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On the Existence and Uniqueness of Ground States
of the Spin-Boson Hamiltonian
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Abstract: The existence and uniqueness of ground states of the spin-boson Hamiltonian
Hgsp are considered. The main results in the case of massive bosons include: (1)(existence)
there exists a ground state without restriction for the strength of the coupling constant ;
(ii)(uniqueness) under a mild (nonperturbative) condition for the parameters contained in
Hgp, Hsp has only one ground state ; (iii) (degeneracy) under a certain condition for the
parameters of Hsg which is weaker than that of (ii), the number of the ground states is at
most two. In the case of massless bosons, the existence of a ground state of Hsg is shown |
as a limit of ground states of the massive case. The methods used are nonperturbative.
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1. Introduction and the main results

The spin-boson model, which describes a two-level quantum system coupled to a quan-
tized Bose field, has been investigated as a simplified model for atomic systems interacting
with a quantized radiation or phonon field ([1, 2, 4, 5, 7, 8, 13] and references therein).
The ground states of the model are of particular interest. Spohn [13] discussed properties
of ground states defined as zero-temperature limits of positive temperature equilibrium
states. Analysis related to the work of Spohn was made by Amann [1] in terms of the
notion of algebraic ground states, although it treats only a discrete version of the model.
Recently attention has been paid to the ground states as the eigenvectors of the Hamil-
tonian Hgsp of the model with eigenvalue equal to the infimum of its spectrum to analyze
spectral properties of Hsp and the process of radiative decay in the model [7, 8]. In [7]
Hiibner and Spohn showed that, under certain conditions for the dispersion w for bosons,
the coupling function, the coupling constant a and the spectral gap p of the unperturbed

two-level system, there exists a unique ground state of Hsp and identify the spectrum of

HSB. .
In this paper we focus our attention on the existence and uniqueness of ground states of
the spin-boson Hamiltonian Hsg. We first consider the case where the bosons are massive
(i.e., m := infrw(k) > 0) and show that, as far as the ezistence of the ground states is
concerned, no restriction is needed for the coupling constant o, which greatly improves the
result on the existence of ground states in [7] (in the massive case). The basic idea to do it
is as follows: we first do a unitary transformation for Hsg to convert it to an operator more
tractable in a sense and then apply the method of constructive quantum field theory [6] to
the latter operator. Moreover, by employing the min-max principle, under an additional
condition for the parameters m,y and a, which is nonperturbative, we show that Hgg has
a unique ground state. We also suggest the possibility for Hsp to have degenerate ground
states by showing that, under a weaker condition for m, y and a, there exist at most two
ground states of Hgg. In the case of massless bosons (i.e., m = 0), we construct a ground
state as a weak limit of ground states in the massive case.

We now describe our main results. For mathematical generality, we consider the
situation where bosons move in the v-dimensional Euclidean space R” with v > 1. We
take the Hilbert space of bosons to be

F =F(I*R")) = P [®7L*(R")], (1.1)

n=0

the symmetric Fock space over L?(R*) (®"K denotes the n-fold symmetric tensor product
of a Hilbert space K, ®)K := C ). Let w and X be functions on R” satisfying the following
conditions

(A.1) For all k£ € R”, w(k) > 0 and there exist constants 4 > 0 and C > 0 such
that

w(k) —w(k')| < Clk — K[, kK R (1.2)

2



(A.2) The function ] is real-valued and continuous with A, A/\/w, A\/w € L*(R?)
and there exist constants ¢ > v/2 and Ky > 0 such that for all |k| > K,,
A(k) D
<
w(k)| — 1+ |k|e

with D a constant (which may depend on ¢ and Kj).

Throughout this paper, we assume (A.1) and (A.2). :
A typical example of w satisfying (A.1) is w(k) = 1/|k|? + m2 with m¢ > 0 a constant.
We denote by dI'(w) the second quantization of the multiplication operator w on
L?*(R”) and set

= dl(w) = / P ho(k)a(k) a(k), (1.3)

where a(k) is the operator-valued distribution kernel of the smeared annihilation operator
a(f) = [a(k)f(k)*d"k (f € L*(R*)) on F (f* denotes the complex conjugate of f). The
Hamiltonian of the spin-boson model is defined by

1
Hsp = 5po. @ I +1Q Hy + ao, 8 (a(A)" + a(})) (1.4)

acting in the Hilbert space ‘
H=C2@F=FoF, (1.5)

where 0,, 0, are the standard Pauli matrices, 4 > 0 and o € R are constants denoting the
spectral gap of the unpertubed two-level system and the coupling constant, respectively,
and I denotes identity.

