HOKKAIDO UNIVERSITY

Title Pgissonian asymptotics of a randomly perturbed dynamical system Flip-flop of the Stochastic
Disk Dynamo
Author (s) Ito, H. M; Mikami, T.
Citation Hokkaido University Preprint Series in Mathematics, 312, 1-20
Issue Date 1995-10-01
DOI https://doi.org/10.14943/83459
Doc URL https://hdl. handle. net/2115/69063
Type departmental bulletin paper
File Information re312. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Poissonian Asymptotics of a Randomly
Perturbed Dynamical System: Flip-flop
of the Stochastic Disk Dynamo

H. M. Ito and T. Mikami

Series #312. October 1995



288
#289

#290
#291
#292

#293
#294

#295

#296
##297

#298
#299

#300

#301
#302
#303

#304
#305
#306
#307
#308

#309

#310
#311

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

A. Kishimoto, The Rohlin property for automorphisms of UHF algebras, 15 pages. 1995.

K. Goto, A. Yamaguchi and I. Tsuda, Nine-bit states cellular automata are capable of simulating the
pattern dynamics of coupled map lattice, 24 pages. 1995.

Y. Giga, Interior derivative blow-up for quasilinear parabolic equations, 16 pages. 1995.
F. Hiroshima, Functional Integral Representation of a Model in QED, 48 pages. 1995.

N. Kawazumi, A Generalization of the Morita-Mumford Classes to Extended Mapping Class Groups for
Surfaces, 11 pages. 1995.

P. Aviles and Y. Giga, The distance function and defect energy, 23 pages. 1995.

S. Izumiya and A. Takiyama, A time-like surface in Minkowski 3-space which contains pseudocircles, 11
pages. 1995.

S. Izumiya, Local classifications of multi-valued solutions of quasilinear first order partial differential
equations, 12 pages. 1995.

A. Kishimoto, A Rohlin property for one-parameter automorphism groups, 27 pages. 1995.

F. Hiroshima, Diamagnetic Inequalities for Systems of Nonrelativistic Particles with a Quantized Field,
23 pages. 1995.

A. Higuchi, Lattices of closure operators, 6 pages. 1995.

S. Izumiya and W-Z. Sun, Singularities of solution surfaces for quasilinear 1st order partial differential
equations, 9 pages. 1995.

D. Lehmann, M. Soares and T. Suwa, On the index of a holomorphic vector field tangent to a singular
variety, 14 pages. 1995. . :

J. Zhai, Harmonic maps and Ginzburg-Landau type elliptic system, 20 pages. 1995.
M.-H. Giga and Y. Giga, Geometric evolution by nonsmooth interfacial energy, 15 pages. 1995.

S. Jimbo and J. Zhai, Ginzburg-Landau equation with magnetic effect: non-simply-connected domains,
21 pages. 1995.

T. Ozawa, On the nonlinear Schrédinger equations of derivative type, 27 pages. 1995.
N.H. Bingham and A. Inoue, Jordan’s theorem for fourier and hankel transforms, 30 pages. 1995.

T. Honda and T. Suwa, Residue formulas for singular foliations defined by meromorphic functions on
surfaces, 19 pages. 1995.

J. Yoshizaki, On the structure of the singular set of a complex analytic foliation, 25 pages. 1995.

A. Arai, Representation of canonical commutation relations in a gauge theory, the Aharonov-Bohm effect,
and Dirac Weyl operator, 17 pages. 1995.

A. Arai and M. Hirokawa, On the existence and uniqueness of ground states of the spin-boson Hamilto-
nian, 20 pages. 1995.

S. Izumiya and T. Sano, Generic affine differential geometry of plane curves, 8 pages. 1995.

N. Kawazumi, On the stable cohomology algebra of extended mapping class groups for surfaces, 13 pages.
1995.



* Poissonian Asymptotics of a Randomly Perturbed Dynamical
System: Flip-flop of the Stochastic Disk Dynamo
H. M. Ito! and T. Mikami?

! Selsmology Department, Meteorologlcal Research Institute, Tsukuba
Ibaraki 305, Japan
2 Department of Mathematics, Hokkaido University, Sapporo 060, Japan

Abstract A dynamical system with two stable equilibrium points will show a flip-flop
motion between the neighborhoods of the two points when it is perturbed by small random
noises. A typical example is the stochastic disk dynamo model where the two equilibrium
points correspond to the two polarities of the earth’s magnetic field. We will prove what
has been suggested by a computer simulation, that is, the counting process of the flips
or the reversals of the earth’s field converges to a standard Poisson process if the time is
suitably scaled.

KEY WORDS: Poisson, asymptotics, small random perturbation, reversal of the
earth’s magnetic field

1. INTRODUCTION

Geophysical phenomena recorded on the earth sometimes offer novel stochastic features of
nature which are difficult to find in laboratory experiments of limited time span. Analyses
of the paleomagnetic data revealed that the earth’s magnetic field has reversed its polarities
many times(Y). One of the most interesting statistical properties of the reversals is that
their counting process is a Poisson process.

