), 75, (0) (¥)) < T(r) + &]
+ Elmin(75(y), 75, (o)« (¥)); min(r5(y), 75, () (¥)) = T(r) + 6]

The first quantity on the right hand side of (3.36) can be considered as follows (see
(3.31) for notation);

(3.37).  E[min(r5(y), 75, (o)e (¥)); min(TH(¥)s T3, (o) (¥)) < T(r) + ]

< E[min(t5H(y), 75, (o) (¥));  su |X°(t,y) — X°(t,y)| < ]
0<t<r) (2)+6

+ E[min(rf,(y),T&(o)c(y)); sup |X5(t,y) - Xo(t1 y)] 21
0<t<ry (o) +5

ymin(T5(y), 75, (o) () < T(r) + ¢

< (rp(z)+6)P( sup  |X°(t,y) - X°(t,y)| <n)
0<tLr () +6

+(T(r)+6)P( sup  |X*(t,y) — X°(t,y)] 2 n)
0<t<rd (2)+6

—7r)(z)+6 ase—0,
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uniformly in y € 85(z) (see [8], Chap. 3, sections 2, 3).
The second quantity on the right hand side of (3.36) can be shown to converge to 0,
as € — 0, uniformly in y € 85(z) as follows;

(338).  Emin(rh(y), 76, (o (1) min(rh(y), 78, (0ye(¥)) = T(r) + ]
S @0) + )k + DP(T() + 6k
k=1

< min(rh(y), 7, (o) (¥)) < (T(r) + 6)(k +1))

S 2AT(r) +8) > P((T(r) + 6)k < min(rp(y), 0, (0 (¥)))

k=1
<2(T(r)+6) sup  P(T(r)+ 6 < min(rh(y), 75, (o) (¥)))
yeDNU, (o0)°
x (1= sup  P(T(r)+é < min(rh(y), 75, (o)« (¥)))) ™
yeDNU, (o)

—0 ase—0,

uniformly in y € 805(z) (see [8], Chap. 3, sections 2, 3). This is true, since for y € 5(z)

(3.39). P(T(r) +6 < min(rh(y), 75, (oye(1))

SP( oswp  |X°(ty) - X(ty)l 2 )
0<t<T(r)+6

—0 ase—0,

uniformly in y € 85(z) (see [8], Chap. 3, sections 2, 3).
(3.37)-(3.38) completes the proof, since § > 0 can be taken arbitrary small.
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4. Case D = {0} U A; U A3 U A4s.
In this section we consider the special class of the case D = {0} UA; U Az U A3, as an
application of the results in section 1.

Let us first introduce the assumptions.
(H.1). o(z) is an identity matrix. There exist d; and dp for which d; + d; = d, and
by : R% — R% and by : R% — R% such that b(z1,z2) = (b1(z1), ba(z2)).

For z = (z1,22) € R? = R% x R%, let {X{(t,21)}+30 and {X§(¢,22)}s>0 be the
solutions to the following stochastic differential equations; V

dXs(t .’1,‘1) = bl(X (t a:l))dt + 61/2dW1(t)

(4.1). X5(0.2) = o1,

dX5(t,x2) = ba(XE(t, 22))dt + 1/ 2dWa(2),

(4.2).
X5(0,z5) = z,,

where we put W(t) = (Wi(t), Wa(t)) (see (0.1)). Then X(¢,z) = (X§(¢,z1), X5(¢,22)).
We also assume the following.
(H.2). There exist the domains D; C R% and D, C R% such that D; = {o;}U{z; € R%;
there exists s = s(z;) < 0 such that X?(¢,z;) ¢ D, for t < s and such that X?(¢,z,) € D,
for't > s. X)(t,z1) — 01 as t — oo} and that Dy = {02} U {zo € R%; there exists
s = s(z3) > 0 such that X(¢,z,) & D, for t > s and such that X9(¢,2,) € D, for ¢ < s.
X3(t,z2) — 02 as t = —00}. D = Dy x Ds.
Under (H.2), 4; = {(21,02); 21 € D1\{01}}, and Az = {(01,22); 22 € Dg\{Oz}}, and
A3z = D\({o} U A1 U 4;) (see section 0 for notation).
The following is the last assumption in this section.
(H.3). There exist positive constants £ and C; such that for z € A,

(4.3). lb(z)] < Calz|“,

and there exist positive constants &, and C; such that for z € A, for which |lz| < 8.,

(4.4). < z,b(z) >> Colz|**2.
Under (H.1)-(H.3), the following can be obtained from Theorems 0.1, 1.1, and 1.3.
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Theorem 4.1.

