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Diamagnetic Inequalities for Systems of
Nonrelativistic Particles with a Quantized Field

Fumio Hiroshima
Department of Mathematics, Hokkaido University
Sapporo 060, Japan

Abstract -

By unitary transformations (gauge transformation, Bogoliubov transformation) and
the strong Trotter product formula, diamagnetic inequalities for the Pauli-Fierz model
of QED and the Nelson model are derived. In the Nelson model, the unita.r)" transfor-
mation defines effective potentials. Moreover, the infimum of the spectrum of Hamilto-

nians for these models are estimated and some abstract Kato’s inequalities are obtained.



1 INTRODUCTION

The purpose of this paper is to derive diamagnetic inequalities for the both of the Pauli-Fierz
model of QED([1]) and the Nelson model([2]).

In classical models, diamagnetic inequalities for the Hamiltonian

1 )2
cl - 5
2
are given as follows([3]):
l<f9 e_t(ch+V+;V—)g) S (lflae_t(_%A‘i'V‘f;V—)lgl) 3 (1- 1)
L2(g?) L2(Rd)

frg € L}(®%),t >0,

where A, € L? (R?) is a magnetic vector potential, A denotes the d-dimensional Laplacian
and V, (resp. —V_) are the nonnegative (resp.nonpositive) part of a scalar potential V. The
diamagnetic inequalities {1.1) can be derived by applying the strong Trotter product formula
and gauge transformations([3]). Also path integral representations of the heat semigroup
with the infinitesimal generator H, gives (1.1)([4]). Moreover from (1.1) one can easily

derive abstract kato’s inequalities([5,6,7]);

(v o (matiaic) ), < (e (1110 )

v eD((HatV4-V)),620,6€D ((Hclirv:,;v_)%) . (1. 2)

In PART I, we discuss the Pauli-Fierz model of QED. The Pauli-Fierz model of QED
describes a quantum system of nonrelativistic charged particles (electrons) interacting with
a quantized radiation field. The Hamiltonian of the Pauli-Fierz model with an ultraviolet
cutoff is defined as an operator acting in the Hilbert space M = L2(B?) @ F(W) as follows:

-1

P =23 (=i, © I Aup)) + 1@ HE,

d
u=1



where F(W) is the Boson Fock space over W = LA(R?) @ ... @ L*(R?), H? denotes the free

d-1
Hamiltonian of the quantized radiation field and A,(p) is the time-zero radiation field in the

p-th direction with an ultraviolet cut-off function p. This model has been studied by many
authors ([8,9,10,11,12,13,14] and references therein). In [12], under some conditions for p and
V, functional integral representations of the heat semigroup, the infinitesimal generator of
which is a self-adjoint extension of Hf —}—V_l_;V_ restricted to some domain, has been derived.
Moreover, the following diamagnetic inequality was found;

‘(F,e_t(HHV*;V“)G) I < (HF”}'(W),e_t(_%A+V+;V_)HG”$‘(W)> (1. 3)
M L2(k4)

F.GeM,t>0.

In PART [, from the operator-theoretical point of view, by using ga.uge transformations, we
derive (1.3) under a condition for p different from that in [12].
In PART 11, we discuss the Nelson model. The Nelson model describes a quantum system
of nonrelativistic particles (nucleons) interacting with a scalar field (meson field)([15,16]).
As for the Pauli-Fierz mode we get (1.3), for the Nelson model, using Bogoliubov
transformations([17]), which defines effective potentials, we also get such inequalities. The
Hamiltonian of the Nelson model is defined as an operator acting in the Hilbert space

N = LR ®@ F as follows:

1

N
52 A ®1~gHi(p) + 1 ©HY,

i=1

N
H =

where F(L*(R?)) = F, the Boson Fock space over L?(R?), HY denotes the free Hamiltonian
of the scalar field, H(p) is the time-zero field with an ultraviolet cut-off function p and g is
a coupling constant. The main theorem of PART Il is to derive the following inequalities:

o 15N AL FVy -
'(F,e‘t(H§’+V+~V—)G>N‘ < (”F”stf‘;t(_zZj:lAJ-'-gveﬁ-l'L+ V_)HG”}-) ,

12 (mdN)

F,GEN,t>0, | (1. 4)



where V,;; is defined by (so called effective potential)

2
1 ﬁ N —lm'
Vers (@1, TN, p) = — 5 W—Z ;
B L2(k4)

where w, (k) = VEZ + 12, ¢ > 0. It is interesting for the effective potentials to appear in a
scaling limit of HY ([16]). “

In the both of PART LI, we get some abstract Kato's inequalities similar to (1.2). The
outhne of this paper is as follows.

