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The Rohlin property for automorphisms of
UHF algebras

Akitaka Kishimoto

February 1995

Abstract

For an automorphism a of a UHF algebra it is shown that a has the Rohlin
property if and only if o™ is uniformly outer for any m # 0. It is also shown that
the automorphisms of a UHF algebra with the Rohlin property are outer conjugate
with each other.

1 Introduction

Let a be an automorphism of a unital C*-algebra A. First we recall some definitions
[13, 6, 17, 15].

Definition 1.1 The automorphism «a has the Rohlin property if for any k € N there are
positive integers ky,...,k, > k satisfying the following condition: For any finite subset
F of A and € > 0 there are projections e; ;; : =1,...,m, j =0,...,k; —1 in A such that

m k-1

ZZ €ij = 1,

=1 7=0
lle(es i) — eijall <€
Iz, ei]ll <€

fori=1,...,m, j=0,...,ki— 1, and z € F where €;4, = ;0.

Definition 1.2 The automorphism « is uniformly outer if for any @ € A, any projection
p € A, and any ¢ > 0, there are a finite number of projections p;,...,p, in A such that-

n
P= Zpiv

i=1

Ipiaa(p)ll < ¢, i=1,...,n.



If o has the Rohlin property then a™ is uniformly outer for any m # 0. The converse

is shown for Cuntz algebras A = O,, in [15]. In this note we shall show the converse for

UHF algebras (and for certain unital simple AF algebras). This generalizes the results on
shifts on UHF algebras M,,» [6, 15] and on quasi-free automorphisms of the CAR algebras
[4]. Note that if A is UHF, the property that o™ is uniformly outer for any m # 0 is
equivalent to that the crossed product A X, Z has a unique tracial state [15]. To be more
precise, the former condition implies, by [15], Lemma 4.3, that any tracial state of A X, Z
is invariant under the dual action &, and hence that A x, Z has a unique tracial state;
“which implies in turn, by (the proof of) [15], Lemma 4.4, that @™ is outer for any m # 0,
where @ denotes the extension of a to an automorphism of the weak closure of A in the
tracial representation; which implies, by [15], Theorem 4.5, the condition on a we started
with.

If an automorphism a of a UHF algebra A has the Rohlin property, then for any
€ > 0 there is a unitary u € A such that ||u — 1|| < € and Adu o « is of infinite tensor
product type [18, 4]. (This follows from the proof of [4], Theorem 1.7, which asserts
the same conclusion for certain UHF algebras based on a special form of Rohlin property.
' Adopting the present form of Rohlin property as suggested by Rgrdam [17], the conclusion
holds for any UHF algebras.) Furthermore A x, Z is approximately divisible [3] and is
isomorphic to a unique simple AT algebra independent of a (as far as a has the Rohlin
property) [4]. ( K«(AXqaZ) = Ko(A) by the Pimsner-Voiculescu exact sequence [1]; AX,Z
is an inductive limit of C*-algebras of the form C(T)® M,, called an AT algebra; A xo Z
has real rank zero [2]: These properties imply the above assertion by Elliott’s theory [12].)
Note that if we just assume that any non-zero power of « is outer (instead of uniformly
outer), we cannot expect in general the closeness, in norm, of a to an automorphism of
infinite tensor product type (cf. [8]). Summing up such results we obtain the following
result; the corresponding result for quasi-free automorphisms of the CAR algebra is given
in [4], Theorem 1.1:

Theorem 1.3 Let A be a UHF algebra, i.e., the inductive limit of an increasing sequence
{M,,®--®@My,,} of full matriz algebras with natural embeddings. If a is an automorphism
of A, the following conditions are equivalent:

1. a has the Rohlin property.

2. o™ is uniformly outer for any m ;é 0.

3. A Xy Z has a unique tracial state.

4. A X4 Z has real rank zero.

5. There exists a unitary u € A such that (A, Adu o a) is isomorphic to
(%21 Mo, , R, Ad w),

where uy s a unttary of M,
for anyl € N.

