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Weak convergence on the first exit time of randomly perturbed
dynamical systems with a repulsive equilibrium point

Toshio Mikami
Department of Mathematics
Hokkaido University
Sapporo 060, Japan

ABSTRACT

We show that the first exit times of small random perturbations of
dynamical systems from a bounded domain D(C R%) weakly converge to
the explosion time of an explosive diffusion process and that the mean first
exit times converge to the mean explosion time, as random perturbations
disappear, when they are appropriately scaled. We consider the case when
D contains only one equilibrium point o of dynamical systems and when o
is polynomially unstabe and is repulsive.

1. INTRODUCTION.

Let us consider the following stochastic differential equation: for ¢ > 0,
ze€R?and e >0,

dX°(t, z) = b(X*(t,z))dt + €20 (X5 (t, 2))dW (1),

X¢(0,z) ==z, (L)

where b(-) = (b*(-))2; : R% — R? is bounded and globally Lipschitz con-
tinuous, where o() = (6%())¢;=; : R* — My(R) is bounded, globally
Lipschitz continuous, and uniformly nondegenerate, and where W(:) is a
d-dimensional Wiener process(®). X*(¢,z) can be considered as the small
random perturbations of X°(t,z) for small £(45:15),

Let D(C R?) be a bounded domain which contains the origin o and
suppose that b(z) = o iff £ = 0. Then the asymptotic behavior, as ¢ — 0,
of the first exit time 75 (x) of X°(¢,z) from D defined by

p(z) = inf{t > 0; X°(¢,z) € D} (1.2).

has been studied by many authors.
When X°(t,z) — o0 as t — oo for all z € D, it is studied by Freidlin
and Wentzell(15), Day(") | and Fleming and James(®.
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When o is a hyperbolic equilibrium point(”) of X°(¢, ) and when it is
unstable, it is considered by Kifer(1?), Mikami{*®), and Day(®.

Mikami('¥) considered the following case.
(A.0). D(C R%) is a bounded domain which contains 0. For any z € D\{o}
there exists s = s(z) > 0 such that X°(¢,x) ¢ D for ¢t > s and such that
XOt,z) € D fort < s, and X°(¢,x) — 0 as t — —c0.
(A.1). There exist positive constants £, Co and 6y such that Us,(0) = {y €
R%; |y| < 60} C D and that

|b(z)| < Colz|*+! forall z € D,

- (1.3).
< z,b(x) > > |z|*t?/Cy  for all z for which |z| < &.

Remark 1. Kifer(®, Mikami(®®, and Day® considered the case
when |b(z)| ~ |z| as £ — o and when b(z) is differentiable at 0. If d = 1,
D= {(a,f) (¢ <0< f) and

b(z) = {:1:(2 +sin(1/z)) ; %f x # o,
o jifz=o,
then (A.0)-(A.1) hold with £ =0, Cy = 3, and |b(z)| ~ |x| as = — o, but
b(z) is not differentiable at 0. The case when b(z) is not differentiable at
o has not been studied yet. Mikami{®®) and this paper consider the case
|b(z)| ~ |z|*! as  — o for £ > 0 (see Example 1 in section 2). In this case
Db(o) is a zero matrix, and henceforth o is not a hyperbolic equilibrium
point( of X°(¢,x).
The following theorem is known.
Theorem 1. (I). Suppose that (A.0)-(A.1) hold. Then for any é > 0,

-~ lim P(e= Q=98 E+2) < 78 () < g=(HOE/(E+2)y — ¢ (1.4).
E—

(see Corollary 1.2(19),
(11).®) Suppose that (A.0) holds. Then for any x € D\{o} and § > 0,

Eli_r’r(l)P(lfrE(sz:) —7r3(x)| < &) =1 (1.5).

Theorem 2 (Theorem 1.3(14) and Corollary 1.4(1%)). Suppose that
(A.0)-(A.1) hold. Then

lim{log Blr5(0)]}/ log(e™/*+?) =1, (1.6).
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and for any x € D\{o},

lim Efrp(z)] = 7p(z)- (1.7).

In this paper we show that e//(+2)7¢ (o) weakly converge, as ¢ —
0, to the explosion time 7(0) of an explosive diffusion process and that
E[g¥®+2) 18 (0)] converge, as € — 0, to E[r(0)], under the stronger as-
sumption than (A.0)-(A.1).

