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Abstract

We define a Rohlin property for one-parameter automorphism groups of unital
simple C*-algebras and show that for such an automorphism group any cocycle is
almost a coboundary. We apply the same method to the single automorphism case
and show that if an automorphism of a unital simple C*-algebra with a certain
condition has a central sequence of approximate eigen-unitaries for any complex
number of modulus one, then any cocycle is almost a coboundary, or the automor-
phism has the stability. We also show that if a one-parameter automorphism group
of a unital separable purely infinite simple C*-algebra has the Rohlin property then
the crossed product is simple and purely infinite.

1 Introduction

A C*-dynamical system is a C*-algebra with an action of a locally compact group by
automorphisms. To analyse such a system the notion of Rohlin property was introduced
and exploited at least when the group is the integer group Z or perhaps an amenable
discrete group [8, 12, 13, 5, 3, 4, 22, 26, 19, 20]. We here introduce a Rohlin property for
one-parameter automorphism groups; if « is a strongly continuous one-parameter auto-
morphism group of a unital simple C*-algebra A, « is said to have the Rohlin property
if for any real number p € R there is a central sequence {vn} of unitaries in A such that
o(vs) — €P'v, converges to zero uniformly in ¢ on every bounded subset of R. In this
case the spectral projections of v, would be periodically transformed, in a sense, under oy
with period 27 /p; so this is an analogue of the Rohlin property for single automorphisms.
The main result (Theorem 2.1) will show that then for any a-cocycle u, i.e., a continuous
family u(t) of unitaries with u(s)a,(u(t)) = u(s+1), s,t € R is almost a coboundary, i.e.,
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has a sequence {w,} of unitaries with w,a,(w?) — u(t) uniformly in ¢ on every bounded
subset of R. (Here a small condition on u should be imposed; see 2.1 for details.) The
only natural examples we can give of one-parameter automorphism groups with the Rohlin
property are on simple non-commutative tori (Proposition 2.5). (Others may be obtained
by considering infinite tensor products.) Note that any one-parameter automorphism
group of an AF algebra does not have the Rohlin property since K is trivial (the unitaries
{v,} above must give non-trivial elements in K;). This is very much different from the
 situation for single automorphisms [20]. We also note that the crossed product by a one-
parameter automorphism group with the Rohlin property must be simple (Proposition
2.4).

We employ a similar method to show that if an automorphism « of a unital simple
(C*-algebra with a certain condition (which is satisfied by AF algebras and by purely
infinite C*-algebras if a. = i¢d on Kj), has the property that for any complex number X of
modulus one there is a central sequence {v,} of unitaries such that a(v,) — Av, — 0, then
for any unitary u in the connected component of 1 of the unitary group of A there is a
sequence {w,} of unitaries such that w,a(w?)—u (Theorem 3.2). If the C*-algebra is AF
and the automorphism induces the trivial action on K, the above property is equivalent
to the Rohlin property. (This is perhaps not surprising because the Rohlin property may
be obtained by the property that any non-zero power of the automorphism is not weakly
inner in any tracial representation [20], which follows easily from the above property.)

If a one-parameter automorphism group a has the Rohlin property then there are o-
covariant irreducible representations [17]. If the C*-algebra has real rank zero and satisfies
the condition referred to above, we shall show that there is a decreasing sequence of almost
o-invariant projections whose limit is a minimal projection in the second dual (Theorem
4.1). (A similar result for single automorphisms with trivial action on Ky can be obtained
by using part of the arguments for 4.1 if the automorphism satisfies the property that
all non-zero powers are outer; a substantially weaker property than the Rohlin property
in general.) We have an example of one-parameter automorphism groups where the
conclusion of Theorem 4.1 does not hold. (In this example «; is inner.) Then we shall
show that the crossed product of a unital separable purely infinite simple C*-algebra by a
one-parameter automorphism group with the Rohlin property is simple and purely infinite
(Theorem 4.8).

2 One-parameter automorphism groups
Let A be a unital C*-algebra and let
A% =1*(N, A)/co(N, A)
which is a unital C*-algebra; © = (z,) + ¢(N, A) has norm limsup||z,||. Embedding

A into [*(N, A) by z—(z,z,...) and also into A%, we denote A® N A’ by A,. Let o
be a strongly continuous one-parameter group of automorphisms of A; then « acts on



[*(N, A) in the natural way and leaves ¢o(IN, A) and A invariant. Let
[P(N,A) = {:c.e [®(N, A); t—a;(z) is continuous}
which is a C*-subalgebra of {**(N, A) containing co(IN, A) and A, and let
AT = [F(N,A)/co(N,A), Awe=ATNA.

By an a-cocycle u in Ay, , we mean a continuous family u(t), ¢ € R of unitaries in Ay o
such that for s, € R
u(s)as(u(t)) = u(s +t).

For a unitary u € A, if v is in the connected component of 1 of the unitary group of A,
let [{u) be the infimum of the lengths of rectifiable paths from u to 1 and otherwise let
l{u) = oo. If A has real rank zero, then either {(u) < 7 or I(u) = co [24].

Theorem 2.1 Let A be a unital separable simple C*-algebra and let o be a strongly con-
tinuous one-parameter automorphism group of A. Then the following conditions are equiv-
alent:

1. For each p € R there exists a unitary v € Ag o such that ay(v) = e'Pv.

2. For each a-cocycle U in Ag,o such that t=1(u(t))—0 as t—0, there exists a unitary
W € Ao such that u(t) = way(w*).

In this case for each a-cocycle u in A such that 1= l(u(t))—0 as t—0, there is a sequence
{wn} of unitaries in A such that ||u(t) — wya(w?})||—0 uniformly in t on each compact
subset of R. '

A one-parameter automorphism group o of a unital simple C*-algebra A is said to
have the Rohlin property if « satisfies the condition (1) in the above theorem.

Let T be a subset of A. We say that T is equicontinuous with respect to o if the
family of continuous functions t—eay(z) with z € T is equicontinuous, i.e., for any € > 0
there exists a § > 0 such that if |t] < § and z € T, then |jas(z) — z|| < €.

Lemma 2.2 Let u(t), t € R be a continuous family of unitaries in Ay, . Then there ex-
ists a sequence {un(t)} of continuous families of unitaries in A such that (u(t), uy(t),...)
represents u(t), {un(-)} is equicontinuous on every compact subset of R and {u,(t)} is
equicontinuous with respect to o for eacht € R. Moreover if u satisfies that ||u(s)—u(t)|| <
C|s — t| for distinct s,t € [~r,r] with some C,r > 0 then {u,} can be chosen so that
lun(s) — un(t)|| < Cls —t| for distinct s,t € [—r,r], for all sufficiently large n.

