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ON THE NONLINEAR SCHRODINGER EQUATIONS
OF DERIVATIVE TYPE

T. Ozawa®*)

Department of Mathematics
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Sapporo 060, Japan

Dedicated to Professor Kéji Kubota on his sixtieth birthday

Abstract. This paper studies the Cauchy problem both at finite and infinite times for
a class of nonlinear Schrédinger equations with coupling of derivative type. The proof
uses gauge transformations which reduce the original equations to systems of equations
without coupling of derivative type. Concerning the Cauchy problem at finite times, we
give sufficient conditions for the global well-posedness in the energy space. Concerning the
Cauchy problem at infinity, we construct modified wave operators on small and sufficiently

regular asymptotic states.
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1. Intrbduction

We consider the nonlinear Schrédinger equations of the form
i0pu + 0%u = i\|u|?8u + ipu?dia + f(u) (1.1)

where u is a complex valued function of (t,2) ERx R, 8 = 0/8t, 8 = 8/0=, A, p € R,
and f is a nonlinear interaction, a typical form of which is the so-called double power

interaction

F(u) = vi|uff* " u + vy |ufP? e (1.2)
with 1 < p; < p; < 00 and vy, v; € R. The following examples are special cases of (1.1).

Example 1. When A =2 and f = 0, (1.1) becomes
iBpu + 6%u = ipd(|u|?w) (1.3)

which is known as the derivative nonlinear Schrédinger equation and is studied in [17, 19,

21, 22, 31, 32, 38, 39, 40, 41, 49, 50, 52).

Example 2. When p =0 and f =0, (1.1) becomes
i0u + 8%u = i)|u|?0u (1.4)

which is studied in [2, 36].

Example 3. When A =0 and f(u) = v1|u|?u + v3|u|u, (1.1) becomes
0w + 8%u = ipu®8d + vy |u|?u + vy |ultu (1.5)

‘which is studied in [8, 36].

Example 4. When A = g and f =0, (1.1) becomes
0w + 0%u = iX(0|u|*)u = 2iA(Re udit)u (1.6)

which is studied in [48, 51].



Example 5. When A = —p and f =0, (1.1) becomes
i0u + 0%u = iA(40u — ud@)u = 2A(Im udi)u (1.7)
which is studied in [2].
Example 8. When f(u) = v1|u|?u + va|u|*u, (1.1) is written as
i0yu + 0%w = i(A — p)|u|?0u + ip(B]ul?)u + v |ulu + valu|*u (1.8)
which is studied in [15, 25, 26, 37, 47]. This model generalizes (1.3)-(1.7).

The first purpose in this paper is to study the Cauchy problem for (1.1) with data given
at finite times. A standard way to construct local solutions for (1.1) with data ug at time

t = {9 consists in solving the integral equation
t
u(t) = Up(t — to)ug — i/ Uo(t — 7)(iA|u|?8u + ipu®8a + f(u))(r)dr (1.9)
to '

where Up(t) = exp(itd?) is the free propagator, namely the unitary group which solves
~ the free Schrodinger equation. A major difficulty is caused by the loss of derivatives in
the usual iteration scheme as long as the method depends exclusively on the unitarity of
the free propagator and on the smoothing estimates of Strichartz type applied directly
on (1.9). Recent developments on the nonlinear Schrodinger equations with coupling of
derivative type tell that the difficulty may be avoided in the Sobolev spaces H™ with
m 2> 3 without imposing specific structure of nonlinearity [3, 4, 20, 33]. When restricted
to (1.1), however, it is shown in [47] that the equation (1.9) has a unique global solution
in H', the Sobolev space directly related to the energy of the equation (1.1). The method
in [47] depends on the gauge transformation technique developed in [17, 19, 21, 22, 31,
36-38, 52]. Here our main attention is on the generalization of results in [17, 19, 22, 47] as
regards the nonlinearity f and the size of the Cauchy problem of the derivative nonlinear
Schrodinger equation.
The interaction f will satisfy assumptions to be taken from the following list.

(H1) f is decomposed as f = f; + f, with fi € CY(C;C), £;(0) =0, f;(O).= 0, and for
some p; with 1 < p; <p; <

1,y gl C(|21Pi72 + |2P1=2) |21 — 23| if p; > 2,
|fi (21) = fij(z2)| < {C|Z1 — zgfpi-1 if By <2 (1.10)
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for all z, z; € C, where f; denotes any of 8f; /8z and 8f; /0% and j = 1,2.

(H2)(Gauge Invariance) For all z € C and 6 € R, f(e’z) = *f(z) and F(R) C R.
Equivalently, if f € C(C; C), there exists F € C'(C; R) such that F(0) = 0, F(e®2) = F(z)
forallz€Cand § € R, and f = JF/dz.

(H3) F satisfies the estimate

[ Fode 2 ~N(liplls) - wollpl

for all p € H!, where N € C(R4+;R.), v > 0, and ||+ ||, denotes the norm in the standard
Lebesgue space L? = LP(R).
In order to state the basic existence and uniqueness result for the Cauchy problem in

the energy space for (1.9) we introduce additional notations. For a nonnegative integer m

and 1 < p < oo, let W™P be the usual Sobolev space defined by

W™? = {p € L*;||¢|lwms = Z||5j¢||p < oo}

j=0
and let H™ = W™2, as usual. The scalar product in L? is denoted by < -,- > depending

linearly and antilinearly in the first and second component, respectively.

Theorem 1. Let f satisfy (H1), (H2) and (H3). Let
K= (A+p)(5p — 31)/48.