(PART I)

In subsection 2.1, we find unitary transformations, U,(p), p = 1,...,d, on M (so called

gauge transformation) such that

uu(P)(_%Au ®.I)uu(/’)—l =5(=tD, ®1 - Aulp )) = 1,.0.d, (1. 5)

L
2
and give a definition of Hf as a self-adjoint operator in M. In subsection 2.2, using the
strong Trotter product formula and the unitary equivalence (1.5), we get (1.3). Furthermore,
we obtain some inequalities from (1.3).

(PART II)

In subsection 3.1, we find a unitary transformation U(gp) (so called Bogoliubov trans-

formation) such that

U(gp)(I @ HY — gH(p)U~ gp)—]@H + gVess. (1. 6)

In subsection 3.2, we give the definition of the Hamiltonian H;’,V . Using the unitary equiv-
alence (1.6), as in the Pauli-Fierz model, we get (1.4). From (1.4) we get some inequalities
as that of the Pauli-Fierz model. |

In section 4, we give some remarks about the both of the Pauli-Fierz and the Nelson
models; the dipole approximation, essentially self-adjointness of H,}; and an effective potential

appearing in a scaling limit of the Hamiltonian Hf,v .
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2 PART I: THE PAULI-FIERZ MODEL OF QED
2.1 GAUGE TRANSFORMATION

Let H be a Hilbert space. We denote the inner p'roduc.t and the associated norm by (*,-)x
aﬁa | - ||3 respectively. The inner product is linearin - and antilinear in *. The domain of
an operator A is denoted by D(A). For f € L*(R?), f (resp.f) is the Fourier transformation
(resp. the inverse Fourier transformation) of f and f the complex conjugate of f.

We define the Boson Fock space F(W) over W = :LZ(IRd) & ... L-2(IF1‘1)‘ by ([10,11.12])

d-1

FW) = Dew,
= @fn(wx

where @7 denotes the n-fold symmetric tensor product with @W = €. Let
v N
FYwW)=@DF W) &b {0}
n=0 n2N+1
‘Then finite particle subspace is defined by

FEW)y= |J F¥(w).
N=0
We call @ = {1,0,0,...} the vacuum vector. We denote the annihilation operator and the
creation operator’by al(f) and a(f), f € W, respectively, where a'(-) (a! denotes either a

or a') is linear in -. It is known that a!(f) is well defined on F*(W) and leave it invariant.

Also the following commutation relations (CCR) are satisfied;

[a(f),at(@)]® = (F,9)we,
(), at(@)]e = [a(f),a(g)]® =0,
d € F(W),f,g €W,



where [A, B] = AB — BA. Furthermore, the following adjoint relation holds

(a(£)®, )y = (2,aH(1)Y) ., BV EFZW). SrgeW.

It i1s the fundamental fact that
FOW) = {a'(f1)era ([)QQUf €W, j = Liynyn 2 1),

where { }~ denotes the closure of { } in F(W). For any nonnegative self-adjoint operator

h in W, there exists a strongly continuous one parameter semigroup {I'(e™")};50 on F(W)

such that

CT(e™™al(f)..al(f)Q = af(e™™f)...al(e™™ £)Q,

(e = 0,/,eW,j=1,....n

By Stone'’s theorem ([18,Theorem VIIL.8]), there exists a nonnegative self-adjoint operator

dl'(h) such that

e—tdI‘(h) — I\(e—th).

We call dI'(h) the “second quantization of A”. We define a multiplication operator
w: LA(R?) — L*(R?) as follows:
(wf) (k) = || F(k).

