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GINZBURG-LANDAU EQUATION WITH MAGNETIC
EFFECT: NON-SIMPLY-CONNECTED DOMAINS

SHUICHI JIMBO AND JIAN ZHAI

Department of Mathematics, Faculty of Science
Hokkaido University, Sappro 060 Japan

ABSTRACT. This paper is a continuation of the paper [15] and [16]. Ginzburg-Landau equation with
the magnetic effect is studied in the case of a superconductor which is not simply-connected. There
are multiple stable steady state solutions, which correspond to many kinds of permanent current of
electrons.

§1. Introduction and preliminaries

Ginzburg-Landau equation is a model of the low-temperature superconductivity. The total
energy for a state (®, A) for a superconductor  C R*® where the external (applied) magnetic
field is absent, is given by the following functional:

(1.1) HA(®,A) = /9 (%1(?7 —iA)3* + 2(1 - ]<I>|2)2) dz + /Ra -;-IrotA|2d:c.

® (C- valued) is the wave function of the electrons in the material, A is the vector potential of
the magnetic field and A > 0 is the GL parameter. We note that the first and second terms
correspond to the energy of the electrons in the material and that of the magnetic field which
occurs in the whole space R?, respectively. A superconducting steady state (&, A) is formulated
as a local minimizer of H, and hence it is a solution to the following variational equation (GL
equation):

(V—-id)?d+2(1-19|))®=0 in Q,
0%

1.2 —-—---. . fornd

(1.2) 5 i(A-v)@=0 on 09,

rotrot A + (i(2V® — 8V®)/2 + |8]°A) Ag =0 in R?,

where (:,-) is the standard inner product of vectors in R* and Agq is the characteristic function
of 2, ie. Ag(z) =11in Q and Ag(z) =0in R®\ Q. We are interested in the existence of non-
trivial solutions of (1.2) and their stability (local minimizer). In [15], it was proved that there
are many kinds of stable steady state solutions for large A > 0 in the case of the ring-shaped
(rotational) domain 2 C R%. The purpose of this paper is to extend this result for more general
domain  (cf. Fig.1 for an example). Precisely speaking we will prove the existence of many
kinds of stable solutions for a bounded domain  C R3? provided that § is not simply-connected.
In [16] the GL equation without magnetic effects was studied. It is the case of the functional



(1.3) and its variational equation (1.4) which are obtained by putting A = 0 in (1.1) and (1.2),
respectively. . '

(13) | (@)= [ (3var+30-18p)) oz

(14)  AS+A(1—|8P)2=0 in ©, 08/0v=0 on 82 (C - valued).

Denote the set of the continuous maps from Q into S* = {z € C | || = 1} by M, ie.
M = C°(Q; S1). In view of the functional (1.4), the absolute value of a local minimizer @, may
approach 1 if X is vary large. It suggests that @, approaches a certain map in M. Actually it
was proved in [16] that for any given homotopy class in M, there exists a stable solution ®» of
(1.4) for large A > 0 which uniformly approaches the harmonic map ( € M ) belonging to that
homotopy class as A — oco. In certain physical situations, (1.4) is regarded as an approximate
model equation of (1.2) and so it is a natural problem to compare the solutions of (1.2) with those
of (1.4). Let @ be fixed and consider H(®, A) in the variable A. We see that this functional
is convex in the variable A and so it admits only a global minimizer (essentially unique). This
implies that when we seek for a local minimizer, ® is more important variable than A because A
is uniquely determined by ® and in other words, Hx(®, A) is controlled by the variable ®. This
suggests that the situation of local minimizers for H(®, A) may be similar to that of H3 (%) for
large A > 0 and we can expect that a similar method as that in [16] is applicable to (1.1)-(1.2).
We will consider a solution (®, A) of (1.2) such that ® topologically behaves like a solution of
(1.4). For the construction of solutions, we first deal with the limit problem A = oo of (1.1) and
(1.2) and next consider 0 < A < oo as a perturbation. We consider the stability problem by the
limiting behaviors of the certain eigenvalues. Anyway we apply the method developed in [15]
and [16].

We remark that a similar work on the existence of local minimizers of (1.1) with their topo-
logical characterization for non-simply connected superconductors is done independently by Ru-
binstein and Sternberg [22] recently. They are dealing with only the case that 2 has the same
topological type as a solid torus. The stability inequality such as (2.3) in our main theorem is
not given there. ,

There have been many important works on the solutions Ginzburg-Landau equations with or
without magnetic effects in different situations. See (3], [4], [5], [6], [9], [10], [11], [13], [17], [21],
(23], [24] and the references therein.

Figure 1: Q C R3 ( Doughnut with 3 holes) |
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We formulate the probleni more precisely. We consider the functional (.1.1) for (®, A) satis-
fying : '

(1.5) - AeIS(R%RP), VAe L*R%;R3*Y), & e HY(Q;C).

