HOKKAIDO UNIVERSITY

Title SFrong coupling Llimit Qf the zero-energy-state density of the Dirac-Weyl operator with a
singular vector potential
Author (s) Arai, A.
Citation Hokkaido University Preprint Series in Mathematics, 286, 2-8
Issue Date 1995-03-01
DOI https://doi.org/10.14943/83433
Doc URL https://hdl. handle.net/2115/69037
Type departmental bulletin paper
File Information re286. pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Strong Coupling Limit of the Zero-
Energy-State Density of the Dirac
-Weyl Operator with a Singular
Vector Potential

Asao Arail

Series §286. March 1995



§ 261
§ 262
§ 263
§ 264
§ 265
§ 266
i 267

§ 268
§ 269

i 270

i 271

§ 272

§ 273

§ 274

§ 275

i 276

§ 277

i 278

§ 279

i 280

f 281

i 282

i 283

i 284
i 285

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

A. Inoue, An Abel-Tauber theorem for Fourier sine transforms, 6 pages. 1994.

N. Kawazumi, Homology of hyperelliptic mapping class groups for surfaces, 13 pages. 1994.

Y. Giga, M. E. Gurtin, A comparison theorem for crystalline evolution in the plane, 14 pages. 1994.

J. Wierzbicki, On Commutativity of Diagrams of Type II; Factors, 26 pages. 1994.

N. Hayashi, T. Ozawa, Schrédinger Equations with nonlinearity of integral type, 12 pages. 1994.

T. Ozawa, On the resonance equations of long and short waves, 8 pages. 1994.

T. Mikami, A sufficient condition for the uniqueness of solutions to a class of integro-differential equations,
9 pages. 1994.

Y. Giga, Evolving curves with boundary conditions, 10 pages. 1994.

A. Arai, Operator-theoretical analysis of representation of a supersymmetry algebra in Hilbert space, 12
pages. 1994,

A. Arai, Gauge theory on a non-simply-connected domain and representations of canonical commutation
relations, 18 pages. 1994.

S. Jimbo, Y. Morita and J. Zhai, Ginzburg landau equation and stable steady state solutions in a non-trivial
domain, 17 pages. 1994.

S. Izumiya, A. Takiyama, A time-like surface in Minkowski 3-space which contains light-like lines, 7 pages.
1994.

K. Tsutaya, Global existence of small amplitude solutions for the Klein-Gordon-Zakharov equations, 11
pages. 1994.

H. Kubo, On the critical decay and power for semilinear wave equations in odd space dimensions, 22 pages.
1994.

N. Terai, T. Hibi, Alexander duality theorem and second Betti numbers of Stanley-Reisner rings, 2 pages.
1995.

N. Terai, T. Hibi, Stanley-Reisner rings whose Betti numbers are independent of the base field, 12 pages.
1995.

N. Terai, T. Hibi, Computation of Betti numbers of monomial ideals associated with cyclic polytopes, 11
pages. 1995.

N. Terai, T. Hibi, Computation of Betti numbers of monomial ideals associated with stacked polytopes, 8
pages. 1995.

N. Terai, T. Hibi, Finite free resolutions and 1-skeletons of simplicial(d — 1)-spheres, 3 pages. 1995.

N. Terai, T. Hibi, Monomial ideals and minimal non-faces of Cohen-Macaulay complexes, 6 page;. 1995.

A. Arai, N. Tominaga, Analysis of a family of strongly comrhuting self-adjoint operators with applications
to perturbred d’Alembertians and the external field problem in quantum field theory, 44 pages. 1995.

T. Mikami, Asymptotic behavior of the first exit time of randomly perturbed dynamical systems with a
repulsive equilibrium point, 29 pages. 1995..

K. Iwata, J. Schéfer, Markov property and cokernels of local operators, 17 pages. 1995.

T. Nakazi, M. Yamada, Riesz’s Functions In Weighted Hardy And Bergman Spaces, 20 pages. 1995.

K. Hidano, K. Tsutaya, Scattering theory for nonlinear wave equations in the invariant Sobolev space, 32

pages. 1995.



Strong Coupling Limit of the Zero-Energy-State Density of the Dirac-Weyl
Operator with a Singular Vector Potential

ASAO ARAT*
Department of Mathematics, Hokkaido University, Sapporo 060, JAPAN

Abstract. For a self-adjoint extension of the Dirac-Weyl operator with a singular vector
potential, the strong coupling limit of the zero-energy-state density (ZESD) is computed.
The result shows that a limit theorem of L.Erdés ( Lett.Math.Phys.29:219-240,1993) con-
cerning the ZESD of the Dirac-Weyl operator with a “regular” magnetic field does not
hold in the present singular case.