. and the eigenvalues of @32, uy, are uniformly distributed



6. A X4 Z 1s the inductive limit of an increasing sequence {By} of C*-algebras such
that
Bk = C(T) ® Mnl ® e ® Mnk = Mnk(Bk-l)

and the embedding of By into By, is given by

f = f S 189(f) @ ﬂ29(f) - :B(nk+1—1)0(f)a
where 0 is irrational and By(f)(t) = f(t —0) for f € B = C(T,M,, ® --- Q@ M,,).

When (1) holds, (6) is obtained by choosing a special a by using the uniqueness of
A X, Z mentioned above; (6) implies (3) (by an easy computation) and (4) (by [2]).
See Section 5 for details of (5); (5) implies (1) by the condition of uniform distribution
(Lemma 5.2). We have noted before the theorem that (5) < (1) = (2) & (3). We shall
show that (4) implies (3). A C*-algebra has real rank zero if and only if the self-adjoint
elements with finite spectra are dense in the set of all self-adjoint elements [7]. Hence if
(4) holds, the linear span of projections is dense in A X, Z and so any tracial state on
A x, Z is invariant under the dual action of Z 2 T which is connected. Since A has only
one tracial state, this shows that (4) implies (3). Sections 2-4 are devoted to the proof of
the remaining implication (2) = (1).

In Section 2 we give a simple main technical lemma concerning the shift automor-
phism on the compact operators on [?(Z). This asserts that this automorphism has a
kind of Rohlin property. In Section 3 using Connes’ result [9] on the Rohlin property for
automorphisms of the injective type II; factor, we show that we can simulate a system as
in Section 2 in certain systems (A, a) if the automorphism « satisfies the property that
o™ is uniformly outer for any m # 0. If the C*-algebra A is UHF, this simulation can be
done in the relative commutant of any finite-dimensional subalgebra. Combining these
results we conclude, in Section 4, that a has the approzimate Rohlin property [5]. Using
the methods given in [15] we then conclude that o has the Rohlin property.

In Section 5 we shall show (cf. [14]):

Theorem 1.4 Let a and B be automorphisms of a UHF algebra A. If o and B have
the Rohlin property, then for any ¢ > 0 there exists an automorphism v of A such that

la—yoBoy7! <.

The conclusion of this theorem is equivalent to saying that o and 3 are outer conjugate.
Since an automorphism of a unital simple C*-algebra is inner if it is close to the identity
in norm, the outer conjugacy follows from the conclusion. If Aduoa =40 80~~! and
lu — v*a(v)|| < € for some unitary v € A, then |la — AdvovyoBovy~lo Adv*| < 2
follows; the existence of the v above follows from the Rohlin property by [13]. Hence the
uniqueness of A X, Z asserted by using Elliott’s result [12] is also a consequence of this
theorem. :

In Section 6 we shall show by similar methods that an automorphism a of a simple
non-commutative torus which comes from the gauge action has the Rohlin property if any
non-zero power of « is outer. Since the crossed product by a depends on « in general
[11], a result like the above theorem cannot hold in this case.
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2 Shift on [*(Z)
Let {E;;; i,j € Z} be matrix units:
(Ei;)" = Eji, EiyjEn = 65 Ey.

Let K be the closed linear span of these E;; with unique C*-norm; K is the compact op-
erators on [?(Z) by identifying E;; with the one-dimensional projection onto the functions
supported by {¢} C Z. Define an automorphism ¢ of K by o(E; ;) = E;}1,j+1. For any
N € N let PN = Zﬁ___-dl E,','.

Lemma 2.1 Let K, 0, Py, etc be as above. For any e >0 and n € N there exist N € N
and projections eg,€1,..., €1 tn K such that

n—1 )

Zei < PN7

=0

”0‘(6,') _ei+1” <¢1=0,...,mn—1,
ndimeg

N

>1 — ¢,
where e, = ¢g.
Proof. We shall choose k,! € N such that 1 <« k£ < I. Define