The conditions concerning A follow from the following consideration. From (1.1) rotA should
belong to L2. Taking account of the gauge transformation, which will be mentioned later, we
can assume without loss of generality that div4 = 0 and it leads to VA € L?(R%;R3*3). The
“last line of (1.2) can be regarded as a part of the stationary Maxwell equation,

rottrot A=J
(1.6)

J = - (i(3VE — V3)/2 + |8[?A4) Aqg,

where J naturally corresponds to the electric current. If J is a given vector valued function
satisfying divJ = 0 in R3, the function defined by

(1.7) Alg) = — / IW) 4

47 Jgs |z -yl

satisfies rot A = J. In our situation if there exists a C! solution (&, A) to (1.2), J has a compact
support and satisfies divJ = 0 in R® (in the distribution sense) and A is expressed as in (1.7)
and it implies A(z) — 0 as |z| — oco. Therefore using the Sobolev’s inequality (cf. Prop.6 in
§3) with VA € L%, we get A € L8(R3; R®).

The formulation for the stability of the solution is completely similar to that in [15]. Note
that the functional (1.1) as well as the equation (1.2) is invariant under the following (gauge)
transformation:

(1.8) { (®,4) — (9',4")

' =¢e*®d,  A'=A+Vp (p: R - valued function inR?).

Taking various p, we get a continuum of solutions from one solution (@, A). We note that all
(®', A')’s in this continuum corresponds to one physical state. In view of this, to see the stability
of a solution (®,A), we have to study the variation of Hy in the transversal direction to the
tangent space of the continuum at (®, A) which is described as

T(®,A) = {(£®, VE) | £ : R — valued function on R®}.

We take a space N(®, A) which is transversal to T(®, A) and satisfies T(®,4) N N(®,A4) =
{(0,0)} and consider whether £3(®,4,-,-) is positive definite in N(&, A). We prepare the
formulation for the stability of the solution. Let @ € C*(Q;C), 4 € C*(R%R?) and VA €
L?*(R3%; R3*%). We note that the solution (®, A) which we will construct in §4 satisfies these
conditions. For convenience, we sometimes deal with ®-component in terms of real functions
by taking its real and imaginary parts. We put ® = u + vi and ¥ = ¢ + i. Hereafter we
also denote Hi(®, 4), LA(®, A, ¥, B), T(®, A) and N(®, A) by Ha(u,v, 4), Li(u,v, 4, ,¢, B),
T(u,v,A) and N(u,v, A), respectively. Put

Z = {B € I8(R%R®) | VB € L*(R%;R*%)}.



The tangent space T(®, A) is defined as follows,
(1.9) T(2,A) = T(u,v, A) = {(—v€,u€, VE) | € € LT, (R®), V€ € Z}.

To define a subspace N(&, A) N(u,v, A) which is transversal to T(®, A), we use the Helmholtz
decomp051t1on (cf. [19]). It is known that L8(Q; R?) and L®(R?; R®) have the decompositions:

(%R =X18X;, L(R;R)=Ve,

where

X1 ={VE| £ L%(Q), VE e L“(Q;R‘*)},

X, ={BeL’(Q;R%) |divB=0in, (B-v)=0on o0},
Y1 = {VE| €€ L, (R, V€ € L*(R%RY)},

Y, = {B € L8(R%;R®) | div B =0 in R®}.

Let P and P be the projectors of L8(Q;R?) and L5(R?;R?) onto X, and Y;, respectively. Let
us define

N(u,v,4) = {(d),z/),B) e HY(Q)? x Z | /Q(vd)—u¢)da: =0, Bjg € Xz},
N )= {60, B) e BYQP x 2] (06 -w)is =0, Be i .

For these spaces, we have the properties in the following propositions. Their proofs can be
carried out quite similarly as in §2 in [15] and so we omit them.

Proposition 1.

(1.10)  HYQ) x HNQ) x Z = T(u,v, A) + N(u,0, ).

Proposition 2.

(1.11) HY(Q) x HY(Q) x Z = T(u,v,4) & N(u,v, A).

Formula of the second variation of Hj

L(u,v,4,¢,%,B) = d2 AUt b, v+ e, At eB)jemo =

/Q {IV$ + AP + |V — AP — A1 — u? — v2)(¢% + ¥2) + 2\(ud + v¥)?} do
2 2 2 2
+/I[;3 lrot B] da:+/9(u + v*)B*dz

+4/Q(A - BY(ué + vip)dz — 2/9 {¢(Vv-B) —=9(Vu-B) +u(Ve¢ - B) —v(Vé-B)} dzx
This is calculated directly from (1.1).

Proposition 3. Let ($,4) = (u,v,A) € H(Q)? x Z be a C*-solution of (1.2). Then
(112) L)‘(U,U,A, ¢, ¢7B) = EA(U’ v, 4, ¢,,¢,1BI)
prOVided that (¢a¢7B)7 (¢’7 1/"'7B,) € HI(Q)Z X Z and (¢ - ¢’7¢ - ¢,1B - BI) € T(u,v,A).

4_



§2. Main results

In this section we present the main results Let Q c R3 be a bounded domam with C?® boundary. .
We impose the following topological condition on the domain 2.

(A) There exists a continuous map of { into S* = R/27Z which is not homotopic to a constant
valued map. :

Under this assumption, there are at least infinitely many homotopy classes in the continuous
mappings of {! into S*. Because if 6y is a map satisfying (A), then all the maps o()?, 6o(z)3,
fo(z)*, ... belong to distinct homotopy classes of M. Here S! is regarded as a group. We also
remark that in our situation that Q is a domain in R3, it is known that the above cond1t1on (A)
is equivalent to that § is not simply-connected (see Appendlx in [16]).