Proof. For each t € R there is a sequence {z,} in A representing u(t¢) such that z,’s
are equicontinuous with respect to a. Since zz,—1 and z,z}—1, u, = z,|z,|! is well-
defined for large n and {u,} satisfies the same properties as {z,,}. Thus we can assume
that z,’s are unitaries.



For each t € R let {&,(t)} be a sequence of unitaries in A representing u(t) such
that @,(t)'s are equicontinuous with respect to o. Let ny = 0. For each k € N we
choose an n, € N such that ny > n,_; and if s,¢ € [~k, k] satisfies |s — | < 27" then
llu(s) — u(t)|| < 1/3k. Let mg = 0. Then we choose an m; € N such that m; > m_; and
for any | > my, and s,t € P, = {j € [-k,k] | 2*j € Z}

ln(s) — @@l < lfuls) — u(o)ll +1/36.
For [ with my <1 < myy, and s € Py define by, = hf, € A of small norm by
» ’&1(3 + 2_7”‘) = eih'»’ﬂl(s).

Let
u(t) = e oiy(s), 1 € [s,8 + 27,
w(t) = w(-k), t £ —k, and w(t) = k), t > k. Thus we obtain the continuous
functions u, on R for n > m;. We assert that {u,} satisfies the required properties.
For t € 27™Z with m € N, {u,(t)} represents u(t). Let s,t € R. For a sufficiently
large k with s,t € [—k, k] we have that for n > my, o

lun(s) = ua(Oll < MNuua(s) = un(s + llua(s") = walt')l] + lfun(t') = wa(2)]
< luls) —u(®)l| + 1/k

where s',t' € P with |s —s'| < 27, |t — /| < 27". Hence {u,(-)} is equicontinuous on
each bounded interval of R. In particular {u,(t)} represents u(t) for each ¢ € R.

If s € 27™Z with m € N, then {u,(s)} is equicontinuous with respect to a. Since
{un(-)} is equicontinuous, this is the case for any ¢ € R.

To show the last assertion choose an increasing sequence {nj} such that for n €
{ng,me +1,...,np41 — 1} and [ = =2F + 1, -2k 4 2,..., 2k,

en = J[un(r25(1 = 1)) — un(r2=0)|| < Cr2~*.
Suppose that Cr2=* < 2. We define u/, by: For ¢t € [r27%(1 — 1),727%]],
u;(t) — ez’(z"t—r(l—l))/r-hun(rz—k(l _ 1))

where h is defined as before by log(u,(r2=*{)u,(r2-*(I — 1))*) with branch along the
negative real axis. Then since ||A|| < 2arcsine¢,/2, the new {u,} satisfies the required
properties.

Lemma 2.3 Let A be a unital simple C*-algebra and let {v,} be a central sequence of
unitaries in A such that for any € > 0, Sp(v,) + (0,¢) = T (regarded as R/Z) for all
sufficiently large n. Define a linear map of the algebraic tensor product A ® C(T) into A
by

Pn(a ® f) = af(vn).
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Then {¢,} is an approzimate homomorphism, i.e.,

I|¢n(x)* - ¢n(w*)”7 ”(7571(1':’/) - ¢n(w)¢n(y)”
converge to zero for any z,y € A ® C(T), and for any x € A® C(T),
lim ||¢n ()] = ||=||
where ||z|| is the C*-norm of x € A ® C(T).

Proof. 1t follows by easy computations that {¢,} is an approximate homomorphism.
Then the map  — (¢1(x), #2(z),...) defines a homomorphism of A ® C(T) into A* and
50 '
7(z) = limsup || ()|
defines a C*-seminorm on A ® C(T). (See [23, 9] for similar arguments.)
Let I be an open interval in T and let for a € A

§(a) = sup{y(a® f)| 0 < f < x1}

where xr is the characteristic function of 1. Then it follows that é is a C*-seminorm on
A. Since §(1) = 1 by the assumption on Sp(v,) and since A is simple, it follows that
6(a) = ||a||, a € A. ' ,
Note that any non-zero closed two-sided ideal of the tensor product A® C(T) contains
a non-zero element a ® f. If v is not a norm, there is a non-zero element ¢ ® f such that

v(a*a® f*f) = 0.

Since f*f dominates cxy for some ¢ > 0 and I # {, this contradicts that § is a norm.
Since A ® C(T) has a unique C*-norm, we obtain that -

z) = lz||, z € A® C(T)
which suffices to conclude the proof.

Proof of Theorem 2.1

For each p € R, ¢ > €' can be regarded as an a-cocycle in Ay . Thus (1) is a
special case of (2). We shall prove that (1) implies (2).

Let u be an a-cocycle in A, and € > 0. First we choose an NV € N so that [(N)/N <
€. Let {u,(-)} be a sequence of continuous families of unitaries which represents u as in
Lemma 2.2. Then it follows that

Un(8)ets(un(t)) — un(s +1)

converges to zero uniformly in s,# on each compact subset of R. Here we may suppose
that u,(0) = 1 and l(u,(N)) < eN. We choose a sufficiently large n € N so that for
s,t € [0,2N], | |

l[un(s)es(un(t)) — un(s + )|l <,
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and we let U = u,,. By Lemma 2.2 we may further assume that there is a continuous
family z(t),t € [0, N] of unitaries such that #(0) = 1, #(N) = U(N) and for distinct
s,t € [0, V]

l[z(s) — 2(1)]| < e|s — .

Define a unitary W in A ® C(T) by
W(s) = U(Ns)an(s-1)(z(Ns)")

for s € [0,1]. Since W(0) =1 = W(1), W is in fact in A ® C(T).

Define a one-parameter automorphism group v on C(T) by (% f)(s) = f(s —t). Sup-
posethat 0 < s<land 0 <t < N. If Ns>t, then

(War @ yyn(W*))(s) = U(Ns)an(e-1)(z(Ns)*z(Ns —1))ey(U(Ns — t))".
Since |jz(Ns)*x(Ns—t) — 1|| < et and ||u(Ns) — U(t)as(U(Ns — t))|| < ¢, it follows that
C Wa @ qyn(W)(s) = U@ < et +1).

If Ns <1, then |
(Wai @ 3m(W)(s) = UNs)an(-(a(Ns) Jawa(z(N + Ns = 0)a(U(N + Ns = "),
Since ||z(Ns) — 1|| < eNs and ||[z(N + Ns —t) — U(N)|| < €(t — Ns), it follows that

NWet @ yn(W*)(s) —U@N < e +[|U(Ns)an,(U(N))ow(U(N + Ns — t))" = U(t)|
< €(t+2).

Hence we obtain for ¢ € [0, N]

IIWO{t ® y/n(W*) = U@®) ® 1| <e(t+2).