=1 m k—m
f = Z {"];'Enm,nm + TEn(m+k+l),n(m+k+l)
m=1

m(k — m) \/m(k —m)
+_—_k—__Enm,n(m+k+I) + —'—k———En(m+k+l),nm}

k+1
+ Z Enm,nm-

m:k
Then f is a projection such that

2k+1-1

f S E Enm,nm
m=1
and the dimension of f is equal to k4 I. For m = 0,...,n —1 let e, = e™ ™(f). Let
N =n(2k+1-1). Then {en; m=0,...,n — 1} are mutually orthogonal projections of
K such that eg+---+ €,_1 < Py. Since o(e,_1) — €0 = f — € is equal to

1 k-1 1 k-1
_E Z Enm,nm + z Z En(m+k+l),n(m+k+l)
m=0 m=0

k-1
+ Z %[\/m(k - m) - \/(m + 1)(k -—m-— 1)]{Enm,n(m+k+l) + En(m+k+l),nm}

m=0



and for m=0,...,k—1

ly/m(k —m) — \/(m +1)(k —m —1)| < V&,

we have that
”0’ €n-1 €o A -+ \/_

Hence if k is so large that k=! + k~'/2 < ¢, then we have that ||o(e;) — eig1]] < € for
“t=0,...,n—1 with e, = €p. Since

ndime, k4!
N “2%+i1-1

if [ is so large that
k-1

€ %Ti-1

then we have that .
n dim eg

N

>1—e

This concludes the proof.

3 Simulation

We consider a certain class of AF algebras which includes UHF algebras. Let A be a
unital infinite-dimensional simple AF algebra. Note that Ko(A) is of finite rank r and has
no infinitesimal elements if and only if Ko(A) is order isomorphic to a dense subgroup of
R for some d < r, provided with the relative strict order [10]. (The strict order on R? is
defined as follows: e < bif a =bora; < b;fori=1,...,d.) In this case A has d extreme
tracial states.

Lemma 3.1 Let A be a unital simple AF algebra such that Ko(A) is of finite rank and
has no infinitesimal elements. Let a be an automorphism of A such that o™ is uniformly
outer for any m # 0. For any m € N,e > 0, and any finite-dimensional C*-subalgebra

B of A there exists an orthogonal family {e;; i1 =0,...,m} of projections in AN B’ such
that

la(e;) — el <€ i=0,...,m—1,
[eo] = [e1] = -+ = [em],
m(l] < (m + k)(m + 1)[eo]

where [-] denotes the equivalence class in Ko(ANB') and k is the period of a. on Ko(A).



Proof. Let {my,..., 74} be the set of extreme tracial states of A. Foreach i = 1,...,d let
k; be the minimal positive integer such that 7; 0 o*¢ = 7; and let k be the least common
multiple of ky,...,ks. Then k is the minimal positive integer such that 7o af = 7 for any
tracial state T on A or equivalently of = id on Ko(A).

Let p = ®%,7,,. Then there is a unique automorphism @ of p(A)"” such that @op =
poa. Since 7,.(A)" is an injective type II, factor and any non-zero power of @* on x,,(A)"
is outer [15], Theorem 4.5, we can apply [9] to @*|r,,(A)” to conclude that @*|r,, (A)" has
the (von Neumann version of) Rohlin property. Thus we have, for any l € N, a central

' sequence {(EY,. ,(cJ,) 1)} of orthogonal families of projections in %' 7,,cqs(A)” such
that
kil—1
1=0

a(E}”) E(i)l —0,i=0,...,kl—1,

1

strongly as j — oo, where E(J ) = E(’ ). Since p(A)" is the finite direct sum of such von
Neumann algebras, we can conclude that for any | € N there exists a central sequence
{(EO ) - E’,(c,)_l)} of orthogonal families of projections in p(A)” such that

ki-1
> EP -1,

1=0

&(EY) - B9, -0, i =0,...,kl -1,

strongly as j— oo, where E(J) E(J)

(J)}

Then we can replace {E(J)} by a central sequence {e of orthogonal families of

projections in A such that

kl-1

p(Y €)1,

1=0

la(e®) = ey |=0, § = 0,...,kl =2

as j—o0. (See [15], Section 4 for details.) Actually what we do is as follows: First find

a central sequence {e]} of projections of A such that p(e;) — E(] )0 strongly. Second,
noting that p(e;(XF5" a®(e;))e;)—0, find a subprojection p; of e; such that {p;} is a
central sequence and

kli-1

Ip; (3 @*(e;))pill—0,

s=1

plej — pj)—0.

