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Functional Integral Representation of a Model in
QED |

Fumio Hiroshima
Department of Mathematics, Hokkaido University
Sapporo 060, Japan

Abstract

This article presents functional integral representations for the heat semigroups with
the infinitesimal generators given by self-adjoint Hamiltonians describing an interaction
of a non-relativistic charged particle and a quantized radiation field in the Coulomb
gauge without the dipole approximation. Special attention is paid to definition of
the “time-ordered Hilbert space-valued stochastié integrals associated with a family
of isometries from a Hilbert space to another one” and semigroup techniques. Some
inequalities are derived, which are infinite degree versions of those known for finite

dimensional Schrodinger operators with classical vector potentials.
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1 INTRODUCTION

The purpose of this paper is to construct a functional integral representation for the heat
semigroup with the infinitesimal generator given by a Hamiltonian which describes an inter-
action of a non-relativistic charged particle in a scalar potential and a quantized radiation
field in the Coulomb gauge. This model plays an important role for interpretations of some
physical phenomena, for example,“Lamb shift”([1,32]).

There are many literatures which deal with models describing interactions of non-relativistic
particles and a quantized field. For example, the Pauli-Fiertz model of non-relativistic
QED’([1,2,3,6,16,23,32]), the Nelson model([7,20]), and persistent model([10,11]) etc.. For
this kind of models, the problems of the removal of an infrared cut—off ([7,10,11,20]), asymp-
totic behaviors ([1,4,9,16]), resonance ([23]), scattering states ([3]), and dressed one electron
states ([10,11]) have been discussed by many authors. These examples especially play an
important role as interaction models of non-relativistic particles with quantized fields.

The Wiener path integral method has been studied extensively. In particular, with the
help of stochastic integral, path integral representations for the heat semigroup generated
by the Schrodinger Hamiltonian

13 .
H, = EZ(—zD,‘—Au)2+V (1. 1)

=1

with a vector potential A, and a scalar potential V were investigated. These are well known
as the Feynman-Kac-1t6 (FKI) formulas. The Hamiltonian H,; has been studied extensively
by many authors ([5]), who used the path integral method.

On the other hand, E.Nelson ([21,22]) introduced the “generalized path space” in con-
nection with the construction of quantum field models from markoff fields (so called the
functional integral method). In [14], the authors introduced a natural embedding of the
relativistic Boson Fock space in d space dimensions into a constant time subspace in the L?

space over the “generalized path space” in d + 1 dimensions, by which, the Feynman-Kac-
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Nelson (FKN) formula relating the relativistic P(¢);4; theory to the Euclidean P(¢), was
obtained. The “generalized path space” was studied more generally and abstracted by [19].

The classical path integral and the functional integral methods have been applied si-
multaneously to interaction models of non-relativistic particles and quantized fields. In [4],
weak coupling limits for Hamiltonians describing a quantum system of finite number of non-
relativistic particles interacting with ‘a massive or massless bose field was studied, where the
FKN formula and the Wiener path integrals were applied. And in [12,13], analyzing the
Pauli-Fiertz model of non-relativistic QED by using the functional integrals and stochastic
integrals was suggested. Our main problem is to give functional integral representations for
the Pauli-Fiertz model.

The Hamiltonian, H, g+ V ® I, of the model which we consider is defined as an operator

acting in the tensor product Mp of two Hilbert spaces L?(R?) and F(W) by
1 & 2 -
H,p = 22 Z =D, @ I — Au(p(-)))" + 1 @ dl'p(&p). (1. 2)

Here F(W) denotes the Boson Fock space over W = (Rd) @...0LYR ) A, (p(-)) the

da1
p-th direction time-zero radiation field with an ultraviolet cut-off function p in the Coulomb

gauge, dI'g(&wp) is the free Hamiltonian of the quantized radiation field and V is a scalar
potential (see section 3). Comparing (1.1) and (1.2), functional integral representations for
e o5 seem to rely on the FKN and the FKI formulas heavily. Actually, as it will become
clear later, these formulas are fundamental in this article.

In [1,2,3,6,16], instead of H, 5, the Hamiltonian HE g defined by taking the dipole ap-
proximation for H, g was studied. This approximation implies replacing p(z) in H, g with

p(0);

1

l\D

d
X_: —D,®1-1® Au(p(0)))* + I ® dT5(@p).

However, for the original Hamiltonian H, g, there are few mathematically rigorous results -
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([23]): It can be thought that mathematical difficulties come from the coupling term of the

derivative D, and A,(p(z)) in the Hamiltonian H, 5.

The main strategy to achieve our goal will be certain semigroup idea and introduc-
ing the “time-ordered Hilbert space-valued stochastic integrals associated with a family of
isometries”. As in the method used in [14,21,22,26], we construct a unitary operator from
Mp = L*(R?) @ F(W) to the tensor product M of L?(R?) and the L2-space over generalized
path space. We define H, as an operator acting in M by the unitary transform of H, g
restricted to some domain. Supposing some regularity conditions for ultraviolet cut-off func-
tions p’s, we shall show that the contraction semigroup generated by a self-adjoint extension
of H, can be constructed on M. Applying the FKN, the FKI formulas and the time ordered
stochastic integral, the functional integral representation for <F, e'tHPG>M, F,G e M,is

obtained.

The outline of the present paper is as follows. In Section II, following the standard
stochastic integral procedure, we extend stochastic integrals to Hilbert space valued one
and define “time-ordered Hilbert space-valued stochastic integral associated with a family
of isometries from a Hilbert space to another one ” (Theorem 2.5). In Section III, we
introduce polarization vectors e’,r = 1,...,d — 1. Two Hilbert spaces [H_,] and [H_,] are
defined for given polarization vectors, and we construct a unitary operator from Mpto M =
L*(RY)® L*(Q_1,du_1)(Theorem 3.1). The Hilbert space L*(Q_1,du_,) is the L?-space over
the underlying measure space for the Gaussian random process indexed By [77_1]. Moreover,
using a natural embedding of L?(Q_y,du_1) into a constant time subspace in L*(Q_s, du_2),
and the Markoff property for some pro jection operators on L%(Q_;,du_;), we derive a simple
extension of the FKN formula(Proposition 3.4). The Hilbert space L?(Q-2,du—z) is the L*-

space over the underlying measure espace for the Gaussian random process indexed by [77_2].
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In a formal definition, the Hamiltonian H, shall be given as an operator acting in M((3.4));

H, = H,,+1®H,,

1& .
H,, = .Z(—’Du®1’¢},u)2'
u=1

N

t

Moreover it is shown that H, is the unitary transform of H, g restricted to some domain
(Theorem 3.1). In Section IV, we construct the contraction Co-semigroup G,(t) on M
such that the infinitesimal generator H, is a self-adjoint éxtension of the formally defined
Hamiltonian H,o (Lemmas 4.6,4.7 and 4.8). We give a rigorous definition of H, in terms
of the form sum + of H,, and 7 ® Ho. Applying the Trotter product formula([18]), the
time-ordered stochastic integral, and the FKN formula, a functional integral representation
for the heat semigroup g_en-érated ‘by an extended self-adjoint Hamiltonian of H,+I®V
are derived in Theorem 4.10, where V is a suitable scalar potential. Moreover, they are
extended for a more general class of potentials in Theorem 4.12. In Section V, we derive
some inequalities which are known in the classical case as a diamagnetic inequality ([5,31])
and an abstract Kato’s inequality ([15,27,29]) through the functional integral representation.
In Section VI, we give some remarks, comparing our model with the classical one ([31]) and
scalar field theory ([26]).

It is a pleasure to thank Prof. A.Arai for raising a problem which led to my consideration

of the functional integral representation of a model in QED.