We construct non-trivial solutions to (1.2) for this Q and prove their stability.
We seek for a solution (®, A) in the form ®(z) = W(z)ei(=) where W = W(z) >0 and 0 is a
continuous map of Q into S with an arbitrarily prescribed homotopy type.
The following theorem is the main result of this paper.

Theorem 4. Assume (A). For any 8y € M = C°(Q; S'), there exists a \g > 0 such that (1.2)
has a solution (®y, Ay) for any A 2 )y with the properties that

(2.1) | Br(z) = Wa(z)e @)
(2.2) lim sup |Wx(z)—-1|=0
A—00 0

and the map 8x(z) : @ — S! = R/2xZ is homotopic to 8. Moreover it is stable in the sense
that there exists a constant ¢ > 0 such that

(23)  La(@0 408, B) 2 ¢ (120 + 1BIExams) + IV Bl gegoxs))

for (U, B) € N(®x, Ay) and X 2 Xo.

We will prove this theorem in the following sections. In §3 we deal with the equation for the
limit case A = oo and prove the existence solutions by the variational method. In §4 we deal
with (1.2) for large A > 0 and construct solutions as a “perturbation ”of the limit case A = oo.
In §5 we prove the stability by the spectral analysis on the linearized problem.



§3. Existence of solutions for A = o0

‘We consider the limit problem of (1.1); (ie. A = o). By putting ®(z) = w(z)e**® where w is
a positive function and 6 is a S? = R/2wZ-valued function, the functional (1.1) is rewritten as

(3.1) ' HA(S,A) =/ l|w(Vt9 — A2 dz +/ lIrotAPd:z:
, Q2 RS 2

1 2 )‘ 242 |
+/Q(2|Yw| +201-w?)?) de.

In this paper we are seeking for a local minimizer (&, 4) = (we'?, A) of (1.1) with ® # 0 and so
if A is very large, w might approach 1 because of the large A > 0. The order of the convergece
will be w—1 = O(1/A) (this turns to be true in §4). This consideration suggests us the following
functional as the limit case A = oo of (1.1). '

1
(3.2) Hoo(6, A) = = / V6 — Al*dz + = / lrot A|2dz,
2 Ja 2 Jgs

where 6 is a S'-valued function in  and A is a R3-valued function in §. Remark that V8 can
be naturally be as a R3-valued function. This choice of the functional will turn out to be nice
afterwards. The Euler-Lagrange equation of (3.2) is

div(V6—A)=0 in Q, 68~ 6 (homotopy equivalent)
(3.3) (VB—A.-v)=0 on 09,
rotrot A+ (A—VOAqg =0 in R

We will construct a solution (6, A) such that § is homotopic to 6y of any given homotopy type
in M = C°(Q,S"). For a technical reason, we use R-valued functions in place of §. We can
assume without loss of generality that 6, is C® because we can mollify 8, without changing
the homotopy class. Let § be the universal covering space of {0 which is endowed with the
canonical metric, i.e. the covering map ¢; : Q—Qis locally isometric. On the other hand R
is the universal covering of S? = R/27Z. Let ¢ : R — S? be the covering map. Fix a point
p € Q and let ¢ = y(p) € S*. Take p € Q and § € R such that t1(p) = p, 12(q) = g. For any
8 € C°(£,S?) such that 6(p) = ¢, there exists a unique continuous map:

g:ﬁ———)R=§T,

such that

o~

ou(2) = @) (v2€D), 6@)=5

7 ,R=31

B

—_— S
]

D — D)



: »PropOSItlon 5 ([16]) For any 6 € CO(Q S') such that § ~ 00 and 6(p) = ¢, the function

n(z) = 8(z) — 8y(2) in  can be identified with a R-valued function in Q. That is, there exists
a unique R—valued function n' in Q such that n(z) = 7'(11(z)). On the other hand, for any
R—valued continuous function ' on §Q, there exists a unique § € C°(Q, S?) such that 4(p) = q

and 7'(11(2)) = 8(2) — Go(z) in Q.

By the identification in Proposition 5, we denote ' also by> n. Translating the unknown
function # into 7, we can rewrite the functional (3.2) and the equation (3.3),

1
(3.4) Heo(n, A) = }—/ IV + Xo — A’ dz + -—/ |rotA|?dz,
| 2 Jo 2 Jps

div(Vp+Xo—4)=0 in £, n(p)=0,
35 (Vn+Xy—A-1)=0 on 09,
rotrot A+ (A - Vn—Xo)Ag =0 in RS,

 where X = V#j is a C? class R3—valued function. The important point is that 7 is a R—valuéd

function in . Clearly (3.5) is the Euler-Lagrange equation of (3.4).
We consider the minimizing problem for (3.4) in the space:

D ={(n,A) € HY(Q) x L5(R*R®) | rot A € L}(R?;R%)}.

Proposition 6. There exists a minimizer (oo, Aco) € D of (3.4) such that
(3.6) divA=0 in R?, /nda: =0.
Q

Moreover ()00, Acs) belongs to C?tY(Q) x C**7(R?;R®) for any v € [0,1) and it is a solution
of (3.5).