For a linear operator T' on a Hibert space, we denote its domain by D(T). It is well
known that Hgg is self-adjoint with D(Hsg) = D(I ® Hp) and

2

A

H 2 |
Heyp > -E_ 2| 2 | .
By Y e, (1.6)

L2

where || - ||z denotes the norm of L?(R”).
For a self-adjoint operator T' bounded from below, we denote by E(T) the infimum of
the spectrum o(T') of T
E(T) = inf o(T"). ‘ (1.7)

In this paper, an eigenvector of T' with eigenvalue E(T) is called a ground state of T (if it
exists). We say that T has a (resp. uniuge ) ground state if dimker(T — E(T)) > 1 (resp.
dimker(T — E(T)) =1).

The following estimate for E(Hgsg) is well known (see (2.10) below) :

2 2

A
Vg

< E(Hsp) < _’lzﬁe_zaz”)\/w”iz - (1.8)

w
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Let

m = klen]l{v w(k) v (1.9)

We have the following result on the existence of ground states of Hgg :

THEOREM 1.1. Assume (A.1), (A.2) and m > 0. Then Hsgp has purely discrete spectrum
_in the interval [E(Hgg), E(Hgg) + m). In particular, Hsg has a ground state.

Remark: Theorem 1.1 implies that, under the same assumption, inf gess(Hsp) >
E(Hgsp) + m, where g.(-) denotes essential spectrum, i.e., Hsp has a spectral gap. In a
forthcoming paper, we shall show that, in fact, 6es(Hsg) = [E(Hgsp) + m, o).

To state our result on the uniqueness of ground states, we introduce

A
w
with A such that A\/w+/w € L*(R”).
Remark: If m > 0, then A € L*(R¥) implies that, for all s > 0, A/w® € L(RY).

2
- 2ap
L2

2,2

K.(a,p) = min {m(l —¢), g} _ a:

A

wyw

: (1.10)
L2

THEOREM 1.2. Assume (A.1), (A.2) and m > 0. Suppose that

sup K. (o,p) > g (1 _ e—ZaZHA/wHiz) (1.11)
0<e<1

Then Hgp has a unique ground state.

Remark: By applying regular perturbation theory (e.g., [11, Chapt.XII]), one can
easily show that there exists a constant ap > 0 such that, for all @ € (—ay, ), Hsp has
a unique ground state. For arbitrarily fixed m > 0 and p > 0, (1.11) is satisfied if |o] is
sufficiently small. Thus Theorem 1.2 may be regarded as a result which improves the one
obtained by regular perturbation theory. Note that (1.11) is a nonperturbative estimate
in a, since the right hand side (RHS) of (1.11) is non-polynomial in a. We believe that
(1.11) is a relatively good estimate to ensure the uniqueness of ground states of Hsp (see
th proof of Theorem 1.2 in §5.2).

As is easily seen, in the case p = 0, Hsp has two-fold degenerate ground states. This
fact suggests that Hsg with u > 0 also may have denenerate ground states. In this respect,
we have the following result:

THEOREM 1.3. Assume (A.1), (A.2) and m > 0. Suppose that
m > (1 e IVela) (1.12)

4



[ESSUEE

Then the following (a) and (b) hold:

(a) There are at most two eigenvalues (counting multiplicity) of Hsg in the
2 2
interval [E(Hsp), — ™2 1M/wllz2 _ o212/ /5] 12,].
(b) The Hamiltonian Hsp has at most two ground states, i.e., dim ker(Hsg —
E(Hsg)) < 2.

Remark: Condition (1.11) implies (1.12), i.e., the latter condition is weaker than the
former.

In the case of massless bosons, we have the following result on the existence of ground
states of Hgg:

THEOREM 1.4. Assume (A.1), (A.2) and m = 0. Suppose, in addition, that w) € L2(R") .
and

o] < (1.13)

1
A /w2

Then Hgp has a ground state.

Remark: To our best knowledge, Theorem 1.4 is the first which establishes the exis-
tence of ground states of the spin-boson Hamiltonian Hgg in the case of massless bosons.