_ Simple models mimicking the dynamo action of the earth have been analyzed numer-
1cally to account for the statistical properties. In one approach the statistical properties
are attributed to chaos of deterministic systems composed of a couple of disk dynamos.
See Ref.2 for present status of this approach.

The other approach regards the reversals as a result of perturbations acted on the
single disk dynamo.(®%) In particular, Honkura and Hoshi¥ emphasized the importance
of the randomness of the perturbations. Omne of the authors proposed independently a
stochastic model(®, following the recipe by van Kampen® and Kubo et al.(") This model,
called the stochastic disk dynamo model, describes a system of mutually interacting single
disk dynamos, and is expressed by a two-dimensional dynamical system subject to small
random perturbations. The unperturbed non-gradient dynamical system has two stable
equilibrium points corresponding to the two polarities of the earth’s magnetic field. The
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perturbatidns showing the effects of the eliminated degreés of freedom other than the dipole
field, are of order of the inverse of the number of the interacting disks.

A computer simulation suggested®) that the stochastic disk dynamo has the Pois-
son property above mentioned. Later, its mathematical justification was given to a one-
dimensional simplified version with a double well potential.®) The purpose of the present
paper is to give a justification to the original two-dimensional model.

Efforts have been devoted to the asymptotics of dynamical systems subject to small
random perturbations from practical(®19 as well as mathematical('129) viewpoints. The
problem discussed here will be new in two respects. Firstly, instead of relaxation from a
metastable state to a stable state, we are interested in flip-flop motion between the two
states equally stable. Secondly unlike most of the works which are concerned with the
ensemble averaged properties, we deal with pathwise properties, importance of which was
emphasized by Cassandro et al.(12)

We constitute our paper as follows. In section 2, we give a definition of the stochastic
disk dynamo model together with its physical background as well as its mathematical
properties. The main result is Theorem 3.1 which assures that the counting process of the
reversals, Y¢ of (3.3), converges in the limit of small perturbation to a standard Poisson
process if the time is scaled suitably. It is proved by preparing two theorems in Section 3,
proofs of which are given in the following subsections.

2. STOCHASTIC DISK DYNAMO MODEL

Stochastic disk dynamo model is described by the following stochastic differential equation:
fort > 0,z = (z1,72) € R?,e > 0,

dXe(t,z) = b(XE(t, z))dt + €/2dW (t),

X®(0,z) =z, (2'1)'

where W () is a 2-dimensional Wiener process(!®), and b(z) = (b1(z), b2(z)) is given by

bi(z1,22) = —pz1 + 122,
i 2.2)
bz(wl,xz) = —vzs+1—1x7.

Here p and v are positive constants such that vy < 1.

This model describes a system of several disks interacting mutually. The variables x;
and z2 physically stand for the current running through the coil and the angular velocity
of the disks, respectively, and the 1/¢ has a meaning of the number of the disks. See Ref.
5 for further physical background and some related mathematical arguments.
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The deterministic equation (2.1) with € = 0 is called the single disk dynamo model,
which does not show the reversal of the polarity, i.e., the change of the signs of X0. In
fact, since vp < 1, {X°(t,z)} has three equilibrium points(!41%): a hyperbolic equilibrium
point

H(0,1/v) (2.3)

and exponentially stable equilibrium points

’F+()‘a M), F—-(_A, l‘)’ (24)

where ‘
A=(1-mw)2 | (2.5)

- On the other hand, the stochastic disk dynamo exhibits reversals. More precisely,
the solution to (2.1) exists, is positively recurrent, and has a unique invariant probability
density function(15:18) gince

< z,b(z) > = z1(—pz1 + T172) + T2(—VT2 + 1 — %) (2.6)
= —-ua:% —Vx§+x2 ‘
(= —pzi - v(z2 - 1/(20))* + 1/(4v))
< —pa? - (/D)% + 1/(20)
< —min(u, v/2)|z|? + 1/(2v).

Here we used -
zo = v Y2 25y < {1/v + vad}/2.

The regions {x € R? : z; > A — 6} and {z € R? : z; < —X + 6} are understood
as the normal polarity and the reversed polarity of the earth’s field, respectively, where
6 € (0, ) is a parameter to be determined by paleomagnetic observation. We will discuss
the asymptotics of the flip-flop motion of X between the two polarities in the limit of

e — 0.



3. MATHEMATICAL RESULTS

For the stochastic process {X*(t, z)}o>t<oo determined by (2.1), we consider a sequence of
stopping times {7Z(z; 6)}n>0 defined by the following: for é € (0,)) and = = (z1,z2) € R?
for which |z;| > A — 4, put ' '

TS(:B; 6) =0, .
rE () 6) = inf{t > 75(z;6); A — 6 < X5(t,2)}  if X5(ri(x;8),2) < —A+6, (3.1)
AT inf{t > 1E(x; 6); X§(t, ) < A+ 6} if A~ 6 < X5(7i(x; 6), x),
for n > 0.
Take (%(6) > 0 so that

P(7§(Fy;6) > B°(6)) = P(r§(F-;8) > f*(6)) = e, (3.2)
which is possible since (X{ (-, (1, x2)), X5(:, (z1,22))) has the same probability law as that
of (=X5(-, (—z1,x2)), X5(-, (—1, x2))) (see (2.2)). Here Fy and ) are defined in (2.4) and
(2.5), respectively. ,

Put g = 35(A/2) > 0, and consider the following stochastic processes:

Ye(tz,6) =n  if 15(x;6) < B < 15,1 (2;6). (3.3)

Denote by Dn[0,00) the space of right continuous functions f : [0,00) — N with left
limits. D0, 00) is given the Skorohod topology(?V). '
The following is our main result.