2 TIME ORDERED STOCHASTIC INTEGRAL

In this section, we extend the standard stochastic integral to a Hilbert space-valued one and
introduce the “time-ordered Hilbert space-valued stochastic integral associated with a family
of isometries”. (A general reference is [31])

For a Hilbert space X over C, we denote the inner product and the a,ssociated norm by

< *,- >y and || - ||x, respectively. The inner product is linear in - and antilinear in *. The
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domain of an operator A is denoted by D(A). The notation C(R?; X) denotes the space of
strongly continuous functions from R? to the Hilbert space X'. For n = 1,2, ..., we denote by

C™(R% X) the subspace of n-times strongly differentiable functions in C(R% X’) and define

CpRX) = {f e O (mt X)

H R4 X) = {fec b x)][|0*1()]|, € L2@%), k| <n},

sup Hakf(;r)nx < oo} ,

|k|<n,cER?

where k = (ky, ko, ..., k) is a multi-index ,|k| = k; + k3 + ... + kg4, and the derivative 9% =
O¥19%2 ..0% is taken in the strong topology in X. We fix probabilistic notations. Let (£2, Db)
be a probability space for d-dimensional Browﬁian motion b(t) = (b,(t))1<u<d,r>0 and du be
the Wiener measure on R? x  defined by du = dz ® Db. Let E denote the expectation value

with respect to (€2, Db). Following [24, XIII.16], we use the following identification;
e
L2(M,dm)®X %’/ Xdm.
M
Let ‘H be a Hilbert space over C.
Lemma 2.1 Let f € C}(R% H) and define

J4(f,b) Zf( ( )) {bu (;;nt)—bu (E;—lt)},tzo,p=1,...,d.

Then the strong limit
s — hm J“ (f,b) / F(5(
exists in L*(Q;H). Moreover, for any g € C}(R%;H),
¢
([ sei)a, “’(3”‘”’">Lzmm = 6B ([ (FO()sg(b(s)hds), (2. 1)
where 6,, is I\roneker s delta.

Proof: In the same way as in the proof of [31,Theorem 14.2], one can see that {J“(f,b)}n>1
is a Cauchy sequence in L*(€; H). Hence the strong limit of J#(f, b) exists in L*(; H). One
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can see that

st isnoun =5 (E R ((54) o (52) ) o

Since (f(b(s)), g(b(s))) is continuous in s a.s.b € 2, we have

mEA(H(E) 5 ((54)), - Lomorseon

a.s.b € (.

Moreover,

£ 4 ({52) o (1)) oo

where ¢y = sup,cga ||f(2)||n and ¢ = sup,ega ||9(z)|[. Hence the Lebesgue dominated

convergence theorem yields (2.1). | 0

We call f§ f(b(s))db, the ¢ H-valued stochastic integral for f”.

Remark 2.2 (1) As in [31,p152], Lemma 2.1 suggests that one can extend the definition of
Jo f(b(s))db, from CH(R% H) to arbitrary functions f such that

| seonan, . = B ([ i)
= /0 (/mdd“’(%s) %Hf(w)H%{e“%) ds < oo.

(2) In an obvious way, we can extend [ f(b(s))db, to [ f(b(s))db,. Then for [t1,13) N
(tastq] = ¢ and f,g € C}(R% H)

t2 i
([ r@s)db, [ glolsan) =0, 2. 2)
t i3 L2(Q,H)
(3) From (2.1) and (2.2) it follows that [} f(b(s))db, is strongly continuous in t in L2(S%H).

Lemma 2.3 Let f € CZ(R%H) and define fort > 0,u=1,...,d,

=4 0) /) () -+ (52)
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Then

s lim S2(7.8) = [ (6(s))dby+ 5 [ (Bu)(B(s)ds (2. 3)
in L3(Q;H), where [1(8,f)(b(s))ds is the Bochner integral of L*(Q); H)-valued function
(BuF)(B(-)) on B,

Proof: We divide S%( f,b) in two parts as follows
)

- £ () o ()5
B A - =

Similarly to Lemma 2.1 ([31, p160]), it is not hard to see that the two terms on the right hand

side (r.h.s.) of (2.4) strongly converges to the two terms on the r.h.s.of (2.3) in L2(Q;H),

Rema’rk 2.4 One can easily see that for f € CH{R?;H),

respectively. a
[271]
i 2 () (e (5) -5

k-1 t
2n)}=£fﬂ@ﬂb
Moreover, for f € CZ(R%;H),

O ) CEDH () ()

—/f ))db, + = / 8,1)(b(s))ds,

where [ - | denotes the Gauss symbol.

Let K be a Hilbert space and {/; };50 be a family of isometries from H to K, so that I} I; = Iy,
where I3 is the identity operator in H. we denote I, f by f; for simplicity. For f € C}(r?; H)

and the isometries I;, we define the K-valued stochastic integral J E(f,b) by

B0 =3 [ fa b

k=1" 2%
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Theorem 2.5 Let f € CL(R% H) such that for all sufficiently small s > 0,

Ly Lif (@) — f(a)]|,, < sM(f), (2. 5)
where M(f) is a positive constant independent of z € R? and t > 0. Then
- t .
s— lim 34(/,0) = [ Toef (4(s))db,
=0 o
exists in L2(Q2;K).

Proof: Fix f € C}(R% M) and put cg = sup,ege ||f(2)||. It is sufficient to show that the
family {J“(f, b)}n>1 is a Cauchy sequence in L*(Q2;K). By Lemma 2.1, (2.2), (2.5) and the

fact I7I; = Iy, we can see that

An(fa ) J7"f+1(f’ )

L2(:K)
2
= 2: (f”‘ 14 (6(s)) — fz,f:—zt(b(S))> db
il L2(2:K)

2
ds)
K

(1= Tl ) £ 066D (D)

_..Z (/2ﬂ+1
2k—1,

2n ¥ T

2n+1

<2Z (/zk iy

k 1 +1

< 22 ( ! tM(f)c()df,')

2k-1 t 2n+1

Fatcy (6(3)) =~ Faiz, (8(5))

2nt1t 2n+l

_ 'M (f )t2co
- on+1 :

Then we have

| 35.(£,8) — 34(£,b)

oy ST ()

k=n

Hence {J4(f, b)}n>1 is Cauchy in L*(Q; K) as required. O

We call fI Iotf(b(s))db, the “time-ordered K-valued stochastic integral associated with
{L:}150”.
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We conclude the present section with stochastic integrals over the Wiener paths. Defining
15 (b(s))db, as a strong limit in L?(Q;H), for f € HY(R?H), we can define I3 f(w(s))dw,

as a strong limit in L2(R? x Q; H) as follows

) () () = L o

The existence of this limit can be proven in the same way as in the proof of Lemma 2.1. For

f,g € HY(R%; H), we have

< / F(w(s))dw,, / (w(s))dw,,> = §,E (/Ot(f(w(s)),g(w(s)))Hds)

L2 (RS xQH)
1o d (f(z), 9(z))y da, (2. 7)

where E denotes the expectation value with respect to (R? x Q,dp). Eq.(2.7) allows us to
extend the definition of fj f(w(s))dw, to f such that the r.h.s. of (2.7) is finite.

3 PROBABILISTIC DESCRIPTION OF THE TIME-
ZERO RADIATION FIELD WITH THE COULOMB
GAUGE

In this section we define a model which describes a quantum system of a non-relativistic
charged particle interacting with a quantized radiation field with the Coulomb gauge.

For mathematical generality, we consider the situation where the charged particle moves
in R? and the quantized radiation field is over R%. We define polarization vectors e (r =

1,...,d — 1) as measurable functions e” : R — R? such that
e’(k)-e’(k) =65, k-e(k)=0, a.ekeR

In what follows, fix the polarization vectors e”. We introduce two Hilbert spaces [H_,] and

[H_,] as follows. First we define two real Hilbert spaces H_; and H_; by

LI }

Ho = {f € S/(r%) et TF]
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(k)P
L. Sk < }

where S/(R") denotes the set of real tempered distributions on R*(n = d,d + 1)

Hop = {f € S(miH)

and " denotes the Fourier transformation ( ¥ the inverse Fourier transformation) from S'(R™)
to S'(R™):
f(k) = (2m)7% | F(@)e "k;’d-’v.
Put
Hoy = Hao - ®H_y,
d

H_2 = ?"{_2 @ EB H"%
d

We introduce bilinear forms (-,+)_; and (-,-)_, in H_; and H_, by

(f,9)-1 = Z ‘[Rd (. |k| )g"(k)dk,

w,v=1
F (kYo (k
(f,9)-2 = 2 Z /m |k|(2 5.k) 1.

respectively, where f, and g, are the pu-th components of f and ¢, ~ denotes the complex

conjugafe and

d—1
du(k) = 3 e (k)e(k),
r=1
k,k
= §,, — .
Lk
We denote the associated semi-norms by |- |.; and |- |_; respectively and put

N, = {fEﬁ—lllfI—l'_‘O}a
N, = {feH,|lfl.=0}.
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Then we define pre-Hilbert spaces by the quotient spaces

[H_1] = H-_1/N-i,

[H_s) = H_z2/N_,,

with inner products < -,- >_; and < -, >_, defined by

(7r_1(f),7r_1(g))_1 = (f’g)-la
(ma(f)im2(9)) s = (f.9)-2.