(1) H0 < vo < k, then for any ug € H! and ¢y € R the equation (1.9) has a unique solution
u such that

v € C(R; H) N L} (R; W)

with u(ty) = ug. That solution satisfies

lu(®)l|2 = |luoll2, (1.11)
E(u(t)) = E(uo), (1.12)

for allt € R, where

E(p) = 109l + 5 Imllpls, 00) + CEE R g 1 [F(p)ta. (113)
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Moreover, the map ugp — u is continuous from H' to L™(-T,T; H') N L*(-T,T; Whe)
for any T > 0.
(2) If s < vy, then for any uo € B = {p € H';||p||3 < x/(2(v0 — £)*/?)} and t; € R the

equation (1.9) has a unique solution u such that
v € C(R; H) N Lj, (R; W)

with u(0) = ug. That solution satisfies (1.11) and (1.12) for all t € R. Moreover, the
map ug — u is continuous from B with topology induced from H' to L>(~T,T;H) N
LY(—T,T;WbH>) for any T > 0.

Remark 1. Double power interaction (1.2) satisfies (H1), (H2) and (H3) in the following
cases: (i) 1 < p1 < p; < 5 with vg > 0 arbitrarily small. (i) 1 < p1 < p, = 5 with
va+6rg > 0. (iii) 1 < py < ps =5 with v + 619 = 0, v, > 0. (iv)1<p1 <5< ps
with vg > 0 arbitrarily small and v; > 0. (v) 5 = p; < p, with 1y + 61 > 0, > 0. (vi)
5 < p1 < p2 with 1y, 13 > 0 = y.

Remark 2. Let (A+p)(54—3A) < 0. Then under the double interaction (1.2) the bound
of the size of the Cauchy data ug may be taken as ||uo||3 < #/(2|k|*/2) in Part (2) of
Theorem 1 in the following cases: (a) 1 < p; <p; < 5. (b) 1 < p; < 5 < p, with v, > 0.
(¢) 5 < p1 < p2 with vy, vy > 0.

Remark 3. The condition (A + p)(5¢ — 3)) < 0 holds for instance in the cases: A = 2u;
p = 0. See Examples 1 and 2. In particular, for (1.3) and (1.4) the global well-posedness
in H' holds provided that the L? norm of the Cauchy data ug is less than (27/|p|)*/? and
(2% /|A[)}/2, respectively, the former of which has been known for (1.3) [19, 22].

Remark 4. The condition (A + p)(54 — 3)) > 0 holds for instance in the cases: A = 0;
A= p; A= —u. See Examples 3,4, and 5. In particular, as for the global well-posedness

in H?! for (1.6) we need not impose the smallness assumption on the data (compare with

[51]).

Remark 5. When A = —pu, the energy (1.13) is exactly the same as that of the usual

nonlinear Schrodinger equation, namely (1.1) with A= = 0. In particular, the equation
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(1.7) has the energy identical to that of the free Schrodinger equation, though (1.7) is

known as a non-integrable equation [2].

The method of proof of Theorem 1 is an extension of that used in [22]. We consider the

system of nonlinear Schrodinger equations

iBep + 0% = —i(A = )e™P — (A - 2u)n/4)lpl*e + f(¢), (1.14)
0y + 0%
=i(A - p)¥?@ — (A = 2)p/4)Blel*¥ + 20°69) + O, F ()% + B, £ ()P, w15)

with Cauchy data (¢(20), ¥(f0)) = (0, %0). The system of equations (1.14) and (1.15) is
derived formally from (1.1) through the transformation

olt,2) = exp(-i3 [ ; [u(t, ) Pdy)ut, 2), (1.16)

¥(t,2) = exp(—i5 [

-0

[u(t, 1) dy)(Ou(t, 2) - iSlul*u(t, 2)). (1.17)

By definition new unknown functions ¢ and ¢ are subject to the constraint

¥ =0p —i((A — w)/2)|el*e. (1.18)

Conversely, for solutions (p, ¥) satisfying (1.14), (1.15), and (1.18), a solution of (1.1) is
given by

le(t, 9) % dy)e(t, 2). (1.19)

u(t,z) = exp(i%/
In this sense the original equation (1.1) and the system of equations (1.14) and (1.15)
with constraint (1.18) are gauge equivalent. From the point of view of solving the Cauchy
problem, the system (1.14), (1.15) has the advantage of fitting into the contraction argu-
ment based on the Strichartz estimates without apparent loss of derivatives in the iteration
scheme. We solve the Cauchy problem for (1.1) with data ug at initial time #q in the fol-
lowing way: First we define (po, ¥0) in terms of ug through the relations (1.16) and (1.17)
at t = tp. This provides the constraint (1.18) at ¢ = £,. With data (pg,%0) at t =ty we

solve (1.14) and (1.15) in the integral form as in (1.9) locally in time on the basis of the
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Strichartz estimates. Then we prove that the constraint (1.18) is preserved under the time
evolution generated by the system (1.14), (1.15). The proof uses the differential inequality
on |[$—p+i((A—p)/2)|p|?¢||2 derived from (1.14) and (1.15) with integration by parts.
The constraint (1.18) enables to make the problem back to (1.1) to provide a local solution
u by the relation (1.19).

In order to implement the scheme above under the minimal regularity assumption
ug € H', equivalently (po,%0) € H' x L?, we need an approximation procedure with
continuous dependence of solutions of (1.14), (1.15) on the data.