Theorem 3.1. For any é € (0,A) and any z for which |z1| > X — 8, {Y*(¢;2,6) }o<t<oo

converges, as € — 0, in distribution in Dx[0,00)®*Y) to a Poisson process with parameter
147),

Theorem 3.1 can be proved by the following Theorems 3.2 and 3.3, proof of which will
be given in sections 3.2 and 3.3. Theorem 3.2 assures that any finite dimensional marginal
distribution of {Y*(¢;z, 6) }Jo<t<co converges, as € — 0, to that of a Poisson process with
parameter 1. Theorem 3.3 and Corollary 7.4 (p. 129, Ref. 21) guarantee the tightness of
{Y=(t;z,6) }o<t<oo-

~ Theorem 3.2. For any 6 € (0,) and r > 0, the following holds: for any £ € N and any

O0=ng<my <--- <y,
lim P(Ye(tl;xa 6) =Ny, 7Y€(t£;x7 6) = nl)
e—0 (3‘4)
=TIf, (8 — tic1)™ ™ exp(—(ti — ti—1))/(ni — mi1)!,
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unifbrhly inze Ur(o) N{y;|1n| 2 A =6} and 0=tg <t; <--- <ty < 0.

Here and in the following, U.(z) = {y € R%|z —y| < r} for € R% and r > 0, and the
symbol o stands for the origin. - : : - -
Remark 3.1. Roughly speaking, Theorem 3.2 means that [r5,;(z; ) — 75 (x; 6)]/8¢ (n > 0)
are, for sufficiently small € > 0, independent of each other (from the strong Markov
property of X*(t,x)), and have exponential distributions, from which we can believe that
Theorem 3.1 is true(1”),

Before stating Theorem 3.3, we give a notation.

For r >0, T > 0 and f € Dn[0, 00), put

W T) =inflmax  sup  |f(®) - FI}, - @5)

8,tE€[ti1,t;)

where the infimum is taken over all partitions {t;} for which 0 =ty < #; < -++ < th—1 <
T <t, with miny<;<,(¢t; — t;—1) > r and over all n > 1.

Theorem 3.3. For any 6 € (0,A) and r > 0, the following holds.
(I).For any v > 0 and t > 0, there exists Ny ; € N such that

lim sup(sup{P(Y*(t; z,6) > N, 4); |z] <1, ]|T1| > A = 6}) < .  (3.6)
e—0

(II). For any v > 0 and T > 0, there exists ¥ > 0 such that

lim sup(sup{ P(w'(Y*(; z,8), 7, T) 2 7); lz| < r,|z1] = A - 6}) <. (3.7)
e—0

3.1. Special case of Theorem 3.2.

In this subsection, we prove Theorem 3.4, a special case of Theorem 3.2 with £ = 1
and n; = 0, dealing with asymptotics of exit probabilities. Closely related problems have
been discussed in Refs. 18,19,22 and 23.

Theorem 3.4. For any é € (0,\) andr > 0
liII(l) P(1i(x;6) > BE(A\/2)t) = e7*, (3.8)
uniformly in x € Up(0) N {y; ly1] = A~ 6} and t > 0.

Theorem 3.4 can be proved from Theorem 3.5 below, which gives an exponential law
for a stopping time

inf{t > 0; | X*(t,z) — F.| < 6} ifjx—F_|<§,

70 = {inf{t-> 05| X*(t,z) - FL| < 6} if jz— Fy| <5, 9

where 6 € (0,)\) and z € Us(Fy) U Us(F-).



Theorem 3.5. There exists 61 > 0 such that for any 6 € (0, 46,),

eli_x’r(lJ P(o®(z;6) > °(\/2)t) = 78, o (3.10)

uniformly in z € Us(F) U Us(F-), and t > 0.
Before proving Theorem 3.5 we note that the following (R.1)-(R.4) hold for R > Ry
if Ry > 0 is sufficiently large. |
(R.1). Ur(F4+) UUX(F-) C Ug(o).
(R.2).

< z,b(z) ><0

for all x € UR(0) (see (2.6)).
(R.3). For any x € 8Ug(0) N {y;y1 < 0},

Vr(z) > Vr(H).

Here we put

Va(y) = inf{ / (de(s)/ds — blp(s))[2ds /2 (0) = F_, () = y,

{¢(8) Yo<s<t € Ur(0) N {y;y1 < 0}, > 0}.