1. Introduction

In a paper (3], Erdés considered the two-dimesional Pauli operator H with a “regular”
magnetic field B and showed that the naturally rescaled ground-state density of H with
respect to the coupling constant L converges to B as L — oo.

The ground states of the Pauli operator considered in [3] are in fact zero-energy states.
Hence they are also the zero-energy states of the corresponding Dirac-Weyl operator. Thus
the Erdos’ limit theorem mentioned above can also be regarded as one concerning the zero-
energy-state density (ZESD) of the Dirac-Weyl operator.

It is interesting to examine if the Erdds’ limit theorem holds for wider classes of
magnetic fields. With this motivation, we consider in this paper the strong coupling limit
of the ZESD of the Dirac-Weyl operator with a singular vector potential such that the
magnetic field is a distribution concentrated on two points in R? and show that the Erdss’
limit theorem does not hold in this singular case.

Mathematical aspects of a quantum system with a magnetic field concentrated on
isolated points in R? were discussed in [1,2]. We begin with a brief review of some results
obtained in these papers.

2. The Dirac-Weyl Operator with a Singular Vector Potential and the ZESD

We consider a quantum system of a charged particle with charge ¢ € R\ {0} moving in
the plane R? under the influence of a perpendicular magnetic field B(r) (r = (z,y) € R?)
concentrated on two points a, = (a,1,a,2) € R% v = 1,2. A general form of such a
magnetic field is given by '

B(r)=2 S ciDeDBs(r - a,),

v=1 0<a+p<!

*Supported by Grant-In-Aid 06640188 for science research from the Ministry of Education,

Japan.



where £ and C( ) are a nonnegative integer and a real constant, respectively, D, and D,

denote the d1strxbut10nal partial differential operators in z and y, respectively, and 6(r)
is the Dirac delta distribution on R?. A vector (gauge) potential of the magnetic field
is a vector-valued distribution A = (4;, Ay) satisfying B = D;A; — DyA;. One of such
distributions A is given by

oW
1:3 [+4 ﬂ aV2
Al(r)-——-z Z o 2L DD~ (————]r—a,,|2)

v=1 0<a+8<¢

o=y ¥ Shony(Ei),

v=1 0<a+8<e

We use a system of units where the light speed ¢ and % (the Planck constant divided
by 2n) are equal to 1. The kinetic momentum operator P = (P;, P,) with the vector
potential A is defined by

P1 = -—-iDz - qu, P2 = —iDy bl qA2,
in L*(R?) with D(P;) = D(D;)N D(A) and D(P;) = D(Dy)N D(A2) (we denote by D(-)
operator domain). Let

M =R?\ {a;, a;}.

It was shown in [1] that each P; is essentially self-adjoint on C§°(M).
The Dirac-Weyl operator with the vector potential A is given by

0 D_
D:=01P+ 0P =
Dy 0

acting in L*(R?; C?), where 0},j = 1,2, are the first two of the Pauli matrices and
Dy:=P +iP,.

It is an interesting and important problem to discuss essential self-adjointness of ]2, which
is non-trivial because of the singularity of the vector potential. But here we only define a
self-adjoint extension of the “minimal” Dirac-Weyl operator Pmin :=P | C$(M) [2].

Let D_ min be the closure of D_ | C§°(M). Then the operator

'ﬁ 0 -D—,min
- ‘D* —,min 0

with D(ﬁ) D(D* min) D D(D— min) is a self-adjoint extension of Pmin (see Section
IV-B in"[2], where D is denoted Q(z-) ). The set of zero-energy states of J) is given by

ke := {6 e DP)Py=0).
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The constants

Yv = C(():Io)a I/=1,2,

physically mean the magnetic fluxes passing through the points a;, as, respectively. For
simplicity, we assume that
¢g>0, 7 >0 v=12

and set

=‘1’YV_[Q'YV] —1.9
6V(Q) 27r 27.(_ ’ v =
where [z] denotes the largest integer less than or equal to z. It follows that 0 < ¢,(g) < 1.
For each point r = (z,y) € R?, we denote by z = z + iy the complex number
corresponding to r. Let
ay 1= ay1 + iy

and

with C) = (~1)kR T, i#-ec)

ak—a

The function F' is related to A [2]:

) OF(z 1 & v
As(r) + tA4(r) = % + o 7

zZ—a '
1 v

Let

v=1

2(x) = (H o = a, [T /27(z — a, /%1) it F()

LEMMA 2.1. dimkerD =1 if and only if

e1(q) + e2(q) > 1. (2.1)

~ Q,(r)
In that case, the zero-energy state of D is given by ( qO > (up to constant multiples).