Hereafter in this section we will prove this proposition. First we recall the Sobolev imbedding
theorem which we will use later.

Lemma 7 ([12]). There exists a constant C > 0 such that

lellsmsy S ClIVellL2re)y (Vo € LE(R?)).

( Proof of Proposition 6) Let {(7n, Ax)}32, be a minimizing sequence in D. Using the Helmholtz
decomposition in L% (cf. [19]), each A, is decomposed as follows:

Ap,=B,+V{, in Ls(Rs;R3),
(3.7) divB,=0 in R3,

/Q(nn —&€n)dz = 0.



 From the boundedness of

Moot An) = 5 [ 190 =60+ Xo = BuPda 4 3 [ frotBofod,

(3.8) / IVBnIde=/ [rot B, |? da:+/ |div B,,|? dz
R3 - R3 R3

is bounded and hence {B,} is bounded in L%(R3;R®) from Proposition 7. At the same time,
we have the boundedness of [, |[V(n, — £,)|*dz (n 2 1). Using Poincére inequality and the last
line of (3.7), we obtain the boundedness of {5, — £,} in H*(Q). From this consideration we
obtain (70, 4doo) € H*(R2) x LE(R?; R3) and weakly convergent subsequence (which we use the
same notation), such that

—&n — o weakly in H'(Q),
(3.9) Bn — As weakly in L°(R%;R3),
VB, — VAs weakly in L?*(R%;R3%3),

as n — oo. From the lower semi-continuity of the norm under the weak convergence, we get

l1mmf’H’ co(Mn, An) 2 Hiy(Nooy Aco)-

(No0r Ace) € HN(Q) x (HL (R3; R3)NLE(R3; R?)) is the minimizer of (3.3) and satisfies div Ao =
0 in R® . Moreover from the regularity argument of weak solutions in the theory of the elliptic
boundary value problem, 7o € H?(Q) (cf. chap. 3 in [20]). Applying the Schauder estimate we
obatain the desired regularity.

(Noos Aco) c C**(R) x CHI(R%R?) forany + € [0,1).

Adding an adequate constant so that r)oo(p) = 0, we obtain a solution of (3.5). Using again
Proposition 5, we get 0o, € C217(8; 5?) such that 8oo(p) = p and o = Gy + 70e. O

We can prove that the solution to (3.5) is essentially unique. Precisely we have the following
result.



Proposition 8. The solution (1w, Aco) of (3.5) is unique under the condition (3.6).

(Proof of Proposition 8) ‘Suppose that (n,4),(n', A") are two solutions of (3.5) Wthh satisfy
(3 6) andlet f=n—n', A=A— A Clearly, (n,A) satisfies

rot rot A + (A - Vﬁ')Ag =0 in R3,
div(A-VH) =0 in Q,
(A=VH,1)=0 on 8Q.
Since 7j € C%(Q) and 09 is C°® we can extend 7 to 7. € C2(R3) with a compact support. Thus

we get , _
rotrot(4 — V7,) + (A — V&, )Aq = 0.

| Multiplying the equation by 4 ~ V7, and integrating it over R® and using partial integration,
we get

/ lrot( A — V.)[2dz + / A — Vi [2dz = 0.
RS Q
Then, we have
(3.10) . ot(A-V#)=0 in R, A-Vi.=0 in Q.
On the other hand A — V7, € L5(R?; R?), there exists £ such that V7 € LS(R3; R?) and
(3.11) div(A- V7. —VE) =0 in R3.

rot(4 — Vij, — V¢) = 0 follows from (3.10) and it yields with (3.11) that

A-V(7. +§) =0

From divA =0, we have A =0 in R® and 7, = 0. in Q.
This completes the proof of Proposition 8. O

Remark. If we replace the condition [,ndz = 0 by n(p) = 0 in (3.6), the conclusion in
. Proposition 8 is still true.



84, Existence of solutions for 0 € A < o0

In this section we construct a solution (@5, 4y) to (1.2) for large A > 0. We seek for a solution =
such that &- -component has the form: &(z) = w(z)e!® where _ | 1

w:— (0,00), 6:0Q— 5" =R/2rZ. o

The functional (1.1) is rewritten in terms of (w, 8, A) (cf. (3.1))

(4.1) C Ha(8,4) = /Q %[w(ve_A)ﬁdzgu /R 3 %|rotA|2 i

+ [ (317l +§0-07?) do

We consider a local minimizer (w,§, A) such that § homotopy equivalent to 6, and 6(p) = ¢
where 6y € M is a given map. As in §3 we use the change of the unknown variable 6 to 5 by
Proposition 5 (Recall n(¢1(2)) = g(z) - §o(z) in ﬁ) The functional H) is transformed into the
following one:

(4.2) “\(w,n, A4) =/ l]w(Vn + Xo — A)|P dz +/ l|rotA|2dar:

+/ (1|Vw|2+5(1-w2)2) iz,
o \2 2

where X¢ = V§,.The Euler-Lagrange equation of (4.2) is the following system of equations
(4.3)-(4.4)-(4.5):

Aw+ (A1 =w?) = |[Vn+Xo— AP)w=0 in
4.3 |
(+3) ow =0 on 0Q,
Ov
(4.4) div(w*(Vnp+Xp - 4))=0 in ,
' (Vn+Xo—A-v)=0 on 09,
(4.5) rotrotA + (A — Vi — Xo)w?Aq =0 in R3.