The condition of centrality can be satisfied by assuming that the algebra generated by
ej,ale;), ..., a"1(e;) lies in the relative commutant of a prescribed finite-dimensional

6



C*-subalgebra and then by choosing p; from this commutant. Then the projections

pj>a(p;), ..., a¥"1(p;) will be nearly orthogonal, and hence we can construct, by a stan-

dard techmque, an orthogonal family {f, (J), ,51)1 of projections such that f{¥) =~

a®(p;). Furthermore we can assume that all f} () are in AN B'.
Given m € N let mg > m be the smallest integer such that my = 0 mod k. Let
l=my+1 and
k-1
6,(-‘7) = Z fi+s(mo+1)7 1= 07 ceey M
s=0

Then {e(’) , = 0,...,m} is a central sequence in j and [em] is independent of 7 in

Ko(AN B for a sufﬁc1ently large 5 by Lemma 3.2 below. It also follows that

) = ZC(J) <1,

1=0

(el — fi’luao i=0,...,m—1,
(9) m+1 — d
Ts(e )_)m0+1’ S 1,..., .

Since 7, is factorial, it follows that for any minimal central projection E of B,

Ts(e(j)E)—>

Since the traces 7y,...,7; on (AN B')E determine the order of the dimension group of
(AN B')E, which is order isomorphic to Ko(A), it follows that

(mo + 1)[e¥)] > m[1]

in Ko(AN-B') if j is sufficiently large. Since mg < m + k — 1, this concludes the proof.

Lemma 3.2 In the situation of Lemma 3.1 let {pJ} be a central sequence of projections
in A and let B = o for some | € N. Then there is a central sequence {z;} in A such
that zjz; = p; and z;2% = B(p;).

Proof. Let D be a finite-dimensional subalgebra of A and let v be a unitary of A such that
BID = Adv|D. Then for a sufficiently large j, p; almost commutes with D and B(p;) is
close to Ad v*o f(p;). Since Adv*oB|D = id, it follows that there is a unitary u] € AND'
such that Adv* o B(p;) = Adu;(p;). Thus we can find z; with z* iTi = pj, iz} = B(pj)
in a small neighbourhood of u;p;, which implies that z; almost commutes with D. Since
D is arbitrary, we obtain the conclusion.



4 The Rohlin property

Theorem 4.1 Let A be a unital simple AF algebra such that Ko(A) is of finite rank and
has no infinitesimal elements. Let a be an automorphism of A. If « satisfies the property
that a™ is uniformly outer for any m # 0, then a has the Rohlin property.

We note the following consequence obtained in [18]: In the above theorem further
suppose that a, = id on Ko(A). Then for any € > 0 there are a unitary u € A and an
increasing sequence {A,} of finite-dimensional subalgebras of A such that |ju — 1]] < ¢,
UA,, is dense in A, and Adu o a(A,) = A, for all n.

Before giving the proof we introduce the following definition [5].

Definition 4.2 An automorphism a of a unital AF algebra A has the approximate Rohlin
property if for any m,n € N, any € > 0, and any finite-dimensional C*-subalgebra B of
A there is an orthogonal family {e;; ¢ =0,...,m — 1} of projections in AN B’ such that

”a(ei)_ei-H” <e¢ 1=0,...,m—1,

leo) = [ea] =+ -+ = [em-1],

leo] > n[1 = > e,

1=

where [-] denotes the equivalence class in Ko(A N B’) and ey, = eq.
Theorem 4.1 follows from the following two lemmas.

Lemma 4.3 Under the situation of Theorem 4.1 suppose that o™ is uniformly outer for
any m # 0. Then o has the approzimate Rohlin property.