Proof. This is a special case of Theorem 4.7 in [2] (the case n = 2).

Remark. Under condition (2.1), ¢y1 /27 and ¢7v2/27 are not integers, i.e, the magnetic
flux is not locally quantized (see [1,2]). '

In what follows, we consider only the case where (2.1) is satisfied. Under this condition,
the ZESD of D is given by

- 0 (r) = 'Qq(r)|2 _ |r — a I—2€1(‘])|r — a2l-—2€2(q) .
q HQQH%')(R"’) ng Ir — all—251(9)|r —_ a2|—252(q)dr

(2.2)
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3. Strong Coupling Limit of the ZESD

We now consider the strong coupling limit ¢ — oo of the ZESD g,(r) given by (2.2).
Since the magnetic field B is not a function, but a distribution, it is natural to take the
strong coupling limit in the distribution sense. For this purpose, for each u,A € (0,1)
satsifying 4 + A > 1, we define a functional @, 5 in L®(R?)*, the topological dual space
of L=(R?), by '

8,5(f) = /R )4 feI®m?).

2 II‘ - a1[2*‘|r —_ a2|2’\

In terms of this functional, the zero-energy-state functional

)= [ | eo)fwie

is written

Pei(9),e2(0)(f )'
Pe,(g)e2(a)(1)

0(f) = (3.1)

As (2.2) ( or (3.1)) shows, the g-dependence of p, comes only from the factors
ex(g),v = 1,2. It is obvious that lim,_,o, £,(g) does not exist. But, for suitable monotone
increasing sequences {gn}32, of positive numbers satisfying

gn — 0 (n = 00), e1(gn)+e2(qn)>1, n>1, (3.2)
the limits
Ay = lim e,(qn), v=1,2, - (3.3)

may exist, depending on the choice of {g,}32,. For this reason, we discuss the strong
coupling limit of the ZESD according to the magnitude of \,,v =1,2.

’ We denote by B(R?) the set of bounded continuous functions on R2. Limiting be-

haviors of the functional ®, 5 in y and X are given in the following lemma.

LEMMA 3.1.
(1) Let po, Ao €(0,1) such that po + Ao > 1. Then, for all f € L®(R3?),

Im @, a(f) = Buo,no(f): (3.4)

=g, A—Ap

(i) Let Ao € (0,1). Then, for all f € B(R?),

lim (1= m)@ua(f) = _Ia:f_ff (::I)M-. (3.5)

(ili) Lett > 0. Then, for all f € B(R?),

k(s

Um (1 — )@y (re14py/+(f) = m(f(%) + 7 f(az))- (3.6)

pn—1



at

Proof. (i) For § > 0, we define
Bs(a,) = {re R’|0<|r—a,| < 6}.
Without loss of generality, we can assume that pp — e < g < o +€ < 1 and
A—e< A< A +e<], (3.7)

where € > 0 is a constant such that gg + Ag — 2¢ > 1. Then we have forr € M

1 < XBl(al)(r) XB1(a1)°(r)
|r —ay I2I‘ - |r —a; |2(N0+5) lr — a3 ]2(11'0_5) !
1 XBl(az)(r) XBl(&2)°(r)

|r — a2|2>\ = |r- allZ(Ao+e) r — al|2(’\°—€),

where x5 denotes the characteristic function of the set S. Hence, for all r € M,

[£(r)l

Ir — a;|2#|r — ap[2X

Sllflloo< XB1(an)(r) XBy(ar)+(r) )( XBya () | XBi(e:(r) >

[r — ap|2(Bote) | — a;|2(ko=—¢) It — a[2Co+e) T | — a,[2(0~¢)

The function on the right hand side (RHS) is independent of u, A and integrable on R2.
Hence, by the dominated convergence theorem, we obtain (3.4).

(ii) Let b = a; —az = (b1, b2) and 6 > 0 be a constant such that 0 < § < min{1, |b|/2}.
Then we can write

ua(f) = Lia(f) + Jua(f) + Kua(f) (3.8)
with
_ f(r)
Ill.,/\(f) - /Bé(al) |I‘ — a1|2“|r — a2|2,\dr,

Jux(f) = /B f(r) dr

s(ag) IT — a1]2#|r — ap|2*

Kua(f) = / f(r) dr

Bs(ay)enBs(ag)e |t — a1|?#|r — ap|22

By the change of variables z — a;; + rcdse,y — ajp+rsinf,0<r <4,0<60< 2w, we

have ;
2w .
flai1 +rcosf,aip + rsinb)
I = ) 16
}L,A(f) A CTA (1 7-2[‘_1(1'2 + |b|2 + Qrb(e))A ?