We recall the solution (70, Aco) of the equation:

div(Vne + Xo — 4o) =0 in ,

(4.6) (Voo + Xo — Ao - v) =0 on 09,
Neo{(p) = 0.

(4.7) rot rot Ao + (Ao — Voo — Xo)Aqg =0, divde =0 in R3.

[O



We construct a solution (w, 7, A) to the above system (4.3)-(4.5) by the aid of the Schauder
fixed point theorem. More precisely speaking, for a certain given (7, A) we find a unique solution .
w = w(n, A) > 0 of (4.3). This map will be proved to be continuous and compact. Next for this .
w(n, A) we consider (4.4)-(4.5) and get a unique solution (7i(n, 4), A(n, 4)), we denote this map
T and this map will be proved to be continuous. T is the composition of these two maps. We
can apply the Schauder fixed point theorem. Let us define precisely the set E and F for the
definition of the map T). | .

F(é)={w e C*(Q) | [lw - Weortagm S 6}

E ={(n,A) € C***(Q) x (C**(;R*) N LS(R%; R?)) | (n, A) satisfies (4.8)}
(48) U(P) =0, ”77 _ 7700”C1+a(§) <1, divA=0 in Ra,
”A hd AOO”CI+°‘(6;]R3) é 1, ”A -— AOOHLG(]RS,R(&) g 1.
Given (n,A4), we can get a unique positive solution to (4.3) with some detailed asymptotic

properties for large A > 0. Actually we have the following result. An almost same argument is
seen in [16]. So we omit the proof.

Proposition 9. Let § > 0. There exist Ao = Ao(8) > 0 and ¢y > 0 such that (4.3) has a unique
positive solution w(A,n, A) € F(8) for any (n, A) € E, which satisfies

1——-c£<w()\,n,A;w)§1 for z€Q (A2 ))

A
Co -
(49) lho(0 1, 4) = e S UV + 1 XolZa, + 14120 )
' Alim sup [lw(A,n,A) - 1||cz+a(§) = 0.
T®(n,A)EE. : '

From (4.9), there exists A\; = A;(6) > 0 such that w(\,n, 4) € F for any A = )\; and (n,A) € E
and moreover the image of this map E — F(6) is compact. By a standard argument we can
show that the map is also continuous.

Proposition 10. For any w € F, there exists a unique solution (1(w), A(w)) € H}(Q) x (HL.N
L°(R?; R?)) to (4.4)-(4.5) with div A(w) = 0 in R® and n(w;p) = 0. Moreover, (n(w), A(w)) €
C2+°‘(Q) X 01+a(§; R3).

We prove that the image of the map defined in F(§) is included in E. Let (n, A) denote the
unique solution of (4.4)-(4.5) with n(p) =0 and divA =0in R3 forw € F(6). Using (4.4)-(4.6)
and (4.5)-(4.7), we consider the equations of 7 — 7o and A — Ao, respectively. -

div (W (V(n = 7o) — (4 = Aco)))
(4.10) +div ((w? = 1) (Voo + Xo — 4)) =0 in Q,
(V(n —100) —(A—Ax)-v) =0 on 99,
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(4.11)

rot 1ot (A — Aso) + (A — Aoo — V(1 = N1 ) w?Aq
+ (w? = 1)(Aoo — Voo — Xo)A@ =0 in RZ.

From these equations we get the following integral equalities.

| [, It (4= A)Pda + [ (4= oo = V(7 = 1en))(A — Aco)u?dn

(4.12) R? a

- /(1 — w?)(Aso = Voo — Xo)(4 — Aoo)dz,
Q . . ST

0901~ 1) = (A= 4} V(0 = ne) e
(4.13) & ,
== /Q(l - wz)(Aoo - Voo — XO)V(T] - T)oo)d:l,‘.

Adding (4.11) to (4.12), we get
4
/ Irot (A — Aoo)|2dz + / |4 — Ao — V(1 = 00 )|2w?dz
R® Q
= [ ") = Vi1 = Xa)(A = on = V(0 = 1))
~Ja

(4.14) <
< (/ |A — Ao — V(n - noo)lzd:c + / | Ao = Voo — X0|2da:)
Q Q

1
| % '2'”1 — w?|| ] ()
Using Lemma 7 and Proposition 16 (§5) we see that there exists §; > 0 such that
(4.15) |4 = AcollZeqmsrsy + V(A — Aol 2gerexsy + IV(n — ool 2200y S 711(6)

for and w € F(6) and 6 € (0,6). Here 4,1(6) > 0 is a function with lims_qv1(8) = 0.
From (4.11) and 4, A € L5(R3;R®) and divA = 0, div A = 0, A — Ay has the following
expression by the aid of the fundamental solution of the Laplacian

_ 1 J(y)
Az) — Aoo(z) = yrell B P yldy
J(z) = ~(A = Ao — V(1 — o) 0’ Aq
+ (1 = w?) (Ao — Voo — Xo)Aq. |

(4.16)

Applying the estimates of the singular integral operator (cf. [2] , [7]), we have the following
estimate,