In section 2 we state our result and prove it in section 4, using lemmas
which are stated and proved in section 3.

2. MAIN RESULT.

In this section we state our result. Let us first introduce the assumption.
(H.0)=(A.0). o
(H.1). There exists £ > 0 such that b(z) can be written as follows; b(z) =

B(z)+R(z) for z € D. Here B(z) and R(z) are locally Lipschitz continuous
functions which satisfy the following;

B(tz) =t**'B(z) forallt> 0and z € R?, (2.1).

and there exist C; and v, € (0, 1] such that

R(z) < Cyz|***"  for all z € RY. (2.2).
(H.2).
|i?£1 < B(z),z >> 0. (2.3).

Remark 2. (H.1) holds with v; =1 whenZ€ N, b e Cf+2 (R4 RY),
and '

8*b*(0) /823 - - B’ = 0

foralli=1,---,d, k=0,---,£ and (j1,---,Jq) for which j1 +---+ja =k
and jm > 0 (m =1,---,d), by Taylor’s expansion. It also holds if b(z) =
x|’z (¢ CEH (R?; RY)) for £ € N.

Let Y¢(t,z) (t > 0,z € R% e > 0) be the solution of the following
stochastic differential equation, up to the explosion time(?:
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dY*(t,z) = B(Y*(t,x))dt + '/ o (0)dW (1),

Y*(0,7) = z, | 24

and put

7(z) = inf{t > 0; sup |Y(s,z)| =0} (2.5).
0<s<t

Then we can prove the following.
Theorem 3. Suppose that (H.0)-(H.2) hold. Then £/(¢+2)7¢ (o)
weakly converges to 7(0) as € — 0, and

Eli_r)r(l) E[e¥/&278 (0)] = E[7(0)] < oo. - (2.6).

As a corollary to Theorem 3, we get the following by which we answer
Professor A. A. Novikov’s question.

Corollary 1. Suppose that (H.0)-(H.2) hold. Then 7§ (0)/E[r§(0)]
weakly converges to 7(0)/E[r(0)] as € — 0.

Remark 3. (H.2) implies that P(r(z) < o0) = 1 for all z € R? by
Has’minskii’s test®!2). It is easy to see that (H.1)-(H.2) imply (A.1) in
section 0, and hence that (1.4)-(1.7) holds under (H.0)-(H.2).

Let us give an example which shows that (H.1)-(H.2) is stronger than
(A.1).

Example 1. Let d=1 and D = (o, 8) (¢ <0< B) and put for £ >0

b(z) = { |z|’z(2 +sin(1/z)) ;ifzx#oanda<z<f, @.7)
"o s ifz=o. e

Then this b(z) satisfies (A.1) with Cy = 3, but does not satisfy (H.1). In
fact, b(z)/x*T! does not converge as z | 0, though

Eil(’)l b(z)/zt! = B(1) (2.8).

if (H.1) holds.



3. LEMMAS.

In this section we state and prove lemmas.
Let us give some notation.
Put, for t > 0, z € R% and € > 0,

Z5(t, 1) = e~ 1/ (WD) xo (ot (t+2)y o1/ (42) )

ZE(t,3) = e~V @Dy (e~ 4/ (¢4 1/(E42) ) (3.1).

(see Egs (1.1) and (2.4)).
The following lemma plays a crucial role in the proof of Theorem 3.
Lemma 1. Suppose that (H.0)-(H.1) hold and that there exist r, t > 0,
z € R? and e(< 1) for which U, 1/¢+2(0) C D such that max(|Z5(s,z)|
,|Z5(s,z)|) < r for all s € [0,t]. Then there exist positive constants C(r)

and C(o), and a one-dimensional Wiener process W (-) such that for all
s € [0,1], |

1Z1(s,x) — Z5(s, z)| (3.2).
< exp(C(r)t)e/ @D (1 4 t0,r 1™ 4 C(0)?r2t/2
+ C(o)r sup |W(u)]).
0<u<t

Proof. There exists a one-dimensional Wiener process W (-) such that
for s € [0,1],

125 (s, @) — Z5(s, %) (3.3).
- < VW) Oy M e/ (D) 4 0(5) 2524/ (42 /g

+ C(o)ret/+?) gyp |W(u)l+/ C(r)|Z°(u,x) — Z(u, z)|du
0<u<s 0

from (H.1), which will be proved later. Here we put

C(r) = sup{|B(z') — B(z)|/|z' — zl; 3’ # =z, |2'|, |z < r},

d
C(o) =sup{[ ) |o*(2) — 0% (o) "]"/?/zl; z # 0,z € R%}.

iL,j=1

By Gronwall’s inequality(”), the proof is over from (3.3) since ¢ < 1 and
7 € (0,1] from (H.1).



