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SINGULARITIES OF SOLUTION SURFACES FOR QUASILINEAR
FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS

SHYUICHI IZUMIYA AND WEI-ZHI SUN

ABSTRACT. We study singularities of solution surfaces of characteristic Cauchy problem for
quasilinear first order partial differential equations as an application of the previous result on
vector fields near a generic submanifold.

0. INTRODUCTION
We consider the solution surface h~1(0) of the following first order partial differential

~ equation :
n-1
Oh
(E(a1,...,an+1)) Z a,-(:vi, v 1x’n+1)a_x'_'($17 oo 7mn+1) =0
i=1 :
where a;(zy,...,Zn+1) are C*-functions.

The above equation looks a linear equation, however, the situation is slightly dif-

ferent if we consider solution surfaces in stead of solutions. If b—zanhT # 0 at a point

zo € h71(0), by the implicit function theorem, h~1(0) is locally represented as a graph
Tnt1 = u(Ty,...,2,), so that the solution surface of E(ay,...,ans1) 18 @ graph of a solution
of a qusilinear equation

: - Ou
(Q(al,...,an+1)) Zai(xl, e ,mn,u)gg—. — ant1(Z1,. .., Tp,u) = 0.
' i=1 !

Therefore it is a quasilinear problem. In [3] we have studied a classification of multi-valued
solutions for the Cauchy problem of Q(ay...,ans:) under the condition that the Cauchy data
satisfies the non-characteristic conditions. In that case the solution surfaces are always
smooth, however, the singularities appear when the Cauchy data does not satisfy the non-
characteristic conditions. In this paper we give a generic classification of the singularities
of surfaces which are the solutions of the above equation under the characteristic Cauchy
data. There is a motivation to consider the solution surface. Recently, Tsuji[4] studies
the singularities of solutions for hyperbolic Monge-Ampére type equations, in which the
notion of intermediate integral is quite important which is a kind of first order partial

Key words and phrases. First order quasilinear partial differential equations, Singularities of solution
surfaces, Characteristic Cauchy problem.
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differential equations. One of the examples of such first order partial differential equations
is a quasilinear equation. We can show that each quasilinear equation can be realized as
an intermediate integral of a Monge-Ampére type equation (cf., [4]). If we study solution
surfaces instead of solutions fro quasilinear equations, it looks like linear equations as the
above. So our result gives a classification of singularities for solution surfaces of hyperbolic
Monge-Ampere type equations whose intermediate integral are quasilinear equations.

The main result is Theorem 2.1 which is given in Section 2. For the proof of the main
theorem, we apply the classification theorem for vector fields near a submanifold in [2].
Theorem 2.1 gives a generic classification of singularities of solution surfaces which are
solved by the characteristics method for characteristic Cauchy data. In order to clarify the
situation, we construct a geometric framework in Section 1. In Section 3 we study some
geometric properties of singularities for solution surfaces by the aid of the normal forms
in Theorem 2.1. For the case n = 3, the singularities are the trivial family of cross caps
along the characteristic curve from the original point in the characteristic initial surface
(cf., Figure 1 and Example 3.1 in Section 3). Moreover, we observe that the characteristic
curve has second order contact with the Cauchy data.

FIGURE 1
All manifolds and maps are differentiable of class C* unless stated otherwise.

1. GEOMETRIC FRAMEWORK

In this section we give a geometric framework for the study of singularities for so-
lution surfaces of B, . ,a,4,). Firstly we consider the non-singular case. Let S be a
smooth hypersurface in R**1. For any zo € S, there exists a smooth submersion germ



h i (R*1,z9) — (R,0) such that (h=1(0),z0) = (8,z0). We say that 5 is ¢ smooth

solution surface of E(a1,...,0n+1) if the function germ h satisfies
(Eaymans) ) Z ai(z1, .- ,$n+1)5;($1, o1 Tat1) =0
=1 :

for any z¢ € S. We can easily show that the notion of smooth solution surfaces is well-
defined (i.e., it does not depend on the choice of the local equation h).
We now consider the following vector field on R™*! associated with the linear equation

E(ﬂl,.-~,an+i):

n+l - 6
X(ay, .. ) Gng1) = Z ai(zy... ,xn+1)%,
i=1 i

It is called @ characteristic vector field of Ea,,....an41)- BY definition, we have the following
simple proposition.