Concerning the globalization of local solutions to (1.1), we follow the standard method
depending on a priori estimates derived from the conservation laws of the L? norm (1.11)
and of the energy (1.12). A difficulty in obtaining H* control from the energy (1.13) arises
from the second term of the energy since it has an indefinite sign. Here we absorb the

second term by writing
E(u) = ||6Gullz + (A + p)(5p — 31)/48)||u]l§ + /F(u)dz

with 'c
Glt,e) = exp(-i((+ 1)/ [ Juitn)Pd).
This makes it natural to distinguish the cases according to the sign of (A+ p)( S5pu—31)/48—
V.
Related results on the Cauchy problem for the nonlinear Schrodinger equations with
coupling of derivative type have been obtained in [3, 4, 5, 6, 16, 18, 28, 33, 43, 46, 51).
The second purpose in this paper is to study the long time behavior of solutions of the
equation (1.1) from the point of view of construction of wave operators. The problem of
the existence of wave operators for the nonlinear Schrédinger equations is formulated as
follows. Let U(t) be the free propagator. Let X be a Hilbert space continuously embedded
in I? and invariant under the actions of two propagators Up(t) and U(t). We consider
the following problem: Given u, € X, find ug € X such that Uo(—t)U(t)ug — u, as
t — +oo. If that is the case the map Q. : u, — ug is well defined in X and is called the
wave operator for positive times. We call u, and uo asymptotic and interacting states,

respectively. The wave operator 2, corresponds the prescribed free evolution, which is
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described as a straight flow in X, with the total evolution asymptotic to it for large
times. A similar problem can be considered for negative times, though we restrict our
attention mainly to positive times for definiteness. As in the linear scattering theory, the
existence of {2 requires the integrability in time of a suitable norm of the interaction
term. Since we suppose the solution behaving like free solutions, the required integrability
is reasonably measured by the behavior of the nonlinear interaction caused by the free
solutions. This implies that the problem of existence of wave operators turns difficult as
the degree of nonlinearity decreases. In one space dimension cubic nonlinearity emerges as
the borderline case, where there are no nontrivial solutions behaving like free solutions. The
same situation happens in the Coulomb scattering where the corresponding Cook integral
Just fails to converge. In [10, 11, 21, 23, 42] we have developed a nonlinear analogue to the
theory of long range potential scattering. In order to take the long range effect of the cubic
nonlinearity into account, we make a phase modification in the free evolution to describe
the right comparison dynamics. The modified wave operators are introduced as maps from
asymptotic states to interacting states on the basis of the modified free evolution instead
of Up(t), accordingly, a major step consists in finding proper phase functions. The theory
covers the cases: (1) A=p =0,1v1 =3, v, =5 [42]. (2) A = 2y, f = 0 [21]. Every
cubic nonlinearity, however, need not require a special treatment within the framework of
long range scattering. Indeed, Y. Tsutsumi [61] has recently proved the existence of small
amplitude solutions of (1.6) behaving asymptotically free without modification on phase.
In [51] Y. Tsutsumi proposed the null gauge condition, which ensures small amplitude
solutions with asymptotically free behavior. The null gauge condition for the nonlinear
Schrodinger equations is reminiscent of the null condition for the wave equations of massless
and massive case [7, 14, 24, 27, 34, 35| (see also [44, 45]). It should be emphasized that
the null gauge condition with some consideration related to energy severely restricts the
structure of nonlinearity, and in fact, the equation (1.6) is the only one that falls within
- the scope. Therefore, the results in [51] give a reason to believe that (1.6) is exceptional
in a general setting for small amplitude solutions. In this paper we describe the long time
behavior of solutions of (1.1) in the framework of the long range scattering and clarify the

reason why the equation (1.6) is exceptional regarding the construction of modified wave



operators.
We now introduce modified free evolutions for (1.1). For simplicity we assume f(u) =

vy |u|®u + va|u|tu. For any asymptotic state u, we define the phase function

5%(t,€) = £(((A - p)é — 1) /2)la4(€)* log ] (1.20)

where i, is the Fourier transform of u., according to the normalization

$(6) = Fo(6) = m) [ exp(-ia)p(e)de.

We introduce the modified free evolutions

vE(t) = Uo(t) exp(iS*(t, —i8))uy, (1.21)
v (t) = Uo(t) M(—t) exp(iSE(t, —i0))u., (1.22)
v3(t) = exp(iS*(t, 2/2t))Uo(t)uy, | (1.23)

where M(t) = exp(iz?/4t) and the phase factors in (1.21) and (1.22) are defined as Fourier
multipliers. Let H™* be the weighted Sobolev space defined for m,s € R by

H™ ={p € &;l¢llm,, = [I(1+27)"/%(1 — 6*)™*|p]|2 < 00}

where &' is the space of temperate distributions. Let U (t) be the nonlinear propagator
for (1.1) given by Theorem 1, namely the map U(2) : u(0) — u(t). The following theorem
summarizes the basic existence and uniqueness result for (1.1) with asymptotic states given

at infinity.

Theorem 2. Let f(u) = vi|ul*u + vp|ul*u. Let uy € H*® N HO* with [|(1 + £2)iy oo
sufficiently small. Then there exists a unique ug € H? such that for any 9 with 1 /d<0<1
and any j =1,2,3

sup t®||U(t)uo — v (t)|| a0 < 0. (1.24)
t>1

Moreover, the solution u = U(-)ug of (1.1) satisfies u € L{ (R; L") and
sup t®||u — V] ||zt 00;war) < 00 (1.255
t>1

for any q,7,0 with 0 < 2/¢=1/2—-1/r <1/2,1/4 <60 < 1,and j =1,2,3. A similar

result holds for negative times.
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Remark 6. By Theorem 2, the modified wave operators Q4 : uy — ug is well-defined on
the set
X ={p € H** N H**;||[(1+ £+l < €}

with £ > 0 sufficiently small. The free propagator Uy(t) leaves X, invariant and therefore
Theorem 2 applies to any state on the flow {U(t)p}2 _, for ¢ € X, with &€ > 0 sufficiently
small. |

We state the intertwining property of the modified wave operators Q..