Here ;r_l( f) and 7_5(f) denote the equivalence classes of f in H_, and H_,, respectively.

We denote the norms associated with the inner products < -, >_; and < -,- >_3 by ||+ ||-1
and || - ||z, respectively. The Hilbert spaces constructed by the completions of [H_;] and
[H_,] with respect to || - ||_; and || - ||—; are denoted by the same symbols.

Let {¢_1(m_1(F)|f € H_1} and {S_o(m_o(f))|f € H_2} be the Gaussian random processes

indexed by [H_] and [H_,] such that the characteristic functions are given by
/Q e gy = MW 5=y g
i

where (Q_;,dp—_;) and (Q—2,du_,) denote the underlying measure spaces of these processes,
respectively. It is well known that L?*(Q;, du;) has the orthogonal decomposition
L¥(Q;,dp;) = @ Lal[Hy))

n=0

with

~
=
T
I
a

Ca((H;]) = L{: 6i(mi(f1))8i(mi (f2))--bs(mi(fa)) = |fe € Hyk = 1,.4m}, m 21,

where L{...} denotes the linear span of the vectors in {...} over C, ~ the closure in L?(Q;, dg;)

and : - : the “Wick product” ([4]). We denote the complexifications of [H;] by [77]-]@. Suppose
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that T is a contraction operator from [77;]@ to [’F{}]C. Corresponding to each such T we can

define the contraction operator I'(T") : L3(Qy;du;) — L*(Qj;du;) by

T(A)Q = 0,

[(A4) : ¢i(mi(f1))-di(mifa)) + = : ¢5(A7;(f1))8i(AT;(f2))- 6 (Ami(fn)) « -

~ For a nonnegative self-adjoint operator A : [H;]c — [Hilc (i = —1, —2) we define dI'(A) by

dr(A)Q; = o,
dl'(A) : ¢i(mi(f1))--ds(mi( £)) : : @i(Ami(f1))pi(mi(f2))--Bi(mi(fn)) -
+ 1 $i(mi(f1)) i (ATi(f2)). pe(mi(f)) :

Foot 1 @ilmi(f1))¢i(mi( f2)) i Ami( ) 1,
mi(fe) € D(A),k=1,..,n,

where ; denotes the constant function 1 in L*(Q;, du;). It is well known that dI'(A) has

unique self-adjoint extension in L?(Q);;dy;). We denote it by the same symbol dI'(A). We

set LH(Q_1,dp_y) = F, LAQ_2,dpuz) = €, _1(-) = ¢x (), é-2(-) = ¢¢(-) and Q_; = Qs
and Q_; = Q¢. Put '

F¥=@r.(H-1)) P {0}

n=0 n>N+1
and define F° by
Fe = FN
‘ N=0
The standard Boson Fock space ([28,X.7]) over W = LA(R%) @ ... @ L3(R?) is defined by

d-1

(2:3,16])

FOW) = @B Fa(W),

n=0

FaW) ='W, n2>21, Fy=C,
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where @7 denotes n-fold symmetric tensor product. The vacuum vector Q2 in F(W) is defined
by

Q= {1,0,0,....}.

The Boson Fock space F(W) describes a Hilbert space of state vectors for the quantized

radiation field with the Coulomb gauge. Let

N
f”(W)=€_BOfn(W) &G {o}.

n>N+1

Then the finite particle subspace is defined by
FRw) = |J FYwW).
N=0

The annihilation operator a(f) and the creation operator af(f) (f € W) ([25]) act on
the finite particle subspace and leave it invariant with the canonical commutation relations

(CCR): for f,g € W
la(f),af(e)] = (F.9),,-
[d"(f),d'(g)] = O,
where [A, B] = AB — BA, a' denotes either a or af. Furthermore,
(d(N2.9),,, =(2.aNT), . &TeFW).

For any contraction operator A: W — W, the“second quantization of A”

I's(A) : F(W) — F(W) is a bounded operator uniquely determined by
I-‘B(‘A)Q = 01
Tp(A)d(fi)al(fo)..a'(£)0 = af(Afi)al(Afy)...at(Af,)N.

For a nonnegative self-adjoint operator ¢ in W, the “second quantization of ", dl'g(0), is

defined by the infinitesimal generator of the Cp-semigroup {I's(e™*")}i»0;

FB(e—tO) — e—tdl"B(a).
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We define the maximal multiplication operator wp in L*(R?) by

(waf) (k) = h(k)f(k),
where h(k) = |k|. Put & = wg ® ... ® wp. Then dl'g(&g) will be the free Hamiltonian of
N

d-1
the quantized radiation field. The second quantization of the identity operator Iy on W,

dF(fw), is called the number operator. The following inequality is well known
lla* (F)@llzowy < 1 Fllw x 1 (dT(Iw) + 1)% @llzwy, @ € F(W). 3. 1)
For f € H_; we define the y-th direction time-zero radiation field A,(f) (u =1,...,d) by
' 1 e f et f
Af) = —=al | @isi L= =t 3.2
u(f) \/Q- {CL (691‘-1 \/E) +a (@r—l \/‘E)} ( )
where §(k) = g(—k). For g = (g1,...,94) € H_1 we put

d
Ag) = X_;Au(gu)-

We give connection between F and F(W). Here we introduce the subspace Do in H_;

by

Dy =L {f’ = (ff s £3) € FHa |17 = (oVRS) " F € CE®A{0}),r =1, ... d - 1} :

where C3°(R?\ {0}) denotes the set of infinitely differentiable functions with compact support
on R?\ {0}. Then it can be easily seen that Dy is dense in H_, with respect to the semi-norm
| - |1, which implies that 7_;(D) is dense in [H_,]. Hence

L{: ¢r(r_1(f1)--dr(m_1(fr)) : Qr, Qr|f; € Do,j=1,..;n,n > 1}
is dense in F. On the other hand, choosing p" = ((eq\/ﬁp)v,...,(e;\/ﬁp)") € Dy, it turns

out that

Ay = 3 A ((6v5))

S
th

d—1 d—1
1 - \ - S —
=% a’f(O@...@ GB...GBO)-I—a 06..9 p @..60

r
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Then we see that
L{: A(fi)...A(fn) : ,Qlf; € Doyj =1,...,n,n > 1}

is dense in F(W), where : - : denotes the “Wick product” in the Boson Fock space ([25,p226]).

We define the operator w in H_; by

wf(k) = h(k)f(k),

—

and put @ = w @ ...  w. Furthermore, [@] : [H_;] — [H_1] is defined by
d

@Blr_1(f) = 7_1(@f), D(&)) = {r(f) € [H]laf € Hq).

Extend [@] : [H_1]c — [H-1]c as follows:

@] (r_1(f1)y m-1(f2) = (Blr-1(f), Blr-1(f2)) , 1, f2 € Ha

Then it is easy to see that Ran ([&] £ ¢) = [H_;]¢, which implies that [@] is a self-adjoint
operator in [H_i]c.
Theorem 3.1 There ezists a unitary operator U from F(W) to F such that

(a) UQ=Qyf, |

(6) UANU™ = ¢£(f), f€Hu,

(¢) UFa(W) = Tu([H-1]),

(d) Udlp(@p)U™" = dT([@)),

(e) UdTs(Iw)U™" = dT(IF),

where Ir is the idehtity operator in [ﬁ_ﬂ.

Proof: For f; € Dy, = 1,...,n, we define

: $r(m_1(fo)ebr(mor(£2)) : O,
Uy = Qr.

U: A(f1)... A(fn) : Q
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One can easily show U can be uniquely extended to a unitary operator from F(W) to F

with (a),(b) and (¢). We shall show (d). Let

Xn = L{:ér(moa1(fi)et0r(m_1(fr)) : QF|f; € Doyj =1,...,n},

Y, L{: A(f1)..A(fn) : Q|f; € Do,j =1,...,n}.

Since, as long as p € C°(R*\{0}), it follows that exp(—th)p € C(R*\{0}), one can see that
exp (—tdl'g(©p)) leaves U2, ¥, invariant. Hence U;Z, Y, is a core of dI'g(©g) ([25,Theorem

X.49]). Moreover, since
U exp (—tdT'p(@p)) U™ = exp (—tUdT 5(@p)U ™),
it follows that {J52, X, is a core of UdI'p(@p)U~!. Noting that on U, X,
UdT5(B5)U~" = dT([3]).