By (1) there is a unitary v € Ae o such that a;(v) = e=2*/Ny, Let {v,} be a sequence

of unitaries in A representing v such that {v,} is equicontinuous with respect to a. We

define a linear map ¢, of A ® C(T) into A by
¢n(a ® f) = af(vn)

as in Lemma 2.3.
Note that for « € A and f € C(T)

$rnoa: @yn(a® f) = 'at(a)f(e_zmmvn) ~ a(af(va)),
i.e., for r € A® C(T), |
lim ”d’n oa:® '7t/N(w) — 00 ¢n($)” = 0.
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Wefinda W, € A® C(T) C A® C(T) such that |W; — W| < e and find an n € N
such that for ¢t € [0, V),

6n(W1)én(WT) — 1| < e+ ||WHWY = 1],

|6 (W) en(Wh) — 1| < e+ [[WyW, — 1],

l|én 0 ot @ ye/N(W1) — s 0.9 (W1)|| <€, :

|6a(W1)on 0 ct @ Yeyn(W') — du(Wha @ yyn(Wi)|| <€,

[6a(Wace @ (WD) — $a(U(1) ® )] < €+ [Wraxe @ /(W) — U(0) @ 1],

Then for W = ¢,(W;) we obtain that

IWor(W*) —U@DIl < e+ [|6a(Wi)én 0 s @ yyn(Wi)* = U())

| < 2+ || da(Wice ® vyn(Wp)) — 6.(U(t) @ 1))
< Be+ [Wier @ yyn(Wy) = U(t) @ 1|
< et [[War @ vyn(W™) = U(t) @ 1]
< Te+ et.

Since W is close to a unitary, the unitary w obtained by the polar decomposition of W
has the desired properties.

For each sufficiently large n we specify N, z(t) and v,, and then construct w, = w in
the above way. If A is separable, it is easy to make {w,} central. (We have assumed the
separability only for this reason.) This concludes the proof of (1)=>(2).

The last statement follows from the same proof as above. We do not need the separa-
bility for this statement.

Proposition 2.4 Let A be a unital simple C*-algebfa and let o be a strongly continuous
one-parameter automorphism group with the Rohlin property. Then the crossed product
A x R is simple.

Proof. The dual action & of R on A x R is defined by &,(a) = a, &,(N\) = €)X
where ¢ € A and the canonical unitary group A implementing « on A are elements
in the multiplier algebra. Then it soon follows that each &, is approximately inner, i.e.,
&y = lim Adu,|A x R where {u,} is a central sequence of unitaries in A with lim ||as(u,)—
e~"?yu,|| = 0 uniformly in ¢ on every compact subset of R. Hence any closed two-sided
ideal of A x R is left invariant under &. Since A is simple, this implies that A x R is

. simple.

Proposition 2.5 Let A be a simple non-commutative n-torus, i.e., the universal C*-
algebra generated by n unitaries uy,...,u, with wu;u} uj = e*i%i]1 € C1 such that the
anti-symmetric matriz © = (6;;) satisﬁes that Om ¢ Z" for any non-zerom € Z". Let «
be a one-parameter automorphism group of A such that

2mepst

au(uj) = ity



and any oy with t # 0 is not inner, i.e., (2" + OZ™) N Rp = {0} with p = (p1,- e pa )
Then o has the Rohlin property. ‘

Proof. This is noted in [18] in a different context. Let ¢ € R. We shall find a sequence
{m} in Z" such that
dist(©@my, Z")—0, p'mi—q.

Then the sequence of unitaries

Mgy, ME2

TR VM THE R T

is central and satisfies that cy(u™*) — ¥ i@tymk — (.
This follows since

G = {(Om + k,p'm)| k,m € Z"}

is dense in R™**. To prove the density of G suppose that G # R™*', Then since G is a
subgroup of R™*!, there must be a non-zero ¢ = (&,&;) € R™ x R such that (£,9) € Z
for any ¢ € G, i.e.,

<_®€03 m) + (601 k) + <€1pa m) €Z

which implies that {; € Z" and
(—B& + &ip,m) € Z.

Then it follows that & # 0 and &,p € Z™ + OZ", a contradiction.

3 Single automorphisms

Let A be a uni’té,l C*-algebra and let o be an automorphism of A. Let

Aa ={f € C[0,1]® A F(1) = (f(0))}-

Condition 3.1 There is an increasing function f : Ry—Ry such that for any u in
the connected component of 1 of the unitary group of A, there is a continuous path
iy, s € [0,1] of unitaries in A, such that @, = u, @ = 1, and the length /(@) of @ is
bounded by f(L(u)) where L(u) is the length of u(s), s € [0,1].

We shall consider this condition later in Propositions 3.4 and 3.5.

Theorem 3.2 Let A be a unital simple C*-algebra and let & be an automorphism of A.
Suppose that Condition 3.1 is satisfied and that for any u € T there is a unitary v € Ay
such that a(v) = pv. Then for any u in the connected component of 1 of the unitary
group of A there is a sequence {v,} of unitaries in A such that v = limv,a(v}).



Proof. Let u € A be a unitary in the connected component of 1 and let u(l) = u
and u(k) = ua(u(k — 1)) for k = 2,3,..., i.e.,, u is an a-cocycle in the sense that
u(k)ak(u(m)) = u(k +m) for k,m € Z. Let vy be a rectifiable path of unitaries in
A such that

'U()(O) = 1, '00(1) = u.
Let, for k=1,2,...,n—1,

vp = u(k)aF(ve) € C[0,1] @ A.

Note that s € [0,1] = wvo(s-)*vo(s)(n)a™(vo(s -)) is a path from 1 to vju(n)a™(v) in the ~

unitary group of A,, where vo(s)(n) is defined in the same way as u(n), based on vy(s) in-
stead of u, and that the length L({vju(n)a"(v)) as a function on [0, 1] is at most 2/(vp), in-
dependent of n. Using Condition 3.1 let wy = 1,wy, ..., Wyeg, Wp_g = a~M(viu(n)a™(vg))
be a sequence of unitaries in A, such that

lwk — witll < C/n, k=1,2,...,n—1,
where C' = f(2l(vg)). For k =0,1,...,n—2let @ € C[0,1] ® A be a unitary such that
Wi (t) = wi(t), t €]0,1/2],
Wi (1) = we1(1),
||tx — wi]| < C/n
and let w,_; = w,_;.