(R.4). There exists 6y € (0, ) such that Vg(z) is smooth in Us, (F_.).
Remark 3.2. For any r > 0, there exists R(r) > 0 such that

Vr(z) = Ve (x)

for z € U.(0) N {y;y1 <0} and R, R’ > R(r) (see the proof of Proposition 3.1).

It is easy to see that the conditions R.1 and R.2 are satisfied. As for R.3 and R.4, see
Proposition 3.1 at the end of this subsection and Theorem 2 in Ref. 20.

Let us prepare some lemmas. Fix R > Ry and put

Cy = {z € Ur(0); dist(z, {y € Ur(0); y1 = 0}) < n}, (3.11)
75(z) = inf{t > 0; X°(t,x) ¢ A} forz € R*, ACR>. - (3.12)

Then the following lemma can be proved in the same way as in Lemma 1(22) | and we
omit the proof.



' Lemma 3.1. For any a > 0, there exists 1 > 0 so that

mseug E[Ta’ (z)] < exp(a/e) . (3.13)

for sufficiently small € > 0.
Put

M(n,8) = sup{7Ra\(w, 5 (F4)0Us 2 (7)) (@i T € UR(0), |z1] > n} (3.14)

which is finite from the upper semicontinuity of T?P\(Um( F)UUs 5 (F)) (), and put

S5 (@) = {inf{t >0, X°(t,z) ¢ Ur(0) N {y;y1 <m}} if 2, <0, (3.15)

inf{t > 0; X*(t,z) € Ur(o) N {y;91 > —n}} ifzy >0.

From the condition (R.3), the following can be proved in the same way as in Lemma
2(22) and the proof is omitted.

Lemma 3.2. For any é € (0,)) and any sufficiently small n € (0, — §),

lim P(o®(z;6) < S5(z) + M(n, 8)) =1, (3.16)

uniformly in x € Us(F4) U Us(F.).
Take v*(n) > 0 so that

P(S5(F_) > +°(m)) = e, (3.17)

Lemma 3.3. There exists n° > 0 for which 7°/v*(n) — 0 (as € — 0) for any 5 € (0, \)
and the following holds: there exists 6; € (0, A) such that for any é € (0,6;) and € (0, )),

lirgl j;lp{P(SZ(y) >u) — P(S3(F-) >u—n)} <0,

(3.18)
lim inf{ P(S;(y) > u) — P(S3(F-) > u+n°)} 2 0,

uniformly inu > 0 and y € Us(F-).
(Proof). Take & > 0 sufficiently small so that {y; Vr(y) < 2&} C Us,(F_) and that for
any 71 € (0, )

exp(2&/€)/v*(n) — 0,
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as € — 00, Put n° = exp(2&/e) and K = {y; Va(y) < @}. Then in K, Va(y) is smooth
from the condition (R.4). Take §; > 0 so that Us, (F~) C Int(K). Then the rest of the
proof is the same as that of Lemma 3(22),

Q. E. D.
Put, for ¢t > 0,

fe(t;m) = P(Sp(F-) > 7*(m)t). (3.19)

From the condition (R.3), the following can be proved in the same way as in Lemma
4(2) | and the proof is omitted.

Lemma 3.4. For sufficiently small nn € (0, \), there exists a sequence of positive numbers
{0} for which 6. — 0, as € — 0, such that the following holds: for any tg > 0,

| lims(l)lp{fs(s + 05 fe(t + 0e5m) — fe(s+t;m)} <0,

3.20
Niminf{f.(s;m)fe(t - Oe;m) — fe(s+tm)} =0, (3:20)

uniformly in (s,t) € [0, 00) X [to, 00).
Now we prove Theorem 3.5.
(Proof of Theorem 3.5). In the same way as in Theorem 1(22), we get the following from -
Lemmas 3.1-3.4: for any 6 € (0,61) (see Lemma 3.3) and sufficiently small € (0, X — §1),

lim P(o*(2;6) > () =™, (3.21)

uniformly in x € Us(Fy) U Us(F-) and t > 0.
Hence the following relation (3.22) together with Lemma 3.5 below, completes the
proof (see (3.2) and (3.17)): for any 6 € (0,6,) (see Lemma 3.3) and sufficiently small
ne (07 A— 61)1
lim ~*()/6°(8) = 1. (3.22)
e—
Let us prove (3.22).
We first show that for any 6 € (0,6;) and 57 € (0, A — 81),
v (n) < B(6). | (3.23)
Since Sy (F-) < 71 (F_;6) by (3.1) and (3.15), the relation (3.17) leads to
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exp(—1) = P(S3(F-) > 7*(n))
| < P(r1(F-;6) > [v*(n)/5°(6)18°(8)),
from which we gét (3.23) by (3.2).
Next we show that for any é € (0, 6;) and sufficiently small 5 € (0, A — 8;),
limsup §°(6)/+"(n) < 1. (329
Since 73 (F_; §) < 0°(F-;6) by (3.1) and (39), (3.2) leads to
exp(—1) = P(r{(F_; ) > §°(9))
< P(a®(F_;8). > [B*(8)/7* (mlv* (m)),

from which we get (3.24) by (3.21).
Q. E. D.