Proof. This follows from 2.1 and 3.1. Let k be the period of a. on K¢(A) as in the proof
of 3.1..Let m € N, ¢ >0, and B a finite-dimensional C*-subalgebra of A. By 2.1 one
finds N € N and projections eg,...,e,_; in K such that

e+ +en1 < Py,
llo(e:) — eiall <e,

di
m dim eq S1_e

- N
where e,, = eg. By 3.1 one finds N + 1 projections py, ...,pn in AN B’ such that

po+---+pnv <1,
le(p:) — pisall < €/N, i=0,...,N -1,

-



¥

and [pg] = --- = [pn], N[1] < (N + k)(N + 1)[po] in Ko(A N B’). Then there is a unitary
u € A such that ||ju — 1|| < 4¢ and Aduo a(p;) = piy; fori =0,...,N —1. Let w be a
partial isometry in A N B’ such that w*w = pg and ww* = p;. Let o; = Adu o a and let
C) (resp. C) be the C*-algebra generated by w, a;(w), ..., o ~*(w) (resp. and o}~ (w)).
Then My = C; C C = Mpyyy. Define a homomorphism @ of C into K (as in 2.1) by

®(aj(w)) = Ei41,:. Then @ satisfies that o o ®|C; = ® 0 0;|C; and ®(C;) = PyK Py.

Thus, denoting ®~1(e;) by e;, we obtain projections ey, ..., €,_q in C; C AN B’ such that

e+ --+en1 <1,

llafe) — || < 9¢ ¢ =0,...,m—1,
N2

CEDIGESIA

where e,, = ey and the last inequality is in Ko(A N B’) ® R. For a sufficiently large N
and a sufficiently small € > 0 we can conclude the proof.

mleo) > 1 —€)[1],

Lemma 4.4 Under the situation of Theorem 4.1 suppose that o has the approzimate
Rohlin property. Then a has the Rohlin property.

Proof. This follows by the arguments in the proof of Theorem 2.1 of [15]. We just outline
the proof. The approximate Rohlin property is not good enough only because

e=Ze,—

=0

is not 1, where ¢;’s are as in Definition 4.2. But 1 — e is small compared with eq (if n is
large), which is the fact we shall use below. Assuming € > 0 is sufficiently small, let us
assume that a(e;) = €;4; and so a™(eg) = eg. We use the approximate Rohlin property
for (egAeg, @™) to obtain projections py,...,p, in AN B’ such that

p1+"'+an60,
am(pi) R Pit1, i=17"'an_1,

and [p;] = [1—e€]in Ko(ANB'). Let v be a partial isometry in AN B’ such that v*v = 1 —e
and vv* = p; and let

n—1

w' = n~1/? 3" a™(v).

=0
Then w' is close to a partial isometry and we will obtain a partial isometry w in a small
neighbourhood of w’ such that w*w = 1 — e, ww* < ey, w is almost invariant under a™
(if n is large), and w is almost central (if B is large). Then the C*-algebra D generated
by w,a(w),...,a™ ! (w) is isomorphic to M,+1, and a|D is close to AdU|D, where U is
a unitary in D whose eigenvalues are

1, e¥i/m. i =0,1,...,m—1.

9



Since the eigenvalues of U are almost uniformly distributed (if m is large), one can find
projections fo, ..., fi_1;90,---,g in D (for a prescribed [) such that they add up to the
identity of D and

o(fi) = fir; alg:) = gin

where f; = f, and g;4; = go. Hence the projections
fore oy fio1; Goseres G5 €0 — WW*, ..., Ema1 — @™ H{ww®)

satisfy the required properties.

5 Outer conjugacy

Definition 5.1 Let S; be a finite sequence {s1,...,Skq,} in T for each k¥ € N. The
sequence {Si} is uniformly distributed on T if for any continuous function f on T

limax™ Y (k) = /T. FO)dX

=1
where d) is normalized Haar measure on T.

See [4] for other equivalent conditions.

Lemma 5.2 Let a be an automorphism of a UHF algebra A such that o = ®32,Ad uy on
A = Q% M, , where ui is a unitary in the k-th factor My,,. For k,l € N with 1 < k let
Six be a sequence consisting of the eigenvalues of the unitary @ u; repeated as often as
maultiplicity indicates. Then o has the Rohlin property if and only if {Six}32, ts uniformly
distributed for any l € N.