Let ©r = via*(@}). We define a unitary v € C(T) ® A as follows: for ¢ € [k/n,(k +
1)/n),

’U(t) = f)k(nt - k‘)
Then v is indeed continuous in ¢ € T because for k = 0,1,...,n — 1,

k(1) = u(k)a®(u)a* (wrs1(1)") = u(k + 1ok (i1 (1)7)
Dk41(0) = u(k + 1)a™* (wi11(0)") = u(k + 1)a¥ (wi11(1)*)
and

%(0) =1

Bp-1(1) = u(n — l)a”"l(u)a_l(u*u(n)a"(u)) = u(n)o " Hu*u(n + 1)) = 1.
Note also that

Opna(%) = k41 (D] Ja(vpa® (Wi))"

= u(k+ 1)ak"'l(vo)ak“(t?),’:H@k)ak"']'(vg)a(u(k)*)

vy V1™ (W2 _,))*

50“("7;-—1) v
’ voWpe” (Wn—1)a"(vg)a(u(n — 1))

Vo Wy Vg U.



Thus it follows that
lo(t)a(v(t — 1/n)) — u]| < 3C/n.

Let {u,,} be a central sequence of unitaries in A such that ||a(u,; ) —e=?"/"u,,||—0. Define
a linear map ¢, of A® C(T) into A by

Pmla ® f) = af(um).

Since |lva ® y1/n(v*) —u @ 1|l < 3C/n and ¢p 0 a ® Y1/ = @ 0 ¢y, we have, as in the
proof of Theorem 2.1, that for a sufficiently large m, a unitary w which is close to "¢, (v)”
satisfies that

lwa(w*) — u|| < 3C/n.
This concludes the proof

We have not proved an obvious adaptation of Theorem 2.1 to this case, i.e., the
equivalence of the following two conditions:

1. For any 4 € T there is a unitary v € A, such that a(v) = pv.

2. For any u in the connected component of the unitary group of A, there is a unitary
v € Ay such that u = va(v*).

To prove this we would need an obvious condition involving central sequences which is
stronger than Condition 3.1, and which we could not prove unless A is an AF algebra.
We shall now consider Condition 3.1.

Lemma 3.3 Let A be a unital C*-algebra of real rank zero and let u(s), s € [0,1] be a
continuous path of unitaries in A with [u(0)] = 0 in K{(A). Then for any € > 0 there is
a continuous function h of [0,1] into the self-adjoint part of A such that for all s € [0,1]

llu(s) — eih(’)|| < €

Furthermore if u(0) = 1 = u(1), then h can be chosen such that h(0) =0, e*V) =1, and
|R(®)|] < Cil(u) + Cy where Cy and C, are constants independent of u (depending on ¢).

Proof. For any € > 0 there exist a § € (0,¢/2) and N € N such that if |jug — u;|| < § with
ug, u; unitaries of finite spectra, the unitaries

2N-1
G = Y. e"™*NP([k/2N — 1/4N,k/2N +1/4N))

k=0

where P;(-) is the spectral measure of u; on T, can be connected by a continuous path
i; of unitaries such that || — u;|| < €/2, Sp(@%,) is finite, and G = {(¢,A)| A € Sp(i)}
looks like: .

10



t

Some of the end points may not exist (all e™*/¥’s may not be eigenvalues of Sp()); so
some line segments should be removed from the above picture (cf. [2]; here we have used
freedom to change the pattern of eigenvalues slightly). In particular, (0, e™*/N} may be
connected to at most four points of (1, e"ik/N+"il/N), [=-2,-1,0,1,2in G as t increases.
Let L be the length {(u) of u. If M € N satisfies that L/M < § < L/(M —1) one
finds a sequence to =0 < #; <ty < -+ < 3 = 1 such that for 8,1 € [ti1, 1]
l[u(s) —u(@®)|| < 6.

Then composing the @ constructed for the pair u(ti-1),u(t;), we obtain a path i(s), s €
[0,1] such that [lu(s) — @(s)|| < € and G; = {(,A)| ¢ € [ti_s, 4], ) € Sp(i(t))} satisfies
the condition as above. Then starting from A(0) = —ilog #(0) with ||2(0)]] < 7 we can
continuously define 4(t) = —ilog @(t); the definition of A(t) (or the eigenvalues of h(t)) is
by no means unique and in general the spectral projections of h(t) are finer than those of
w(t). '

To be more precise, if @(t) = ¥; pi(t)pi(t), pi(t)’s are projections with Yipi(t) =1,
and p;()’s are mutually distinct at a neighbourhood of ¢ = #y, A(t) may be defined as

| SN (—iloguit) + 2k)pilt) (%)

in that neighbourhood, where ¥ is the sum over a finite set of integers, log u;(t) is defined
as a continuous function, and p;x(¢)’s are projections with 2k pir(t) = pi(2).

If pi(t)’s are mutually distinct for ¢ < ¢, except for py;i_1(to) = pai(to), and u(t) =
2; pi(t)pi(t) for & > 2o where pii(to) = paio1(to) = pailto) and pl(to) = paii(to) + pai(to),
then k() is defined up to ¢ = ¢q as in (*) and by assuming log uai_1(to) = log py(t), A(2)
may be defined as ' '

2.2 (~ilog pi(t) + 2mk)plu(t) ()
ik
where p,(t)’s are projections with Y pii(t) = pi(2). :
I 4(t) = X, uf(2)p!(t) for t > ¢4, p!/(t)’s are projections with i pi(t) =1, pf(t)'s are
mutually distinct for ¢ > #, except for pj;,,(to) = pli(to) = pi(to), then h(t) is defined

11



up to t =ty and Yj pir(to) = Phip1(to) + Phi(te). Let 3 < o be close to {y. By the Riesz
decomposition property, we find subprojections g;x of p}(f) such that

Pik(t1)] = lg2irre] + [g2i),
> g = Pl (to).
%

Then we find a path p;x(t), t € [t1, 0] of projections from pix(t1) to gaiy1,k + G2k at £ = 1o
for each k such that Y4 pir(t) = pi(t). By using these paths we change h(t) for ¢ € [t1, to]
keeping the relation i(t) = e’*®). Then we can continue to define A(t) for t > to by finding
paths pfj(t) such that pi(to) = ¢ix and Ly pix(t) = P/ (). '

If u(0) = 1 = u(1), we assume that #(0) =1 = %(1). Starting with ~(0) = 0, we can
estimate the norm of h(t): If t,_; <1 < 1y,

|A()|| < 27k/N
and hence for any t € [0, 1]

: 27 2T
< < SLLEY LN
|R()|| < 2rM/N < 2n(L/é + 1)/N = 6NL + i

We note that if Ky(A) is totally ordered, then the above h can be defined in a unique
way by requiring that the ramification can occur at most on one eigenvalue of (t).
(This requirement makes the choice of subprojections ¢;; unique when we use the Riesz
decomposition property in the above proof.) In this case if u(0) =1 = u(1) we have that
k(1) € 27Z1.

We also note that if A is purely infinite and simple, we can also impose the above
requirement, though in this case this does not remove the freedom we have when applying
the Riesz decomposition property. (If Sp(i) is full, we can use this freedom to control the
norm of A(t) to just over 7.)