The present paper is organized as follows. In Section 2 we review some basic facts on
the spin-boson Hamiltonian Hgp. We recall a well known unitary transformation which
converts Hsp to an operaotr H simpler in a sense. We analyze the operator H. To prove
the exsitence of ground states of H, we introduce in Section 3 a finite volume approximation
Hy (V > 0) for H. In Section 4 we prove that Hy converges to H in the norm resolvent
sense as V — oo. In the last section we prove Theorems 1.1 — 1.4.

2. Some basic facts
It is well known that, for all f € L?(R"), the operator

P(f) = i{a(f)* - a(£)} (2.1)

is essentially self-adjoint on the finite particle subspace
Fo={¥ = {¥™}2 € F| only finitely many ¥, ’s are not zero}. (2.2)

We denote the closure of P(f) by the same symbol. Let
Uy = etiaP(M/w), (2.3)

Then '1 S
. U

r-2 (U+ _U_) (2.4
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is unitary on H. Moreover, we have

2

A
U 'HggU = H — o2 || — 2.5
SB a \/U_J L2 ( )
with u .
H=I®H,,+§(A®U1+A*®UE), (2.6)
where

4o 00 |
(0, ;e

Based on (2.5), we shall consider, instead of Hgg, the operator H defined by (2.6).
An advantage of this approach is in that the perturbation term

Hy:= fz‘-(A QU2 + A" U?) | (2.8)

of H is a bounded self-adjoint operator. The operator norm ||Hy|| of Hy can be exactly
computed:

LEMMA 2.1. We have -
18] = £ (29)

PROOF: We need only to use the relation Hy = £U ' (0,®I)U and the fact ||o,®I|| = 1. B

It follows from (2.9) and the variational principle (cf. [2, 4]) that

—-’2f < E(H) < —%—wnwn; <. (2.10)

LEMMA 2.2. Assume, in addition to (A.1) and (A.2), that wA € L?(R*). Let ¥ be any
eigenvector of Hsg. Then ¥ € D((I @ Hy)*/?).

PROOF: By the assumption, we have Hsp¥ = EV¥,¥ € D(Hgg) = D(I ® H;) with E an
eigenvalue of Hgg. Hence

(I® H,)¥ = Ey) — g(az ® )V — ac, ® [a(A)* + a(M)]V.

The vectors on the RHS except for the last one is in D(I ® H). We denote by a(-)#
either a(-)* or a(-). It is known that, if wf, f/+/w € L*(R¥), then a¥(f) maps D(H;) into
D(H;/z)[3, Lemma 2.4]. Hence o, ® [a(A)* + a(A)]¥ € D((I ® Hy)'/?). Thus we conclude
that (I ® H,)¥ € D((I ® Hp)*/?), which implies the desired result. B

6



o

Let '
N = dr(I) = / &’ ka(k)*a(k), (2.11)

the number operator on F.

In general we denote by ( -, - )x and || || the inner product (complex linear in the
second variable) and the norm of a Hilbert space K, respectively, but, we sometimes omit
the subscript K if there is no danger of confusion.

LEMMA 2.3. Assume, in addition to (A.1) and (A.2), that w) € L%(R¥). Then, for every
normalized ground state () of Hsg,

2
(Q,I@NQ)'H < a?

= (2.12)

L2

PROOF: Let f be a function such that wf, f//w € L*(R”) (then f € L3(R)). It follows
from Lemma 2.2 and a mapping property of a(f)# [3, Lemma 2.3] that a(f)Q € D(I ®
Hy) = D(Hsp). Since Hsp — E(HSB) > 0, we have

0 < (I8 a(f)Q, [Hss — E(Hss)| I ® a()R)
= (I ® a‘(f)“) [HSB,I ® a(f)]ﬂ)
= (I8 a(f) (—I ® awf) — aos ® I)(f, \)12)2).

Hence

(I Qa(f) a(wf)R)+ a(f,A)2(0- ® a(£)0,0) < 0. (2.13)

There exists a sequence {f,}72; of functions such that wfn, fn/\/w € L2(R”) for all n > 1
and {/wf,}32, is a complete orthonormal system of L?(R*). By (2.13), we have for all
N=1,2,3,

N
> (I a(fa) a(wfn)) + afo. ® a(Fy)Q,Q) <0,

n=1

where Fy = 22;1( frsA)p2 fr. It is not so difficult to show that

N
Jim ;::(”’I ® a(fn)*a(wfn)R) = (2,1 @ NQ),

A

Jim (¢, ® a(Fn)2,0) = (¢ @ a (;) Q,0).

