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Abstract

The system of all the closure operators on a set V forms a lattice [3].
This lattice is isomorphic to the lattice of all the topped intersection
structures on V. This paper discribes basic properties of these lattices,
and gives a method of listing up all the members of these lattices.

1 Closure operators
A map C: P(V)— P(V) is called a colosure operator on V if it satisfies,
for ABCYV, )
(i) ACC(4),
(i) AC B=C(4)C C(B),
(iii) C(C(4)) =C(4).

We denote by CO(V') the set of all the closure operators.
Let C be a closure operator on V. A subset A of V is called closed
with respect to C if it is a fixed point of C. We define

Ac={ACV|C(A) = A)}.

'Proposition 1 [1) Let C be a closure operator on V. Then for

each ACV,C(A) = {B€Ac|BDA).

Consequently, for each family A of subsets of V, there is at most one
closure operator C.4 whose set of closed sets is equal to A.

2 Topped intersection structures

A family A of subsets of V is called an intersection structure on V if
(1S € A whenever S C A, and A is called toppedif V € A. We denote by
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TIStr(V) the set of all the topped intersection structures on V. Obviously
the minimum element of TIStr(V) is {V}, and the maximum element is

P(V).

Proposition 2[2] The map 8: C — Ac is a bijection of COo(V)
onto TIStr(V), with the inverse map given by f71(A) = Ca.

Lemma 3 Let A be a topped intersection structure on V,X a
member of A, and B = A4\ {X}. Then,

X#N{BeB|B2X} <« BeTIStr(V)

Proof.
(=) Let X#[){B€B|BD2X]}, and let S be a subset of B. Since
SCBCA, (S € A We prove that (|8 # X by contradiction.
Suppose nS = X. Because § D X for each § € S, we have
SC{BeB|B2X} Hence[|8§2[){B€B|B2X}2X. This
implies {} {B € B| B2 X} = X, a contradicton. As a result,
NS e A\ {X}=B.
(¢<=) Let B € TIStr(V). Since {B€ B| B2 X} C B, we have
(N {B€B| B2 X} € B. Because X ¢ B, it follows
X#N{BeB|B2X}

q.e.d.

Proposition 4 TIStr(V) is a topped intersection structure on
PV).

Proof. Obviously P(V) € TIStr(V). Take Sub C TIStr(V). We
prove that [|Sub € TIStr(V). For each A € Sub, V € A because

A € TIStr(V). Hence V € (|Sub. Let S C {)Sub. For each A € Sub,
()8 € A since § C [)Sub C A and A € TIStr(V). Hence

(1S € () Sub. Therefore we obtain {]Sub € TIStr(V).

q.e.d.

3 Lattices of closure operators

We define a binary relation < on CO(V) as the pointwise order, and
define <« as the coverring relation of the relation <. i.e.,

C=XD <= C(A)CD(A) forall ACV,

C«LD < C<Dand C<XE < DimpliesC=E.

Obviously the relation < is a partial order on CO(V).

Proposition 5 Themap f:C — Acis an order-isomorphism
from (CO(V), X) to (TIStr(V), D).

Proof. Let C < D. For ACV,if D(A) = 4, then
ACC(A)C D(A)=A ,ie., C(A) = A. Hence Ac 2 Ap. Conversely,
let Ac D Ap. For each A C V, we have
ﬂ{BE.AclBZ_DA}Qﬂ {BeAp| B 2 A}, ie., C(A) = D(4).
Hence C' < D.

q.e.d.
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Lemma 6 C,De CO(V) and C << D implies |[A¢c \ Ap| = 1.

Proof. Let X be a maximal element of A¢ \ Ap, and let
B = Ac\ {X}. From B C Ap, it follows
N{BeB|B2X}2({B€Ap| B2 X} = D(X) 2 X. Moreover,
X ¢ Ap implies X # D(X). Hence X # () {B€ B| B2 X}. Using
Lemma 3.2, we obtain 8 € TIStr(V). Since C < Cp < D and C < D,
we have Cp = D. Therefore Ap = B = Ac \ {X}.

q.e.d.

Let A be a topped intersection structure on V. Since inf B = (B and
supB = C4( |[UB ) where B C A, (A, C) forms a complete lattice [2].
Moreover, (TIStr(V), C) and (CO(V), <) are also complete lattices, be-
cause TIStr(V) is a topped intersection structure on P(V).

Theorem 7 Let C=Co 401 «C2 < ... «Ca=Dbea
chain of (CO(V), <). Then the length of the chain is |Ac \ Ap|.

Proof. LetC=Co «C1 «C2 <« ... «Cn=D. Lemma 6
shows that [A¢; \ Ac,,,| =1 for each i. Hence |[A¢c \ Ap| = n, i.e., the
length of the chain is |A¢ \ Ap|.

q.e.d.

We define a binary relation < of P(V) as a linear extention of C, and
for A, B C P(V), we define A < B if and only if there exists X € P(V)
such that

(i) A=B\{X},
(i) X is a maximum element of (P(V)\ A4, <),
() X#N{4€A| 42 X].

Proposition 8 ' Let V be a finite set, and A be a family of subsets
of V. Then

A € TIStr(V) <= A=P(V)or A< B for some B € TIStr(V).

Proof.

(=>) Let A€ TIStr(V), and A # P(V). We prove that A < B for

some B € TIStr(V). Let X be the minimum element of (P(V) \ A, <),

and let B=A U {X}. Because X # V, we have V € B. Take S C B. If

X €S, then S C A implies (]S € A, hence (S € B. Otherwise,

(1S € X and X is the minimum element of P(V) \ A, hence

(S € AU{X} = B. Therefore B € TIStr(V). Moreover, we have

X #(1{A€A| A2 X) using Lemma 3. Hence A < B.

(=) Let A< B, B € TIStr(V). Because A = B\ {X} and

X #(1{A€A| A2 X}, we have A € TIStr(V) using Lemma 3.
q.e.d.

Consequently, there exists a chain
A=A €A <€ ... Ay =P(V)

if and only if A € TIStr(V'). Moreover, such a chain, if it exists, is unique.



Hence, the Hasse diagram of (TIStr(V), <) is a spanning tree of the
diagram of (TIStr(V), C) (figure 1, 2). We can list up all the topped
intersection structures ( and all the closure operators ) of V' by traveling
the tree (table 1).

IVl | ICO(V)|
1 2
2 7
3 61
4
5

2480
1385552

Table 1: the number of all the closure operators on a finite set V'

I would like to express my gratitude to Professor Toru Tsujishita for
his useful advice.
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Figure 1: the diagram of (TIStr(V),C) (|v|



I
A7 N
7
A
[ /1] 7
/ // //ﬁ
/

()

Figure 2: the diagram of (TIStr(V), <) (IV]=3)