Thus (d) holds. The proof of (e) is similar to that of (d). O

We set Hy = dI'([]), N = dI'(Jr). Following [26,Chapter III], we can give connection

between F and €. For ¢t € R we define the operator j;, by

Jt i Hoy — He,

jtf=6t®fa fEH—ls

where & is the one-dimensional delta function with mass at {¢}. In momentum space,
(3eF) (R, ko) = (2m)~% f(R)etho,
where (£, ko) € R? x R = R™!. We put j; = j: @ ... ® j; and define
Gt] : [77—1] - [77—2],

-~

Der_1(f) = m2(je ).
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It can be easily seen that ;] is a linear isometry ([26,Proposition 111.2]). Hence the range

of [7¢] is a closed subspace of [H_;]. We denote the projection onto Ran([7;]) by [e]. Let
U = L{7r of) € ['H 2] Iﬂ' o(f) € Ran([}t]),a <t< b} .
We denote the projection onto the closure Uy, 3 by [e[s3]-

Proposition 3.2 ([26, Propositions II1.3 and II1.4])
(@) a)[7]" = les]-

(8) Gl (o] = e7tellel,
(c) Let a < b<c. Then

lea)[es][ec] = [ea][ec]-

(d) Let a <b<t<c<d. Then

et silles]erea)] = e nllefeal-

Proof: (a) is straightforwardly seen. Since we have

<[3t]*[~'3]7r_1(f),7r_1(g)>_1 = < o 2]tg)> 2
_1¢ Fu(B)au (R)d (R)eiltt=2k0
= - Z; a1 72 1 k2 dkdkq
? (Ba, (B, (Rye-le-sllft
_ & [ LB be

i dk,
ur=1 B4 |k|

(b) holds. Eq.(c) follows from (a) and (b). For any m_,(f) and 7_5(g), by the definition of

[efa,5] and [e[. 4], they can be presented as follows

lefeaqlm—2(f) = lim Z fras  [ra € Ran([ed,,])stn, € [c,d],

Mm
[e[a,b]]ﬂ-—2(g) = lim Z fmga Gmg € Ran([etm ])atmp € [a,b].
me—s00 A= 8
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Hence by (c) we have

(lemmlledleralm_a(£):m—2(9))

Then (d) follows.

We introduce notations;

I'([efa51])
T'([4))
I([es])

Proposition 3.3 ([26, Theorem II1.5])
(a) J; is a linear isometry from F to .
(b) J.J} = E;.

(c) JpJ, = e~lt=slHo,

d) Let 3, 4 denote the a-algebra generated by
[a:d]

No,Mm

an m%; <[et]fna’gmﬁ>—2
Nn,Mm

n,gr_r}oo a%-:—:l <f'na$gmﬁ>__2

(lealleralr—a(f), m—2(g)) _, -

E[rz,b]1

E,.

L{e(m_ao(f)) |r_a(f) € Uppy}

and the set of X, p-measurable functions in € by Eap]. Then

Ran (E[a,b]) = & p)-

(e) (Markoff property) Let a < b<t<c<d. Then

Ef ) ErEeig) = Elo ) Ele,q-

19

(3. 3)

Proof: Egs.(a),(b),(c) and (e) follow from Proposition 3.2. Eq.(d) follows from [26,Theorem

111.8].

As in [26], a FKN formula follows from Proposition 3.3.

O
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Proposition 3.4 (26, Theorem II1.6], FKN formula) Let fi,..., fn € H_, and Go, ..., Gy, be

bounded measurable functions on R®. Let t,...,t; > 0 be given. Then

(05, GTe " BGT e oG 05)

= (Qe, G2...G2* Q)

where sqg is arbitrary and

v )
[
I

So + iti,
GE = Gy(br(ra())s b5 (ra (),
GP = Gy (be(m=2(os f1)s i Se(m-2(Go; ) -
a
The Hilbert space of state vectors in the system of a non-relativistic charged particle
interacting with a quantized radiation field is given by Mp = L%(R?) ® F(W). The unitary

operator U given in Theorem 3.1 implements unitary equivalence between Mg and
J ®
M= AR )®J~'E/d Fdz.
R

For an ‘H_;-valued function on R?, p(-) : R — H_;, we put

d

5.0) = (0, p\(t-)/ 0).
—th

®

Then we define an operator in M by

W= [ b5 (r1 (Bul2) do.

Let D, (u = 1,...,d) be the generalized L?-derivative in the y-direction. Then the interaction
Hamiltonian of the non-relativistic charged particle with mass 1 and the quantized radiation

field is “formally” given as an operator in M by

1 d
H,=.Y (-iD,®I-¢%,) +18H. (3. 4)

2:3
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Here “formally” means that we mention nothing about the domain of H,. The precise

definition will be given in the following section. We set

d
Hyp= E (_iDﬂ ®I— ¢§“,u)2‘
u=1

bol —

We conclude this section with giving a typical example of the H_;-valued function p(-). One

can take

v
L]

p(z) = (F()e") (3. 5)

where f is a real-valued rapidly decreasing infinitely differentiable function on R™. In this

case, the corresponding standard Boson Fock space element A(5,(z)) is given by (2,4,23])

Z,{_lqu_-(ﬁu(m))u = A(ﬁu(w))’

1 e’ Ae-i-x er}ei-x
- t d—1"p d=1"p )
\/5{“ (@ml NG )*“(@m NG )}

Then the function f serves as an ultraviolet cut-off function for photon momenta. Moreover,

pu(z) satisfies the Coulomb gauge condition (see (4.17)).

4 FUNCTIONAL INTEGRALS

In this section we construct a self-adjoint extension of H, given formally by (3.4) and derive
a functional integral representation for the heat semigroup associated with it. The main idea
is to apply the FKN formula and the FKI formula ([31,Theorem 15.3]).

For an H_;-valued function p, ¢r (7_1 (p.(z))) is a self-adjoint operator for each € R?

as a multiplication operator in F. Then, for each z,y € R?, we can define a unitary operator

on F by

d
Up(xa y) = exp {%zqﬁ}- (Z T_1 (ﬁu(m) + ﬁu(y)) (mu - yu)) }

n=1

exp (¢°(z,y)) .
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Let p,(z) be the heat kernel function
—g 1 2 d
ps(z) = (2ms)72 exp (-»-2—|x| , $>0,z R
- s
Then we define a family of the contractive self-adjoint operators {Q,,},>0 on M by

(QuuF)(@) = [ pe =)0z 9)Fly)dy, s>0,
(QuoF) (@) = Fla),

where F(-) € .Ml and the integral is the F-valued Bochner integral. Actually one can easily

see that
1QneFllae < ||e= EMNFCON ]|
< |I1Flm
Let
(Co @ )] = {p() : B! = Hoa|mo (Bul) € @ o)) = 1,y

We define a subspace M in M as follows. For p € [C}(R%H_,)], we say that F € M C
M if and only if the following (i)-(iii) hold
(i) F(-) € H*®%F).

(ii) For each y € R?,
Fy)e F°, 8,F(y)e F>, p=1,...d.
(iii) (Integration by parts condition) For all G € M, = € R? (see Lemma 4.3),

Jim 8y,p4(z — ¥) - (F(y), Up(2,4)G(z)) 5 =

Jim py(z —y) - 8y, (F(y), Up(2,9)G(z))r =0, p=1,...d.
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Lemma 4.1 Let p € [CZ(R%H-1)], G € M, and F € M. Then (Q,,F,G),, is differen-

tiable in s > 0 with

. d
31_1361_}_ 1s (Qps P, G) py = (—H, 0, G) - (4. 1)

O

For the classical cases ([31,Lemma 15.1]), analogue of (4.1) for the Schrédinger Hamilto-
nian with vector potentials is important for constructions of path integral representations.
In the same way as in the classical case, however, (4.1) can not be proven directly. To verify

(4.1), we prepare two fundamental lemmas (Lemmas 4.3 and 4.4) as follows. Notice that for

F,Ge./\/l,

(@neF Gy = [ da [ pile =) Upla, ) (1), G(2) 5 dy.