Proposition 1.1. Let S be a smooth hypersurface in R**!. Then S is a solution surface
of Ea,....ans) if and only if the characteristic vector field X(ai,...,an+1) is tangent to S.

Proof. For any point zo € S, we have a local representation (A~1(0),zo) = (S, zo) Where
h: (R*F1 z0) — (R,0) is a submersion germ. It follows that S is a solution surface of
E(ay,eoyans1) if and only if

n+1
> ai(x>§;”—i<m_> =0

for z € (S,zo). The last condition is equivalent to the condition that X (a1,...,an+1) is
tangent to S at z. U

In classically, the Cauchy problem can be solved by the method of characteristics. A
non-characteristic Cauchy problem (NCP) for an equation Ea,,...,ant1) is defined to be a
given (n — 1)-dimensional submanifold ' : 5" ¢ R™*! such that the characteristic vector
field X(ay,...,ant1) is not tangent to S'. The following result is well-known (cf. ([1]),
however it clarifies the geometric situation in this paper.

Theorem 1.2 (Local existence theorem for NCP). A NCP ¢ : §' C R*™*! has a
unique smooth solution surface, that is there exists a solution surface S of the equation

E(a1,...,an+1) with §' C S such that any two such smooth hypersurfaces coincide in a
neighborhood of S'.

Proof. Consider the embedding 7 : § C R™ x R, where S C (—¢,¢) x ' is a neighborhood
of 0 x S', & > 0; here i(t,q) = T1(q), ¢ € S', (t,q) € S, and T} is an one-parameter group of
translations along X(ay,...,an+1)- By the construction, we have X(a1,...,an+1) € TS,
so that S is a smooth solution surface of E(q,,....an41) OY Proposition 1.1.

On the other hand, any smooth solution surface S of Eqay,...,ans1) MUSE be invariant
under X(ay,...,an+1), so that it is coincide with S 'in some neighborhood. [J

On the other hand, if we do not assume the non-characteristic condition of the Cauchy
problem (i.e., the characteristic vector field may be tangent to the initial submanifold S'),
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" the singularities appear on the solution surface. A generalized Cauchy problem (GCP) for

an equation E(g,,....any,) 15 defined to be a given (n — 1)-dimensional submanifold i : §' C
R**+!. Here we have no assumption about the characteristic vector field X (a1, -- ,Qnt1)-
Our problem in this paper is summarized as follows:

Problem. Classify the generic singularities of solution surface of GCP for a linear equation
which is solved by the characteristics method.

For the purpose, we now introduce the notion of solution surfaces with singularities.
Since we study local properties of singularities of solution surfaces, we consider parame-
terized surfaces.

Let S be an n dimensional manifold and f: S — R be a map. We say that f is @
solution surface (with singularities) of Eay,...ant1) if there exists a non-vanishing vector
field Y on S such that

dfOY = X(al,...,a.n.;,.l) o f

By Proposition 1.1,if f : § — R™*! is a solution surface of Ea,...,ans1)s then f(§-2(S))
is a smooth solution surface of E(a,,...an41)s where 2(S) = {q € S|rank df; < n—1}. Let
;. §' c R*! be an (n — 1)-dimensional submanifold. We say that f : 5 — Rt is @
solution surface of the GCP i: S C Rt for Eay,....ans) i S' c S, f|S' =1 and there
exists a non-vanishing vector field ¥ on S such that do Y = X(a1,-..,an+1)0 f and Y is
transverse to S’ in S.

We now introduce a natural equivalence relation among solution surfaces of E(a;,...,an41)
as follows: Let i : ' ¢ R be a GCP and f; : Si — R™*! (i = 1,2) be solution surface
of E(ay,...;ans1): We say that fo and fi are R -equivalent if there exists a diffeomorphism
®:5, — Sy with |5’ =1s such that fi = f20@.

Our existence and uniqueness theorem can be formulated as follows.