Proposition 8.4 Let A be a unital simple C*-algebra of real rank zero such that A has
a weakly unperforated ordered group with the Riesz decomposition property as Ko(A).and
has the cancellation property. Let a be an automorphism of A such that o, = id on

Ko(A). Then A, satisfies Condition 3.1.

Proof. Let u € A, be a unitary with [¢] = 0. Since u(0) can be approximated by a unitary
of finite spectrum, we may assume that Sp(u(0)) is finite. Let A = A™ € A be such that
|2l < 7 and u(0) = €. Let :

us(1) = u(t)e—i(l—t)ah-z'tsa(h).

Then ug = u, u;(0) =1 = u;(1), the length of u,, s € [0,1] is ||A||, and the length L(u,)
of u; as a function on [0,1] is at most 2||h]| greater than L(u). Hence we may assume
that u(0) = 1 = u(1) and we can regard u as an element of (SA)* = (C(0,1) ® A)*.

12



Suppose that u,, s € [0,1] is a path from u to 1 in the unitary group of A,. By
Lemma 3.3 u,(1) can be approximated by e**(*) with ~(0) = 0 and e?*!) = 1. Hence there
is another A'(s) with ||A'(s)]| = 0 such that

u,(0) = e p/(0) = 0 = B(1).

By replacing u, by o

t 1 uy(t)e 1N () =ita(h!(s)) g=i(1-t)h(s)—ita(h(s))

‘we can assume that u,(0) = 1. Thus u is connected to

w1 e—il=th(1)=ita(h(1))
in (SA)*. Let (1) = 3, 2rkpy, where {p;} is an orthogonal family of projections in A.
Then the class of u’ is equal to

Z; klpk] — Zk: kla(pe)] =0
in K1(SA) which is identified with Ko(A), where we have used that [py] = [a(p))]. Hence
u (with u(0) = 1 = u(1)) is connected to 1 in the unitary group of (SA)*.

By applying Lemma 3.3 to u with ¢ = 2, there are continuous functions A, A’ of
[0,1] into the self-adjoint part of A such that k(0) = 0 = A/(0), A(1) = 0, ||A(2)|| <
CiL + Cy, ||R'(®)] < 7, and : '

u(t) = ) O,

Note that u and the unitary v defined by v(t) = e™® can be connected by a path
of unitaries in (SA)* of length at most = and that v and the unitary w defined by
w(t) = ¢! can be connected by the path of unitaries {1 =)A(t-+isth(1) ywhose length is at
most 2(Cy L+ Cy). We shall now show that w can be connected to 1 by a path of unitaries
in (SA)* of length at most 47(C,L + C,). v
Let
X
h(1) = > 2rkpy
, k=-K
where {p;} are mutually orthogonal projections in A and |K| < C{L + C,. Since [w] =0
in K;(SA), we must have that '
. > k] =0.

Let Ko be the maximum [k| with p, # 0. If Ko = 0 then (1) = 0 and there is nothing to
prove. If K > 0, suppose that px, # 0. Since

-Ky

Kolpro] + Y k] <0

k=-1

13



it follows that

- Iﬁ'g

Kolpx,) < Ko Y [p4]-
k=-1
Suppose that [px,] < T2 [px] which follows from the strict inequality in the above
formula by Ky(A) being weakly unperforated; then there are subprojections g, of p; for
k=-1,...,—K, such that

I\"o
[pro] = 3 lasl-
k=-1 )
By using the cancellation property we then find a partial isometry W such that
—Ko
WW* = pg,, WW =) q.
k=-1
Let
~Ko ~Ko
Up = cos0(pxy + D qr) +sin0(W — W) +1—pro — > .
k=-1 k=—1
Then '
U0627rz'tp;(0 U; eith(l)—27ritp;{0
connects w to e** where
Ko-1 -1 -1
h'=2r Y kpr+2r Y k(pr—qr) + 21 Y (k+1)gi+ 27(Ko — 1)(pr, + PRo-1)-
k=0 k=—Ko -Ko
If [pxo] £ i [pkls i-e., Ko > 2 and Kolpro] = Ko X522, [pi] which implies that
pr = 0 for k = —1,...,~Ko + 1, let p, be a non-zero subprojection of pg,. Then

[Pk,] < [P-k,), and we apply the above procedure with py, in place of px,. Then we
again apply the above procedure to the resulting A’ with px, — pk, in place of pg,, to

g ;. " .
transform e to eft"” with K
1

R = 2rm Z kp}
k=-Ko

with no Ky’th term.

If p_k, # 0, we can use a similar argument to remove the — Ky'th term. By repeating
this argument we find a path of unitaries which connects w to 1. Since each argument
requires a path of length 7, the resulting path has length at most

4K~ S 47!'(01[/ + 02). :

Proposition 3.5 Let A be a unital purely infinite simple C*-algebra and let o be an
automorphism of A such that o, = id on Ko(A). Then A, satisfies Condition 3.1.
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Proof. A purely infinite simple C*-algebra has real rank zero [28] and satisfies that any
non-zero projections p and ¢ are equivalent if [p] = [¢] in Ko(A) [11]. Hence this can be
proved in the same way as Proposition 3.4.

Actually this case is simpler. When we apply Lemma 3.4 in the proof of the above
proposition, we impose the extra condition indicated just after the lemma, and we obtain
the self-adjoint A which may end up with

h(1) = 27xkp + 27(k + 1)q

where p+ ¢ =1 and '
k[p)+ (k+ 1)[g] = 0.

We have to estimate the length of a path which connects w : w(t) = e**(1) to 1. Suppose
k > 0. Then since [p] = (k + 1)[1], we find k£ + 1 non-zero subprojections ey, ..., €54
of p such that e; + +--ex41 = p and [e;] = 1. Then w and the unitary y defined by
y(t) = e2r(k+H1-e1) can be connected by a path of length k7. Since [1 — e;] = 0, y can be
connected to 1 by a path of length (k + 2)x. Thus the estimate is (2k + 2)7 = 2||A(1)|.
The other case can be treated in a similar way.

4 Real rank zero C*-algebras

Theorem 4.1 Let A be a unital separable simple C*-algebra of real rank zero and let o
be a one-parameter automorphism group of A. Suppose that o has the Rohlin property
and that A has a weakly unperforated ordered group with the Riesz decomposition property
as Ko and satisfies the cancellation property, or A is purely infinite. Then for any ¢ > 0
there is a decreasing sequence {e,} of projections in A and an a-cocycle u in A such that

Adu(t) o ai(en) = e,
Ju) =1l < e, t&o,1l

and the limit of e, in the second dual A*™ is a minimal projection.

