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A TIME-LIKE SURFACE IN MINKOWSKI
3-SPACE WHICH CONTAINS PSEUDOCIRCLES

SHYUICHI IZUMIYA AND AKIHIRO TAKIYAMA

Department of Mathematics, Faculty of Science, Hokkaido University, Sapporo 060, Japan

ABSTRACT. Simple characterizations of a pseudosphere or a plane in Minkowski 3-space by the
existence of pseudocircles are given.

1. INTRODUCTION

One of the simple characterizations of sphere is Euclidian 3-space E3 is as follows:

(*) A circle in E3 of arbitrary given radius can be pressed entirely on an arbitray position of
a surface.

The condition (*) is quite natural because an observer is an inhabitant of an ambient
space, however, (*) requires a very large quantity of information because of its condition “an
arbitrary position”. In [2], Ogiue and Takagi give a much practical condition for a compact
surface to be a sphere. ‘

Theorem ([2], Ogiue-Takagi). Let S be a surface in Euclidian 3-space E3. Suppose that,
through each point p € S, there exist two circles of E® such that

(1) they are contained in S in a neighbourhood of p,

(2) they are tangent to each other at p.
Then S is locally a plane or a sphere.

In this paper we consider characterizations for a pseudosphere S%(r,a) in Minkowski 3-
space M3 (for definition, see Section 2) analogous to the Ogiue-Takagi’s result. The normal
vector field on a pseudosphere in M3 is space-like, so that we stick to a surface S in M?® such
that the normal vector field on S is space-like. Such a surface is called a time-like surface.
There is another important class of surfaces in Minkowski 3-space M® which is called space-
like surfaces. In this case the induced metric on the surface is positively definite, so that we
can give characterizations of a hyperbolic surface HZ(r,a) by exactly the same arguments as
those in [2]. Thus we do not consider this case in this paper.

The notion of psuedocircles in Minkowski 3-space is given analogous to that of circles in
Euclidian 3-space. Let (s) be a time-like or a space-like curve (cf., Section 2). We can define

“the principal normal N(s), the binormal B(s), the curvature k(s) and the torsion 7(s), so

that the Frenet-Serret type formula for such a curve holds (cf., Section 2). We say that v(s)
is @ pseudocircle if the torsion is equal to zero and the curvature is positive constant along
the curve.

Typeset by AaS-TEX



Firstly, we have a simple characterization for pseudosphere in M® which is peculiar to
pseudosphere in Minkowski 3-space.

Theorem A. Let S be a time-like surface in Minkowski 3-space M3. Suppose that, through
each point p € S, there exist two pseudocircles 7;, v, of M? such that

(1) 41, 7v2 are contained in S in a neighbourhood of p,

(2) 71, 2 are tangent to each other at p,

(3) 6(m())8(v2(s)) = —1, where 8(x1(s)) =< N(s),N(s) >
Then S is locally a pseudosphere.

If we remove the condition (3) in the assumption in Theorem A, we have the following
theorem analogous to the Ogiue-Takagi’s result.

Theorem B. Let S be a time-like surface in Minkowski 3-space M3. Suppose that, through
each point p € S, there exist two pseudocircles v;, ¥2 of M3 such that -

(1) 71, 72 are contained in S in a neighbourhood of p,

(2) 71, 72 are tangent to each other at p.
Then S is locally a time-like-plane or a pseudosphere.

We remark that an intersection of a psudosphere with an arbitray plane is a pseudocircle or
a pair of light-like lines. We have given characterizations of a pseudosphere by the existence
of light-like lines in [1]. The method of the proofs of the theorems we used here is analogous
to that of Theorem 1 in [2].

All surfaces and maps considered here are of class C° unless stated otherwise.