Fubini’s lemma allows one to interchange [ dz and [ dy. Moreover, we have

/mdxmd dzdy 'dispa(x —~y) (Up(z,y)F(y), G(z)) £

T

) d 2
( n )ps<w>d:c||FuMnG||M<oo,

= Jre\2s ' 2%
so that we can interchange the differential % and the integral [ dzdy. The following propo-

sition is fundamental.

Proposition 4.2 (I): Let f be a Lebesgue measurable bounded function on R? which is con-

tinuous at 0. Then

lim [ pu(e)f(x)de = £(0).

s—0+ JR

(Il):For any o > 0

lim /Ix]"‘ps(m)dm = 0.

3—0+
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Proof: Elementary calculations. m]

We introduce notations and estimates. For p € [C](R%; H_,)], we set v

0 a,y) = 7 (e.y) + 1 (@),

i d
iWey) = 5o (z_: (3571 (Bi()) + 6n.07-1 (i) (wj—~yj>),
$0@y) = or (-0 (Bu)) — buamt (Aule))), O<n<r

Note that ¢5(z,y) = ¢(,y). For p € [C{(R%H_,)], put

7=1

cun(p) = sup \J 2 lopma(Bi()l2s,
dunlp) = sup (@)l 0SnSr1<p<d
In the case n = 0, we use notations ¢, o(p) = co(p) and d, o{p) = do(p). From (3.2) it follows

that for p; € [CI(R%GH_1)],v0 < k; < r1 < p; < d,i =1,..,n, and ® € F* such that
N® = No,

AR A CR IR e CRIL |

\/2_"\/N +1./N+n
< - lel»

XLy {1+ do i )ews ki (pi)lz — yl + (i + 8k 1)y ki-1(pi) } (4. 2)

Lemma 4.8 Let p € [CT(R%;H_,)], G € F and F € C" (R4 F) such that 9*F(y) € F,
k=1,..,r—1. Then (U,(z,y)F(y),G) ; is r-times differentiable in y. In particular,

Oy (Up(2,9)F(¥), )5 = (Uplz,9)85V(2,9)F(y),G) . + (Upl2,4)8:F (), G) 5,
p € [CHRE H_)), (4. 3)
% (Up(z,9)F,G)y = (Up(=,9)F (), G)_+2(U,(2,9)¢5" (2,9)0,F (y), G
H{Uew {(96w) + 806} Fu).6)

F
€ [CE (R H_)). (4. 4)

F

F
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Proof: Suppose that H € F such that NH = NH, and p € [C}(R% H)]. For simplicity we
put ¢?(z,y) = ¢(z,y). Since, by (3.2), F*= is the set of the analytic vectors ([25,X.6]) of the
self-adjoint operator ¢(z,y), the following equation follows

(U2, 9)H,G) Z%—WwaG) (4. 5)

One can easily derive from (4.2) that each term on the r.h.s.of (4.5) is differentiable with

respect to y, with
By, (#"(2,9)H, G5 = n(¢" (@, y)¢0 (2, 9)H,G) _,

from which and (4.2) it follows that

k
> = (")t (., G) |

n=

< kVNFIVNF2./N+n+1

- n=0 \/Q_nnl :
x (cua(p)le =yl + 2do(p)) (2co(p)lz — y|)" [| H||#]|Gl|+. (4. 6)

Then the left hand side (L.h.s.)of (4.6) converges uniformly in the wider sense with respect
to y as k — oo. Hence the differentiability of (U,(z,y)H,G), with respect to y, follows.
From the strong differentiability of F' and the fact 0F (y) € F*, (4.3) follows. Eq.(4.4) and

the remaining statements can be shown similarly. O

Lemma 4.4 Let p € [C](R,H-,)], G € M, F € M such that F(z) € F*, and

0<k <rj=1,..,n. Then

X -0 F

_/ <¢Z’1(_’i1) p(’in( T,T) (x),G(:c)>}_dx,

Proof: One can easily see that for all z e r?

lim /md<U z,z— X ¢,':1‘El( X)...405) (2,2 — X)F(z - X),G(x)) _de

s—)l(iin)OUp(:c,w—X)=I}-
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in F. Let K € M be such that NK(z) = NK(z) for all z € R%. Then

et
V2

where d,, x(p) = sup, || T4, 8;05'7_1 (5.(z)) ||-1. Hence by (4.2) and by

/]Rde(qﬁp’fk)(w,w X) — ¥, ))K(x),G(x)>A
<

wk(OIX K || Ml |Gl am,

hm [|F(- = X) = F()|lp =0,

X =0

one can directly derive the lemma. O

Now we ca,nrprove Lemma 4.1.
Proof of Lemm 4.1.
Note that

d 1
Eps(w —y) = §Ayps(x - ).

Since F' € M{°, one can use the integration by parts formula. Then, by (4.4), we have
d F.G) = Ly dzd 02 (U F(y),G
5(eF6) = 33 [ dedypile —3)0, Ua)F0), Gla) 5

= —Z/ | dedyp,(z ~y)
x{(Us(@,9)82F (1), G(2)) , + 2 (Up(2,9)850 (2,9)8,F (), G(x)),
+{U @ { (s ”(x ») + 600, y)} F),6()) }

d

1
= 52 e otz )20

1
- 5;/]des(X)dX [ dzl, (2,2~ X).

Here, to apply Proposition 4.1, we divide I,(z,y) in two components, I, = I,, + I,_, as

follows

L (2, y) = 2 (Up(e, 9)¢ii ) (2,)0,F (), G(2)) .
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+<U< D {(¢ e, y>) + 260,00 ) + 67, 0) | PO, Glo))
) = (Un(2,9)0LF(y), G(x)) _ +2(Up(2,9)80 (2, 1), F (y), G(2))

< {("“’ »)'+ 60P0) | P, Gle))

By (4.2), we have

I/md dzl,¢(z,z —X)i

< 11Glla {2—7/;1 (e PIX) [0, Pl + LIV E2
x {(cua (PIXI)? + 4do(p)cua(p) X I} 1Fllne + —']\Vr;lcu,z<p>|x|nplw}
=¢|X|+ 2| X|?,

l/mdd:clﬂ_(x,:c—X)l
vN+1
< IIGIIM{II33F||M+4do( ) —— 7 10, | m

+ (P i+ Y 0, ) 1
. (4. 7)

By Proposition 4.1 (II), we have

lim
5—0+4

[ dxpu(x) [ del(e,a - X)l < lip [ dXp.(X) (alX| + elX]) =

Thus it is enough to analyze the I,(-,- — X) component. By Lemma 4.4, it follows that

lim / L_(z,2 — X)dz = /m Lu-(z,2)dz. (4. 8)

X—0 Jgd

By (4.7) and (4.8), Proposition 4.1 (I) yields

hm—-(Qp,FG) = lim ) /prsX / I, (z X)dz

s—04 ds .9—>0+

= Eéﬁkddwf —(z,2)

= - (Hp,OFa G>M
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O

Lemma 4.5 Let p € [C3(RYH_y)], F € M, and G € M. Then (Q,,F,G) ,, is right side
differentiable at s = 0 with

(@0, G) i lrmos = = (0P, G) o @)
Proof: We have that
(QueFi Gy = [ p(X)dX [ (Up(a,z = X)F(a = X),G(a)) 5 da
(@, Glag = [, (F(2),Gl2))5de.

Hence, similarly to the proof of Lemma 4.1, it follows that (Q,sF,G) ,, is right continuous

in s at s = 0. Thus by the Taylor expansion we can see that

lim <QP,CF’ G)M _ <F’ G>M = lim _C‘l‘ (Qp,sF’ G)M

e—0+ € s—0+ ds

= = <Hp,0F’ G)M .

Hence (4.9) follows. O

Following [8,31], we shall construct a contraction Cy-semigroup from {@,,}n>1. For

simplicity we put 2" = nx.
Lemma 4.6 Let p € [CE(R%H_1)]. Then, for all t > 0, the strong limit

s — lm Q™. = G,(t)

n—oo - Ping

exists. Moreover, G,(t) has the following functional integral representation with F, H € M

(F,G,(t)H) o,

= du [ du_,e®” (S, (fi 7 (ulbtor o) dbut 1 f3 Our—s(Fu(bls)+))ds ) )
R4xQ Q-1

xF(b(t) + ) H(z).