(4.17) A — Acoll r2(jzigmire) S M| || 2(sr3)s

where M > 0 is a fixed constant so that & C {|z] < M}. On the other hand it is easy to see

(4.18) [ 71|z2(;re) S[I4 = AcollL2(aire) + V(1 = 100l L2(0;r3)
+[w? = Uz @)l oo = Voo — XollL2(a;mo)
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Thus we have .
|4 = Aol 2(jz)< iRy S 72(9)

where 72(6) > 0 is a function with lims_q v2(8) = 0. Using this estimate, we apply the elliptic
estimates in (4.10) with the condition n(p) = 0, we get

17 = noollzr2(0) S cllA = Aoollr2(jz1 g M%)

Applying repeatedly such a regularity argument to (4.10) and (4.11) we finally get the following
estimates: ‘

|4 = Ao llcrea(mmsy S %3(8);  IIn — ool gzt ay S 74(8).
Thus if § > 0 is taken small and fixed and next A > 0 is taken larger than a, then T} is well-
defined and T\(E) C E. The continuity of the map T can be proved in a similar way. Let
(mj, A;) be the solution of (4.3)-(4.4) for w; € E (j = 1,2). By a similar calculation in (4.11),
(4.12), (4.13), we obtain

/ |rot (A1 — A2)[*dz + /(A1 — Az — V(1 — m)) (41 — Ap)wide
RS Q

(4.19) | |
+ [ (A2 = 9 = Xo)(As — o)} ~ udz =,

09 = )P = (41— 4 — maYyute
(4.20) “

+ [ (924 Xo = 42)9(m — na) — wd)de = 0,

Q
and we get
/ [rot (Ar — As)[2de +/ A1 = Az — V(1 — 12)Pwdde

(4.21) R &

+ [ (42 = V2 = Xo)(ds = A3 — V(o — n2))(w} — wh)do = 0.
Q

Consequently we have proved that the map Ty : E — E is well-defined for large A > 0 and it
is compact and continuous. Therefore from the Schauder fixed point theorem, we have a fixed
point in E and we get a solution (wy,n, Ax) to (4.3) - (4.4) - (4.5) for large A > 0.
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§5. Stability of (®y, A4))

In this section we prove the stability of ($,,4,), which we constructed in §3 and §4. The
procedure below is almost similar as was done in [15]. We estimate the second variation of the
functional Hy at (®x,Ax) = (ua,vr,Ar). We express @, in terms of real valued functions,

i.e., we put ux(z) = Wi(z)cosb, va(z) = Wi(z)sinbx. Let us consider La(ua,va,Ax, 9, ¢,B)
on N(@A,A,\) = N(u,\,v,\,AA) Hereafter we denote E,\(u)\,v,\,AA,qb,gb,B) by Li(¢,%, B) for
simplicity. We have

(51) Lr\(¢a¢7B) = Il(¢1¢)+I2(B)+I3(¢a¢’B)

where

I(,9) = /Q(IV¢ + AN + [V = AN — M1 = u} = v3)(¢° +9%) + 2M(urd + va¢)?)dz

I(B) = /Ra [rotB|%dz + /Q(ui + v3)B%dz,

I(4,%,B) =4 /Q (4 - B)(urg + vav))da
' —Z/Q{gz&(Vv,\-B)—-¢(Vu,\-B)+u,\(V¢-B)-—v,\(V¢-B)}dx.

We change the variables ¢, into g, zz by

e (50)=men@ () mee mo= (S0 )

and we express I; and I3 in terms of 3, {b\, B. I, and I; are rewritten as follows,

(53)  L(s¥) =53 P) = / (IV8+(4s — VOB + [V — (Ar — V622
— A1 = W) (% + %) + 22WE?) do

(54) I3(¢, ¢1B) = Tfi(a’ IL\)B)
= 4/ (A - B)Widdz — 4/(W,\(V6,\ - B)¢ — (VW - B)p) dz
Q Q

We used that divB =0in Q and‘ (B -v) =0 on 0N since (¢,%,B) € -N—(u,\,v,\,A,\).

To investigate the coerciveness of I, we consider the eigenvalue problem,

L div((Ax — VO)B) + ((Ax — V) - Vi)
A <¢) * ("di"((zx - ng\)sﬁ) - ((fi\,\ - Vé\,\) ‘ V¢))

(5.5) <+(A(1-W§)—_|4A-voA|2)<z)—2xwf(g>+p(z)=(g) in ©Q,

8¢ _ 9 |
3 = 3y =0 on ON.




Let (e} and {(23)}00 C L*(Q) x L*(Q)

=1
be the eigenvalues arranged in increasing order (with counting multiplicity) and a complete
system of the corresponding orthonormal eigenfunctions of (5.5). We can apply quite a similar
argument as in [15] or [16] for such type of the eigenvalue problem as (5.5) and we get their
asymptotic behaviors of the eigenvalues and eigenfunctions. So we give the results without
. proofs.

Lemma 11.

(5.6) lm pe(A) =pe (£21),
(5) Jim (I96ealam) + AldeallZmy) =0 (62 1)

where {us}32, is the set of the eigenvalues arranged in increasing order (with counting multi-
plicity) of the following eigenvalue problem:

(58) o

— =0 on 0N.