Let us prove (3.3). For any s € [0,6~4¢+2)¢], putting y = e1/¢+2)¢

Xe(s,9) — Yo(s5,9) (3.4).
< g2/ 4 / IB(X® (u,9)) — BOY* (u,))ldu + / R(X* (u, ) du
0 0

e [ T < (X% () — Yo () (1 X° () — Y, ) P

+ /)72 [0(X % (u, ) — o(0)]dW (u) > |

s d :
T (/42 ) / S I0% (X% ) — 0 (o) Pdu,

ij=1

since by the Ito formula(®,

(1X5(s,y) — Y¥(s,p)[? + ¥/ (E+2)1/2
_ (2/(e+2)

" /3 < (X°(u,9) — Yo (u, 9))(1X* (w, ) — Y= (u, )| + ¥/ E+)71/2
O,B(Xs(u, y)) — B(Y*(u,9)) + R(X*(u,y)) > du
e/ [0 (X4 9) - Yo ) (X (w1) - Y ()l
+ e/ )72 15X (u, y)) — o(0)|dW (u) >
s d
+e [ 2 o (X )~
x (1X°(u,y) = Y*(u,y)* + /)" 24y
—(e/2) /Os |(0(X*(n,)) = (0))*(X* (u,y) — Y*(u,y))|*
x (|1X°(w,y) — Y* (u,p)|* + /)32 gu.
Here we used that X¢(u,y) C D (0 < u < ) from the assumption since
U, .1/¢+2)(0) C D, and denote by o(z)* the transposed matrix of o(x).

From (3.4) and (3.5)-(3.7) below, we get (3.3).
For s € [0,t] and y = g1/ ¢+2)g

e—8/e+2),

g~ H/ () /0 - IB(X*(4,9)) - B(Y® (4, 9))|du (3.5).



- / B2 (u,2)) - BZ5(w,2))ldu  (from (2.1))
<o / 128 (4, 7) — Z5(u, )| du

from the assumption; and

e/ e+

e~ 1/E+2) / R(X* (u, y))|du (3.6).

S E_(1+e)/(£+2)301 (rel/(e+2))l+1+71 = Cl sre+1+’71 671 /(l+2)

from (2.2) and the assumption; and

=t/ e+, d :
: [ > 109 (X" () - 0¥ (o) Pdu (3.7)
0 i,j=1
< ce—t/(t+2) 80(0)2(,’.61/(£+2))2 = g4/ (£+2) 80(0‘)27'2 )

from the assumption.
Q.E.D.

Put for € D, and r > 0 and € > 0 for which re’/*+2) < §; (see
(A.1)),

Tre(@) = {t > 0 X (¢,2)] > re!/ €49}, (3.9)
T.(2) = {t > 0;1X*(t, )| > bo}. (3.9)

Then the following lemma can be proved by the strong Markov property(®)
of X*(t,x). |

Lemma 2. Suppose that (H.0) holds. Then for x € D, T > 0,
8 € (0,T), r > 0 and € > 0 for which rel/(t+2) < §,,

P/ D) <T) (3.10).
2 inf P( sup |Zi(s,y)[2>7)
lyl<r  0<s<T—6 |
|y 2ret/€+2) (ossse—e}()en).s/zl (3,9)] 2 b0)

x inf P(rh(y) < e 4/ ¢+2g§/2).
ly|=80



In particular,

P18 (0) < T) (3.11).
>P( sup |Zi(s,0)|>T)

0<s<T—6

X inf P( sup | X (s,9)| > bo)

ly|>rel/(€+2) 0<s<e~2/(&+2)5/2
x inf P(r5(y) < e ¥/¢+D§/2).
ly[2é0 ,

Proof. Forx € D, T > 0, § € (0,T), r > 0 and € > 0 for which
rel/(42) < 5, -

P(et/“75(2) < T) (3.12).
2 P( Sup IXE (8, _'B)I 2 rel/(e+2),
0<Ls<e—¢/(&+2) (T -6) ;

Tre(z)<s<Tr ($)+€_e/(l+2)6/2
75 (X (Te(XE (Tre(7), 7)), X5 (Tre (3), 7)) < e~/ E4D§/2).