Lemma 3.5. For any é§ and §' € (0,)),

lim 5°(8)/8°(¢") = 1. (3.25)
(Proof). For any é € (0,1), take 6 € (0, min(é;,8)) and € (0, A — 6,) for which (3.22)

holds. Then inequalities

75 () < B°(8) < 5°(6) | (3.26)
are shown to hold in the same way as in (3.23) since
Sp(F-) < TE(F_;6) < TE(F_;$6).

The relation (3.22) and the inequalities (3.26) complete the proof.
" Q.E.D.

Next we prove Theorem 3.4 from Theorem 3.5. _
(Proof of Theorem 3.4). For r > 0, take R > max(r, Ry). For § € (0,)), take §' €
(0,min(é, A — 6, 61)) (see Theorem 3.5).
We first show that
liminf P(r{(z; §) > B°t) > et (3.27)
£

9



unifbrmly inzeU(o)N{y;|lya| >A—6}and t > 0.
For z € U(0) N {y;ly1] > A — 6}, n€ (0,A—6) and ¢t > 0,

P(ri(z;6) > B°t) | (3.28)
> P( sup 1X*(s,z) — X°(s,2)| < §'/2,

0<s<70 ‘
SPSTR2\(Ugs /o (Fy)0U /2<F_))(x)

S (X°(TRa\w,, J2(Fi) WU o(F-)) (£); 2)) > B°)

> inf P(  su X(s,y) — X (s,y)| < &'/2

T lyl<ninl2A- (OSsSCIZT,G,)| (5,9) = X"(s5,9)| < &'/2)

o inf P(S,(y) > £°)
yeTg (Fy )l (F)

by the strong Markov property of X (¢, z), since 7§ (y; §) > Sy (y) for y € Us(Fy) U Us(F-).
Here we put

_ 0
C(r,6) = |y|<7‘,s|!11111|)2)\—5 TR2\(Us y (F4 )uUs 2 (F_)) (¥) (3.29)

which is finite because of the upper semicontinuity of ng\(Ua/z( Fi)uUs (7)) ()-

The first probability in the last part of (3.28) converges, as € — 0, to one(?). The
second probability in the last part of (3.28) converges, as € — 0, to exp(—t), uniformly in
t > 0 for sufficiently small n € (0, —é1) from Theorem 3.5, Lemma 3.2, S;(y) < 0°(y; §')
and B¢ — oo as € — 01,

Next let us show that

limsup P(r5(z;6) > f°) < e, (3.30)
e—0

unifornﬂy inzeU.(o)N{y;|lya] 2A -6} and t > 0.
For z € Ur.(0) N {y;|y1] > A= 6} and t > 0,

P(ri(xz;6) > B°t) (3.31)
< P( ' sup | X2 (s,2) — XO(s,2)| > 6'/2)
0<s<7Y, (z)
R2\(Ups /o (F1)Ugs 5 (F))
+ P( sup |X¢(s,z) — X°(s,2)] < 6'/2,
0<s< 70

RA\Wgs 5 (Fi 00 (P ) ()

T (X5(7 1%2\(U6, 2(F4)UUg ,2(F_))(93), );8) > Bt — T gz\(Uy s2(F)UUgs /2(F_))($))-
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The first probability on the right hand side of (3.31) converges, as € — 0, to zero(1l)
uniformly in z € Ur(0) N {y; ly1| = A — 6} (see (3.29)). The second probability on the right
hand side of (3.31) is dominated by

sup P(o®(y;8') > gt — C(r,8")) (3.32)
y€Us (F4)UUs (F-)

(see (3.29) for notation), by the strong Markov property of X*(t,x), since 75 (y; 6) <
o*(y; 8') for y € Us/ (Fy) UUs (F_).

The probability in (3.32) converges, as € — 0, to exp(—t), uniformly in ¢ > 0 and in
y € Uy (Fy) UUs (F_) from Theorem 3.5 and from ¢ — oo as € — 01D,

Q.E.D.
Finally we show that the condition (R.3) is satisfied.
Proposition 3.1. For sufficiently large R > 0,
inf{Vr(z); € OUgr(0) N {y; 51 < 0}} > Vr(H).  (3.33)
(Proof). Put x = min(u, v/2)/2. Take R; > 0 such that for z ¢ Ug, (0),
< 7,b(z) >< —k|z[?, (3.34)

which is possible from (2.6).
For R > R; and {y(s)}o<s<t for which ¢(0) = F_, ¢(t) € 8Ur(0o) N {y; 31 < 0} and
{#(5)}ogs<t € Ur(0) N {y; 41 < 0}, put

T(p) = sup{s < t;o(s) € Ur,(0) N {y; 51 < O}}. (3.35)
Then |

/0 (dip(s)/ds — b(p(s)) Pds/2 = K(lp(®)? — [(T(P))/2 = K(EE — R2)/2 — oo (3.36)

as R — oo. This is true, since for u € R? and z ¢ Ug, (o),

lu —b(x)|?/2 = sup [< z,u > — < b(z),z > —|2/2] (3.37)
z2€R2

>< Kz, u > — < b(z), kT > —'ln:z:|2/2
>< kx,u > +|kx|?/2> k< T, u >

11



from (3.34), and since

|dip(s)/ds — b(p(s))|*ds/2
T(v)

/ ldp(s)/ds — b(p(s))[Pds/2 > /
0

> /t k < @(s),dyp(s)/ds > ds (from (3.37))
T(p)

= k(le@®)? - le(T(0)*)/2.
Q.E.D.