Proof. Let {z.} be a dense sequence in the unit ball of the self-adjoint part of A. Let
€>0 ¢ = 1,09 = @, and ug(t) = 1 for all t € R. We shall construct a decreasing
sequence {e, } of non-zero projections in A and a sequence {u, } with u, an o Y-cocycle
such that

un(l - en—l) =1- €n—1,
llun(t) = 1] < 27", ¢ € [0,1],
o™ = Adu,(t) o o{" Y,

agn-n(en_l) = €pel,
D, (entmen) <1/n, m=1,2,...,n,
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where if e is a projection in A and % is a self-adjoint element of eAe, D.(h) denotes
max o.(h) — min o.(h) with o.(h) the spectrum of h in eAe. If this is done let

u(t) = Jim, un(t) - wi(t)

which exists for all ¢ € R, is an a-cocycle, and satisfies
llu(t) — 1] <€, t €10,1].

Note also that Adu(t) o as(en) = e, for all n. Let ¢ be a state of A such that ¢(e,) =1
for all n. Then by the condition that D, (e,ze,) — 0 as n—0, ¢ is uniquely determined.
Thus ¢ is a pure state, which proves that lime, is a minimal projection in A**.

Suppose that we have constructed e;’s and u’s up to k =n — 1. Let 8 = a1 and
let to > 0 be such that for ¢ € [0, %),

1Be(zm) — x|l < 1/2n

for m = 1,2,...,n. Let N € N and é > 0. Then by Lemma 4.2 below we find a
non-zero projection p in e,_; Ae,_; such that D,(pB_i(zn)p) < 6 for m = 1,...,n and
!=0,1,...,N. Noting that all non-zero powers of B, are outer and applying Lemma 4.3,
we may further assume, by replacing p by a smaller projection, that if £,/ =0,1,...,N,
and k # [,

1Brte ()2 B (D) < 8

for m = 0,...,n where z, = 1. By Lemma 4.4 below we find an orthogonal family
{g0,q1,-- - ,qn} of projections and a unitary v such that

Go = P,
v(l —en1)=1—e€p_q,
Advo By (ge-1) =g, k=1,..., N,
|| Bkto (P) — qill < €(6,N), k=0,...,N,
llo— 1]l < (6, N),
where €(6, N)—0 as 6—0. Let {¢;;} be matrix units such that

qii = qi,
qi; = Advo Bto(%'—l,j—l)a 6,j=1,...,N.
Let
N 1 g_:o &

Then E is a projection in e,_;Ae,_; and satisfies that
|E — B (Bl < 2/\/J_V+ 2¢(6,N)= ¢
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and that for Ay € o, (qxTmar),

1 N
|EzmnE — (]\,—4_—1 Z;AI)EH
< Y il + s 3 Gy — (e 3 A E]
=N 1) oy Gr1Tmqi; (N+1)? Gkl Tm i N+1& !
1

< (N +1)%+ llm > ari(@m = M)ay |

N
S (N4126+ > Dy (qizmar)

=0

where 6’ = 6 + 2¢(6, N) and

DQI(QImeI) ‘ < Dp(pﬂ—lto(wm)p) + 36(67 N)
' < 6+ 3e(6,N).

Thus we have that
Dg(EznE) < (N +1)(N + 2)(6 + 3¢(6,N)) = ¢,.

Both ¢ and ¢; defined above can be made arbitrarily small by making N sufficiently large
and then § > 0 sufficiently small.
By Lemma 4.5 there is a 8-cocycle u such that

Adu; o 3:(p) =p.
Let v(0) =1 and let for £ =1,2,...
v(k) = vBy(v) -+ By H(v)
and define

N
wy = Z:ﬂt(v(j))ﬂjto(ui‘p)v(j)*-

Since Bs(v(7))Bit, (uip)v(j)* is a partial isometry with initial projection ¢; and final pro-
jection Bi(g;), w; is also a partial isometry. Note that

B} = Sy 30 Bo)) B (i) 0503 B ) B 0(5)°)

We assume that
q10 = vuz p.
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Then
go = Adv(i—-1)o /B(i—l)to(QIO)Adv(i —2)o ﬂ(i—mto((ho) o
= U(i - 1)5(:‘—1)130(Q1o)ﬂ(z‘—2)to(v*fho) “+ Bro(v™q10)v " q10
= oi)ul p
and so
Gij = v(2)uf;, Puje,v(s)"
By using this we obtain that

wkwy = ; 125t ) Bitg (U7 P s, P10 Bito (uy p) Be(v(5)")

= N-I— 1 Zﬂt zto+tpujto+t,8t(v(j)*)
= N—I— 1 Zﬁt ﬂt(uzto)ﬂt(p)ﬁt(uﬁo)ﬂt(v(.}) )
= B(E).
Note that
Wy E = Z ﬁt ﬂzto(u o ) ;opu't v(j)*
0 N + 1 t] = 0 t 1 210
1
= N+1 +1 Z“ v(i + 1)u(z+1)topuﬁo v(g)"
and so -
1 N
thoE E= m — (N + l)u(N+1)toptho ] * N +1 Zpuﬁo’v
=
Hence

2 .
VN +1

and thus Ew,, E is invertible and close to £. By Lemma 4.6 below there is a 8-cocycle u
in A such that

[lvws, E — E|| <

u(t)(l — ene1) =1 — €ny,
Adu(t)o B(E)=E
llu(to) — 1| < (1),

where v(¢)—0 as €—0 as in the lemma.
Let z(t), t € [0,1o] be a path of unitaries in A such that

z(0) =1, z(to) = uy,
z(t)(l—e,_y) =1— e,

o) - a(0) < L2} 1)

——L|s —t], s,t € [0,%q).
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Define a unitary W € A ®@ C(T) by
W(S) = ulto5) oy (2(to5)").
Then

WHEQLW)(s) = W(s)EW(s)

= Bio(s-1)(2(105)) Bros (E) Bty (s—1)(%(t0s)")
and for ) € op(Eon ) |
IW*(E ® )W (2 ® YW(E ® )W — A\W*(E & 1)W|
= max (1106 (E)Bro(s—1)(2(t08)™)Zm Bro(a—1)(€(£05)) Bros (E) — ABos(E)||
< 2y(e1) +1/2n + €.
As in the proof of Theorem 2.1,
Whips ® 7(W”)(s) = u(tot)

with error up to 7y(e1)t. This is true for ¢ € [0,1]; then it follows that for all £ € R \ {0},
€
IW8:© 3, (W)~ u(t) @1 < L2

Now we use an approximate homomorphism {¢,} of A©C(T) into A as defined in Lemma
2.3 such that ¢, 0 Byt ® v & Byt © ¢ and we let w be a unitary obtained from a suitable
image of W in A so that the following conditions are satisfied: for e, = wEw*,

€
IB1(en) el < 2111 1),
D, (entmes) <1l/n, m=1,...,n.
By Lemma 4.7 we then find a S-cocycle u, such that

un(t)(l - en—l) =1-e,q,
Adu,(t) o Bi(e,) = eq,
un(t) =~ 1.