By the strong Markov property of X¢(t,x), the proof is over.
Q.E.D.

For the sake of completeness, we give the proof of the two lemmas
which will be used in Lemma 5. |

Lemma 3. Let f(t), u(t) (t > 0) be positive continuous functions such
that there exist positive constants C' and T for which the following holds;
for all t € [0,T]

&) > C+ / () f(s)ds. (3.13).
0

Then for all ¢ € [0, 7],

¢
fit) > C’exp(/ u(s)ds). (3.14).
0
Proof. From (3.13), for all t € [0, T
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d[/ot u(s) f(s)ds exp(— /Ot u(s)ds)]/dt (3.15).
= u(t) exp( /0 w(s)ds)(F(t) - /0 u(s)f (s)ds)

> Cd[— exp(— /O " w(s)ds)]/db.

Integrating both sides of (3.15) in ¢, we get (3.14) from (3.13).
Q. E. D.

Lemma 4. Let f(¢) (¢ > 0) be a positive continuous function such
that there exist positive constants C’, C” and T for which the following
holds; for all ¢ € [0, T

f() > C' exp(C” / £(s)ds). (3.16).
Then

C'C'T < 1. (3.17).
Proof. From (3.16),

—dlexp(—-C” /t f(s)ds)]/dt > C'C”. (3.18).
Integrating both sides of (3.18) irf t, we get
T
1>1-— exp(—-C”/ f(s)ds) > C'C"T. (3.19).
i Q.E.D.

From Lemmas 3 and 4, we get the following which will be used in
section 4.

Lemma 5. Suppose that (A.0)-(A.1) hold. Then for any § > 0,
r > (2441C,/[£6])1/¢ and y for which |y| > rel/¢+2),

P( sup 1X®(s, )| < o) (3.20).
0<s<e—2/ E+2)5 /2

< P(sup{le'/? /Ot(le(s, Y)I? +1/n) 72 < X°(s,y)

,0(X*(s,9))dW (s) > ;0 < t < e /25/2,n > 1} > [y/2).

9



Proof.

P( sup | X (s,9)| < bo) ' (3.21).
0<s<e—2/(E+)5 /2

< P(sup{le'/? /t(IXs(s, Y +1/n)72 < X5(s,y)
0

,0(X°(s,9))dW (s) > [;0 < t < ™Y ED§/2,n > 1} > Jy]/2)

+ P( sup 1 X (s,9)| < 6o, (1IX°(t,9)I* + 1/n)"/?
0<s<e—/C+2)5 /2

t .
> ll/2+ [ < X*(5,), 6 (5,9) > (X (5,0 +1/m) 2
0
for all n > 1,¢ € [0,e~4/(¢+2)§/2)).

In fact, if SUPg<s<e—t/t+252 | X°(8,y)| < o, then for n > 1 and t €
[0,6=¢/(¢+2)§/2], by the Ito formula®),

(1x=(t,9)* +1/n)"/?
= (lyl* + 1/n)"/?

+ / t < X*(s,9),b(X*(5,9)) > (1X°(s,9)* + 1/n) ™/ 2ds
0 :
+e/? / t(le(s,y)F +1/n)7Y2 < X%(s,y), 0 (X (s,y))dW (s) >
o

+(e/2) / (1X*(5,9)? + 1/m)~/*Tracela(X* (s, y))]
< a(X%(5,9)X*(5,5), X*(5,) > /(X (5,9) + 1/m)]ds
EL /0 (1X%(s, )2 + 1/m)~1/2 < X*(s,), 0(X*(5,9))dW (s) > |

- / | < X (5,9),b(X%(5,9)) > (IX* (s, + 1/m) 2,
0

Here we put a(z) = o(z)o(x)*.

Let us show that the second probability on the right hand side of (3.21)
is zero for r > (2¢+1Cy/[£6])*/¢ and y for which |y| > rel/¢+2),

Suppose that supg<,<c—¢/¢e+25/2 | X°(s,y)| < 8o and that the following
holds for all n > 1 and ¢t € [0,e~4/¢+2)§/2];

(X, y)I* + 1/n)*/2

> |yl/2+ /Ot < X5(5,9), b(X*(s,9)) > (|X°(s,9)| + 1/m)~ds.