{A¢+u¢=0 in ,
Ov

We prepare an auxiliary result concerning a complete orthonormal basis of the product of two
Hilbert spaces, which we use in the proof of Lemma 14.

Lemma 12 ([15]). Let H; and H; be two real Hilbert spaces with inner products (-y*)m, and
(*s*)H,, respectively and let H be the product Hilbert space H; x H, with the inner product:

((Z/f)é(ii))HE(¢,¢')Hl+(¢,¢')H2 for (z)(z)eff

If there exists an orthonormal basis {(:Z" )} C H, then

n=]

Z(qﬁ, ¢n )b, (%, ¥n)H, =0 for any (:Z) € H,
n=l :

(5.9) -~ | o
181%, = > (#:8a)brs 1003, = > (8, %)%,
n=1

n=1

The following lemma directly follows from the above lemmas.
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Lemma 13. For any (é,%) € L*(Q) x L2(Q), the following equalities hold.

Z(¢ <o) @) (¥ - ea)r2 ) =0,

£=1
oo o0
18122y = D (¢ b2 )32y - 1WlF2cay = D (¥ - Yea)iaca)-
£=1 =1

fl(g, zZ) is expressed in terms the Fourier Acoefﬁcients of $, 17; :

(5.10) L) =) u(Ng;
=1
where
(5.11) ge = (e - )12y + (Per - P)r2()-

We remark that é1,x(z) = 0, ¥1a(z) = eaWa(2), p1(X) = p1 = 0, g2 > 0, ex # 0 is a certain
real number, which satisfies limy—oo €3 = 1/]Q|.
We have the following coercive inequality.

Lemma 14. For any ¢ > 0 and n > 0, there exists a constant Ay = A(c,n) > 0 and ¢ =
c'(e,m) > 0 such that '

(5.12) L3, %) 2 clldl32ay + (B2(X) = M) 11320y — € (- Wa)2a(y,

for any $,7% € HY(Q) and A 2 ). Equivalently,

(5.13)  ILi(¢,¥) 2cl|dcosfx + Psin OxllL2() + (2(X) — 1) |$sin O — ¢ cos 6]|72(q)

2
_ ! _ . d
c (/ﬂ(@h\ Yuy) 93) )
for any ¢,% € HY(Q) and A 2 A1 |

(Proof of Lemma 14) In view of the properties of the eigenvalues of (5.8) and Lemma 11, for
given ¢ > 0, we can take a natural number N so that ue()) 2 ¢+ 1 for £ > N and for any large
A > 0. Thus we have,

N oo
L) 2> me(Ngi +(c+1) Y gt
=1

£=N+1
Substituting (5.11), we have

N oo
L(3,9) 2> M@ bea)bomy +(c+1) Y (3 dea)ira)
=1

¢=N+1

| 6



+2Zm(/\)(¢ e A)Lz(n)(¢ Yea)L2(@) +2(C+1) Z (8- be ,\)Lz(n)(tb Ye,n)L2(Q)

£=N+1

+Z#e(>\)(¢ Ve A)L2(9)+(C+1) Z (’»b e '\)N(Q)

£=N+1 -

From Lemma 13,

: N
(5.14) L(3,%) 2 e+ DIIBl3ae) + Y (ke(X) = e = 1) $2)agay+
=1 :

N
> 2(ue(X) — ¢ = 1)(8 - e )2y (P - Yen) 12y + p2(N) (II¢II2L=(9) - (- t/n,x)zm(n)) :
. =1 ) .
We used p1(A) =0, ¢1,0 =0, 91,2 = exW,. Using Lemma 11-(5.7) in the right hand side of

the above 1nequahty, we see that the terms including ¢, x can be absorbed in the ones mcludmg
”¢” 12(q) and ”"Ml 12(q) for large A > 0. We have,

L(8,9) 2 cllBl} 2y + (1200) = MIDl3ae) = (B - Wa)da(ay

for large A > 0. We obtain (5.12). (5.13) follows immediately. O
Lemma 15. For any ¢ > 0 and > 0, there exist § >0, A\; > 0 and ¢’ > 0 such that

(5.15) L(4,%) 2 6 (IV8II2 20y + 1912 20)) + cll N2z ay
+ (p2(X) = 1) 113 2¢) — ' (W - ¥)20)-

for any a,z,’/;e HY(Q) and A > A,

(5.16)  L(#,%) 2 §(V4IIL2(a) + IV¥lITa)) + cll$ cos O + ¢ sin 6|32,
2
+ (u2(X) — 1) || sin 8y — 4 cos 9,\||2Lz(9) —c (/Q(—q&v,\ + Yuy) dx)

for any ¢, € HY(Q) and A > ;.

(Proof of Lemma 15) First recall that there exists a M > 0 independent of A > 0, such that
|VOx(z)| £ M in Q. From (5.3), for any ¢ > 0 there exist constants A; > 0 and ¢’ > 0 such that

(517) 53,8) 2 5UV8aia) + IVBa(@) + elBaay — WBl2aay for 3,5 € HI(@),
for A > A;. Using

Vo> + VI = VO] + VY[ +2(—pV6sV$ + $V0sVY) + [V6a[2 (42 + ¢2)

2 (V61 + [V4P) = [V6: (8% +47) = (V[ + [V0I?) = [VOAP(F + 32).