Put & = w® ... Dw. The free Hamiltonian Hf is defined by

d-1
HE = dI ().
Set Np = dI'(I), where I denotes the identity operator on W. It is called the “number

operator”. The following inequality is fundamental;

la* ()@l < [IFlwll (Np + 1) ®||rw), @€ D(NE),feWw. (2. 1)



o~

Let e : R? - RY(r = 1,...,d — 1) be a measurable function such that
k-e'(k)=0, e (k)-e(k)=6bs ackcPr,

where é,, is Kroneker’s delta. The vector-valued function e” serves as a polarization vector

of photons. We denote the p-th component of e” by e}, (u = 1,...,d). Let

d—1
du(k) = 3 e(k)el(h)
r=1
kuk,
= b — B

Put

Do = { | [, 17 Pk < o0}

Then, for each = € R, the time-zero radiation field and the conjugate momentum are defined

y ([9,11])

F 1 -1_r f iz | T A;
Az, f) = ;g{ﬁowiavge )+a(#‘ i )}.femh
i d-1 .
Hu(;c,f) = —EZ{Q ( o 1€Tf\/_6 ~)_ ( f};f\/—etr)},feﬂ)la
r=1 :
where G(k) = g(—k). When f is a real valued function, by (2.1) and the Nelson analytic
vector theorem ([19, Theorem X.39]), for each z € RY, A, (z, f) and I, (z, f) are essentially

self-adjoint on F°°(W). We denote the closures by the same symbols. Using CCR, we have

the following commutation relations on F*°(W);

[Aue, P2, = i(du]r8)12@e, f € Doy NDo,§ € By NI,
[Aue, ) Az, 8)] = 0,f, gDy, |
(e, /), M(2,8)] = 0,f,§eDy,

wv=1,...d. (2. 2)



We set
M = LA(B) @ F(W) = /J-'

The Hilbert space M denotes the set of the state vectors of a quantum system of a non-

relativistic charged particle interacting with a'quantized radiation field. Put

L Auta, Af),
[, f‘) = ().

Let D, be the generalized L3-derivative in the y-th direction. By (2.1), it can be easily seen
that the following commutation relations hold on C'(R?; D(N}a )(the set of D(N ;)) valued

strongly continuously-differentiable functions);

[Du®I,Au(f)] = _H( ;f)fE[D) 1’]”f€ID1’ .........
[D.®1, Hu(f)] = Ay(ky f) fem, ku_fEIDT']. (2. 3)
Let
(e, f) = H,,(x,ki)
W
I |
where :
2o _ J(R)
Ju(k) = B
Put
P~ .ooa A
[, B, fdz = ,(f)
and

D_l,é = {flf ts real valued and f, € ID_I} .

8



For f € D, we define unitary operators U, (f),p = 1,...,d on M by

U(f) = exp (iTl,(f)) .
Set D = CP(RYH)QF (W) (& is the algebraic tensor product).
Lemma 2.1 Let f € D-1,, ND_y. Then

Uf)D C DD, S I).
Furthermore, the following commutation rélat-ion holds on D;

[Du @ I,U,‘(f)] = iAu(f)uu(f)'

Proof: Since D is the set of analytic vectors of ﬁu(f), we haveon D

X (i)
“dh) = —135;02(—7‘)‘
On the other hand, by (2.3), on D, we have
v (il(f
> (Tu(f))" ( )’
RS 1D, @ Laill,(F) (i)™ & (il
- nX=:1j=0 ( ) n! ( ) + o ( n!

Note that on D

(D, ® Ll ()], ilu(f)] = AL L)

Then the right hand side(r.h.s.) of (2.4) is as follows:

. -1 (4, N
lAu(f)Z( )} +Z%(

n=0

f) D, &)

n!

9



By (2.1), it follows that (2.5) strongly converges to
iAﬂ(f“)eiﬁu(f) + eiﬁ“(f)Du, @I

on D as n — oo. Since D, @ I is closed, the lemma follows. a

From Lemma 2.1 it follows that on ¢, (f)D
UF)=iDu® D)™ = =iDu @ T = Au(]).
Since —iD, @ I leaves D invariant, we see that on U,(f)D
2

U=, @ DU = (=D, © T = Au(])) (2. 6)

where —A, = —D,D,. Since D is the core of —A, @ I, it follows that the r.h.s.of (2.6) is

essentially self-adjoint on U, (f)D. Hence

H,(f) = (—z’D,L @I- -Au(f‘))2

Uu(f)D

is self-adjoint. Obviously H,(f) is nonnegative. Thus we have obtained the following theo-

rem.