(4. 10)
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ns

Proof: To prove the existence, we show that {Q"* } is a Cauchy sequence in M. We see
n>1

that
@z F— @z F[,
— <F Q2n* F> + <F Q2m* F> - 2§R<F Qn* Qm*

P

) (4. 11)

The last term on the r.h.s.of (4.11) is
(. Qz*_cz:rt;; F)y
= / Q”*Q’”*F) (2)), do
(CL‘ - xl) p t (wn*—l - xn*)p (xﬂ* - yl) p_(ym*—l ym*)

Rd x Rn*d x]Rm‘d pn*

X (F(z), Up(2y 1) Up(Trse1s Tra ) Up(Trwr Y1) -Up(Umsm11 Yms) F(Ymx ) r dzdZdy
. d
= fda <F(b<2t) 2, 4T "“‘”“""'""””)F(w>> ,
R ,

L2 (QF)

where

i) = {5 (55) 1)+ (1 (e ) +2)
) o)

X

®

+ El{ﬁ (b(n—*k+t)+x +pﬂ(b<;;(k )H)M)}
t t
b Nk o —\k = .
) k)
From Lemma 2.3 it follows that for each z € R?

s = Jim lim 7 1(Oma(z))

= /()Zt 71 (Pu(z + b(s))) db, + _;_ /02t Oum—1 (Pu(b(s) + z)) ds

in L*(D ;[H_1]). One can easily see that the strong convergence of T_1(0yma(2)) in

L*(Q;[H_,]) implies that for each z € R? and & € F,

d
8~ nll—l’pnoo 7}1—{1;010 €Xp (Z(ﬁ}- (Z -1 (D“vmvn(m)))) o

u=1
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d a2t _ 1 3. r2t
= exp (z'qsf (; | Gula+ b)) dbut 53 [ Gy (ﬁu(-’v+b(3)))d8))¢-
(4. 12)

in L2(Q; F). On the other hand we have

d

<F(b(2t) +) e"‘f’f(zm”-l<°“’Mv"<->>)F(-)>
L2(Q,F)

< 1F(5(28) + Nlzz@im [|F ()l zaair) € LHRE).
Hence, by the Lebesgue dominated convergence theorem, we have

im lim (F,Q™. Q™. F)
nh—roo m—00 ! van_t.Qp’m_ti M

- /m dz (F(b(2t) + o),
ei¢f(zz=l(thw_l(;u(b(8)+x))dbu+%f:t aur_x(;u(b(s)+x))ds))F(x)> (4. 13)
L2(QF)

Similarly it can be easily seen that <F, Q2 F> and <F, Qame F> converge to the r.h.s.
‘ns M Tms M
of (4.13) as n,m — oo, respectively. Then it follows that {QZ,*_z_}nzo is a Cauchy. Eq.(4.10)

easily follows from (4.13). ' O

Lemma 4.7 Letp € [CE(RY; H_1)]. Then the family {G,(t)}s>0 is a contraction Co-semigroup
on M.

Proof: By the definition of G,(¢) and the proof of Lemma.4.6, it holds that
G,(1)G,(s) = Gyt + s). (4. 14)

We show the strong right continuity at ¢ = 0. Because of (4.14), the weak continuity implies

the strong continuity. Hence it is enough to show that

lim (G,()F, H) ,, = (G,(0)F,H),,, F&M,HeM.

t—04+
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From (4.10), we have

(F,G,(t)H) ,, — (F,G,(0)H),,

= /m L4z (F(b(t) + z) — F(x),

97 (Tos (fo mor (Futbtoro) bt f3 apw_l(z“w(s)m)ds)) i ($)>
L2(Q.F)

+ /;d dz (F(z),
(ei¢r (EZ:l (fot r_l(;u(b(s)"'z))dbu‘*'%fot Bur—1 (;“(b(st)ds))) — I) H($)>

L2(QF) '
(4. 15)

The first summand on the r.h.s.of (4.15) can be evaluated as follows

/md dz (F(b(t) + z) — F(z),
s (s (U 7t (Butblor0)) bt [ Burs (Futb(s)+2))is ) ) i (m)>

L2(QF)

1
p)

<Al ([ PG + ) = FOladn)
Since
lim (1) + ) = FOllu =0, asbeQ,

the first summand on the r.h.s.of (4.15) converges to 0. On the second summand on the

r.h.s. of (4.15), one can see that by Remark 2.2 (3)

t—0

s~ limg ([ 71 (3u(b() + ) b+ 3 [ Oy (ulb(5) + 2))ds) = 0

in L*(9;[H_1]). As in the case of (4.12), we see that for & € F

d

s~ limexp (z'qsf (z (f 7= Butots) + ) b+ 5 [ 0 (306(5) +2)) d))) ©=0

p=1

in L*(Q; F).
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Hence, by the Lebesgue dominated convergence theorem, we can derive that the second
summand converges to 0 as ¢ — 0. The strong continuity in the case t > 0 is proven similarly.

O

By Lemma 4.7 and Hille-Yoshida’s theorem, for each p € [CZ(R?; H_1)], there exists a

unique positive self-adjoint operator ﬁp’O in M such that
G,(t) = eHeo,

Lemma 4.8 Let p € [C3(R%H_1)]. Then the self-adjoint operator H,, is o self-adjoint

extension of H,g |Mg° .

Proof: Let F € D(H,¢) and G € M. Then we have

1 A
(e -er), = (G @ -Nor)
M n—reo nx M
nx—1 1 7k

SRS CICRE )

Tk

_ . 1 /% [rxs]
= lim A <T (Qpﬁ;t: — I) G, Qp7ﬁF>M ds.

n—oo

Since, by Lemma 4.5,

w—lim == (Qg = 1) G = ~H,G,

n—0

the norm ||2(Q .« — I)G||m is uniformly bounded in n. By Remark 2.4, we can see that

n*

s — lim Q[p"f_f] = G,(ts).

n—oQ

Then we have

L, 1 .
<l (e'tHP"’ — I) G, F> = / ds <—H,J o, e_“HP'°F> .
t M 0 ' M

As t — 0 on the both sides, we get

(G.H,oF) = (HyoG, F)
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which implies that G € D(H,,) and
ﬁp’oG = Hp,OG'

Thus the proof is complete. |

We denote the extension ﬁp,o by the same symbol H,o. We give a rigorous definition of

H, in terms of the form sum + of H,¢ and 7 ® Hy;
H, = H,,+/ ® Hy.

Next we study functional integral representations concerning e~*», We introduce a multi-

plication operator in L*(R%; £) by
0,8 ® ~ o
£y = /ﬂ;d b (7r_2 (],pu(:c))) dzx.
We define an operator acting in L2(R?; £) by
13 . 0,5\ 2
H,o, = 3 Zl (~iD,®T—¢f), s>0.
u:

Since for p € [CE(RY;H_1)], T—2(F:5,(")) € CE(RY% [H_2]), we see that J,5,(-) € [CR(RE; H_,)).
Then one can define a self-adjoint operator H,o, in the same way as H,o. Then, the

following equation holds for F, H € L%(R% £)

<F, e~ tHook H>
£
_ dy / d'u_2ez'¢£ (ZZ=1 ( I =2 (Geu(b(s)+2) )byt L [ auw_z(;k;y(b(s)+r)ds)))
RixQ Q-2

CF(b(t) + z) H(z).
Lemma 4.9 Let p € [C2(R%;H_1)]. Then the following equation holds on L?(R%;E)
Jye Moo ¥ = B etHoos B

where J, and E; are defined in (3.3).
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Proof: Note that for any A € H_,, J,e®#(4)J* = Esei‘i’f(j:A)Ea, and (J;F)(z) = Jr (F()).
From (4.10) it follows that for F, H € L%(R%; €),

<F’ JyetHoo J:H>L2(md;£)

= [, du((LF)() + ),

ei¢}' (ZZ=1 (fo: W_l(;“(b(s/)+x))db,‘+% fo dum_y (;p(b(s')+x)ds’))) (J:H)($)>
| F
- du (F(b(t) + ),

REx§
E eing (2Z=1 je (fot Tl (;u(b(s')+1'))dbu+% j;; Oum_ (;u(b(.?')+x)da’))) E H(I)>

£

= <F’ Ese_-th’o's E9H>L2 (B%E)

Since F, H € L*(R% €) are arbitrary, the proof is complete. i

Now we are ready to state the main theorem in this section.