[



in (5.17), we have

1 N -~
(5.18) Ii(¢,%) 2 Z(”Vﬁﬁ”%?(m +[VYlZ2()) + (e = M?/2)|[] 20y — (¢ + M?/2)|15]|3 20
for ¢,% € HY(Q). Using (5.12) and (5.17), we obtain,

73, %) =(1 - OTi($, D) + 11(4,9)
2'2‘(”‘73”%2(9) + “V‘ZHQE?(Q)) + C||$||%2(9) ,
+H((1 = )(p2(X) — 1) = MBIl 30y — (1 = (% - Wa)}2(qy-

where € € (0,1). By taking € > 0 small, we obtain (5.15).
Similarly, with the aid of (5.14) and (5.18), we obtain,

I1(¢’ ’Qb) =(1 - €)I1(¢a¢) + €I1(¢7 1/))
2218z + V913 2(0)) + (= eM?/2)¢ cos 5 +  sim B [32(g

(1 = Y (u2(A) = 1) = el + M2 /D) [Bncey ~ (1 — )¢ ( [—om+vu) dw) .

We complete the proof of (5.16) by taking € > 0 small. 0.
Proposition 16. For B € L? (R®;R®) such that VB € L?(R3;R3*3),

| VBI|% 2 (gs gexs) = ”dl'VB”ZLz(Ra) + ||rot Bl|72 (gs.gs)
(Proof of Proposition 16) This equality is proved by the Fourier Transform. O
Now we estimate L3(¢,, B) from below.

Proof of'Theorer,n 4
First we consider the case (#,%, B) € N(ux,va, 43).

LA(¢,%,B) = 1($,9) + (B) + Is(4, 4, B)
We prove that |f3($, b, B)| is dominated by I; and I,.

5(3,9,B)| < 4 /Q (I{Ax — Vb5 - BYWdldz + 4 /Q (YWh - B)dlda

< 2sup |[Wia(4x — V8,)| / (eB? + $?/4€)dz + 2 sup VW, | / (B? + §?)dz
zEQR ‘ Q - z€QR Q
There exist M > 0 and A > 0 such that

sup [Wia(Ax = Vo)) | S M for X2 A,.
T€Q
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Next pﬁt ¢ =1/(8M) and ¢ = M/(2¢) + 1 in Lemma 15, we can take a large positive number
A3 >0

(5.19) Lx(¢,%,B) 2 6 (”¢”%2(Q) + %1220y + 1 BlIZ2(omsy + llrot B“%’(R‘*;Ra))

=6 (”¢||2},2(9) + ||‘/’||%=_(9) + || Bl[Z20ms) + ||f°tB||2L2(R3;R3)) for A2 A3,

for § = min(uy/2,1) > 0. We used (P - Wy)2qy = 0 for (¢, %, B) € N(ux, vy, 4y).

We will get a similar inequality on N(ux,vx, Ax). Take any (¢ ¥, B) € N(ux,vx,4)) and we
have the decomposition

(¢ 'QbaB) - (—'U)‘ﬁ,U,\f, Vé) + ($,$7§) € T(u7v,A) +N(u?v’A) (Cf (110))

Note that
La(é,%,B) = L($,%, B). cf. Proposition 3

We will prove that there exists a ¢ > 0 which is independent of (4, %, B) and large )\ > 0 such
that
(5.20) 83y + 19113 () + I1BlIZ2ms) + lIvot Bll} 2 (gs.gs)

2 (8l + 1l + 1B @) + IotB IR msgs))
If this is not true, there exists a sequence (¢n,%n, Bn) € T(ux,va, Ax) and &, (n 2 1) such that
(521)  (fns¥n, Bn) = (~0rén, trn, Vén) + (8s¥n, Bn) € T(un, va, Ax) + N(ua,va, 45).
with '

(522)  N$nllfn(q) + 1 ®allriey + IBnllz2oms) + ot Bnl|Z:@esy = 0 (n — o0),
(5.23)  lgnltracay + 1¥nlliniey + I Balltz@ms) + lIrotBal}zgagsy =1 (n 2 1).
(5.21) yields

(5.24) /(ui +v3)én(z)dz =0, A&, =0inQ, % =(B-v) on 99,
, Q. _
(5.25) : rot B, =rot B, in RS
There exist ¢, 1 € H'(Q) such that
$¢n = ¢ Yn—1y weaklyin H'(Q) asn — oo.

From (5. 22)" and (5.25) with Proposition 16, IV Bxl|L2(re;Rexsy — 0 as n — oo. Usihg the
Sobolev imbedding theorem, we have limp—.oo | Bnl|Ls(rs;rs) = 0. Using B, = Vﬁn + B, and
(B, -v) = 0 on 89, we have

/Bf,d::::/ |vg,,|2dx+/§f,dx.
Q Q Q

This inequality and (5.24) yields ||£,||g1(@) — 0 for n — co. By considering H!(2) convergence

of (¢n,%n) = (—vabn,urén) + (¢, ¥,) for n — 0o and we obtain ¢, ¥, — 0 in H1(R), we see
that (5.23) is impossible. This completes the proof of the existence of a certain ¢ > 0 in (5.20).
We complete the proof of Theorem 4. [
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