Theorem 3. Let ¢ > 0 satisfy the smallness condition of Theorem 2. Then for any ¢ € X,
andt € R

U(t)Qzp = Q1 Us(t)p. (1.26)

The results in Theorems 2 and 3 extend those of [21, 42]. As for the equation (1.6) the
cdrresponding phase functions S* vanish and the modified wave operators Q. reduce to
the usual wave operators without modification on the phase factor. Conversely, if S* = 0,
then A = p and 1, = 0, which is precisely the case of (1.6). This proves that the equation
(1.6) is exceptional in the long time behavior of solutions in the framework of the long

range scattering for (1.1).

This paper is organized as follows. Section 2 is devoted to the local Cauchy problem
for (1.1). We first give a formal calculation of the gauge equivalence between the equation
(1.1) and the system of equations (1.14) and (1.15) in order to justify the reduction of
the problem to the system. We solve the system (1.14), (1.15) in the spaces H! x H!
and H? x H? (Proposition 2.2) and prove the invariance of the constraint (1.18) under
the time evolution (Proposition 2.3). This provides the H! control of ¢ in terms of the
L? norm of ¥, by which we prove that the system (1.14), (1.15) makes sense in the space
H*' x L* under the constraint (1.18) (Proposition 2.4). Combining these results we prove
the local well-posedness of (1.1) in H' (Proposition 2.5). Section 3 is devoted to the global
Cauchy problem for (1.1). We derive the conservation laws of the L? norm and of the
energy (Proposition 3.1) and an a priori estimate of the H! norm of the local solution

(Proposition 3.1). Combining these results we prove the global well-posedness of (1.1) in
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H* (Proof of Theorem 1). Section 4 is devoted to the Cauchy problem at infinity for (1.1).
We solve (1.1) around the modified free evolution v defined by (1.22) and prove the exis-
tence of modified wave operators (Proof of Theorem 2) and the corresponding intertwining
property (Proof of Theorem 3).

We conclude this section by giving some of the notation used in this paper. For any
r with 1 < » < oo we denote by 7' the conjugate eiponent defined by 1/» + 1/+' = 1.
For definiteness we restrict our attention to positive times and the time variable ¢ is taken
to be positive and might be omitted when no confusion could arise. For any interval I
and any Banach space X we denote by C(I; X) the space of strongly continuous functions
from I to X and by LY(I; X) [resp. L{ (I;X)] the space of measurable functions u from

loc

I to X such that ||u(-)||x € LY(I; X) [resp. ||u(-)||x € L{ (I;X)]. The abbreviation such
as L{L] = L{(I;L]) = L9(I;L"(R)) will often be made when this cause no confusion.
Different positive constants in the estimates below might be denoted by the same letter
C and if necessary, by C(*,--+,#) in order to indicate the dependence on the quantities

appearing in parentheses.

2. Local Cauchy Problem
We start on formal calculations for the reduction of the equation (1.1) to the system of

equations (1.14) and (1.15). For simplicity we set
L=id, + 6.
Let u be a solution to (1.1) with sufficient smoothness in space-time and integrability in

space. It suffices to assume that v € C*(R; L) NC(R; H?) to justify the calculations below
in the space L?. We introduce the function 6 by

ot,2)= [ latt,0)ldy. (2.1)
For a € R we define - ’

va = 90y, (22)
By definition, |va| = |u| and &*°8u = v, — ia|va|?va. By (1.1), we have §|u? =

0(2Im wdu + ((A + p)/2)|u|*) and therefore

I8 = 2udi + i((A + p)/2)|ul* = 200056 + i(2c + (A + p)/2)[va . (2.3)
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By (1.1), (2.2), (2.3), and (H2), we obtain

Lvg = €°°(Lu + iaulf + 2ia|u|*0u — o |u|tu)
= i(A + 2a)|ve|*0v, + i(p + 2a)v2 0%, (2.4)
+ (A = 3¢ — 2a)a/2)|va| va + f(va).

In particular, v = v_,/; and ¢ = v_,/, solve

Lv = i(A — p)|v|*8v — (A — 2p)p/4)|v]*v + £(v), (2.5)
Ly = —i(A — p)p? 05 — (22 — 3u)A/4)|ele + f(p), - (26)

respectively. Moreover, ¢ = e~5((A-#)/2)8 9, — —i((A-n)/ 26 §(e~*(#/2)8y) satisfies

Lo = =m0 (L8y 4 §((A = p)/2)8v - LO + i(A — p)|v|*8%v — (A = p)/2)*|v|*v)
= e OBDP (A — p)3(80)* — (A - 20)/0)8([v]*0) + 8(f(v))), (2.7)

where we have used (2.5) and (2.3) with o = —p /2. By definition,
Op =P —i((A— p)/2)l¢’¢. . (2.8)

By (2.8) and the definitions of ¢ and ¥, (2.6) and (2.7) lead to

Ly = —i(A — p)p?P — (A - 2n)p/D)|el*e + £(p) = Fi(p,¥), (2.9)
Lp = i(A = p)p*3 — (A — 2p)u/2)(3lp|*d + 20°59)
+ 0, f()¥ + 85 f(0)¥ = Fa(p, ¥), (2.10)

as was to be shown.
Conversely, let (p,%) satisfy the system of equations (2.9) and (2.10) with constraint

(2.8). Then we define
u = /20,

where

ot,e) = [ lott,o)ldy.