Theorem 4.10 Let F,G € M, V € Cy(R?) and p € [C;"(]Rd;H_;)] such that

sup [|[@]m_1(fu(z))l|_, = sup |&pu(2)|-1 <00, p=1,..,d, (4 16)
rcRe €k
d
> 8ur_1(pu(x))|| =0, (the Coulomb gauge). (4. 17)
p=1 -1
Then
t
-tHo+V) 2\ _
<F,e P G>M = ]]Rde du /Q_z dy_sexp ( /(; V(b(s) + a:)ds)
d .
X eXp (i¢g (Z/o [Jomelm—1 (5.(0(s) + w))dbu)) JiF(b(1) + 2)JoG(z), (4. 18)
p=1 '
where

~

[ Gonsdn-s (3ulbls) + ) b,

is the time-ordered [H_,]-valued stochastic integral associated with the family of isometries

[3¢] from [H_1] to [H_,].
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Proof: By the strong Trotter product formula [18] and Proposition 4.3 (c), we see that
<F, e—t(Hp+V)G>

-l (R, (A5 )

M

M
. J - S 74
= lim (F,J; (e mHeoJ7) emae¥ (J,_ e melooJr ) emmV ...

ns

........ (JLe_%H""’Jl ) e-%VJOG) :
ns . ns M

from which and Lemma 4.9 it follows that

. _t _t -i{H
= hm <F’ J* (Ete n,-.HP,O,tEt) e nt¢V (Et...Le n p,O,tfﬁ‘:Et__t_> e nttV
n—oo n* ns
L H .
e (E te ™PhEr E )e—FVJ0G>
M
= lim S,..
n—00

Let n—t* = s. From the deﬁnition‘of H, o+ and Lemma 4.6 it follows that
Swe = Jim (F0; (BEQiresBr) e (EecsQbre o Bicy) €™V
eV (E,Qb. E,) e "VJ0G>M
= kllglo Sn*,k*a
where @, is defined by operators on L2(R%; €) such that

Qe F)@) = [ pla—9)Ups (@) F(y)dy, ¢ >0,
(QoopF)(z) = F(z),

and

Up,tr(w y) = exp {iwﬁs (Z[Jt']ﬂ'— (Pu() + pu(y)) (zu — yu)) } :

u=1
One can see that

Sn* kx =
: BIxRP % L xR

"
ns

X (F(2), J7 (BU, (8 Es) (ByeyUp s (3) Eocy) ..

- -3 xk‘
dkox Py(21).. Po(Zny)e Z VA

3

- (EUpo(37:) Ey) JoG(ak)) (4. 19)
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s(x‘?*l - xl)pa(wl - T, ) ps( k1 ‘T.]]c*)

P
Up,oz(m-;') = U (;1;;?*1’ 1,)Upa(x1 2) Upa(xly*—l’xlg*),

J J

= exp{gwg (zmzm(pu )+ e ))(x;,::—-x;'u)},

— Fox o
:v iy, xy =z, =1,.

By Proposition 4.3 one can neglect E; in (4.19), so that
Spepe = / d:z:< F(b() + 2),
re
J;‘exp(iqﬁg (Z Ok m))—sZV (5s +w)J0G(w)> ,
u=1 j=0 L2(Q;F)

[y

where

kx* N m '
Ouik(z) = 3 {Pu (b (HS +Js

oy’ TE) P e R
m } m—1 } .
b (oo t90) =t (T +s) | J =l nx =l

As in the case of (4.12), by the Coulomb gauge condition (4.17), we see that for each € R?
and @ € €&, |

" d nx—1 |
s — llm exp (zqﬁs (Z > [iJm_a ( M,k(x))) )'@

u=1l ;=0

= exp (z¢a (zz 7 B Gt + b )))d%))@

u=1 3=0

in L2(€); £). On the other hand, we have

u=1 5j=0

‘d nx—1
<JtF(b(t) + -),exp (Z¢g (Z > i, m—1 (3,4 ) -3 Z V(b ) JoG(: )>
L2(%€)

< exp (—sinf V(2)) IIF(b() + Nez@nl|GOllzzaim € L1 (32).
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Hence, by the Lebesgue dominated convergence theorem, we have
i Sppe = | d:c< JF(b(1) + z),
k—oo il

d nx—1 nx
€xp (2¢8 (Z Z u,] ) -8 z vV (b(.]s) + IL‘)) JOG(¢)> )
#=1 j=0 L2(Q;€)

i=1
where

(G+1)s

Bui(e) = [ Bolros (Aulb(s") + ) db.

8

Note that for sufficiently small € > 0

|Gesd" il (@) = ma(Bul@))||, = || Fmoa(Bu(®)) = ma(Bulo))||_,

< esup [@pu(z)|_; -
reRd

Hence by Theorem 2.5 and (4.16), we see that for z € R?

nx—1 nx—1 if;lt.,
s=lim Y Bu@) = o= lim Y [ Galro (Bu(b(s) + 2)) db,
J=0 7=0 " nw

- /0 Gomelmr (Ful + b(s))) db

in L*(;[H_,]). Then again as in the case of (4.12), for each z € R? and & € £

s — lim exp (Z¢f: (zz / G aslmos (5ulbls) + x,))dbu)) :

= exp (z'ng (z_jl /0 Gomddmor (Bl + b(s))) dbu)) o (4. 20)

in L*(Q); £). Passing to the subsequences for n (hereafter denoted again by n), (4.20) holds
for each z € R? and a.s.b € Q in the strong topology of £. Since V(b(s) + ) is continuous
in s for each =z € R? and a.s.b € Q, we have

=5 Vb)) =] d
nll_{glon* ZV( <n* +z —/0 V(b(s) + z)ds, z€R*a.s.b€

Jj=0
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Furthermore,
nx d nx-—1
exp (—SZV(b(jsH-)) <JtF(b(t)+ exp( (Z > Oui(: )) ()>
J=1 ' pu=1 j=0 £

< exp (~sinf V(@) PG + IlIFClr € L1 (2 x 0;di).
Hence, again by the Lebesgue dominated convergence theorem we get (4.18). a

Similarly to the classical case [31,Theorem 15.5], we have an interest in extending
(4.18) to more general potentials. From (4.18) it follows that for V € Cy(R?) and p satisfying
the conditions stated in Theorem 4.10

~H(H,+V) ~H(~}A+v) > v
(£, @G) || < (I1FlIs,e 161) (4. 21)
We define for G € M

| _f 1S5, 16@)ls # o,
“’*""G)(“’):{ o, " |Gl =0.

Lemma 4.11 Let |V| be a multiplication operator which is —3A -form bounded with relative
bound €. Then for p satisfying the condition in Theorem 4.10, |V| is H,-form bounded with

relative bound < e.

Proof: Substituting V = 0 and F = sign (e’tHPG) -9, where ¥ € CP(R?) and ¥ > 0, in
(4.21), we have

<¢ lemBeGl1x) o < (06 E IG5

L2(r¢) '

Hence it follows that

|(6) @), < (< CNGOIF) (), ace et

Since

/»oo e—Ett—% (e—tHPG> (;c)dt, a.e.x € Rd, E> Oa

0

(B, + E)G) (a) =T (%)
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one can see that

(|, + E)2 G) @], < ((—%A + E)_

Then we have

N

HG()“}') (z), a.e.x €RY

LAVER (8 + 572 6) )], ) de
< e {'VW% ((-%ME)_.’ ||G(-)||f) (m)} de.

Thus
~1 $(_1 "1 .
ik, el VR 38+ E)F G0N,
Gl B GO Z 22 gey ’
which implies that the following operator norm estimate holds
1 ~1 1 1 -}
Vit o, + 2)7H|| < |lvit (—§A + E) (4. 22)
L2(Rd)
Since
hm V|2 (——A-I—E i =,
L2(r4)
the lemma, follows. m

For a multiplication operator V, we set V; = maz{0,V} and V_ = maz{0, —V} Let us

introduce a class P of potentials.

Definition 4.12 A potential V is in the set P if and only if V, € LL_(R?) and V_ is

—3A-form bounded with relative bound < 1.

For V € P, we define a quadratic form ¢ by
H(F,F) = <H,,F Hi > + <VE'F, V+F>
M

Q) = QH,) N Q(V,),

- <V_%F,V_%F> ,

M M
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where @(A) denotes the form domain of a positive self-adjoint operator A, i.e. Q(A) =

D(A7). By Lemma 4.11, t is positive closed form on Q(t). We denote the positive self-

adjoint operator associated with ¢ by
HP+V+:—V—a
so that Q(H,+V,—V_) = Q(2).