Theorem 1.3 (Local existence theorem for GCP). A GCP i : S C R™*! has
unique solution surface, that is, there is a solution surface f : S — R"*! of the GCP for

E(ay,....ans1) Such that any two such solution surfaces are R -equivalent in a neighbourhood
of S'. ’

Proof. Consider the mapping f : S — R*!, where S C (—¢,e) x §' is a neighbourhood
of 0 x ', € > 0; here f(t,9) = Ti(q), ¢ € S, (t,9) €S and T, is an one-parameter group

go translations along X(ay,-..,0nt1)- By the construction, we have X(ay,. .. ,ant1)0f =

df(g;), so that f7: S — R™*! is a solution surface of the GCP for Ea,,...,an41)-

Let g : P — R™* be another solution surface of the GCP for E,,,... ansq)> 50 that
we have a non-vanishing vector field Z on P such that dgo Z = X(a1,---, Gnt1) 0 g and
7 is transverse to S' in P. Let ¢; be an one parameter group of translation along %,
then g o ¢:(q) is a flow of X(ay,...,an+1) through g(q) = i(q) for ¢ € S'. Any point in
a neighbourhood of §' in § is written in the form (t,g). Since Z is transverse to S’ in
p, the map ® : § — P defined by ®(t,p) = ¢+(p) is well-defined diffeomorphism on a
neighbourhood of §' in S onto a neighbourhood of §' in P with 3|S' = 1g. We remark
that g o do(q) = 9(q) = i(q) = f(g) for g € S'. Tt follows from the uniqueness of the flow of
X(ay,.-.,0n41) through i(g) that we have g o ¢:(q) = Te(q) = f(t,q). This means that ¢
and f are Rg/-equivalent on neighbourhoods of S by the diffeomorphism ®.
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2. CLASSIFICATIONS

In this section we shall give normal forms of solution surfaces with singularities of the
GCP for Eq,,...,an4,) under a natural equivalence relation.

Firstly we consider what is the natural equivalence relation among E(,, ... 4, +1)- Here, we
adopt point transformations. Let ¢ : R®*! — R"*1 be a diffeomorphism which is usually
called a point transformation in the geometric theory of partial differential equations.
Returning to the classical notation of the solution surface of E,, . we consider a
function'h : R®™! — R and the relation

..,an+1)y

n+1
Oh
Z ai(z1, .. $n+1)—($1, 3 Tat1) =0

=]
on u~1(0). We can easily show that the above relation is equivalent to the following relation:

n+1 n+1

Zza¢1(¢—1(x) ;o™ l(x)aho'(/)— () =0

7=1 i=1 T

on ¥(h~1(0)). We say that E(ay,oyangr) @0d B, b 1) are equivalent under the group of
point transformations if there exists a point transformation ¢ : R**! — R™+! such that
bi(e) = SE($ 1 (z))ai 0 (3.

In this case we especially say that these equations are equivalent by 1.

We remark that B¢, | . 4.,,) and E@, . 5.,,) are equivalent by a point transformation
¥ if and only if the corresponding characteristic vector fields are t-related in the usual
sense.

We now define an equivalence relation among solution surfaces of GCP for quasilinear
equations. Let 1 : (S%,q.) C (R™%1,q,) (respectively, ¢ : (S},q) C (R"*1,g;)) be a
GCP germ for E(,, ... 0,,,) (respectively, E, . 5...))- By Theorem 1.3 we have a unique
solution surface germ f, : (Sa,ga) — (R®?,q,) (respectively, fo : (Se,q2) — (R™F1,g,)).
We say that (S;, fa,E(ay,....an41)) @0d (S, f5,Eey,... 5,01)) are equivalent if there exist a -
diffeomorphism germ @ : (S,,q2) — (S5, ¢s) with ®(S,) = S} and a point transformation
germ ¥ : (R™*1,¢q,) — (R™*1, ¢3) such that

(1) $ofe=fyod,

(2) E(ay,...,anyq) and Egp, ...y are equivalent by ¢.

We. can state the main result in this note. We say that the equation E(ay,....anq1) 18
regular at go € R™! if a;(gy) # O for some ¢ = 1,...,n + 1. We simply say that the
equation is regular if it is regular at any point. Let S’ be an closed (n — 1)-manifold
and Emb (', R"*1) be the space of embeddings of S’ in R**! endowed with the Whitney
topology.

Theorem 2.1. Let E(a,,....an4,) De a regular equation. Then there exists a residual subset
O C Emb(S',R™**!) with the following properties: For any i € O and qy € S', we have
the unique solution surface

f:(8,i(g0)) = R"™ of GCP: (§',1(q0)) C R™* for E(a, . apin)s

5



then there exists an integer m = m(go), 0 < m < 25L such that ((S',i(g0)), f+ E(ar,....ans1))
is equivalent to ((Q',0),mf, E(b1,...,bnt1)) which is given as follows: .