Theorem 2.2 Let f € D_y, ND_;. Then U,(f)~" maps D(H,(f)) onto D (—--;—Au @ 1)
with

2.2 DIAMAGNETIC INEQUALITY

In this subsection, we define a self-adjoint Hamiltonian for the Pauli-Fierz model. Also we

derive diamagnetic inequalities.

10



For p € N,D_; , ND_;, the Hamiltonian HE for the Pauli-Fierz model with an ultraviolet

cut-off function p is defined by a self-adjoint operator acting in M as follows:

H” = H,(p)+..4+Ha(p)+1 © HY,

p

where + means a form sum.

Theorem 2.8 (Diamagnetic inequality) Let V € L=(R?) and p € ND_;, ND_y. Then

.(F, e-t(H},’+V®I)G) l < (HFHf(W)v e-"(‘%A+V)HG||}-(W)> )
M . L2 (xd)

Proof: By the strong Trotter product formula([20]) and Theorem 2.2, we see that

(F e-t(H§+V®1)G)

, /M
= lim (F, (th(p)e 53400 p) ...
—-L(FHA00) -1 —2IoHF ~itven\" ~

...... Us(p)e Us(p) e e ) G)M.

Note that for H € M and z € R,
”(uu(P)H)'(w)”}'(w) = |[Uu(z, P)H(x)”}'(‘w)

= HH(‘T)”.'F(W) ’

where

Uu(z,p) = exp (Zﬁu(m’ ﬁ)) .

It is well known that for H € M and z € R?,

-]z, — |2 .
( ~t(~18,81) H e H(y)dy, a.e.x € BY,

\/ﬁ

where the integral is in the Bochner sense. Hence we have

“(e—t(-%Amn H) (“’)Hmv) ( —H=38u) | . )||f(w)) (z), a.exr € R

11

—
(3}
-~J

~——

(2. 8)



Combining (2.7) and (2.8), and noting that exp(—tA,) is positivity preserving, we have for
all F,G e M,

(p.emravong)

—t(=1a) SEVY"
< Jim (IFlLrwy - (€539 )  1G rom) 1y

= F , € t(_%A'*'V) G )
(1P 1lzom) 1Gleom)

Lemma 2.4 Let [V| be a multiplication operator which is —+A -form bounded with relative
bound €. Then for p € ND_y1,, ND_y, |V| is HE-form bounded with the relative bound at

most €.

Proof: Tt is similar to the proof of [12,Lemma 4.11]. ' o

For the multiplication operator V, let us introduce a class of potentials as follows:

Definition 2.5 A potential V € P if and only if Vy € L},.(R?) and V_ is —3 A-form bounded

with relative bound< 1. Here

V4 = maz{0,V},
Vo =maz{0,-V}. .

For V € P, by Lemma 2.4, one can define a self-adjoint operator
HY+v,—V_.
Theorem 2.6 LetV € P and p € N,D_1, ND_;. Then Theorem 2.3 holds with HP +V
replaced by Hf—i—V.,.—'—V_.
Proof: 1t is similar to the proof of [12,Theorem 4.13]. | O

Let 0(A) denote the spectrum of A. We can obtain the following corollaries in the same

way as in [12].

12



Corollary 2.7 LetV € P and penN,D_;, ND_;. Then

inf o (=5 ATV, 2V.) info (HP4V,2V.)

Corollary 2.8 (Abstract Kato’s inequality) Let V € P and p € N,D_y, NID_y. Suppose
beD ((_§A+v+;v_)5), ¥ >0 and G € D (HPHV, V).
Then ||G(-)|zow) € D ((—%A—HQ_;V_) 5) and the following inequality holds;

R ((signG)e, (Hf+v+;v_)G)M

1 . ] 3 1. . . 3
5 ((_§A+V+_V_> o, (~5a+V,2V.) nauf(m)
L2(Rd)

where

(s5ignG)(z) = { Ee—, Gl # 0

0, [|G(z)||row) = 0.