10



Then we get for t € [0,e~¢/¢+2)§/2], by Fatou’s lemma,

\ t
X5 (t,9)| > lyl/2+ /0 CLIX* (s, )|t 1ds

from (A.1), and henceforth

| X= (¢, )| = (lyl/2) exp(/0 Cy H1X*(s,9)ds) (3.22).

from Lemma 3.
From (3.22), we get for t € [0,e=¢/(¢+2)§/2),

X5 (6, 9)|* > (191/2)* exp(£Cy / 1X° (s, )|ds),

and from Lemma 4, for y for which |y| > rel/(e+2)

1> (Jyl/2)%C5 e 52 > 05/ (24 Co)rt

which is a contradiction since r > (2¢t1C,/[¢6])/~.
Q.ED.

11



4. PROOF OF MAIN RESULT.

In this section, we prove Theorem 3 in section 2. We devide the proof into
the four steps; for any T > 0,

limsup P(e¥/¢ 215 (0) < T) < P(r(0) < T), (4.1).
e—0
ngyme%ﬁ@gﬂzpm@gn, (4.2).
limigl.f E[e/® 25 (0)] > Efr(0)], (4.3).
E—
lim sup E[e¥/ 2 7¢ (0)] < E[r(0)] < 0. (4.4).
e—0 .

Let us first prove (4.1).
Proof of (4.1). For r > 0 and e(< 1) for which U, 1/¢e+2(0) C D,

P(e¥/® 218 (0) < T) (4.5).

< P( sup | X¢(s,0)| > rel/(e“))
0<s<e—t/ DT

< P( sup |Z5(s,0)[ 27— 1)
0<s<T .

+ P( sup |Zi(s,0)| =7, sup |Z;(s,0)| <r—1)
0<s<T 0<s<T

(see Eq (3.1)).
The first probability in the last part of (4.5) is shown to converge to
P(r <T)asr— o

P( sup |Z5(s,0)| >r~1) = P( sup |Y'(s,0)| 27 ~1) = P(r(0) < T),
0<s<T 0<s<T

(4.6).
as r — oo since the probability law of Z5(s,0) (0 < s) is the same as that
of Y1(s,0) (0 < s) from (H.1) (see Egs (2.4) and (3.1)).

The second probability in the last part of (4.5) converges to 0 as e — 0
for any r and T > 0. Let us prove this. Put for r, ¢ > 0, y € R? and
i=1,2

) ={t > 0;1Z; (t,y) 2 7} (4.7).

(see Eq (3.1)). Suppose that U,.1/¢e+2)(0) C D. Then from Lemma 1, there
exists a one-dimensional Wiener process W (-) such that

12



P( sup |Z5(s,0)| =71, sup |Z5(s,0)|<r—1) (4.8).
0<s<LT 0<s<LT

< P(1%(0) < T, 1 £ |Z§ (77°°(0), 0) — Z5(77°(0), 0) )
< P(l < exp(C'(r)T)E’Yl/(e'*‘z)(l + TCIT£+1+’71 + C(U)2T2T/2
+C(o)r sup |W(u)l))
o<ulT

—0 ase—0.

Q.E.D.

Next we prove (4.2).
Proof of (4.2). From Lemma 2, for § € (0,T), r > 0 and € > 0 for
which rel/¢+2) < §,,

P(/®+ 018 (0) < T) (4.9).

> P( sup |Zi(s,0)|>T)
0<sLT-$6
X inf P( sup | X (s, )| = bo)

lyl2rel/ €+ oo <o—t/er2)5)2
x inf P(r(y) <e 4 &2g/9),

lyl 280
The following (4.10)-(4.12) which are proved later complete the proof.

liminfliminfliminf P( sup |Zi(s,0)| >r1) > P(r(0) < T) (4.10).
- 6—0 0 0<s<T—6

00  £—
; and for any 6 € (0,T),
lim liminf  inf P ‘ Xe(s,y)| > 6)=1 (4.11).
r_l_’I{.lo 12110 |y|2,~1€1/(e+2) (Osssefgl()uz)g/zl ( y)l - 0) ( )

; and for any 6 € (0,7,

lim inf P(r5(y) < e ¥/¢+2§/2) =1. (4.12).
e—0 |y|260

Let us first prove Eq (4.12). From (H.0), there exist §; > 0 and 77 > 0
such that
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| 1ln>f6 sup{dist(X°(¢,z),D);0 <t < Ti} > 26;. (4.13).
T|Z00 )