(1) (@',0) = ({(0,0,z3,...,Tns1)lz: € R}, 0)

(2) mf : (R*,0) — (R™*!,0) where

Uy um) = (s tn)se s Faga (s )

1

_ uH mbleiy
fl(u17“')un)_ (m+1)| +Z(m—l+1)' u2(m_1+1)

m-—1 1 )
fa(ui,. . un) = Z m“f‘—’“z(m—i)ﬂ
1=0 ) )
1

m-—j+2
f2j—1(u1,---,un)=mu1 A
m—j+2 1 "
+ Z (m—j—i+2)! uy uz("‘ i+1), J =2,0.,m+ 1L
—~J+1 1
fai(ur, o yun) = Y (m—7+1—9) Ul T gy =20, m A+,
1=0 ‘7

) fk(ul,...,un)=Uk_.1 k=2m+3,,n+1

(3) bpj—1 = Toj41, b2j = Toj42 for (j = 1,...,m), bgmy1 = 1 and by = 0 for k =
2m +2,...n+ 1.

The proof is based on the following result.

Theorem 2.2 (Ishikawa-Izumiya-Watanabe [2]). Let X be a non-vanishing vector
field on R**!. Then there exists a residual subset O C Emb(S',R"*!) with the fol-
lowing property: For any i € O and qo € S', there exist a coordinate neighborhood
(U,(z1,...,2n4s1)) around i(go) in R™! and an integer m = m(go), (0 < m < 251), such
that '

(1) X|U = Z] 1($2]+1 ag,;2 + Z2j+2 sz )+ 6:52?n+1

(2) {(@)NU = {(z1,.. $n+1)|$1 =z, =0}

Proof of Theorem 2.1. We consider the characteristic vector field X(ay,...,an+1). Since
the equation Eg, ... a,,,) is regular at any point of R***!, X(ay,...,an+1) does not vanish
on R™**1. We can apply the result of Theorem 2.2, so that there ex1sts a residual subset
O C Emb (S’ ', R**1) with the properties in Theorem 2.2.

For any i € @ and qo € S, there exists a diffeomorphism germ % : (R"*1,i(g0)) —
(R™+1,0) with ¥(S") = {(z1,...,Tn+1)|z1 = 2 = 0} such that

0- 5}
dipo X(a1,...,an41) 07" Z($2J+1 R )+

j=1 8$2m+1



This means that E(,,,.. . 4,,,) and Ey,.bns1) are equivalent by v, where boj—1 = T2j+1,
byj = zgj42for (j=1,...,m),bamy1 =land by =0fork=2m+2,...n+ 1. ’
For the proof, it is enough to get the solution surface of GCP {(z1,...,Zp+1)|z1 = Ty =
0} C R+ for E(bl, obng1):
We now solve the characteristics equations. In this case the characteristics equations is
the following system of ordinary differential equation: ,

.i;_?_ =xl+2(t) i=1,.-.,2m
dzom41 =1
dt -

for the initial condition z;(0) = .'272(0) = 0 and z;(0) = ui-y for i = 3,...n + 1. The
solution is given as follows:

1 m+1 “ 1 m+1—1
b1(t,uz,. .. Un) = mt + ; mt U2(m—i+1)

b2(t,ug,. .. lUpn) = Z t™" iu2(m—i)+1
=0
1 .
(¢t = _ym-it?
¢2] 1( y U2, sun) (m_J+2)|

my 1 . :
p> (m—-j—i+ 2)'tm_1+2"”2<m-i+1)’ j=2...,m+1,
i=1 :

1 m—j—i+l

('t creyUp) =
¢2J( y U2, y U ) Z (m—]+1—z)'
¢k(t,...,un)=uk_1 k=2m+3,...,n+1.

U(m—i)+1) .7 =2,...,m+1,

It follows from Theorem 1.3 that the map germ ¢(t, uz,...,un) = ($1(f,u),... dns1(t,u))
is the unique solution of GCP : Q' = {(z1,...,Zn+1)|z1 = 72 = 0} C R**! for E,,...,
If we adopt the coordinate : '

bpg1):

Uy =t,Up = Ug,...,Up = Uy

of (R",0) and denote fi(ui,...,un) = #i(u1,u2,...,uy,), then the map germ mf(u)
(fi(u)y. .., fat1(n)) is the solutlon surface such that ((S',4(g0)), f, E(a,,.. 7%_“)) is equiva-
lent to ((Q',0),mf, E(b1,...,bnt1)). O

3. GEOMETRIC STUDY OF NORMAL FORMS

In this section we consider geometric properties of singularities for solution surfaces by
the aid of the normal forms in Theorem 2.1.