Hence (2, I @ NQ) +a (s, ®a (%) Q,02) < 0. Since (2,I ® NQ) > 0, it follows that
(a',,J ®Ra (%) Q,Q) is real and ‘

(Q,I® NQ) < —a <az ®a (’\) nn) . (2.14)

w
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Applying the well known estimate
1a(£f)¥l|= < [Ifllz|INY? 0|7, £ € L*(R"), ¥ € D(N'/?), (2.15)
to the RHS of (2.14), we obtain

Q10 NQ) <|a|||2
w

I ® N)Y2Q,
L2
which implies (2.12). B

Inequality (2.12) gives an upper bound for the mean of boson numbers in any normal-
ized ground state of Hsg. Note that inequality (2.12) is independent of whether bosons
are massive or massless.

3. A finite volume approximation

Let V > 0 be a parameter and

2nZ¥ 27n; .
FV= v ={k=(k1,"',ku)ka'—'V_J,njez’]:l,"',y}' (31)
Let o
Fv = F(&(Tv)) = P [er(Tv)] (32)
n=0

the symmetric Fock space over £2(T'y), which describes state vectors of bosons in the finite
box [-V/2,V/2]”. Each element ¥ in ®7¢*(I'y) can be identified with a piecewise constant
function in ® L?(R”) which is a constant on each cube of volume (27/V)™ centered about

a lattice point
(kl’... ,kn)EI‘V X ...xI‘V=]_'"’"}_

With this identification, Fy is regarded as a closed subspace of F.
For'each k = (ky,:-+ ,k,) € T'y, we define a function x v on R” by

Xk V() = Xk— g kit 51(61) - Xk~ 3 b+ 31(80); €= (b1, ,4) ER, (3.3)

where X[, 3 denotes the characteristic function of the interval [a,b]. We introduce

v\ ¥/ v\ /2 '
ay(k):=| — a(xk, =(———) / a(k + £)dL. 34
v(¥) (27r) Oav) =2 [~/ V,x/V]* (k+9 ey
It is easy to see that, for all k,£ € T'y,
[av(k),av(£)*] = bke, [av(k),av(£)] =0, (3.5)

8



on Fy.
We define
wv(k) =w(kv), keRY, (3.6)
with ky a lattice point closed to k:
kv €Ty, [b—(bv)il<g, 5=l ,m (3.7)
Let .
Hyy = dT(wy) = / & bwy (k)a(k)*a(k). (3.8)

LEMMA 3.1. We have
D(Hy,v) = D(Hs) (3.9)

and there exists a constant ¢ > 0 independent of V such that, for all ¥ € D(N),

C
I(Hy — Hov)¥|| < 7 [INE]]. (3.10)

PRrOOF: By (1.2) and (3.7), we have for all £ € R”, |w(k) — w(ky)| < ¢/V? with ¢ =
Cr"v/2, from which (3.9) and (3.10) follow. B

The following fact is well known:

LEMMA 3.2. The operator Hy v is reduced by Fy and

Hy | Fv =Y w(k)av(k)ay(k).
kel'y

For notational simplicity, we set

g(k) = ‘fig)

(3.11)

" For K > 0, we define a function gx v on R” by

9K, v = > 9(k)xx, v
kerV:IkJ ISK1j=1y"' sV

9



LEMMA 3.3. The function gk v converges in L?>(R”) as K — ooc.

ProoF: For a constant K > 0, we put

sev= Y (3) woor

kelvy,|k;|<K,j=1,--,v

Then, by the growth condition for A/w in (A.2), we have

swvs () wereer $ () arimy

keTv ,|k|<Ko k€T ,|k| > Ko
2r\” 1
< ) (—) lg(k)* + o’ D? | ———dk < 0.
keDy [bl<Ko N7 | re (1 + |k|9)

Hence Sk,v is uniformly bounded in K. Since Sk v is monotone non-decreasing in K, it
follows that the infinite series Sy := 3, (27")" |g(k)|? converges. Let K' > K. Then
we have (g9k,v,9k',v)L2 = Sk,v = Sv (K — c0), which implies that {gx v} x is a Cauchy
net. B '

We write
gv =L* - Am gxv = Z 9(k)xk,v- (3.12)
kel'y -
Then we have - 12
' f2m\” .
P =i(F) X e - av(k) (3.13)
kel'y ?
l
on fo- 1
Let ' ‘
Us(V) = eFiPlov), | (3.14)
and
Hy =I® Hyv + g{A QUL(V):+A*@U_(V)?). (3.15)