2. BASIC NOTIONS

Let R? = {(z1, z2, z3)|1, T2, 23 € R} be the usual oriented 3-dimensional vector space and
differential manifold, which is oriented by e; = (1,0,0), e; = (0,1,0) and e3 = (0,0,1) and
given the euclidian differentiable structure. Minkowsks 3-space is defined by M3 = {R3, I e}
where I; 1) = dz? + dz% — dz3. Thus the metric tensor is given by < X, Y >= zy; + z2y2 —
r3ys, where X= (z1,z2,23) and Y= (y1,¥2,y3)- A vector X in M3 is called lLght-like if
< X,X >= 0, space-like if < X,X >> 0 and time-like if < X,X >< 0. A curve 7 is called
light-like if its tangent vector field 4 is always light-like. We also say that a curve v is non-
light-like if its tangent vector field ¥ is always space-like or time-like. The pseudosphere is

defined to be

Si(r,a) = {(z1,22,23)|(z1 — a1)? + (z2 — a2)? — (z3 — a3)® =r?},

where a = (a1, az,a3) is the center and r > 0 is the radial of S%(r,a).

The Levi-Civita connection of M3 is denoted by V. Let S be a surface in M3. We say that
S is time-like if the normal vector field to S is space-like. On the time-like surface S we have

the Levi-Civita connection corresponding to the induced Lorenzian metric on S. We denote -

it V. The normal connection on S is denoted by V<. Let ¢ be a second fundamental form of
S in M3 which is given by
o(X,Y) = VxY - VxY,
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where X and Y are vector field tangent to S. Since S is a time-like surface, there exists (at
least locally) a unit normal vector field ¢ on S. We have the following formula:

< o(X,Y),£ >=< —Vx£,Y >,

so that —Vx£ is the shape operator in this case. We denote that AX = —Vxt. It is well-known
that the shape operator is self-adjoint with respect to <,> (i.e., < AX,Y >=< X, AY >).
The covariant derivative Vo of o is defined by

Vio(Y,Z) = Vxo(Y,Z) — 0(VxY,Z) — o(Y,VxZ).

We say that a point p € S is umbilic if there is a normal vector Z € T,St such that
o(X,Y) =< X,Y > Z for all X,Y € T,5. A time-like surface S is totally umbilic provided
every point of S is umbilic. It is well-known that S is totally umbilic if and only if its shape
operator is scalar (cf., §4, Lemma 21 in [3]). The following result gives a characterization of
a pseudo sphere or a time-like plane in M? (cf., §4, Propositions 13, 36 in [3]).

Proposition 2.1. If S is totally umbilic, then S is an open set in a pseudosphere or a
time-like plane.

In order to define the notion of pseudocircles, we introduce the notion of Lorenzian ezterior
products. For any vectors X = (z1,72,23), Y = (y1,¥2,y3) € M3, the Lorenzian ezterior
product (with respect to <,>) is defined to be

XAY = (1‘23/3 — I3Y2,T3Y1 — T1Y3,T2Y1 — mlyz)-

Let v be a non-light-like curve. We may assume that + is parameterized by arclength s. Thus
we have < 4(s),4(s) >= e(y(s)) = £1. We call e(v(s)) the causal character of 4. We can also
define the notion of the curvature k(s) of the curve v by k(s) = /] < 4(s), (s) > |. We define
the principal normal vector N(s) by 4(s) = k(s)N(s) except the point where k(s) = 0. We
call 6(y(s)) =< N(s),N(s) > the second causal character of ¥(s). We also define the binormal
vector B(s) by B(s) = T(s) A N(s), where T(s) = 4(s). We can show that B(s) = 7(s)N(s)
for some function 7(s). We call 7(s) the torsion of vy at s. By the exactly same arguments as
in the case for a curve in Euclidian 3-space, we have the following Frenet-Serret formula (cf.,

[4]):

V) T(s) = k(s)N(s)
(2.1) Vr(s)N(s) = —e(7(5))8(v(s))k(s)T(s) + e(v(s))(s)B(s)
ViroB(s) = 7(s)N(s).
We remark that if the curvature k¥ never vanish then the second causal cha.racter 8(s) is
constant along the curve 7. When the 7 is a plane curve, then we have 7(s) =
We now define the notion of pseudocircle analogous to the notion of mrcles in Euclidian

space E2. Let 4 be a non-light-like curve in M®. We say that + is a pseudocircle if the torsion
7 is always vanish and the curvature k is positive constant along the curve. By Frenet-Serret
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formula, the curve v is a pseudocircle if and only if there exists a positive real number k such
that

(2.2) { 6T(..,)T(.s) = kN(s)

VroN(s) = —e(7(5))8(7(s))kT(s).