Example 3.1. We consider the case n = 3. In this case the normal forms are given as
follows:

of (u1,u2,u3) = (u1,0,uz,us3)

1
1f(u1,u2,u3) = (§u§ + UUp, UzUy, UL + uz,u3).
The Jacobian for ifis given as

Uy + Uz U 1 0
J = U3 0 10 y
0 U1 0 1

so that rank J = 2 if and ohly if up = uz = 0. It follows that ;f has singularities along the
line uy = uz = 0. The critical value set is {(3u2,0,u1,0)|uz € (R,0)}. The tangent vector of
the critical value curve is given by (c,0,1,0) at (3¢?,0,¢,0). If we consider the transversal
hyperplane {(z1,z3,z3,24)|zs = ¢} to the critical value curve, then the restriction of the
image of the solution surface into the hyperplane is given by

1 2
(——2-u1 - cul,u3u1,c,u3).

This is the cross cap (cf., Figure 1 in Section 0).

In accordance with the proof of Theorem 2.1, the u;-axis is corresponding to the pa-
rameter of the characteristic curve, so that the cross caps appear along the characteristic
curve from the origin. Moreover, we can observe that the characteristic curve has second
order contract with the Cauchy data {z; = 2, = 0}.

In general we can state as follows: Let v : (R,0) — (R**!,0) be a regular curve germ
(i.e, an embedding germ). We say that a map germ f : (R®,0) — (R™*1,0) is trivial along
7 if there exist a map germ fo : (R*™1,0) — (R",0) and coordinates (¢,up,...,%Un—1),

(y,z1,...,2,) around the origins such that f(¢,u1,...,un-1) = (¢, fo(us,...,un—1)) and

7(t) = (¢,0,...,0).
We can prove the following proposition.

Proposition 3.2. Let E(a,,..,any,) be a regular equation. For any GCP germ (S',q0) C
R™*1, the unique solution surface germ f : (S,i(go)) — R™*! is trivial along the charac-
teristic curve from qo.

Proof. Since the characteristic vector field X (ay, ... an+!) does not vanish at go, there exists
a coordinate (z,vy,...,v,) around gy € R®*! such that the characteristic vector field can
be represented as 7%. We now consider an embedding germ : : (R™71,0) — (R"*1,¢go)
which is considered as a parameterization of (S’,¢gp). In this case the unique solution

surface is given as the map germ
Fltwry .o yuna1) = (G2(u1,. s un-1) + t,32(U1, oy Un—1)y -+ s Ing1 (U1, ooy Unm1))-
It follows that f is trivial along the characteristic curve from starting ¢o. O

8
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If we fix the local coordinate (z,v1,...,vn) around gy € R®*? in the proof of Proposition
‘3.2, it is known that the generic singularities of 7|5’ : (5", ¢0) — R™ is the A,-type singu-
larity (cf., Proposition 2.4 in [2]), where 7 : R**! — R™ is 7(z,v1,...,v,) = (v1,...,0s).
It follows from Proposition 3.2 that the singularities of the unique solution surface are the
trivial family of the An,-type singularity along the characteristic curve starting from gq. It
follows from the normal forms in Theorem 2.1 that the characteristic curve from the origin

18 ) )
T i

such that the characteristic curve has (m + 1)th-order contact with the Cauchy data at go.
Then we have the following theorem as a corollary of Theorem 2.1 and Proposition 3.2.

1

u*1,0, —uf", 0, u710,...,0,u;,0,...,0),
m

Theorem 3.3. Let E,,,....0,,,) be a regular equation. Then there exists a residual subset
O C Emb(S',R™*!) with the following properties: For any i € O and gy € S', the unique
solution surface f : (S,i(go)) — R™*! of GCP: (5',i(q0)) C R™*! for Eg,, . 4.,,,) has a
trivial family of An,-type singularities along the characteristic curve from the point gy and
the characteristic curve has (m+1)th-order of contact with the Cauchy data at qo for some
integer m = m(qp), 0 < m < 2L
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