This concludes the proof.

Lemma 4.2 Let {zy,...,z,} be a finite sequence of self-adjoint elements in A. For any
€ > 0 there is a non-zero projection p in A such that Dy(pzmp) <€, m=1,...,n.
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Proof. Here we use the assumption that A has real rank zero (cf. [7}). If Dy(z,) =
max oy (z;)—min o;(z,) > ¢, let A € a4(x1), f a non-zero non-negative continuous function
on R such that suppf C (A — €/2, X + €/2), and let p; be a non-zero projection in the
hereditary C*-subalgebra generated by f(z;). Then D, (pix1ip1) < €. If o, (pr2p1) 2 ¢,
we repeat this procedure for p,zopy € pi1Ap; in place of z; € A to obtain a non-zero
subprojection py of p; such tha’c'D,,2 (paxaps) < €. Note that Dy, (p2z1p2) < Dy, (przipr) <
€. We repeat this n — 2 more times to obtain a projection p = p,.

Lemma 4.3 Let 8 be an automorphism of A such that B* is outer for any k=1,...,N,
and let {zy,...,2,} be a finite sequence in A. For any non-zero projection e in A and
€ > 0 there exists a non-zero subprojection p of e such that for k # 1 € {0,1,..., N} and
m=1,...,n, '

184 @)enB'(p)] < e

Proof. This follows from [15]. By using the assumption that A has real rank zero, we can
take for p a projection instead of a positive element of norm one.

Lemma 4.4 For each N € N and sufficiently small § > 0 there exists an (6, N) > 0

such that lims_o€(8, N) = 0 and the following conditions are satisfied: For any non-zero

projection p in A with '
IpB* (Pl <6, k=1,2,....N

where B is an automorphism of A, there is an orthogonal family {qo,q1,...,qn} of pro-

jections in A and a unitary v € A such that

do = P, :
Adv o B(qk-1) = g,
185 (p) — gl < €(6, N),

llv—1]] < (6, N)
fork=1,...,N.
Proof. This is standard. After construction g, ¢,...,qr-1, we construct g, by functional
calculus, from
(1—go=+=q-1)8 )1 —go =+~ qk-1)

which is close to 8%(p). If go,...,qn are obtained, the unitary v is obtained, by polar
decomposition, from

N N : N
kZ @B () + (1 -3 a)(1— Y Bp)).
=0 k=0 k=0
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Lemma 4.5 For any projection E in A there is an a-cocycle u in A such that

Adu(t) o y(E) = E.
Proof. Let E' be a projection in A such that |E — E'l| <1/2 and E' is in the domain of
the generator § of o. Let W be the unitary obtained by the polar decomposition of

EE' +(1-E)1-E".

Then WE'W = E. Let h = [§(E"), E’] = §(E')E' — E'8(E"). Then [k, E'] = §(E') and so
(6 — 6n)(E') = 0 where 6x(z) = [h,z]. Define an a-cocycle v by '
%v(t) = —v(t)as(h), v(0) =1.

Then it follows that Adv(t)ooy(E') = E’. Let u(t) = Wo(t)ay(W*). Then u is the desired

a-cocycle.

Lemma 4.6 For each small ¢ > 0 there exists a y(€) > 0 such that lim._ov(e) = 0 and
the following conditions are satisfied: For each projection E in A and an a-cocycle u in
A with .
|, (E) — E|| < € for some 2, > 0,
Adu(t)ou(E) = E,
Eu(to)E is connected to 1 in the invertible elements of EAE,
there is an a-cocycle v in A such that
Adv(t)o oy(E) = E,
lo(t0) = 11| < ¥(e).
Proof. There exists a unitary W such that W =~ 1 and AdW o oy, (E) = E. Since
[u(to)W*E] = 0 in K;(EAE) and AdW o oy, |EAE has the stability by 3.2, there exists,
for any ¢ > 0, a unitary V; in EAE such that
lu(to)W™E — V" AdW o oy, (V1)|| < €.
In the same way there is a unitary V; in (1 — E)A(1 — E) such that
lu(to)W™(1 — E) — Vy; AdW o oy (V3)]] < €.

Let
v(t) = (Vi + Va)u(t)a(Vi + Va)".

Then v is an a-cocycle and

Adv(t) o o4(E) = E,
lo(to) — 1l < € + 3||W — 1.
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Lemma 4.7 Let € > 0 be sufficiently small and e a non-zero projection in A such that
las(e) — €]l < €(|t] +1). Then there exists an a-cocycle u such that

Adu(t) o ai(e) = e,
lu(®) — 1)l < &(e), t € [0,1]

where 6(¢)—0 as e—0. ‘ —

Proof. Let f be a non-negative C* function on R with c.olmpac.t support such that

[ f(t)dt = 1. Let
G = [ rd, €= [17@)lat
Then for f,(t) = f(yt)y with v > 0,

[ fwde=1, [luf,0dt =iy, [150ldt =

Let A be a C*®-function on R with compact support such that A(¢) = 0 on (—o0,1/2 —
1/23/?] and h(t) =1 on [1/2 +1/2%2,1]. Let v > 0 be such that

Cive
e

(Crfy+1) = VE or 7=
Let
T =/f,y(t)at(e)dt.

Then ||z —e]| < €(C1/y + 1) = V€, ||lz]| < 1, and so ||z? —zl| <2z —¢| < 2ve If
2./€ < 1/8, then Sp(z) C [0,1/2 —1/2%?2]U[1/2 +1/2%2,1] and p = h(z) is a projection

such that
| lp—zll < (1—y1-8Ve)/2<4Ve

Let 6 be the generator of «, and let

h(p) = 51; [ by

Since ) |
h(z) = [ h(p)e™dp,
it follows that CLCCae
62 < Call8(@)ll < Caloy = =2

where

Cs = | I(p)pldp.
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(See [6, 27] for details.) Since ||p — e|| < 5+/€, there is a unitary w such that wpw* = e
and |lw — 1| < 30y/€ (if 10y/€ < 1/2). By the proof of 4.5 there is an a-cocycle v such
that

lo(t) — 1] < 21i6(@)] 1]
Adv(t) o ay(p) = p.

Then u(t) = wv(t)ay(w*) is the desired a-cocycle.

We present examples concerning the conclusion of Theorem 4.1; there is a non-unital
purely infinite simple C*-algebra B and a periodic one-parameter automorphism group S
of B with period 1 such that if e is a non-zero projection in B then ||A(e)]| > 1, where
A is the generator of §, and that there is a unital purely infinite simple (C™-algebra and a
one-parameter automorphism group a with «a; inner such that the conclusion of Theorem
4.1 does not hold. Note that for this periodic 3 there are many invariant pure states [16].