LEMMA 3.4. The operator Hy is self-adjoint with D(Hvy) = D(I ® H}) and bounded from

below with
~ Hy > —g. (3.16)

ProOOF: Since the operator
Hi(V):= g{A QUL(V): + A* @ U_(V)?) (3.17)

10
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is bounded, the Kato-Rellich theorem gives the self—a.djointness of Hy with D(Hy) = D(I®
Hyv) = D(I ® Hy) (Lemma 3.1). Inequality (3.16) follows from the fact ||[H(V)|| = £,

which can be proven in the same way as in Lemma 2.1. &

In the next section, we show that Hy is a finite volume approximation for H in a
suitable sense.

4. Convergence of the finite volume approximation

In this section we prove the following theorem:

THEOREM 4.1. For all z € C withImz # 0 or 2 < —p/2,

Jim ||(Hv —2)7" = (H - 2)7" =0. (41)
To prove this theorem, we prepare some lemmas.

LEMMA 4.2. .
Jim _|lgv —gl|z> =0. (4.2)

PROOF: By the growth condition for A/w in (A.2), one can easily show that

2m\” v |
loviis = X (3F) loF — [ ko = ol (v s o) (43
kely R
Let f € C5°(R”) and supp f C {k € R”| |k;| < Ky,j = 1, ,v} with a constant K;.
Then we have

2r\” .
(=Y (F) 1090 +1v,
Lely
where
Iy= > a(£) [F(k)* — £(£)"]d"E.
LETy |t |<Ky j=1, v (=% at X X[l = b+ ]

Since f is uniformly continuous, for any € > 0, there exists a constant Vj > 0 such that,
if |k; — £;] < m/Vq, then |f(k) — f(£)| < €. Hence, for all V > V;, we have |Iy| < Dye,

where Dy = EtGPv,IleSKf =1, (g%)yg(l) Note that

1/2
lim Dy =D := lg(k)|d"k < (/ ]g(k)lzd"k) (2K£)"/? < 0.
Voo [-Ky.Ky) [—Ky Ky

11



Hence limy o [Iy| < De. Since € > 0 is arbitrary, we conclude that limy_,o Iy = 0.
Thus we obtain

(Fr9v)is = (Frg)s (V= oo). | (4.4)

By (4.3), (4.4) and a limiting argument using the denseness of C§°(R”) in L?(R?), we
obtain (4.2). B

We say that two self-adjoint operators T and T on a Hilbert space strongly commute
if their spectral measures commute.

LEMMA 4.3. Let Ty and T, be strongly commuting self-adjoint operators on a Hilbert
space. Then, for all ¥ € D(T;) N D(T3),

1(e — T2 )]| < I(Ty — T2)¥l-

PROOF: Let E; be the spectral meé,sure of T;. Then there exists a unique two-dimensional
spectral measure E such that, for all Borel sets By, B, in R, E(B; x By) = E;(B;)E,(B:).

In terms of E, we have
T; =/,\,-dE(,\1,,\2), e'li = /ei’\de(Al,Ag), i=1,2.

By the functional calculus and the inequality |e!® — e'¥| < |z — y|,z,y € R, we have for all
¥ € D(T1) N D(T3)

[|(eTr — eT2)g)|? = /Rz e — €22 12d| | B( A, A2)9| |

S/IM—AﬁﬂWOhMWW
RZ
= ||(T — Ta)$|*.

Thus the desired result follows. i

LEMMA 4.4.
N(U£(V)? = UL)(N + I)72|| < 4llgv — g]. (4.5)

PROOF: For all real-valued functions fi, f € L?(R”) and all s,t € R, e"*P{f1) commutes
with e?*P(f2) (e.g., [10, Theorem X.43]). Hence, by a general theorem (e.g., [9, Theorem
VIII.13], P(f,) and P(f;) strongly commute. Applying this fact, we conclude that P(g)
and P(gv) strongly commute. Hence, by Lemma 4.3, we have for all ¥ € F,

1(U£(V)? = U2)¥|| < 2|(P(gv) — P(9))¥l|
< 2(lla(gv — 9)¥|| + llalgv — 9)™¥]]).

12



By (2.15) and the complementary estimate to it
la(£)*@ll < |Ifllz= (¥ + 1)'/2@||, @ € D(N'/?),f € L¥(R”),

we obtain
(U£(V)® - U2)¥|| < 4llgv —g|| - ||(N + I)/29]|.