Proof. This is almost contained in [14, 4]. Suppose that o has the Rohlin property,
and that a sufficiently large N € N is given for k in Definition 1.1. Then there exist
Ny,...,N; > N such that for any € > 0 there are projections e;;; ¢ = 1,...,t, j =
0,...,N; — 1 which are adding up to 1 and satisfy that ||a(e;;) — €ij41]| < €, where
ek = €ip. This shows that for a sufficiently large k¥ € N, the unitary ®f___1u; i1s almost
unitarily equivalent to
®f=1 Ui ® ‘/1
where U; is a unitary of My, with eigenvalues
e i =0, ,N;—1

and V; is a unitary of Mp,,..n, With 7; = 7(ej0). This shows that the eigenvalues of ®F_ u;
is almost uniformly distributed whatever V;’s are, i.e., {51 1} is uniformly distributed. This
argument applies to the restriction of a to the subalgebra ®§2 M., of A for any ! € N,
concluding that {S;}32, is uniformly distributed.

k

10
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Suppose that {S;x}52,; is uniformly distributed for any ! € N. Then it is easy to
construct the required projections as in Definition 1.1 with F' = @ in ®% M, for a
sufficiently large k. (This is a linear algebra problem.) Hence the Rohlin property follows
(see [4, 16] for details).

When {S;}32,; is uniformly distributed in Lemma 5.2, we say that the eigenvalues of
®2,u; are uniformly distributed.

Proof of Theorem 1.4. As noted in Section 1, if a and B have the Rohlin property,
. for any € > 0 there exist unitaries u;,u; € A such that [|u; — 1|| < ¢, ||luz —1|| < € and
Adu, o a and Aduy o § are of infinite tensor product type. Hence we may assume that
there is a sequence {m;} of positive integers such that (A, a) is isomorphic to

(M, ® ®(Mmz.‘ ® Mm2i+1 )’ ® Aduy;)

1=1 =0

where uy; € My, ® My, , with M,,, = C and (A, 8) is isomorphic to

(®(Mm2i—1 ® Mmz,' ), ® Ad u2i—l)
i=1 =0

where ug;_1 € Mp,,_, ® Mp,,,,. Since the eigenvalues of ®92,ugi—1 are uniformly distributed,
it follows that for a sufficiently large k, ®*_, uy;_; is almost equal to uo® V in norm (up to
conjugacy) where V is a unitary in Mi,...m,,. Then replacing M,,, by M, ..,.,. We may
assume that there is a unitary w; € M,,, @ M,,, such that |jw; — 1|| < €/2, wyu; = up@ v,
where v; is a unitary of M,,,. Note that (A,a) is still of the same form. In the same
way we may assume that there is a unitary wy € Mpy, ® My, such that |jw, — 1| <
€/22, wous = vy ® vz where v; is a unitary of M,,,. Repeating this procedure we obtain
unitaries w; € My, ® M, , and v; € M,,, such that

lwe: — 1] < 2™,

Wil = v; @ Vig,
for i =1,2,... where v; = ug. Let
We = ®?§0w2ia W, = ®?;ow2i—1-
Then we, w, are unitaries of A with |jw. — 1| < ¢, |lw, — 1|| < eand

Adw, 0 a = ®2,Ad wouy = @ Ad v;,
Ad W, O ,6 = ®:>_20Ad Woi_qUgi_1 = ®?§0Adv,-.

This completes the proof.
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6 Non-commutative tori

Let © = (6;;) € M,(R) be such that 6;; = —0;; and let Ag be the universal C*-algebra
generated by n unitaries uy, ..., u, with relations wu;uju; = e?™%ii]; Ag is called a non-
commutative torus. We call (') to be completely irrational if for any z € Z™ \ {0} there is
ay € Z" with (Oz,y) € Z, i.e., u® = uf' - -- uZ is not in the center of Ag. It follows that
Ae is simple if and only if © is completely irrational. In this case Ag has a unique tracial
state. Define an action a of T™ on Ag by ax(u;) = Aiu; with A = (Aq,..., A,). The action
a is ergodic and the above tracial state is defined as the average over this action. For a
A € T" a, is inner if and only if A; = e2™(©2); for some z € Z", i.e., ) is implemented
by u” for some z € Z".