3 PART II: THE NELSON MODEL
3.1 BOGOLIUBOV TRANSFORMATION

Let F = F(L*(R?)) denote the Boson Fock space over L2(R%). As in PART I, the finite
particle subspace in F is denoted by 7*°. We define a multiplication operator w, : L?(B?) —

L*(r?) by

(wuf) (k) = /2 + p2f (),

where ;1 > 0 is a constant which denotes the mass of a meson. We define the free Hamiltonian

HY in F by the second quantization of wyt
HY = dl(w,).

13



We denote the number operator by Ny. Let

ps = {f| [, cils(b)Pak < oo}

Let a(f) and af(f) be the annihilation operator and the creation operator on F respectively,
(we often use the same notations as that of the Pauli-Fierz model in PART I, if no confusions

arising) which satisfy the following canonical commutation relations on F°¢;

[a(f),a'(g)] = (fag)m(md)a
[a}(£),al(9)] = [a(f),al9)] =0.

It is well known that

(Dol < 115/ yalzzqanll (51 @1l + I

1
1N ElF < 1fll@yll(Ny + D3|, U € D(NF). (3. 2)

r2re)||®]|F, @ € D((H(’,V)f),(.‘;, 1)

]

Furthermore, for f € D%, NDy NDY NDY}, a*(f) maps D((H(])V)%) into D(HY') with

HY,a'(Fle = aw.f)e,
MY o(fe = —a(w.)o,

®c D((H{,")%). (3. 3)

n

Also for f € N _,D¥, ab(f) leaves C®(HY) = N, D( (H{)V) ) invariant. The time-zero

field and the conjugate momentum are defined by

Az, f) = % {cfr (\/Ji_e_i'”) +a (\/‘f_)_ei'”) } , f € DY,
A 7 A . ~ . o
O(z, f) = Wi {aT (f w,,e""”) —a (f w,,e””)} feDf.

The time-zero field and the conjugate momentum satisfy the following commutation relations
on F*°;

A

[A(:r,f),H(w, @)] = 2(.fa g)Lz(]Rd)af € D‘il anag € ID)(l)‘ nD‘ljv

14



3

From (3.3) it follows that on D((Hé\’) %) -

[H(])Va A(-T, f)] = —iH(;I:, f),f c D‘i2 m]D,lil mID"g ﬂID"‘{,

A

Ho,Tl(z, f)] = iA(z,w2f), f € Df ND} NDY N

For each z; € R%,j = 1,...,N and a real valued function f with f € D", (resp.f € D'),
Zf’:I A(mj,f) (resp. Zf;l O(x;, £)) is essentially self-adjoint on F. We denote the self-
adjoint extensions by the same symbols. For a real valued function f ‘with f € D5, put

~

H(Z‘,f) = H(x’w_ﬁ)’

Then we define a unitary operator U(zy,...,zn, f) on F by

N

[y

j=

U(zq, ey, ) = exp (z ﬁ(x],f)) .

Lemma 3.1 Let f be a real valued function with f € D*; ND*3 N DY, N D%,. Then
U(zy,...,TN, f) maps D(HY) onto itself with
. N A
Uz, 2w, HIHNU (2, e 2N, f) = HY — Z A(zj, f) = Vegs(xry ez, f), (3. 4)
J=1

where

1

Veff(xl, eg TN f) = —-2-

L2(R?)
Proof: For simplicity, put Zf’:l ﬁ(:cj,f) = ﬁ(f) Since C*(H{') N F~ is the set of the

analytic vectors for ﬁ( f), for , ¢ € C*(H{) N F* and a real valued function f with

15



fe N _ Dk, we see that

(U™ @1, sz, HHY U1, 2w, £)O, W)

: Nl pmayn . M1 o am
= (M5 S ()" e 3 L (i) )
L (i (zﬁ(f))][Hév,zﬁ(‘f)](iﬁ(f))n—J_l +i(’ﬁf-f))nng'¢
N,M—o0 n=1 j=0 n.v ne0 n.
My . m
RGN
m= * F
(3. 5)