Since Fy is a core of N/2, we can extend this inequality, via a simple limiting argument,

to all ¥ € D(N'/2). Thus (4.5) follows.

Proof of Theorem 4.1
We prove (4.1) in the case Im z # 0 (the other case can be similarly treated). Writing

I®H,=H-H;
and using Lemma 2.1, we have
1@ B,¥| < |EY]|+ X%, ¥eD(IeH,).
Let L =I® N + I. By the fact that |[N®|| < ||H,®||/m,® € D(H};), we obtain
iz -nell < (17e)+ £)2)), veDUem)
~m 2 ! bh

which implies that, for all z € C\ R, L(H — z)~! is bounded. By Lemma 3.1, (I ® H, — -
I® Hyv)L™! is bounded with

c
(I ®Hy —1® Hyv)L 7| < 57 (4.6)

We write

(Hy —2) ' —(H—2)"' =(Hy — 2) I @ H, — I ® Hy, y)L*L(H — z)~!
| + (Hv — 2) Y (Hr — H(V))L7YV2LY2(H — 2)7,

Hence
Iy =27 = (=) < e (nwb — Ho)L7Y| - |L(H — 2)71)|
| + (= BV)E LB - )7 ).
We have |

Hy— H{(V) = g{A ® (U2 —U4(V)?)+ A*® (U2 - U_(V)2)}.

13



Hence, by Lemma 4.4, ||(Hr—H1(V))L™/?|| < 4p-||gv —g||, which, combined with Lemma
4.2, implies that limy_,o |[(Hr — Hf(V))L~/?|| = 0. By (4.6), we have limy s ||(H; —
H, v)L7Y|| = 0. Thus we obtain (4.1). B

5. Proof of the main results

51 Proof of Theorem 1.1

Let
Hy = C* @ Fy.

LEMMA 5.1. The operator Hy | Hy has purely discrete spectrum.

PROOF: It is well known or easy to see that I ® Hy v [ Hy has compact resolvent. Since
H;(V) is bounded, it follows that Hy(V)(I ® Hp,v +1)~! | Hy is compact. Hence, by
a general theorem [11, §XIII.4, Corollary 2], cess(Hv [ Hv) = Oess(I ® Hy v | Hy) = 0.
Thus the desired result follows. R

LEMMA 5.2. '
Hy | Hy > E(Hy) +m.

PROOF: We decompose L*(R¥) as L?(R*) = Fyy @ F;5 with Fiy = L?(R*) N Fy. Then

F=Fr®F(Fy) =P F?,

=0

where FU) = Fy®[®]Fiv]. Hence Fiy = @2, FU) and Hy; = C*@Fi; = @i, C2@F V).
On each C2 @ F), Hy has the form S® I +I® T with S = Hy | Hy and T is a sum of j
copies of Hy v, each acting on a single factor FlJi, Since T > jm on ®£F1v, the assertion
of the lemma follows. B ’

LEMMA 5.3 [12, LEMMA 4.6]. Let T,, and T be self-adjoint operators on a Hilbert space,
which are bounded from below. Suppose that T,, — T in norm resolvent sense as n — oo
and T, has purely discrete spectrum in [E(T,), E(T,) + c) with some constnat ¢ > 0.
Then, lim, o E(T,) = E(T) and T has purely discrete spectrum in [E(T), E(T) + c).

We are now ready to prove Theorem 1.1 : By Lemmas 5.1 and 5.2, Hy has purely
discrete spectrum in [E(Hvy), E(Hy) + m). By this fact and Theorem 4.1, we can apply
Lemma 5.3 to conclude that H has purely discrete spectrum in [E(H), E(H) + m), which,
combined with (2.5), implies Theorem 1.1.

5.2. Proof of Theorem 1.2

14



The basic idea of proof is to use the min-max principle for H [11, Theorem XIII.1].

Let

: p2(H) = sup Ug(®)
®cH

with UH(Q) = inf‘I’ED(H),II‘I’”=1,‘I’€[§]J‘(‘P,H‘I’)7 where [@]‘L = {‘I’ € HI(‘P,@) = 0}. We
estimate p,(H) from below. For this purpose, we write

H=I®Hb+§a,®I+W,

where

W;%{A®(Ui—1)+A*®(U3—I)}.