We call v a space-like pseudocircle if €(y) = 1 and a time-like pseudocirel if e(y) = —
We also call v a positive pseudocircle if 6() = 1 and v @ negative pseudocircle if 6(y) = 1.
On a time-like plane, the causal characters of the tangent vector and the normal vector are
different, so that we only have three cases those are the positive space-like pseudocircles,
the positive time-like pseudocircles or the negative space- -like pseudocircles. We have the
following characterization of a pseudocircle in M?.

Lemma 2.2. Let v = v(s) be a non-light-like curve in M? parametenzed by arc]ength 8.
Then v = «(s) is a pseudocircle of curvature k if and only if

(2.3) ViVt + ek =0

Proof. Suppose that v is a pseudocircle of curvature k. It follows from (2.2) that
Vi Vit = V5 (kN) = kV;N = —5(7)5(7)k2
If ~ satisfies the condition (2.3), by the Frenet-Serret formula (2.1), we have
Vi Vi ¥(s) =V 9 (k(s)N(s))

=(Vi()k(5))N(5) + k()V 3()N(s)
=(Vi(s)k(s))N(s) — e(1)6(7(8))k(s)*4(s) + e(v)k(s)7(s)B(s).

It follows from (2.3) that

Vi) Via)(s) = —5(7)5(7)k2"7(5)-

Thus we have
Vik(s) =0,
—e(1)8(7())k(s)® = —e(7)6(x(s))k?,
e(7)k(s)r(s) =0,

so that, k(s) = k and 7(s) = 0.

We have the following result which is useful for the proof of theorems.
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Lemma 2.3. Let v = v(s) be a non-light-like curve in M3 parameterized by arclength s.
The v = v(s) is a pseudocircle of curvature k if and only if it satisfies

(2.4) { Vi Vid+e()8(1)k* + Vi0(4,%) — Vio(4,%) = 0

V40(%,%) +30(4, V4) = 0.
Proof. For any 7, we have

Vi Viit+e(MEMEY + V50(3,9) = V5o (4,4)
= V4 Vadte(MEE s + Vo(Vid = Vi) = V5(Vay = Vi)
= Vi Viite(MEME Y + VoVt — Vad - V3V
= Vi Vid+e(mo(E*y — V3V 4.
If v is a pseudocircle, it follows from (2.3) that V;‘,‘%.-,"y = 0, so that the first equation of
(2.4) holds.
We also have
V!yo-(')’a 7) + 30(7’ V‘ﬂ/)
= V#(U('y, 7)) - 20’(V"Yﬁ’a 7) + 30’(’3” V‘Y7)
= Vi(o(,%) + (%, V41)
=V3(Va¥ = V43) + V4Vad — V5 Vs
= V5(Vad = Vid) + Vi Vsd
=V ViA.
It follows from (2.3) that V¥4 = 0.
Suppose that the equalities (2.4) hold for some positive number k, then we have

ViV + e(1)8(1)k?
= Vi(Ts7 + 0(1,4)) + e(E(MF* |
= V4Vt + (3, Vi) + V40(3,4) = Vio(3,4) + Vio(h4) + e(n)s(n)k*4
=o(4, Va4) + Vyo(3,9)
=a(1, Vi¥) + Vio(1,7) + 20(V 47, 4)
= Vio(¥,%) +30(%, V47) =0
It follows from Lemma 2.2 that « is a pseudocircle of curvature k.

We can show that the intersection of a pseudosphere S 12 (r,a) with a non-degenerate plane
is a pseudocircle or a pair of light-like lines.



3. PROOF OF RESULTS

In this section we give proofs of the theorems. The method of the proofs almost follows i
along the line of the proof of Theorem 1 in [2], however, there are some differences from the \
original proof caused by the index of the metric tensor. There are common parts of the proofs ;
for Theorems A and B, so we firstly start to prove Theorem A.