3.2. Proof of Theorem 3.2.
In this subsection we prove Theorem 3.2 by induction. First we prove Theorem 3.6
which is a special case of Theorem 3.2 with £ = 1.

Theorem 3.6. For any é € (0,)) and r > 0, the following holds: for any n € N,

eli_I% P(Y*(t; z,0) = n) =t" exp(—t)/n!, (3.38)

uniformly in x € Ur(0) N {y;lya| > A — 6} and t > 0.
We need the following lemma to prove Theorem 3.6, proof of which is given at the
end of this subsection.

Lemma 3.6. There exists ro > 0 such that for any 6§ € (0,A), r >0, and n eN ,

lif% P(| X% (1 (x;0),x)| = 10) =0, (3.39)
uniformly in x € U.(0) N {y; |y1| = A — 6}.
(Proof of Theorem 3.6). We prove it by induction on n. When n = 0, it has been proved
in Theorem 3.4. Suppose that Theorem 3.6 is true for n < k. Put

Ars =Ur(0) N {y; |ly1] = A — 6} (3.40)

Then

P(Ye(t;z,6) =k +1) | (3.41)
= P(Y*(t;z,8) = k+ 1, X* (75,1 (2;6),7) & Aro.5)
+ P(Ye(t;x,8) = k+ 1, X (1£,1(%;6),7) € Aros)-
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‘The first probability on the right hand side of (3.41) converges, as € — 0, to zero from
Lemma 3.6, uniformly in z € A, 5 and ¢t > 0.

The second probability on the right hand side of (3.41) is estimated as follows:

P(Ys(t; T, 6) =k+ 1)X€(Tl:+1($; 6)’37) € A'ro,5)

- / Pt 1 (@ 8)/6° € ds, X (141 (x: 6),7) € dy) PGt — 5) < 7£(y: )
0<s<t,y€Ary,s

/ P(1g41(x;6)/0° € ds, X* (T§+1($; 6),z) € dy) exp(—(t — s)) + o(1)
0<s<t,y€Ary,5 .

= [ Pt @)/6° € ds)expl(~( - ) + o(0),

as € — 0, uniformly in z € A, s and ¢t > 0, from Theorem 3.4 and Lemma 3.6; and

/0 P(r541(;6)/6° € ds)exp(—(t — s))

= P(rf 1 (x;6)/6° < 1) — /0 P(1f41(%:8)/6° < 5)exp(—(¢t — 5))ds

= P(Y*(t;z,0) > k+1) — /t P(Y*(s;z,60) > k+1)exp(—(t — s))ds
0

=3 Hexp(=t)/jl - / 3 [s? exp(—s)/i1] exp(—(t — ))ds + o(1)

j=k+1 j=k+1
= t*" exp(—t)/(k + 1)! + o(1),

as € — 0, uniformly in z € 4,5 and ¢t > 0, by the assumption on induction.

Q.ED.

Next we prove Theorem 3.2 from Theorem 3.6.
(Proof of Theorem 3.2). We prove it by induction. When £ = 1, it is done by Theorem
- 3.6. Suppose that Theorem 3.2 is true when £ = k > 2. Then we only have to show the
following to complete the proof: for m =mn;(> 1), ny +1

111'1(1) P(m < Ye(tl;xa 6),Y€(t2;$, 5) =TN2,- - 7Y6(tk+1;x’ 6) = nk+1) (342)
E~>

= (Zz [(t1)? exp(—t1) /3] (t2 — t1)™* ™ exp(—(t2 — t1))/(n2 — 5)1)

j=m

x Ti_g(t: — tim1)™ ™" exp(—(t; — ti=1))/(ns — m5-1)},
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uniformly in z € U,(0) N {y; |[y1] > A — 6} and 0 =to < #; < --- < tg < 00 since

P(Y*(t1;,6) = n1, -+, Yo (k41 7, 6) = miya)
= P(ny < Y*(t1;7,0),Yo(t2; %, 6) = ng, -+, Y (t415 T, 6) = nijgy1)
- P(nl +1< Ys(tl;x,(S)’Ye(tz;x, 6) =2, )Ys(tk'i'l;z) 6) = ’I'lk+1)-