5]



where b(8) = by cos 8 + b sin§. Moreover, the change of variable s = r2(1=p) gives

1 1 2
A-wlaf) =g [ s [ doF,s.0)

with
x[oyg(“)](s)f(au + 32(13‘“5 cosb,ays + S’hl‘” sin 9)

Fua(s, 0) = i 1
(75 + bl + 25T ()

’

where 6(u) = §2(=#) < 1. We have

ﬁ;—ﬂ?{%— ifor0<s<1

u—1 vA_”\O

lim  F,a(s,0) = {
0 sfor s > 1

Moreover, it is easy to see that

Fun(s,0) < e < ol il

(Ib] — 8)*
with Cy = supgc «1(|b| — 6)7% < oo. Hence, by the dominated convergence theorem, we
obain fa)
. UPASS!
“__’ny\n_u\o(l - ,U)I ,z\(f) - |bI2,\0 : (39)

To estimate J,, A(f), we note that there exist positive constants cy, ¢, such that
¢ L |r—a;| < ¢y r€ Bs(ay),

so that, for all r € Bs(az),

1 < 1
|r—-a1|2“ - c;z“

IN

Ch

with C; = supgc ;€7 2% < 00. Let € > 0 be such that (3.7) holds. Then we have
Ir — a2 >* > |r — ay|? 0¥ r € Bs(ay),

which implies that
O . Gillflle

’I‘ — a1|2#lr _ a2|2/\ - Ir _ a2|2(,\0+€) ’

re B&(a?_).

The function on the RHS is integrable on Bs(as), since A\g +¢ < 1. Thus we can apply the
dominated convergence theorem to obtain

: f(x)
] . = . .
P Tua(f) /Ba(az) Ir — a;[?|r — a2 o (8.10)

6



By a method similar to that of the proof of part (i), one can easily show that

lim K, a(f) = / f(x) dr (3.11)

n—1,A—Xxo Bé(al_)ans(az)c |r—all2lr-—a2l2/\o .

Formula (3.5) now follows from (3.8)-(3.11).

(iii) Let A = (7 — 1+ p)/7 and max{l - 7,(1 +7)7'} < p < 1. Then, X € (0,1),
A+p>1,and A —1as p— 1. Asis seen from the proof of (3.9), (3.9) holds also in the
case A\g = 1. Hence

mf(a1)

lim(1 - ) a(f) = b

Similarly we have

lim(1 = ) () = o2,

Formula (3.11) holds also in the case A\g = 1. Since 1 — = 7(1 — 1), (8.6) follows. N
A simple application of Lemma 3.1 to g4(f) gives the following result.
THEOREM 3.2. Let {gn}5%; be a sequence satisfying (5.2) and (3.8).
(1) Suppose that Ay, Ay € (0,1) such that A+ Xy > 1. Then, for all f € L®(R2),

M @ 1912
lim () = )

(i) Suppose that Ay =1,X; € (0,1). Then, for all f € B(R?),
im0, (f) = f(au).

(iii) Let 7 > 0 and suppose that, for all sufficiently large n, 1 — &1(gs) = 7(1 —
€2(qn)) and A\; =1 (hence Ay = 1). Then, for all f € B(R?),

li gy, (f) = T2+ /(2]

n—00 147

(3.12)

Remark. One can eaily find examples of {¢,}52, for each case in Theorem 3.2.
As a corollary, we obtain the folloiwng:

COROLLARY 3.3. Let {gn}5%; be a sequence satisfying (3.2) and (3.8). Then, for all
cases (1)-(111) in Theorem 3.2,

lim 20 _ 0, fe€BR?.

n—co g

7



This result shows that the Erdés’ theorem established in [3] does not hold in the
present case.

In a special case of part (iii) of Theorem 3.2, a strong coupling limit of the ZESD
yields the magnetic field : '

COROLLARY 3.4. Let {qn}o2, be a sequence satisfying (8.2) and (8.8) with A\, =1,v =
1,2. Suppose that, for all sufficiently large n, v1(1 — €1(gs)) = 72(1 — €2(¢n)). Then,

Lim (71 + 72)eq.(r) = 16(r — a1) + 726(r — a2)

’ I
in the distribution sense. In particular, if CS:K), =0 forv=1,2 and all o, B with a+8 > 1,
then

Tim (31 +72)eq, () = B(2)

in the distribution sense.

Proof. We need only to apply part (iii) of Theorem 3.2 with 7 = v3 /7. I
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