A A

N o N
] ) [—-EA L)yl f)]

o
oz
=
-
=
=
I

2

thx'
o

L2 (k%)

Then the right hand side (r.h.s.) of (3.5) is as follows:

N,M—oco 0 =1

lim (—Veff(ml,...,x]v,f)NZ—2 (ZH(f)) ~—0 - Z( (f)) %A(il’jsf)q’

+>:( )ng( f>)’")

F

(HN@ ZA @ Veff(ml, .’EN,f)(I),‘I’)

=1 F

Since C*°(HY') N F*° is dense in F, (3.4) holds on C*(H)) N F><. By (3.1) and the Kato-
Rellich theorem ([19 Theorem X.12]), one can see that for a real valued function f with
fe D, ND¥, and for each z; € R?,j = L,.,N, the r.h.s. of (3.4) is self-adjoint on D(HY)
and essentially sélf—adjoint on C°(HY) N F*. Therefore (3.4) holds on D(H}'). For a real

valued function f with f € D, ND*; ND*, ND*,, there exist real valued functions fi with

16



fk € N _,D# such that

i 3.1
im Ll —0 n=230 L
k=oollwy Wille(mey 2 2

Hence by (3.1).and (3.2), it follows that for ® € D(HY),

s — hm ZA ’['J,fk)cb ZA

7=1

s — khm Zl(wl,...,xN,fk)@ =U(zy,.... N, f)P.

Hence (3.4) holds for a real valued function f with f epi,Nps N, NDY,. O

3.2 DIAMAGNETIC INEQUALITY

In this subsection we define a self-adjoint Hamiltonian for the Nelson model and derive
diamagnetic inequalities. Let A" = L3(R*V) ® F. The Hilbert space A denotes the set of
the state vectors of the system of N-nonrelativistic particles interacting with a scalar field.

Suppose that p € D%;. Then we can define

e N
H;{(p) = /mdN Zl A(zj, p)dz,...dxy.
J=

Let D;,,(y =1, . N,v =1,...,d), be the generalized L%-derivative in the v-th direction. Put
>vDjuDjiy = Aj,j = 1,..., N. The Hamiltonian for the Nelson model with an ultraviolet

cut-off function p with p € D%, is formally defined as an operator acting in A" as follows:

H =—-—ZA © I —gHy(p)+1®HY,

1=1

where g is a real coupling constant. It is well known that

~HY =——ZA @I+1oHY

_7 1
is self-adjoint on
N
Z A;@T)Nn D(I @ HY)..
The following theorem is well known;

17



Theorem 3.2 ([2]) Let p be a real valued function with p € D2, NDY,. Then H) is self-
adjoint on D and bounded fro‘m below. Moreover, it is essentially self-adjoint on any core of

HY.

Let

U(f) = /:N Uz, ...z, flde;...dzy.

The multiplication operator Vss(z1,...,zn, f) is denoted by Vess(f). Since Viss(f) is a

bounded function,

IQHY +gViys(f)®1

is self-adjoint on D(I @ HY). Similarly to Theorem 3.2, for a real valued function p with

p € DX, NDY,, one can see that
1@ Hy — gH(p)
is self-adjoint on D(I @ HY'). The following theorem follows from Lemma 3.1.

Theorem 3.3 Let p be a-real valued function with p € D2, NDY 3 NDY, ND",. Then U(gp)

maps D(I @ HY') onto itself with

U(gp)(I @ HY — gH(p))U(gp) = I@HY + gVoss(p) O 1.

Theorem 3.4 (Diamagnetic Inequality) Let |V| be a multiplication operator which is —3A-

Jorm bounded with relative bound € and p be a real valued function with p € DX, NDY,. Then

18



V| is Hﬁ,v-form bounded with the relative bound at most €. Moreover for V € P the following

inequality holds;

(reminng)

(15 Aagy: +vév_) \
< (“Fllf-,e t( 2 2m AiteVers+V HGHF)