— 00
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‘By (2.8) and (2.9), we have (2.6), so that &|p|? = 8(2Im p8F — (A — p)/2)|e|*). This
yields
Lu = &*/D%(Lp +i(A/2)pLO + iA|p|20p — (3 /4)|¢|*p)
= eC/DO(id|p|* 0 + inp?8p — (A — p)A/2)|0lte + F(¢))
= iA|u)|?8u + ipu?da + f(u),
where we have used the relation 8p = e=¥(*/2)®8y — §(A/2)|u|?u and (H2).

On the basis of the formal calculations above, we solve the local Cauchy problem for
(1.1) by making a reduction to the system of equations (2.9) and (2.10). We make an
essential use of the following well-known estimates on the free propagator Uy(t) [1, 9, 183,
29, 30, 53].

Lemma 2.1. (1) Let q and » satisfy 0 < 2/q=1/2—1/r < 1/2 and let ¢ € L?. Then
Uo(-)y satisfies the estimate

1U6(-)plle(mszry < Cllglla-
(2) Let (q1,71) and (gz,72) satisfy 0 < 2/¢; = 1/2 —1/r; < 1/2, j = 1,2. Then for any
interval I C R, possibly unbounded, and for any s € I, the closure of I in RU {00} with
the natural topology, the operator F, deﬁﬁed by

¢
(F,v)(t) = / Uo(t — 7)v(1)dr
satisfies the estimate
1 Fov||zea(rizms) < C“”HL.',(I;F;)

with constant C independent of I and s.

By the standard method based on Lemma 2.1, we have the following proposition (see,

for instance, [1, 9, 12, 29, 30]).

Proposition 2.2. Let f satisfy (H1). Then for any p > 0 there exist two positive constants
Ti(p), § = 1,2, depending only on p, A, p, f with the following properties. For any t; € R
and for any (o, o) € H? x H? with ||po||ms + ||[ollms < p the system of equations (2.9)
and (2.10) has a unique pair of solutions (i, %) on the time interval I; = [to — Ti(p),to +
T;(p)] such that (p(to), ¥(to)) = (w0, %0) and ¢, ¥ € C(I;; H) N L4(I;; Wi>).
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Remark. In general, 0 < T3(p) < Ti(p). If we impose the smoothness condition that
f € C*(C;C), then by the regularity result of Kato [29, 30] we obtain T (p) = T3(p). In

this paper, however, we never use the C? assumption on the nonlinearity.

Proposition 2.3. Le f satisfy (H1) and (H2). Let ¢o € H® and let

Yo = Opo + i((A — p)/2)|w0|*po.

Let (g, %) be a pair of H? solutions of (2.9) and (2.10) given by Proposition 2.2. Then

¥ =0p+i((A - p)/2)lel*¢
on the time interval I, for local existence of H? solution gien by Proposition 2.2.

Proof. The proof is very similar to that of [22, Proposition 2.4]. Let 4 = 0¢p + i((A —
1)/2)|¢|*¢. By (2.9) and (2.10) we compute L(s) — ), multiply the resulting equation by
E—q@, take the imaginary part, and integrate over the space with integration by parts. This
gives a differential inequality for || — ¥||2, which is integrated by Gronwall’s inequality to
give |9 — 9|2 = 0 since it vanishes at ¢ = #o. Details are omitted. QED

Proposition 2.4. Let f satisfy (H1) and (H2). Then for any p > 0 there exists a positive
constant To(p) depending only on p, A, p, f with the following properties. For anyto € R

and any (o, %0) € H® x H? with o = 0po +i((A— 1)/2)|po|*vo and ||po|2 + ||%0||2 < p,
the H? solutions (p, ) of (2.9) and (2.10) given by Proposition 2.2 satisfy the estimate

llelll + [l1¢lll + [l14]1] < Cp, T)

for any T with 0 < T < Ty(p), where

ol = llollze(to-1 t04:23) + llollLa(te-1 to47i2)-

Moreover, let (Go, %o) € H® x H? with 4o = 8o-+i((A—p)/2)|Bol* 30 and ||Gollz+||Poll> <
p and let ($,%) be the corresponding solutions of (2.9) and (2.10) given by Proposition
2.2. Then

llle = &lil + 1189 — 111 + [1% — #lll < Cp, T)(II0 — Bollz + |10 — Foll2)



for any T with 0 < T < Tp(p).

Proof. By Proposition 2.3, we have
Y =G '8Gy

where

6tz = exp> 72 [ Jott, 1))

-0

By the Gagliardo-Niremberg inequality

llelle = 1Gells < ClIGeI3110Gells = Clleli3lIbllz

so that
19¢llz = |l¥ — (A — p)/2)lel*ell2 < (19112 + Cllel3]19]]2-
Similarly, by introducing G by

224 [ 1,

G(t,z) = exp(i

we have

lllel*e = 181*#ll2 < C(lIGell% +11GlI% e — ll2
< Cllellzllllz + ligllal$l12)l1e — 1l

This gives

18 — 01z < |l% — ll2 + Cllell2llbll2 + [1]1a]IBll2)lle — &lla-

By (2.3) and (2.10),

p(t) = Uo(t —to)po — i ) Uo(t — ) Fi(,¥)(7)dr,

$(t) = Uo(t — to)o — i / Uolt — ) Fa(, $)(r)dr.