For € > 0, we set
2,2 2

o’p
[

A
wy/w

A
De(a,p) = + 2|alp ”;

L2 L2 )
LEMMA 5.4. For alle >0 and ¥ € D(I ® H,),

(9, W9)| < (T, 1 ® Hy¥) + D, (e, )| |1 (5.1)
PROOF: By the fact ||4|| = ||A*|| = 1 and Lemma 4.3, we have for all ¥ ¢ D(I ® Hy)

Wl < £ (ire @ - Dell + Il @ (U2 - DE|)
< 2lalulll @ P(\/w)¥|
< 2lau(||I ® a(\/w)¥]| + || ® a()/w)*¥|).

On the other hand, the following estimates are well known:

lla(F)|| < |If /vl | H 1],
lla(F) || < Wf/V@llzallHy >l + |Ifllz2s  f, f/v/@ € L*RY), 4 € D(HM?).

Hence

W ¥ < 4falp

1 w

A
L I® Hy)Y/29| +2
”w o RO TR o

Using the elementary ineqaulity zy < ez? + Z—Z holding for all z,y,e > 0, we obtain

2,2 2

A a
H. /2 < . [l
25| 1 e < w16 m) +

Thus (5.1) follows. R

A

wyw

4lalp

L2
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We now proceed to proof of Theorem 1.2. Let €y be the Fock vacuum in F : ¢ =

{1,0,0,---} and
3 fl
T\ )
Then it is easy to see that

v
[@0]_}_ — {‘I’ _ ( 1) e H‘\I’gﬂ) — \I’gO)} ,
¥,

where we write ¥; = {\I'g-n)}?f:o € F, \I’g-n) € ®PL%(RY). Let ¥ € [®]*. Then, by the fact
H,Qy =0 and H, [ ®"L%(R”) > nm, we have

2

j=1 n=1

Noting the fact \II(O) \Il(o), we have
B(g,0, ® I¥) = £{(¥;,,) + (¥,,
5(¥,0:® ) =3 (¥1, ¥2) + (¥2, ¥1)}

M = n n n n
= GUPP 7P+ 5 (T, ) + (8, )

]l: n n
> LOUP + 1971} - W 19

n=1

> L0907 + 197y - Sl

These estimates and Lemma 5.4 give

2 oo k
(9, HY) > m(1—e) Y, > IV 1P + SUBV1P + 19717}~ SIEIP — De(er )27

j=1n=1

> {M, - £ - D.(a,m} 9l

where ¢ is an abitrary constant satisfying 0 < ¢ < 1 and M, = min {m(1 - ¢), 12‘—} Since
this inequality holds for all ¥ € [®,]+, we obtain pa(H) > Co with

Co= o Mo = § = D)}

This estimate and the min-max principle imply that E(H) is a simple eigenvalue of H if
E(H) < Cy. By (2.10),if Cp > —pe"zaz“’\/“’nz/2 (this condition is equivalent to condition
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(1.11)), then E(H) < Cy and hence H has a unique ground state. Thus the desired result
follows. ‘

5.3. Proof of Theorem 1.8

Let

ps(H)= sup Upy(®,8,)
®,,P:€H

with UH(@l,Qz) = inf‘I’ED(H);H‘I’H=1,‘I’E[‘I>1,<I>2]-L(‘I”H‘I’)’ where [Ql,éz]i' denotes the or-
thogonal complement of {a®; + 83|, 8 € C}. Let

o RATEY b
1= ﬂo ) 2 = —Qo .

[21,8:]* =C’®6 =GP

Then we have
with G = @2, @7 L*(R¥). For all ¥ = (¥, ¥_) € [®;,8,]* (V4 € G), we have
(9, H9) > (T4, Byy) + (T, Hy¥_) - £||2|P.

It is eaéy to see that (¥, Hy¥.1) > m||¥.||?. Hence we obtain (¥, H¥) > (m — £l
which implies that

pa(H) 2 m - £. | (5.2)
Assume (1.12). Then, by (5.2) and (2.10), we have

ps(H) > —§e~2ll*/wlliz > E(H).

Hence, by the min-max principle, there are at most two eigenvalues (counting mutiplicity)

of H in the interval [E(H), ~—§e_”)‘/“’”22 ]. In particular, H has at most two ground states.
These facts and (2.5) imply Theorem 1.3. &

5.4. Proof of Theorem 1.}
We apply the following fact (which may be more or less known):

LEMMA 5.5. Let Ap,n = 1,2,--., and A be self-adjoint operators on a Hilbert space
K having a common core D such that, for all v € D, A,¢p — AvY as n — oco. Let
%y be a normalized eigenvector of A, with eigenvalue E,: A%, = E,¢, such that
E :=lim, ,o E, and w—lim,_,o ¥, = ¥ # 0 exist, where w — lim denotes weak limit.
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Then v is an eigenvector of A with eigenvalue E. In particular, if v, is a ground state of
A, then 1 is a ground state of A.