Suppose that (H.1)-(H.3) hold. Then the following holds.
(I). For any 6 > 0 and any z € A; U {o}\@D,

(4.5). lli% p(e—(l—é)l/(!+2) < 1h(z) < e—(1+6)f/(£+2)) =1,

and

(4.6). limsup e/ ErE ()] <1< liminf (1042 prre (7).
e—() &

(II). For any § > 0 and ahy z € A2 U A3\0D,

(4.7). lim P(jr(z) - ()] < 6) =1,
and

(48).  lim Elr(a)] = rh(=)).
Proof. Put

7D, (z1) = inf{t > 0; X{(¢,z1) ¢ D1},

(4.9). |

TB;($2) = mf{t > O;Xze(t,mz) ¢ Dz}
Then
(4.10). _ p(z) = min(*rf)l(a:l),'rf)2 (z2))-

(4.5) can be proved as follows; from (4.10), for z = (z1,02) € A; U {0}\8D

(4.11). P(e™U=0HEFD < 78 () < =0/ (E42))
> PO < 18 (0,) < e~(HOUEHD) o=(=8)/(8+2) L 16 (1))

-1 ase—0

from Theorem 0.1 and Corollary 1.2. v
Next we prove (4.6). From (4.10), for z = (21, 02) € 4; U {0}\0D,
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(4.12). E[rp,(02)] 2 E[rp(z)]
> Elrp(z);mh(z) > s—(1-6)e/(e+2)]
> 6—(1—6)€/(€+2)p(7.13(x) > 6—(1—5)!/(£+2)),

which completes the proof from Theorems 0.1, 1.3 and Corollary 1.2.

Since (4.7) can be proved in the routine manner (see [8], Chap. 3, sections 2,3), we
omit the proof and proceed to the proof of (4.8).

For £ = (z1,22) € A2 U A3\0D,

(4.13). lim sup E[rp(z)] < limsup E[Tf)z(mz)] < 7'%2(:1:2) = T?)(.'II)
g-—0 e—0

from (4.10) and Theorem 1.3, (III).
We also have the following;

(4.19). liminf E[r§(a)] > r(z)(= 5, (z2)).

Let us prove (4.14). For § > 0, put

(4.15). inf {dist(X3(t,22), D5);0 < t < 1 (22) — 8} = 7(z2, 8),

which is positive from (H.2). Then

(4.16). E[t5(2)] > E[rp(z); mH(x) > 7, (z2) — 8]
> E[rp(z); sup |X5(t, 22) — X3(¢,22)] < v(z2,6)
01Ty (32)—8
L, 7h, (21) > 7D, (z2) — 6]
> (1D, (z2) = 6){P(  sup 1 X5 (2, 22) — X3 (¢, 2)| < (2, 6))
OStSng(xz)—a
— P(rp,(z1) < 7D, (z2) — §)}.

The first probability in the last part of (4.16) converges to 1 as ¢ — 0, which is a funda-
mental fact in Freidlin-Wentzell theory (see 8], Chap. 3, sections 2, 3), and the second
probahility in the last part of (4.16) converges to 0 as ¢ — 0 from Theorem 0.1, which
completes the proof, since § can be taken arbitrary small.

27



Q. E. D.

References.

[1] Day, M. V.: On the exponential exit law in the small parameter exit problem. Stochas-
tics. 8 297-323 (1983)

[2] Day, M. V.: Recent progress on the small parameter exit problem. Stochastics. 20
121-150 (1987) '

[3] Day, M. V. : Cycling and skewing of exit measures for planar systems. Stochastics.
48 227-247 (1994)

[4] Day, M. V.: On the exit law from saddle points. preprint.

[5] Fleming, W. H., James, M. R. : Asymptotic series and exit time probabilities. Ann.
Probab. 20 1369-1384 (1992)

[6] Fleming, W. H., Soner, H. M. : Controlled Markov processes and Viscosity solutions
(Applications of Math. Bd. 25) Berlin Heidelberg New York Tokyo: Springer 1993.

[7] Freidlin, M. I.: Functional integration and partial differential equations. Princeton:
Princeton University Press 1985.

[8] Freidlin, M. I., Wentzell, A. D.: Random perturbations of dynamical systems (Grundl-
ehren Math. Wiss. Bd. 260) Berlin Heidelberg New York Tokyo: Springer 1984.

[9] Galves, A., Olivieri, E., Vares, M. E.: Metastability for a class of dynamical systems
subject to small random perturbations. Ann. Probab. 15 1288-1305 (1987)

[10] Hartman, P.: Ordinary differential equations. New York London Sydney: John Wiley
& Sons 1964. A

[11] Ikeda, N., Watanabe, S.: Stochastic differential equations and diffusion processes, 2nd
ed. Amsterdam New York Oxford Tokyo: North-Holland/Kodansha 1989.

[12] Kifer, Y.: The exit problem for small random perturbations of dynamical systems
with a hyperbolic fixed point. Israel J. Math. 40 74-96 (1981)

[13] Kifer, Y.: Random perturbations of dynamical systems. Boston Basel: Birkh&user
1988. |

[14] Kifer, Y.: Principal eigenvalues, topological pressure, and stochastic stability of equi-
librium states. Israel J. Math. 70 1-47 (1990)

[15] Mikami, T. : Limit theorems on the exit problems for small random perturbations of
dynamical systems I. Stoc. and Stoc. Rep. 46 79-106 (1994)

(16] Mikami, T. : Large deviations for the first exit time on small random perturbations
of dynamical systems with a hyperbolic equilibrium point. preprint submitted to
Hokkaido Math. J..

(17] Wentzell, A. D.: Limit theorems on large deviations for Markov stochastic processes.
Dordrecht Boston London: Kluwer Academic Publishers 1990.

28



[18] Wentzell, A. D., Freidlin, M. I.: On small random perturbations of dynamical systems.
Russian Math. Survey 25 1-55 (1970)

29