15

(2.11)

(2.12)
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By Lemma 2.1, the Holder and Gagliardo-Nirenberg inequalities, and (2.11), we obtain
with po = 5
llelll < Cllgolla + Clle*¥llziza + Clie®llziza + ClIF(#)l|ziz2
2 1
< Cllpollz + CTllpllior e l¥lizgerz + CT Y llellEm o ll@llrera
ji=o0
< Cllpollz + CT(1 + ”S"||§,:°L3)||S°||L5°L2||¢‘||§,:°L3
2
+OT > (1+|lolfmpa)llell Ly lIwlIi s,

i=o0
Il < Clivollz + Cll#*¢ll garsys + Clle*bllzzza + ClIF (2)#llpzza
2
< Clibolls + CT*2||$| 3z 2allellzsze + CT 3 llellin e ¥l 5ozs
i=0

< Cllollz + CT*?||$l[1 0 £all¢ll sz

2
+CT Y (1+ |l s lelIFL 22 e,
j=0

Therefore, m(T') = |||¢||| + |||#]|] satisfies the inequality

m(T) < C(||poll2 + [I¥oll2) + C(T*/? +T)m(T)* + CT Y (m(T)P + m(T)?i~Y).

i=0

Taking T > 0 sufficiently small, we have
m(T) < C(p,T). | (2.13)
A similar estimate and (2.13) imply, for 7' > 0 sufficiently small,
llle = &l +[11% = #lll = C(p, T)(IIo — Boll2 + 10 — Poll2). (2.14)
By (2.11), (2.12), (2.13), (2.14), we have

10¢llzera < m(T) + m(T)® < C(p,T),

18 = 8¢llze=z3 < llI¥ ~ Blll + Cp, Tl — BlI| < Cp, T)(I|90 — Bollz + [0 — Foll:).
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By Proposition 2.3 and the Galiardo-Nirenberg inequality,

10pllzsze < |1¥llzsze + C||S°3||L:Lg°
<l +Cll 11Gell3 110G el13?| 1z
< Wl + CT4lelia 5 Il 25 < Clo,T).

Similarly,

10p — 8¢|| sz < |I¥ — ¢~”L3L;’° + C(”?”igwgo + ”SZ’”%;’"L:’)”‘P ~Pllzare
<|ll¥ =9l + C(llpllzerall¥llzezz + @llzerallBllzeza)llle — ]
< C(p, T)(Il¥o — ollz + llpo — Follz)-

Collecting these estimates proves the proposition. QED

Proposition 2.5. Let f satisfy (H1) and (H2). For any p > 0 there exists a positive
constant T'(p) depending only on p, A, p, f with the following properties. For any tp € R
and any ug € H' with ||uo||g: < p the equation (1.9) has a unique solution u on the interval
I = [to — T(p),to +T(p)] such that w € C(I; H') N L*(I; Wh). Moreover, for any T with
0 <T < T(p) the map uo > u is locally Lipschitz from H* to L=(I'; H') N L*(I'; Wh)
where I' = [to — T',to + T1.

Proof. For ug € H', we define (po, %) € H* x L? by

o(e) = exp(=i5 [ fua(a)Pdy)ua),

%o = 8po +i((A — 1)/2)|po|* 0.

Let {{™} be a sequence in H® such that o — oo in H! as n — oo and let ™ =
08" +i((A = p)/2)l Pl 26, Let (), $() be the solutions to (2.9) and (2.10) with
(#™(to), ™ (1)) = (gog"), ((,")), given by Proposition 2.2. By Proposition 2.4, there exist

positive constants T' and C independent of m and = such that

eI+ 1l10e™ I + 11| < ¢, (2.15)

et — ™| + |]186¢™ — 8p™)||| + |||$™ — ™| < C||pl™ — soa"’nm.( |
2.16
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We define »(*) and ug") by

«M(t, 2) =exp(i%/ le™(t,9)*dy)e™(2, 2), (2.17)

- 00

o) = expliy [ P WPaee) (218)

Since $(*) = 8p(™) + i((A — u)/2)|¢™|2p(™ by Proposition 2.3, we obtain

w™)(t) = Up(t — to)ul™
b4

—i [ Uolt — to)(EA[u™28u™ + ip(x™)?0a™ + £(u(™))(r)dx.
to

(2.19)

By (2.15), (2.16), (2.17), (2.18), we have
™|l + [ll6=™)]] < ©, (220)
11aC™ — ™| + 1820 - 84| < C|lp5™ — o) g2 (2.21)

By (2.20) and (2.21) there exists u € C([to — T,to + T]; H*) N L*(to — T,to + T; Wh)
with 7" > 0 independent of n such that

1™ — ] + [[|6u™ — dull| — 0

as n — o0o. Letting n — oo in (2.19), we have
; ‘
u(t) = Up(t — to)uo — i/ Uo(t — 7)(iA|u|*0u + ipu 0 + f(u))(r)dr. (2.22)
to

Uniqueness of solutions of (1.9) follows from that of the system of equations (2.9) and

(2.10). Continuous dependence of  on uo follows in the same way as above. QED

3. Global Cauchy Problem

In this section we prove the existence of global solutions of the equation (1.1) by making
an essential use of the conservation laws of the L? norm and of the energy. We first derive

those conservation laws.
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Proposition 3.1. Let f satisfy (H1) and (H2). Let ug € H', let ty € R, and let u be the
solution of (1.1) with w(o) = uo, given by Proposition 2.5. Then '
llu(2)i2 = ||uoll2, (3.1)
E(u(t)) = E(uo) (3.2)
on the time interval of local existence, where