Proof of Theorem A. Let k; be the curvature of v; (¢ = 1,2). Let X, be the common unit
tangent vector of v, and 7, at p. Then X : p — X, defines a vector field on S, which may
not be continuous. Let Y be a unit vector field on S which satisfies < X,Y >= 0 and
< X AY,¢ >> 0, where £ is the unit normal vector field on S. Let X, X, be smooth unit

vector fields on a neighbourhood of 43 U~z such that X; is equal to the unit tangent vector of
4; on v; and X;(p) = X, (i = 1,2). It follows that < Vx;X;, X; >= 0. Thus there exist real
numbers ¢; (i = 1,2) such that Vx,Xi(p) = ¢;Y(p). Suppose that ¢; = ;. Since Vx, X =
Vx; X+ o(X;, X;) (2 = 1,2), and X;(p) = X,, we have Vx,X1(p) = Vx,X3(p). The last
equation means that k; = k(71(p)) = k(vy2(p)) = ka, so that 7; = 7, on a neighbourhood of
p. This contradicts to the assumption (i.e., ¢1 # ¢2).

It follows from Lemma 2.3 that

{ Vxo(X,X) +30(X,c1Y) =

(3.1) Vio(X,X) +30(X,c;Y) =

at each point. Therefore we have o(X,Y) = 0. It follows that < AX,Y >=< ¢(X,Y),{ >=

0. Since dim S = 2, we see that AX is parallel to X. Thus X is (and hence Y is also) a principal
vector at each point. Let A and u be principal curvature and 7; and 7, the corresponding
principal vectors so that An; = An; and Any = pny. Put So = {p € S|A\(p) # p(p)}. f So =0,

then S is totally umbilic. Therefore we suppose that Sy # 0. Then 7; and 7, are smooth
vector fields in some neighbourhood of each point of Sy. Since < 71,72 >= 0, we may assume j
that n; is space-like and 7 is time-like. Since < 71,72 >= 1, we have

(3.2) < Vpn,m>=0 (1=1,2),

so that we may put '

33) | Vit = o and Vo,m1 = By

It follows from < 11,72 >= 0 that

(3.4) < Vansmz >+ <, Vyne>=0 (1=1,2).

We substitute (3.30 to (4.3), then we have < 1,V ,, 72 > a and < 1, V72 >= . Since n;
is space-like, we have

(3.5) Vuun2 = an; and V12 = Bn;.

Put So; = {p € S|X(p) = ni(p)} (¢ = 1,2). Then So = 85,,1USp 2, and it is easily seen that
So C So1 1UIntSp 2 and So C Soz .2 U IntSp ; and hence that So 1 or Sg 2 has interior pomts, or
So,1 or So 2 is dense in Sy. We now dlstmgmsh the following two cases.
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Case 1) So; has interior points or Sp ; is dense in Sp.
Case 2) S, has interior points or Sy ; is dense in Sp.

The situation is different between two cases. In the case 1) both of two pseudo circles
through p are space-like. On the other hand, both of the pseudocircles are positive time-like
in the case 2), so we only consider the case 1).

In this case X(p) is space-like. Since o(X,Y) = 0, we obtain

Viha(m,m) =V;,L,0(771,771) - 20(U1,an771)
=V (A€) — 2a0(71,72)
_vl
_vﬂl(As)
=(Va A+ AV
=(V% AL
It follows from (3.1) and ¢(X,Y) = 0 that
(3.6) 'XO'(X, X) = 0.
Therefore we have VxA =0 on Sg ;. If p is an interior point of Sp 1, then
(3.7 VpA=0
holds in some neighbourhood of p. If Sy ; is dense in So, then, by continuity, (3.7) holds on
So.
We choose an orthonormal frame field e, ez in a sufficiently small tubular neighbourhood
of 4, in such a way that e; = 4, along v;, and put V., e; = ae; and V,e; = be, so that
Ve, e2 = ae; and V., eq = bey. Let (h;;) be the matrix of the shape operator with respect to

€1 and €2 (i.e., —Veif = h,'lel + h,‘zez (Z = 1,2))
On the other hand, we have

Ve,o(e1,e1) — Véa(el, e1) = —(h} €1 + hirhizes)

and

Ve, Ve €1 = a’e; + (Ve a)es.