Theorem 6.1 Let Ag be as above and suppose that Ae is a simple C*-algebra. Let
A € T" be such that aym is outer for any m # 0. Then ay has the Rohlin property.

Proof. We may assume that 6y, is irrational and A ¢ {€*™(®®)1; z € Z"} for all m # 0.
Let p = €>%2, Then, by using the proof of Lemma 4.6 of [3], for any € > 0 there are
p,q € N such that

1P = 1], |A8 = X, |€¥™P% — 1] (k =3,...,n),
1p? = 1|, |\ =1], | — 1| (k=3,...,n),
|p7? —
are all smaller than e. (First choose a sufficiently large p such that the values in the first
line above are all smaller than ¢, and then choose ¢ such that |p?—p*/?|, |A]—1], |e?"i9%k —1|
are sufficiently small, where p!/? = ¢2™12/7, Then the estimate on |p? — p*/?| will yield
both |p? — 1| < € and |p*? — p| < €.) For ¢ = 1/m let v, = u} and w, = uj. Then
{Vm,w,, } forms a central sequence of pairs of unitaries in Ag such that
U Wi Uy Why, = Pml, pm—p,
o (Vm) = pmVm, m—A1,

ax(Wp) = VW, Vm—1.

By applying Lemma 6.3 below we can conclude the proof.

. Lemma 6.2 Let § be an irrational number and let Ay be the non-commutative torus
corresponding to © € My(R) with 0,5 = 8. Let A € T? be such that any non-zero power of
o is outer. Then a) has the approzimate Rohlin property in the sense that for anym € N
there is a central sequence of orthogonal families {e, i 4=0,...,m — 1} of projections
in Ay such that

lea(el?) — e@ |0,
7(e§))=1/m,

()

where e¥) = ei) and T is the unique tracial state of Aj.
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Proof. Note that Ay is a nuclear C*-algebra of real rank zero [3] and that Ko(Ay) = Z+60Z
and Ay has cancellation [1]. We can use the proof of Lemma 4.3 to obtain such a sequence
if we drop the requirement of centralness. We needed the AF property there to make
the sequence central; othewise the above mentioned properties would suffice. To obtain
a central sequence of such families, we use the argument in the proof of Theorem 6.1;
assuming that (2r)~!log A, is rationally independent of @, we obtain a central sequence
{vi,wi} of pairs of unitaries in Ay such that

viwpvpwy = pil, pr—e’™,

ax(Ve) = pkvk, A,

a,\(wk) = VW, Vk-—->1.

On the other hand, for any € > 0 and m € N we have an orthogonal family {e;; i =
0,...,m — 1} of projections in Ay such that

lleu (&) — el < e

mr(e) > 1 —¢,
where e,, = 9. Then we obtain a continuous field of such families {e;(t); ¢ = 0,...,m—1}
in A; with ¢ in a small neighbourhood of 8 [11]. Since the action « of T? acts continuously

on this field, we have that for ¢ in a small neighbourhood of # and for x in a small
neighbourhood of (A, 1),

louei(t)) — (@) <
m7(e;(t)) > 1 — ¢,
where e, (t) = eo(t). By identifying the C*-algebra By generated by vy, wy with A, with

pr = €*™%  we obtain the family {e;(8;)} of projections in By. Since they form a central
sequence, we can now conclude the proof.

Lemma 6.3 Let Ag, oy be as in Lemma 6.2. Then for any k € N and any € > 0 there
are ky,...,kn > k and projections e;;; 1 =1,...,m, j=0,...,ki—1 in Ap such that
m ki—1 '

ZZ%"=1,

i=1 j=0

lleea(es ) — eijull <,
where e, = €.
Proof. This can be proved as Lemma 4.4, by using the fact that if two projections in A,
have the same trace value then they are equivalent. Furthermore, in Definition 1.1 of the

Rohlin property, we can choose m = 2, k; = k, ky = k + 1 as in the case of UHF algebras
(cf. [17]). This follows by noting that we can choose, in Lemma 6.2, matrix units {e‘(,]k) }

such that Ha,\(ef,jz) - e,(-i)l,kﬂll < €, T(eop)—1/m instead of just families of projections
(see the proof of Theorem 2.1 in [15] for details).
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