E(u) = 10ull3 + (A + 1)/2) Im(Jul*, Ou) + (A + p)u/6)l[ullg + /F(u)dw-

Proof. In view of the continuous dependence in the argument in the proof of Proposition
2.5, it suffices to prove (3.1) and (3.2) by a formal calculation. To simplify the exposition
we first prove (3.1) and (3.2) for solutions of (1.1) with g = 0 and then we recover the

general case by a gauge transformation. To be more specific, we prove the identities
2l =0, | (33)
ZA118l13 + (A/2) o]0, 80) + / H(v)dz) =0 (3.4)
for v satisfying the equation '
i0sv + 6%v = i)|v|20v + h(v) (3.5)
where h(v) = 0H/8% satisfying (H1) and (H2), and then we prove the proposition by
replacing A, b, H by A — p, (A — 2p)p/4)|v|*v + f(v), —((A - p)y,/12)|'v|6 + H(v) and by
using the gauge transformation
olt,2) = exp(=i [ futt, )Pau)ulc,2).
By (3. 5) and gauge invariance of h(v), we have
8:|v|? = 8(2Im v87 + (A/2)|v]*), (3.6)
which implies (3.1). For (3.4) we compute
Be(|6v[* + H(v))
= 2Re 0;090v + (0H/8v)d;v + (8. H/0%)6;v
= 8(2Re 8,50v) — 2Re 8,50y + h(v)0;v + h(v)d;
= 0(2Re 8;90v) + 2Re 8;9(i0;v — iA|v|28v — h(v)) — 2Re h(v)D, 7
= 8(2Re 6,50v) + 2A|v)? Im 6,58, (3.7)
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where we have used (3.5) and gauge invariance of h(v) again. For the second term on the
RHS of the last equality of (3.7), we compute
|v|2 Im 8,36
= 0;(|v|* Im 30v) — (8|v|?) Im 50v — |v|? Im 58, 8v
= B¢(|v|* Im 59) — (8(2Im v0% + (A/2)|v[*)) Im 56w
— 8(|of? Im 36,v) + (8][?) Im 56,v + |o]? Im B30,
= 8(|v|* Im 56v) + 8((Im 50v)? — [v[? Im 50,v) — (A/2)(8|v|*) Im 50w
+ (8]v[?) Im 5(i6% + Alv|*0v — ih(v)) — |v|* Im 8,56
= 8y(|v|* Im 50) + O((Im 56v)? — |v|* Im 56,v)

4 (O1o]*) Re 567w — (8]v]*) Re 5h(v) — [o]* Im 8500, (3.8)
where we have used (3.5), (3.6), and gauge invariance of h(v). For the RHS of the last
equality of (3.8), we compute

(8][?) Re 0%
— O((1/4)(O1o[)? — [o]2[80[? + 2| Re 556%
= —8((Im 90v)?) + 2|v|* Re 85(—idyv + iA|v|28v + h(v)) -
= —8((Im 0v)?) + 2|v|* Im 850,v + 2Jv|? Re 85h(v)
= —8((Im 50v)?) — 2|v[* Im 8,560v + (8]v|?)5h(v), (3.9)
where we have used the identities Re 5670 = (1/2)87|u[*—|0v]?, (Im 50v)2+(1/4)(8]o[?)? =
[0[2[60[2, (8]v]*)5h = 2lo|? Re 83k, and (3.5). Combining (3.8) and (3.9), we have
o[> Im 8,50 = (1/4)8:(|v]* Im 50v) — (1/4)(|v|* Im 56;). (3.10)
By (3.7) and (3.10),
0:(100® + (A/2)[v[* Im v87 + H(0)) = O(2 Re 8;50v — (A/2)|v|* Im 58,v),
which implies (3.4), as required. QED
We now prove under (H2) that the conservation laws of the L? norm and of the energy

provide an a priori estimate of the H! norm of the local solution constructed in the

preceding section.
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Proposition 3.2. Let f satisfy (H1), (H2), and (H3). Let ug € H!, letty € R, and let u be
the solution of (1.1) with u(to) = wo, given by Proposition 2.5. Let k = (A+p)(5p—31)/48.

(1) If 0 < o < x, then on the time interval of local existence u satisfies the estimate
- 18u]3 < CQ + ||uo|[3)(E(uo) + N(||uallz)), (3.11)

where C is independent oft, tg, u.
(2) If < vo and ||uo|3 < 7 /(2(v — k)1/2), then on the time interval of local existence u

satisfies the estimate

18%]12 < C(1 = (4o — £)/=*)|[uol15) (1 + | wolI$) (E(n0) + N (||uo]l2)). (3.12)
where C is independent of t, to, u.

Proof. We define G by
Gltre) = exp(—i252 [ fute,)Pds).
Then the energy E(u) is written as
Ba) = 118G} + wlful§ + [ Plu)da.
By Proposition 3.1 and (H3),
E(uo) + N(|luoll2) > [[0Gul[3 + (x — vo)||ullé. (3.13)

By the Ga.glia.rdo-Nirenberg inequality with sharp cbnstant,

llulls = ||Gullg < (4/=*)|Gul[3110Gul3 = (4/7)|uol 3]|0G][3- (3.14)
}Moreover,

l10ull2 = [|16G~*Gullz < I(0G™")Gullz + [10Gu]l; < C||Gull3 +||6Gu]|,

< C(1+ [|uo|13)]|0Gu]|3.
(3.15)

Collecting (3.13), (3.14), (3.15) yields the proposition. . QED

Proof of Theorem 1. Since E(uy) is estimated in terms of the H! norm of ug, the theorem

follows from Proposition 2.5, 3.1, 3.2 and the standard continuation argument. QED
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4. Modified Wave Operal;ors
In this section we prove the existence of modified wave operators for the equation (1.1)
with f(u) = v1|u|?u+v;|u|*u. We first look for the phase function which provides sufficient
approximation for the long range effect of derivative type nonlinearities. We set v = v, as
in (1.22), namely
o(t) = Uo(t)M(—t) exp(iS(t, —i8))u4 (4.1)

where M(t) = exp(iz?/4t)- and subscripts have been omitted for simplicity except uy.