PROOF: By the present assumption and a general theorem [9, Theorem VIII.25(a)], 4,
converges to A in the strong resolvent sense as n — co. Hence, for all ¢ € K and z € C\R,
we have ' ’

|(¢,(An - z)_l"pn) - (¢,(A - z)_1¢)|
=|((An = 2*) 19— (A= 2) 7, 9n)| + [((A = 2°) 'y %bn — 9)|
< |[(An —2*) 7 — (A~ 2") 18] + (A = 2") T by 9on — 9)]

-0 (n— ),

ie., limy_yo0(9,(An — 2) " ¢¥n) = (6,(A — z)7'4). By the spectral theorem, we have
(82 (An—2) 14hn) = (Bn—2)1(dybn). Hence we obtain (6, (4—2)~%) = (¢, (E—2)"9)
for all ¢ € K, which implies that (4A—z)"1¢ = (E—2z)"1¢. Thus ¢ € D(4) and 4y = Ey.
If ¥, is a ground state of A, then (¢, A,¢) > E,||¢||? for all ¢ € D. Taking the limit
n — oo in this inequality, we obtain (¢, A¢) > E||¢||>. Since D is a core for A, the last
inequality extends to all ¢ € D(A), which, combined with the preceding result, implies
that E = inf 6(A). Thus ¢ is a ground state of 4.

We now turn to the spin-boson Hamiltonian in the case infierr w(k) = 0. To employ
the results in the case of massive bosons, we define for m > 0

wm (k) = w(k) + m.
Then (1.2) with w replaced by wr, holds for all m > 0. We introduce

Hsp(m) = %,wz & I +18® Hy(m)+acs ® (a(A)* +a()))
with Hy(m) = dl(wp,).

LEMMA 5.6. Let D = C2®|[F; N D(Hy)], where ® denotes algebraic tensor product. Then
D is a common core for all Hsg(m) and Hsg. Moreover, for all ¥ € D, Hsp(m)¥ — Hsp¥
as m — 0.

PROOF: The first half of the lemma is well known (note that C2®[FoyND(H)] = C2R[FoN -
D(Hy(m))]). The second half follows from a direct computation. &

‘We are now ready to prove Theorem 1.4. By Theorem 1.1, there exists a ground state
Q(m) of Hsg(m): Hsp(m)Q(m) = E(Hsg(m))Q(m). Without loss of generality, we can
assume that ||Q(m)|| = 1. By (1.8), we have

2 2

A
V%m

2

A K 242 2
—| < E(H < B2 |Mumllzz _ 52 .
Jom |, < PHsmm) < —5e soe L

L?
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By using the Lebesgue dominated convergence theorem, one casn easily show that

2 ‘

L2

2 2 2

A

A

w

A 2
Jom Ve

Hence {E(Hsp (m))}m is uniformly bounded in m. Thus there exists a sequence {m;}32,
with my > my > ... >m; - 0 (j = o0) such that

lim

L2 T m>0

lim

m—0

L2

(5.3)

Wi L2

E:= lim E(Hsp(m;))

and

Q2 :=w— lim Q(m;)

]—)oo

exist. We need only to show that ( # 0 (then, by Lemmas 5.6 and 5.5,  is a ground state
of H, SB)
Let Py be the orthogonal projection from F onto the Fock vacuum state {cQ|c € C}.

- It 1s easy to see that

IQP,>I-I®N.

If w) and A are in L?(R”), then wyA € L*(R¥). By these facts and Lemma 2.3, we have

2

(Q(m),I ® PyQ(m)) >1— (Qm),I ® NQ(m)) > 1 - o? (5.4)

m

L2

Since the range of I ® P, is finite dimensional (in fact, two dimensional), we have

Jim (Q(m;), 1 ® Pom;)) = (2,18 RS2).

From this fact, (5.4) and the second formula in (5.3), we obtain

2

A

w

(Q,I@Poﬂ) 2 1- a2

L2

Under condition (1.13), the RHS is strictly positive. Hence 2 # 0.
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