Let O, be the Cuntz algebra generated by n isometries Sy,..., S, [10] and let o be a
one-parameter automorphism group of Q,, such that :

at(S.,-) = eip‘tS,-.

If {p1;...,pn, —pi} generates R as a closed subsemigroup for any i = 1,... ,n, then the
crossed product O, x, R is simple [14] and furthermore if p;’s are all positive (or all
negative), O, X, R has no non-zero projections [21]. (Since O, has a KMS state for a in
this case, o does not have the Rohlin property. We could not decide whether o has the
Rohlin property in the other cases.) Let A be the crossed product of O, by a,, n € Z.
Then A is a unital purely infinite simple C*-algebra [22]. We extend the action « to an
action @ on A in a natural way; then @, is inner, i.e., @ = AdU where U is the canonical
unitary in A which implements a; on O,. Let f be a continuous function on T with suppf
contained in a small neighbourhood of 0, and let B be the hereditary C*-subalgebra of A
“generated by f(U). Then @|B is close to the identity with § = log(@,|B) well-defined as
a *-derivation ([25], 8.7.7). Let A be the generator of @ B and let 3 be the one-parameter
automorphism group of B generated by A; = A — é. Then, since § commutes with o
it follows that 3; = id. Since A xz R = O, x, R®C(T)and BxzgR 2 BxgRisa
continuous field over T to the C*-algebra B x4 T, it follows that B x 3T is isomorphic to
a hereditary C*-subalgebra of O, x R. Hence it also follows that the fixed point algebra
B? is isomorphic to a hereditary C*-subalgebra of O, x R. This implies that for any
non-zero projection e in the domain of the generator A; = A — §,

ALl = 1.

Because if |[A;(e)]| < 1 then let k = [A;(e), €] and let A2‘= Ay ~ 6, with 8x(z) = [h,z].
Then for ¢t > 0

1 d
tAq _ tA, — el stA, (l—s)tAl < .
642 — et = | [ emnc-atargg) < o
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Since |||| < 1 it followas that ||e®? — id]| < 2. Then & = log(e®?) can be defined as a
*_derivation. Then for A; = A, — &, = Ay — 6, — 6;, we obtain that As(e) = e and that

eBs = P20 = 4,

Since B x5, T & B x5 T with 85 = €23, B% is isomorphic to a hereditary C*-subalgebra
of 0, x R. Since B has the non-zero projection e, this is a contradiction.

We assert that the conclusion of Theorem 4.1 does not hold for (A, @) above. Suppose
that there exist a decreasing sequence {e,} of projections and an @-cocycle u such that

Adu(t) o@len) = en,

and the limit of {e,} is a minimal projection in A**. Let ¢ be a pure state of A such
that ¢(e,) = 1 for all n. There is a one-parameter unitary group U implementing @ in
the GNS representation 7, associated with ¢ such that u(t)U:¢ = £ where 74 is omitted
and ¢ is the cyclic vector associated with ¢. For any € > 0 we can find an a-cocycle v in
B + C1 and a unit vector 5 in the range of B such that

lo(t) — 1|l <€, t €[0,1],
v(t) Uy = €'y

for some p € R (cf. [18]). By Kadison’s transitivity theorem there is an « € A such that
€ = n and ||z]| = 1. Let f be a continuous non-negative function on R with integral 1

and let
zs= / e™iP F (1Yo (t)a(z )u(t) dt.

Then z ;¢ = 7 and ||z4|| = 1. Thus we may suppose that

lePto(t)a:(z)u(t)* — z|| <€, t € [0,1].

We can now see that {ze,z*} are approximately projections in B (i.e., there is a sequence
{pn} of projections in B such that ||ze,z* — p,||[—0) (cf. [22]) and that :

[[Adv(t) o @y(ze,z™) — zeq,z™|| < 2€, t € [0,1].

Hence ||@;(re,z*) — ze,z*|| < 4€, t € [0,1). This implies that B contains an almost
@-invariant projection (cf. 4.6), which is a contradiction if ||é|| is sufficiently small.

Theorem 4.8 Let A be a unital separable purely infinite simple C*-algebra and let o be
a one-parameter automorphism group of A. If o has the Rohlin property then the crossed
product A X, R is a purely infinite simple C*-algebra.

Proof. The simplicity is shown in Proposition 2.4.
Let e, e; be non-zero projections in A such that eje; = 0 and [e;] = [1]. By 4.5 we
obtain an a-cocycle u in A such that

Adu(t) o ay(e;) = e;.
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By replacing a by Adu(t) o a;, we assume that as(e;) = e;. Let U be an isometry in A
such that UU* = e;. Let p > 0 and define an o-cocycle u by -

u(t) = e~ U (V).
Then for any ¢ > 0 there exists a unitary V in A such that
lu(t) = Vau(V*)|| < ¢, t € [0,1]. .

Thus for U, = UV .
les(Uh) — €Uy < ¢, t € [0,1].

In the same way we have an isometry U, such that U,Us = e; and
e (Uz) — e™P'Us|| < ¢, t € [0,1].
Let hy, hy be C®-functions on R such that

0<h <1,0<h,<1,
supphy C [=5p/2,p/2], supph, C [-p/2,5p/2],
" h2+ A2 =1 on [-2p,2p].
Let, as in the proof of Lemma 6 in [22],
(I?=U1h ( )+U2h2( )

where H is the generator of the canonical unitary group A; in the multiplier algebra of
A xR, and

h(H) = [ hp)rdt,

7 _ 1 —itg
h(t) = py /e h(q)dq.
Then

ze* = KA(H)+hY(H),
zz* = hf(H —p)61 + hg(H +P)62 + hlhg(H —p)‘/l‘/z* + hlhg(H +p)‘/2‘/1*

If f is a continuous function on R such that f(¢) = 1 on [~3p/2,3p/2] and supp(f) C
[—2p, 2p], then for y = f(z), it follows that z*zy = y and ||yzz* — zz*|| is small dependmg
on e. If €> 0 is sufficiently small then ||yfi/s(|z*|) — fijs(Jz*])|| < 1/4, where f, is a
continuous function on R such that f,(t) = 1 for ¢t > s, f,(t) = 0 for t < s/2, and
linear on [s/2,s]. Then it follows that || fi/2(|2|) fi/s(z*) — fus(|z*|)]| < 1/4, i.e,, « is an
approximate scaling element. By Lemma 4.2 of [1] A x R contains an infinite projection.
The rest of the proof goes exactly as the proof of Theorem 2 of [22] by using Theorems
4.1 and 2.1.
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