By Lemma 2.3, we have
{a’er + (Ve a)ea} + 8(11)k%e; - {h}1e1+ hi1hizes} =0,

so that, along 7,

- (3.8) 6(m)k* = —a® + b2,

(3.9) Ve,a = hyrha.

7



It also follows from the second equation of Lemma 2.3 that

V.. o(e1,e1) +0(e1,Ve,e1) = 0.

Since
Vio(er,e1) = Va{< Ve & e1 > €} = (Vi hua)é
and
o(e1,Ve, 1) = o(e1,aez) = —ahyaf,
we have
(3.10) Ve, h11 — ahyz = 0.

We remark that &, 'él' are space-like and §5, e, are time-like. We define 6 such thaﬁ

(3.11) ez =7, sinh 8 + 7, cosh 6.

{ e1 =n1 cosh @ + n2 sinh 6

So we have

Aey =An; cosh 8 + puns sinh 8
{ Aey =An; sinh 6 + uns cosh 6,

we get

hy; =Xcosh?8 — 7 sinhZ 6
(3.12) o hi2 = — (A — p) cosh §sinh 8
haa = — Asinh® 6 + pcosh? 6.

By differentiating (3.11) with respect to e;, we have

Ve, €1 = m{acoshé + Bsinh 6 + V., 6} sinh § + ny{acoshd + Bsinh§ + V., 6} ‘cosh 6.
Since V. e; = ae; = an; sinh § + ans cosh 8, we obtain
(3.13) | a = acoshf+ Bsinh6 + V6.

We also have (Vy, A)(n2) = Vi, (Anz) — AV, m2 = (Vi )02 + (s = M)y and (Vy, 4)(m) =
(Va, A)m + B(A — p)n2. By the equation of Coddazzi (V,, A)(n2) — (Vy, A)(m1) = 0, we have

a(A - p) =Vy,A
ﬂ()‘ - :u) =V771/~"'

Therefore by (3.7),(3.10),(3.12),(3.13) and (3.14) we obtain

(3.14)

(3.15) {3(A = p)cosh -V, 0 —sinh?6 .V, u}sinhd = 0.
1 72

8



We remark that 8§ = 0 at p. Then the point p has one of the following properties:
(A) There exists no sequence {p, € 71|6(pn) # 0} with limp, = p.
(B) There exists a sequence {p, € v1|6(p,) # 0} with lim p, = p.
If p is a point which has the property (A), then it is clear that the integral curve of m;
through p coincides with v; on the connected component of {g € v1|6(¢) = 0} contaamng p.
If p is a point with the property (B), it follows from (3.15) that

(3.16) 3(A = p)cosh8- V., 0 —sinh?8 -V, u = 0.
Since A # u, taking to the limit of (3.16), we obtain
(3.17) Ve, 8 =0.

Applying Ve; to (3.15) and substituting the relation (3.16) into the equation on the set
{pn € 71|0(pr) # 0}, obtain

sinh - V,,u
3(A—n)
+{3(Ve,A = Ve p)cosh 8-V, 64+3(X — p)sinh 6 - (V,, 60)?

+3(A — p)cosh8-V, V., 6 — 2sinhfcosh§ - V,, Vy,pu —sinh?6 -V, V,, u} = 0.

{3(A — p)cosh 8-V, 8 —sinh®0 - V,,u}

Taking the limit of the above equation we have

(3.18) Ve, Ve, 0 =0,

since sinh @ = 0 and cosh@ = 1. It is clear that the (3.17) and (3.18) hold even if p has the
property (A).

It follows from (3 13) and (3. 17) that a(p) = a(p). This, together with (3.8) and (3 12),
yields

(3.19) §(m)k* = —(a(p))* + (A(P)%,

which means that the curvature of v; is 1/6{—(a(p))? + (A(p))?}.
- For 72, by exactly the same arguments as those of v;, we obtain

(3.20) 8(12)k3 = ~(a(p))” + (AP))?,

where k; is the curvature of ;. Until here we have not used the condition that 6(m)é(y2) =
—1. It follows from (3.19), (3.18) and the assumption 6(v;)8(y2) = —1 that we have

(—(a(p))* + (v(Mp))*)* < 0

This is a contradiction, so that So = @) and S is totally umbilic. Since the time-like plane
does not satisfy the condition that §(v1)6(y2) = —1, S is an open set of a pseudosphere.