Let us prove (3.42). Form > 1,

P(m <Y*®(t1;2,6),Y*(t2;2,6) =ng,- -+, Y (tg41; 2, 6) = nit1) (3.43)
= P(m < Ys(tl;m’ 6)’ Ys(t2;x7 6) =MN2," -, Ye(tk+1;m76) = nk+11X€(T:z($; 6)71:) ¢ A'f'o,ts)
+ P(m < Y*(t1;2,6),Y*(t2;7,6) = na, -+, Y (tkt1; 2, 8) = g1, X (75,(x; 6), T) € Arp 5)-

The first probability on the right hand side of (3.43) converges, as € — 0, to zero from
Lemma 3.6, uniformly in z € A5 and 0 < t; < -+ < tp < 00.
The second probability on the right hand side of (3.43) is estimated as follows:

P(m < Y*(t1;z,0),Y*(t2; z,68) = ng, -+ -, Y (tk+1; %, 6) = N1 (3.44)
 XE(75,(2:6),2) € Are,6) |
P(ry,(z;6)/6° € ds, X* (75, (x; 6), %) € dy)

-/OSSSthyGAro,a
x P(Y*(t2 — 8;9,6) =ng —m,- -, Y* (te41 — 89, 0) = ngy1 —m)
(by the strong Markov property of X¢(t,x))

t1

= P(75,(x;8)/6° € ds)(t2 — 5)™ ™ exp(—(t2 — 5))/(n2 — m)!
x TIES (ti — tioa)™ ™ exp(—(t; — ti-1))/(ni — ni_1)! + o(1),

as € — O,uniformly in z € A, 5 and 0 < ¢; < --- < ¢y < 00, again by Lemma 3.6 and by
the assumption on induction.
From (3.44) we only have to prove that

11 .

lim | Pl @:6)/8° € ds)(t2 = "™ exp(~(tz = 5)) /(g —m)! (349

= 22: [(t2)? exp(~t2) /(2 — 1) exp(—(ta — t2))/(n2 — 3),

j=m
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uniformly in z € A, and 0 < t; < t2 < 00, which is done as

131 . .
A P(1r (2 6)/6° € ds)(t2 — 8)™* ™™ exp(—(t2 — 5))/(ng — m)! (3.46)

= P(r,(2;6)/8° < t1)(t2 — )™ ™™ exp(—(t2 — t1))/(n2 ~ m)!

A P(1n(2;6)/6° < s){d[(t2 — )™ exp(—(t2 — 5))/(nz — m)!]/ds}ds

o0

= (X (1) exp(=)/)(t2 — 11)™ ™ exp(—(tz — 1))/ (mz — m)!

j=m

- / (3 & exp(—s)/31)(dl(t2 — )™ ™ exp(~(t2 — $))/(nz — m)1]/ds)ds + o(1),

J=m

as € — 0, uniformly in € A, 5 and 0 < t; < t2 < 0o by Theorem 3.6 and
11
|d[(t2 — 8)™* ™™ exp(—(t2 — 5))/(nz — m)!]/ds|ds
0
t1 ‘
< | A{(ta—s)™ " exp(—(t2 - 5))/(ng — m)!
0
+ (tg — s)"2~ ™1 exp(—(t2 — s))/(nz — m — 1)!}ds

< 2exp(—(t2 — 1)) Y _(t2 — t))"2"%/(ny — i)! < 2.

1=0

The last part of (3.46) is transformed inductively as follows:

(3 () exp(—t2)/31)(t2 — £2)™~™ exp(~(tz — t2))/(ng — m)!

j=m

= [ 5 e/ dies — 9> exp(~(tz ~ )/ — m)]ds)ds

B ot1 [s™ ! exp(~s)/(m — 1)l](t2 ~ 5)"* ™ exp(~(t2 = 5))/(ng — m)lds

= [(£2)™ exp(—t2)/ml](tz — £2)™ "™/ (nz — m)!

+ exp(—t2) A [s™/m!](t2 — 8)™*~™ 1 /(ng — m — 1)lds

= exp(—t2) 3 (2 /71t = 10" /(g — )1

j=m

Q.E.D.
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Finally we prove Lemma 3.6.
(Proof of Lemma 3.6). We first consider the case n = 1. Fix R > r + A + Ry sufficiently
large so that the conditions (R.1)-(R.3) hold, and that the following holds: there exists
r1 € (Ro, R — ) such that for sufficiently small n € (0, (A — 6)/2), '

lim P(]X7(S;(x), 2)| = 0, | X*(83(=), 2)| <71) =1, (3.47)

uniformly in € Ugp_»/2(0) N {y; [y1]| = A — 6} (see Theorem 5.2(11)).
In this proof, Sp(z) and M(n,d) are defined, for R(> r + A) fixed at the beginning of
this proof, by (3.15) and (3.14), respectively.
We only have to prove (3.39) for z € Up_»/2(0) N {y; [y1| > A — 6} since R—A/2 > r.
Put, for 7 € (0, (A — 6)/2) chosen in (3.47), |

rz = sup{|X°(s,); IX2(5,9)| = (A~ 6)/2,0 < s < M(n,6), |yl =n, lyl < 71}.  (3.48)