Theorem 4.13 Let V € P and p € [CE(RY 'H_,)] satisfy the conditions in Theorem 4.10.
Then (4.18) holds with H, + V replaced by H,4+V,~V_. |

Proof: As in [31,Theorem 6.2], one can easily see that by an approximation argument, (4.18)
holds for V € L*(R?)(the set of bounded functions). Fix V € P. We set

Vi(z), Vi(z)<n
n, Vi(z) 2 n

V_(z), V_(z)<m,
m, Vo(z)>m

V+n($) = { ’ aV—m(w) = {

Then we have

<F, e—t(Hp+V+n—V_m)G>M _ /

R

ixq du exp (_ /: (Vin — Vo) (b(s) + x)ds)

d g
X <JtF(b(t) + z),exp (i¢g (Z_:l/o [omt)m—1 (P.(b(s) + z)) dbu)) JOG(a:)> .

&
(4. 23)

Define closed quadratic forms by

tym(F,F) = <H§;H,§> +<anF,VénF> —<V_%mF,V_%mF> ,
M M

oo, F) = (HF,H}

toooo(Fy F) = <HpHp M+<VfF,VfF> —<V_%F,V_%F>M,
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We denote the self-adjoint operator associated with ¢, ., by H, + V,,—V_. We have
tn,hz 2 tn,m+1 Z tn,m+2 Z _>.. tn,oo

and t,m — tneo in the sense of quadratic form on U Q(tnm) = Q(H,). Since t, o is closed
on Q(H,), by the monotone convergence theorem for forms ([17,VIII. Theorem 3.11]), the

associated positive self-adjoint operators satisfy
H,+Vin—V_ — H 4V, —V_
in the strong resolvent sense, which implies that for all £ > 0,
exp (—t (H,+V,,—V_,.)) — exp (—t (H,,—I—V_{_n;V_))
strongly. Similarly, we have
lnoco S tntico S tng2,00 S oo S loo0
and t, o, — te oo Iin the sense of quadratic form on

{F € 0Qtae) b tuo( P, ) < o0} = QH,) N Q(V,)

Hence the monotone convergence theorem for forﬁs ([17,VIII. Theorem 3.13],{30]), we get
exp (—t (H, 4V, ~V.)) — exp (—t (H,+V,=V.)), t20,
strongly. On the other hand, the r.h.s.of (4.23) converges to
d t b
L. dnexs (= [ (Viw = Vo) (3(5) + 2)ds)
d 1
< (HFO0) + 2)0xp (we (2 [ Bonads (ults) + ) dbu)) hG(e))
pn=1

£
(4. 24)

as m — oo by the monotone convergence theorem for integrals. Also (4.24) converges to the
r.h.s of (4.18) as n — oo by the Lebesgue dominated convergence theorem. Thus the proof

is complete. o
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5 INEQUALITIES

In this section we shall derive some inequalities similar to classical models from the functional
integral representation constructed in Section IV. Let o(A) be the spectrum of A. For

simplicity, we put for V € P

H,iV,~V. = H,+V,
1. . . 1
—SARVIV = A4V

Theorem 5.1 (Diamagnetic inequality)
Let V € P and p € [CH(RY;H_,)] satisfy the conditions in Theorem 4.10. Then

infa(—-;-_A—FV) <info(H,+V). (5. 1)
Proof: Similarly to (4.21), we can also see that for V € P

(F.e @6 | < (I1Fllz, e H |Gl ) (5. 2)

I2(rY)
Fix G € M such that En,v([Eo, Eo 4+ €))G # 0, for all 0 < ¢ < ¢o with some ¢ > 0, where

Ey,+v denotes the spectral projection of H, + V and Eq = inf o(H, + V). Then

M

t—o0

infe(H,+V) = lim _% log <G, e—t(Hp+V)G>

1
> Jim —7log (JIGII, (44| Gl )
S e L2(R?)
. > hm —l lOg (“G”2 e—tinfa’(—%—A+V))
— t—oo. F
> infa(—%A-{—V) .
Thus (5.1) follows. | O

Theorem 5.2 (Abstract Kato’s inequality)

Let V € P and p € [CE(R?;'H_,)] satisfy the conditions in Theorem 4.10.
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Suppose that ¢ € D((—31A + V)%), ¢ >0 and G € D((H, +V)).
Then ||G(-)||7 € D ((—%A + v)5> and the following inequality holds

R ((signG)p, (H, + V) G) ,, > <(—%A + v)E ) (—%A + V)E ||an> . (.3)

L2(R?)

Proof: The proof is a slight modification of that of [15]. By (4.21), we have

I — e~t3A+V) _ [ — e—t(Hp+V)
(191 =) < (R 6. 1
L2(Rd) M

Putting
J — e~t(32+V) }
St(¢’ ¢) = <¢a _—_—t-——¢ ) ¢ € L2(]Rd)a
L2(Rrd)
one can see that {s:}s>o is a family of positive closed quadratic forms such that

StSSk" tSk

Thus the monotone convergence theorem for forms, we see that s..(G,G) = sup, s;(G, G) is

~ a closed quadratic form on
Re = {F € M|sup(F, F) < o0},
t

. 1
moreover the corresponding positive self-adjoint operators to s; converge to (—%A + V) *in

the strong resolvent sense. Since, by (5.4), F € D(H, + V) implies that |[|F||r € R, we

have ||F||lr € D ((—%A + V) ) By (5.2), we have

R(F7 (B -1)G) < (IFl e CE G117
M t

: _ %%(F, G),,. (5. 5)

L?(k?)

Substituting F' = (signG)+ into (5.5), we have

® ((signG) w,% (@AM - 1)) < <¢% (et3aem) 1) IG5

M I2(r4)
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Then, taking ¢ — 0+ we see that

. | 1, | ,
Jim R <(szgnG) g7 (B — 1) G>M = —R((signG), (H, + V) G) .,

and

tim (¥ Let-3a4v) _ 1)1Gll5)
' L2(84)

1 3 1 3
—<<——A+V> b, <——A+V) IIGII> -
2 . 2 L2(e)

Thus (5.3) follows. O

6 REMARKS

(1) Any concrete core of the Hamiltonian H, defined in Section IV is not known. In [23],
in the case when the coupling cconstant is sufficiently small, the authors proved essentially
self-adjointness of H,.

(2) In the FKI formula, the Wiener path measure dy is more useful than the Brownian path

measure Db. For the Schrédinger Hamiltonian

1 &
H, = 52(—21),1-,4,1)24-1/

p=1

the FKI formula is, first, established for an electric vector potential A,(-) € C(RY), u =
1,...,d, and after that it is extended to A,(-) € L2 (R?) by a limiting argument([31]).

In the model which we consider, ¢% , corresponds to the classical electric vector potential
A,(:). But we have no strategy of limiting argument used in the classical model. Then it
1s necessary to deal with the Hilbert space-valued stochastic integral for ¢% , such that
7_1(pu(")) € CE(R% [H_,]) directly (not using limiting arguments as in the classical case).

Then it can not be assumed that 7_; (5,(-)) € H?(R? [H_,]) i.e., one can not define (see

(2.6))
[ é5 (r-1(u((9) do.
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Therefore we consider the Hilbert space-valued stochastic integral not on the Wiener path
but on the Brownian path. .

(3) The FKI formula holds without the Coulomb gauge condition([31]). However, in our
model, if one does not assume the Coulomb gauge condition (4.17), then in the integrand on

the r.h.s.of (4.18), the factor

1 & ot d
exp (—§Z/k_l Uasae D2 0ums (ﬁu(b(s)))ds> (6. 1)

appears. It is not clear how to show the convergence of (6.1) as n — oo in the strong
topology in L%(Q; [H_,)).
(4) In scalar field theory ([21,22,26]), the range of the projection ej, 5 (notations follow [26])

can be characterized by some support properties([26,Proposition IIL.4]), i.e.
Ran (e[a,b]) = {f EN Isuppf C (a,b) x Rd} -
In particular
Ran(e;) = {f EN ‘suppf C {t} x Rd} "

However, the corresponding projection [ej, 3], which we introduce in Proposition 3.2, can not

be characterized in such a way. For example

Ran(led)) # {ma(f) € [H_o] [suppf C @, {1} x 2}~
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