9



Proof of Theorem B. Since we already proved Theorem A, we may consider the case that
6(71)6(72) = 1. We use the same notations as those of the proof of Theorem A. So our purpose
is to show that Sy = 0. Therefore we suppose that Sy # @, so that we also distinguish the
following two cases:
Case 1) Sy, has interior points or Sp;; is dense in Sp. -
Case 2) Sy has interior points or Sp 2 is dense in So.

Both of the pseudocircles through p are space-like in the case 1) and are positive time-like
in the case 2). For a positive time-like curve, we have 6§ = —1, so that the equations (2.3)
and (2.4) have the same form as equations for a negative space-like curve. It follows that the
almost all arguments for positive time-like curves are same as those for negative space-like
curve. Hence, we only consider the case 1). . ‘

We may use the equations (3.1)-(3.20) for the proof of Theorem B. Since 6(71)6(y2) =1, 1
and 7y, are space-like pseudocircles with the common same curvature y/—(a(p))? + (A(p))?.

Applying V., to (3.13), we obtain V,,a = V,, a at p because of (3.17) and (3.18).

On the other hand, from (3.9) we get V,,a = V¢, a = h11hi2 = 0 at p. Therefore we have
Ve =0 at p. Since p is arbitrary, we get V& = 0 on So 1. If p is an interior point of So 1,
then '

(3.21)  V,a=0

holds in some neighbourhood of p. If Sy ; is dense in So, then, by continuity, (3.21) holds on
So. It follows from (3.21) that

Vo Vaum = Vg, (an) = a®ni.
Moreover, since 7; is a principal vector, we get

< 67]10("71a"71) - V#ﬂ’(’?lﬂh),v >=< 61710("71a 771)7V >-< V,’;}U(fh, "71)’V >
=< Vpo(,m),V >=< V0 6,V >=< (Vi A + AWt £,V >= 2 <V, £,V >
=A< —An,V>=-22<n, V>

for any tangent vector field V' on S. Therefore we obtain
(3.22) Vo Vaem + (—=e? + M) + Vo, 0(n1,m) — Vi, 0(n1,m) = 0.

Furthermore, since V, 11 = ans, it follows from o(X,Y) = 0 and (3.6) that (V}, o)(n1,71) +
30(n1,Vp,m)=0o0n Sy ,. If p is an interior point of Sy s, '

(3.23) | (Vo o)(m,m) + 30 (1, V) =0

" holds in some neighbourhood of p. If Sy 1 is dense in Sy, then, by continuity, (3.23) holds on Sb.
By (3.22), (3.23) and Lemma 2.3, we see that the integral curve of n; through p is a space-like

pseudocircle of curvature /6(n1){—(a(p))? + (A\(p))?}, where &(n1) =< n1,m1 > . By (3.7)
and (3.21), the above curvature is constant along the curve. It is clear that 6(n1) = 6(71)-
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Since we can apply the same arguments to 73, letting 8; (z = 1,2) be the function defined the
same as the function of (3.11), we consider the following cases:
(A);: There exists no sequence {p, € 7i|6i(pn) # 0} with p = limp,.
(B);: There exists a sequence {pn € 7;|0i(pn) # 0} with p =lim p,.

It is clear that (A); and (A); does not occur. If (B); and (A)z, then v; and v, have the
same curvature and the integral curve of n; thorough p coincide with ;. Then we have

~

Vo =V ni +o(n,n1) = ane + AL
Ve, e1 =V e1+ a(er,e1) = aex + h1i€.

Since d = a, A = hy; and n; = e; at p, we obtain 6,,1771 = 66161. This equation means that
71 and 7, coincide in a neighbourhood of p. This contradicts the assumption. By the same
arguments as the above case, the case (A); and (B); contradicts the assumption. If (B); -
and (B)2, then 71, 2 and the integral curve of 7, through p have the same curvature and
hence, we can show that normal vectors for these vectors are the same. It follows that v; and
v, coincide in a neighbourhood of p. This contradicts the assumption, so that Sy = 0. This
completes the proof.
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