Then ry < 71, from the condition (R.3) with R = r;. For x € Ug_»/2(0) N{y; |y1| > A -6},

P(IX5 (75 (z;6), 2)| > min(A — §,6)/2 +12) ~ (3.49)
< P(IX5(Se(x),z)| # m, or |X°(S;(x),z)| > 1)
+ P(| X3 (5, (), x)| = n, | X*(S;(2), x)| < 71,

sup [X¥(t+ 55(a), ) — X°(t, X*(S5 @), ))| = min(A - ,6)/2).
0<t< M (n,6) |

‘This is true. In fact, if | X5 (S (z), z)| = n, | X*(S;(z), )| < ri(< R), and if

sup | XS(t+ Sp(x), ) ~ Xo(t,XE(Sf,(x),x))l < min(A — §,6)/2,
0<t<M (n,5)

then 7§ (z;6) < S7(x) + M(n, ), and

|1 X7 (75 (z; 6) — Sp(x), X°(S; (2), 2))]
> | X5 (i (2;6), 2)| ~ | X3 (7 (23 6), ) — X2 (7§ (3 6) — S (@), X*(S; (), )]
>(A=48)/2

(see (3.1)), from which we get
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X (7% (:6),7)] o
< |X*(75 (23 8),7) — XO(rt (23.8) - 55(2), X (S5 (@), o))
+1X°(rf (z; 6) — S (), X° (S5 (x), 2))| < min(A — 6,8)/2 + ry.

‘The first probability on the right hand side of (3.49) converges, as € — 0, to zero,
uniformly in z € Up_»/2(0) N {y; ly1] > A — 6} from (3.47). The second probability on the
right hand side of (3.49) converges, as € — 0, to zero"), uniformly in z € Ug_j2(0) N
{y; ly1] = A — 6} since ‘

P(1X3 (S5 (@), x)| = m, 1 X*(S; (), 2)| <1,

sup | X°(t+ S5(a), x) — XO(t, X*(S5(z), 2))| > min(A — 6,8)/2)
0<t<M(n,6)

S sup P( sup |Xs(ta y) - Xo(ta y)l Z Imn()‘ - 67 5)/2)
lyil=nlyl<ry  0<t<M(n,5)

— 0,

as € — 001,
Since min(A — 6,6)/2 + r2 < R — A/2, we can prove this lemma inductively by the
strong Markov property of X°(¢,z) (see (3.49)).

Q. E. D.
3. Proof of Theorem 3.3.
In this subsection we prove Theorem 3.3.
(Proof of (I)). For v > 0 and ¢t > 0 take N, ; € N sufficiently large so that
. .
D tlexp(-1)/jl < v/4. (3.50)

j=N’Ytt

Then from Theorem 3.6,

P(Y*(t;2,0) 2 Nye) =1 = P(Y*(t;2,6) S Nyy —1) <2 ) Hexp(-t)/5! <v/2,
‘ j=N1,t ‘

for sufficiently small € > 0, uniformly in z € A, 5.
Q. E. D.
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Next we pi‘ove (I1).
(Proof of (II) (see p. 134, Lemma 8.21)).

For v.> 0 and T > 0, take N, 7 which satisfies (3.50) with ¢ = T, and take 7 €
(0,7/(4N,1)). Then | ‘

P'(Y*(;;x,6),7,T) 2 v) (3.51)
< P(ogkgI}IfEI(IT;z,a)(Tk"‘l(w; 8) — 1 (x;6)) < B°F)
< P(Y*(T;x,6) > N, 1)

+ P(Y*(T;,6) < Ny, (Tie41(; 6) — k(23 6)) < 6°7)

min
0<k<Y*(T;z,5)

< P(Y*(T;2,8) 2 Nyr) + Nyr B P(rf(258) < 5T, 7 (23.6) — 78 (a3 6) < B°F).

The first probability in the last part of (3.51) is less than v/2, for sufficiently small € > 0,
uniformly in z € A, s, in the same way as in the proof of (I).

The second probability in the last part of (3.51) is transformed as follows: for k =
O)"'7N‘7’,T—' 1,

P(7(x;6) < B°T, Tpr (33 6) — 7 (3 6) < B°F) (3.52)
= P(7(z; 8) < BT, 11 (x; 8) — 7£(x; 8) < BF, X°(r5(;6),7) & Arg5)
+ P(ri(x;6) < B°T, i 41 (@ 8) — 1 (23 6) < B°F, X (75 (x;8), ) € Ary,5)

The first probability on the right hand side of (3.52) converges, as € — 0, to zero, uniformly
inz € A, s from Lemma 3.6.
The second probability on the right hand side of (3.52) is estimated as follows:

P(ri(x;6) < BT, Tigya1 (25 6) — 7¢(x; 6) < B°F, X° (75 (23 6), %) € Arg )

< sup P(Y*(7;y,6) >1) (by the strong Markov property of X*(t,x))
yEAro,E

< 2(1 — exp(—7)) < 2F < v/(2N,,T),

for sufficiently small € > 0 from Theorem 3.6.
Q. E.D.
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