L2(R4N)
Proof: As in Theorem 2.3, by Theorem 3.3 and the strong Trotter product formula, we have

for V € L*(R?) and a real valued function p with p € D%, ND%; ND%, ND¥,

l (F, e—t(H{,V+V®I)G)N|

= ’(F’ (e—%(%z,ﬁl Aj®1)u(gp)-—1e—%(I®H§+gl’e”(p)@])u(gp)e_%“,@I)n G) l
N

N . .
_<— <||F”}_’e~t(—'12'2j=1 AJ+gVeff+V) HG”}-) . (3 6)

L2(reN)
For any real valued function p with p € D%, ND%,, there exists a real valued function p; with

pr € DX, NDE, NDE, ND”, such that for any ® € D
. N
s — lerglo H ¢+V0=H,0+ V0.
Hence, by [18, Theorem VIIIL.25], Hf}i — Hf;’ in the strong resolvent sense, which implies
that

. — N N
s — lim e tHo+Y) = —t(HT+V)
k—o00

Then (3.6) holds for p € D, NDY,. By the similar limiting argument for V as in Theorem

2.6, we get the desired results. v i

By Theorem 3.4, we get the following corollaries.

Corollary 3.5 Let p be a real valued function with p € DY, ND%, and V € P. Then

: 1Y o , o |
info (——2— A+ gVeff(p)+V+—V_) <info (Hf,v+‘/+—V_) .
1

J=

19



Corollary 3.6 (Abstract Kato’inequality) Let p be a real valued function with p € DY ,NDY,
and VeP.

Suppose ¥ € D ((~§ Ty A, + gVess(p)HV2-1.)7)
Then [|GC)llr € D ( (<300 & + gVers(p) HV2 V)

P> 0and G € D (Hp—i-\/;:—\""-)~

N=

) and the following incquality holds;

R ((signG)w, (H,4+V4V)G) y

1
2

1 & S
2 ((—5 ZAj+g‘/t?ff(p)+V+—V—) ¥,
i=1

[N

1 Y S
5 2.8+ gVeff(P)+V+—V—)

=1

”GH}') :
L2(mdl\7)

4 REMARKS

(1) In [11,13,14], in place of HY defined in PART I, the Hamiltonian with the dipole approx-

imation I-If is considered;
p_1¢ ~ DA 2 P
1 EEEDD (-iD,® I AP(p)” + 1@ HE,

where

The Hamiltonian H,l,) can be presented by the constant fiber direct integral

3]
HY = | HP(p)dp,

R4

where



For a real valued function p with p € D_, NI>_,, it is well known that H,’,J is self-adjoint on
D(A@I)ND(I®HE) ([9,Theorem 2.1]) and HY(p) on D(HY) ([9, Theorem 2.2]). Moreover
suppose that p is a real valued function with p € D_sND_, NI_; and ‘that p is rotation

invariant: p(k) = p(]k|). Then there exists a unitary operator T'(p) on F(W) such that

o LT
T2 ()T(p) = S 4 B 4,

where A and 7 are real constants ([9,10,11]). Define a unitary operator on L?(R?) & F(W)
by

Then ([9,10,11])

THPT! = (I—A)2A®I+I®HP+-- : 4. 1
, S o +1. (4. 1)

In general, however, using the unitary equivalence (4.1), we can not, derive the diamagnetic
inequality for Hf + V. The reason is that_ the unitary operator T is defined via the constant
fiber direct integral on momentum space. Then for each € R? we can not obtain (2.7).

(2) The self-adjoint Hamiltonian considered in [12] has the same action as that of H? on
some domain D, for example, D = C§°(R)QF<(W). However essential self-adjointness of
Hf is not known. Then one can not mention explicit equality on these Hamiltdnians.

(3) In [16], the author introduced the following scaling Hamiltonian

1 Y ‘
H), =33 A;©1+aH(p) + o’ T @ HY.

i=1
Using a functional integral method, for a real valued function p with 5 € ¥, N ¥, and

V € P, the author obtained the following ([16,Theorem 4.1]);

s — lim e~tHpatVa-1o) - e't("%zﬁix Aj+gVess (Ve —V0) o P,

=00
where P denotes the projection onto the vacuum subspace {cQc € ¢} in F. Furthermore
N . -
Y A+ gVess(p) V=V ).
—

J

fed

lim inf o(HY, 4V, -V.) = inf o (—-;-
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