The modified free evolution v is written as

v(t) = exp(iS(t,2/2t)) M (t)D(t)i, |
= exp(iS(t, 2 /2t))Up(t) M (—t)u, (4.2)

where D(t) is a modified dilation operator defined by
(D(t)p)(=) = (2it) " ?p(=/2¢),
since the free propagator Up(t) has the factorization
Uo(t) = M(t)D(t) FM(t). (4.3)
By a straightforward calculation,
(18 + 0o M ' F 1 = Upid M~ F = UM~ (i0; — 2®/(4t?)) F~1
= UM 1 F~1(i, + (1/4%)6?),
so that
(10 + 8%)v = UpM~LF1(i, + (1/44%)8%)e'S i,
| = UM F~1(—(8,5) + (1/4%)0%)e*S iy
= —MD(8,S)e* iy + MD(1/4t2)0%(5 ). (4.4)
Another simple calculation gives
8v = UM~ 1F1(i¢ + (1/2t)0)e' S iy
= MDite*S iy + MD(1/2t)e's (8iy + i(8S)iy)



and
iAv|28v + iuv?85 + f(v)
= MD(—(A\/2t)¢|iy|*e iy ) + MD(iA/42%)|dy |*e'S (Biiy +i(8S)iy)
+ MD((p/2t)¢|i+’e* iy ) + MD(ip/48*) iy ) e~ (Fiy — i(8S)ar)
+ MD(vy/2t)}iy |2 iy + M D(vy/42?)|iy |2 S iy
By (4.4) and (4.5),
0w + 8% — iA|v|?0v — iuv?07 — F(v)
= —MDe**[(8:5) — (A — p)¢ — v1)/2t)}iis |*)iiy
+ (1/4*)MD[0* (¥ iy ) — ixe*S ity |2(8iy + i(8S)iy)
—ipe™ (44 )} (i — i(8S)iy) — vae' S iy |ty ).
This indicates the choice

§(t:€) = (A — p)¢ —11)/2)]i4+(¢)[* Logtt

and the choice in (4.6) yields the estimate
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(4.5)

(4.6)

(4.7)

|li0ev + 8%v — iA|v]|? 0w — ipv? 05 — F(v)||gv < C(k, ||ug||gr+a, ||+ ]| grs+a)t=2(logt)? (4.8)

for any ¢ > 2 and any nonnegative integer k, where C is independent of ¢.

Proof of Theorem 2. As in the preceding sections, we make a reduction to the system. For

a given asymptotic state u we define the modified free evolution v by (4.2) and (4.7) and

we solve (1.1) around v. According to the reduction to the system, we transform v and u

to (¢(®,4(9) and (g, ), respectively, as follows. We define
Sa(o) = G(Ao)'va "p(o) = G(Aolpa(GSP)v)’
¢ =Gru, ¥ = Gr_,0(G,u),

where

6(t,2) = exp(—i% [ Jott,)d0),

G.(t,2) = exp(—ig/

|u(, )| *dy).

(4.9)
(4.10)
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Now we consider (see (2.9) and (2.10))

Ly = Fl(%'ﬁ), (4°11)
Ly = Fa(p, ), (4.12)

with
(¢ = ¢, % —¥) € Xo(T) (4.13)

for any 6 with 1/4 < 6 <1 and T > 0 sufficiently large, where

Xo(T) = {(w™,w®); 0 € C(IT, c0); H) N L4(T, 00; Wh),

lle®||x = f;lgto(llw(j)(t)llxl + [P |ags,c0mw1.m)) < 00,5 = 1,2}
We solve the problem in the integral form

o(t) = plO(t) + i /t AT T)(Fi(p, %) — Fi(®, () — R)(7)dr, w1

H(t) = $O() +i / N Uo(t — 7)(Fa(p,¥) — Fa(p®,9®) — R,)(r)dr, wis)

with (4.13), where

Ry = GO(Lv — iAjv|*0v — ipv?8% — f(v)),
Ry = G\, 0(GO(Lv — iAlv|*Bv — ipv?05 — £(v))).

In the same way as in [10, 21], the problem (4.13), (4.14), (4.15) has a unique pair of
solutions (¢, ¥) provided that ||(1+£?)d, || is sufficiently small and T is sufficiently large
since the contraction factor is proportional to ||(1 + £?)@y||co + T2~ in the contraction
argument on (4.14) and (4.15) in the space Xp(T). Moreover in the same way as in [21],

we obtain the constraint «
¥ =8p —i((A - p)/2)|e|*p

on the time interval [T, co) with T sufficiently large. Then we set

u(t,z) = exp(i%f;IB le(t, ¥)*dy)e(t, z)

-0
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and we see that u solves (1.1) in a neighborhood of infinity in time and that u—v € X, (7).
This implies that ||u(T)||; is sufficiently small, since

lw(T)ll2 < |[w(T) — o(T)ll2 + [[o(T)|l2
<o = vllxT™° +lsllz < [l = vllxT~° + CII(1 + £2)i4 || oo

By Theorem 1, we have the global solution of (1.1) with Cauchy data u(T') given at ¢, = T'.

This proves an essential part of Theorem 2. The rest of the argument is the same as in

[10, 11, 21, 23, 42]. | QED

Proof of Theorem 3. It suffices to prove that for any s € R and any p € X,
v(s + - ;90) — v(- ;Un(s)p) € Xo(T) (4.16)

provided that T is sufficiently large, where

o(t; 9) = Un(t) exp(iS(t, i0))p.

The proof of (4.16) is quite similar to that of [10; Proposition 3.2]. - QED
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