Therefore

P(rs(y) < e~/ g /9) (4.14).
> P( sup |X°(s,y) — X°(s,9)| < 81) =1 ase—0,
0<t<Ty

uniformly in y for which |y| > 6(5).
Next we prove (4.10).
For any r and é € (0,T)

P( sup |Zi(s,0)| > 1) (4.15).
<s<T-6

2 P( S |Z§(8,O)l 2r+1)
<T-

- P( sup |Z§(s, o|l>r+1, sup |Zi(s,0)| <r).
<s<T- 0<s<T—6

The first probability on the right hand side of (4.15) converges to P(7(0) <

T) as r — 00, and then § — 0, in the same way as in (4.6).

Let us prove that the second probability on the right hand side of (4.15)
converges to 0 as € — 0 for any r > 0 and é € (0,T), which can be done
in the same way as in (4.8). Suppose that U,.1/¢+2(0) C D. Then from
Lemma 1, there exists a one-dimensional Wiener process W(-) such that

P( sup [Z;(s, o) >r+1, sup IZf(s, o) <r) (4.16).
0<s<

<sT-
< P("'r+1(0) <T,1< |Z€(7'1~+1(0)’0) ZE(TT-{-I(O) o))
< P(1 < exp(C(r + D))"/ D (1 4 TCy[r + 1)1+
+C(0)*(r+ 1)*T/2+C(o)(r+ 1) 0<SBET ]W(u)l))

-0 ase—0.
Finally we prove Eq (4.11) from Lemma 5. Since (H.1)-(H.2) is stronger

than (A.1) (see Remark 3 in section 2), we can suppose that (A.1) holds.

For Cp, > 0 in (A.1), r > (2¢t1Cy/[£6])}/¢ and y for which |y| >
rel/(e42).
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P( sup | X% (s,9)| < 8o) (4.17).
0<s<Le—4/(¢+2)§ /2

< P(sup{le'/? /t(le(s, YI? +1/n)712 < X5(s,9), 0(X*(s,y))dW (s) > |
0

;0 <t < e~ ED§/2.n > 1} > |y|/2)

from Lemma 5; and by the time change(®), there exists a one dimensional
Wiener process W such that

P(sup{|e/? / (x5 (s, Y2 +1/n)"Y2 < X5(s,y) (4.18).
0

,0(X5(5,))dW (s) > |;0 < t < e/ D§/2,n > 1} > |y|/2)
< P(Cy(0)(26)2/r sup [W(s)| > 1)
0<sL1

—0 asr-— oo.

1 09 ()2) 2,

Here we put C;(0) = sup,cga (Z?,j=

Q.ED.
Let us prove (4.3).
Proof of (4.3). For any T > 0,
T
lim nf Blet/“+975,(0)] > / P(r(0) > t)dt (4.19).
g~ 0
from (4.1) by Fatou’s lemma, since
' ')
B[/ 18 (0)] = / P/ @12 () > )t (4.20).
0
T
> / P(/2 12 (o) > t)dt.
0
Let T — oo in (4.19). Then we get (4.3).
Q.E.D.

Finally we prove (4.4).
Proof of (4.4). We only have to show the following to complete the
proof;
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lim limsup E[e/ 278 (0) — n; e/ 15 (0) > n] =0 (4.21).

n—>r00 e—0

since for any n € N, in the same way as in (4.20),

E[e¥/ 218 (o)) (4.22).

= B[/ D15 (0); /¢ 75, (0) > ]

P18 (0) > m) + /0 P/ D08 (0) > t)dt
]
= E[e¥/®2 718 (0) — n; /278 (0) > n] + / P(e¥/2 18 (0) > t)dt
0

; and

lim sup / P( /D28 (0) > £)dt (4.23).
0

e—0
< / P(r(0) > t)dt (from (4.2) by Fatou’s lemma)
0

— E[r(0)] asn — oo

; and for n € N, from (4.3) and (4.22)-(4.23),

E[r(0)] < liminf E[/®+2) 12 (1)) (4.24).

< limsup E[e 275 (0) — n; e/ 2 15 (0) > n]

e—0

+/ P(7(0) > t)dt.
0
To prove (4.21), we only have to prove

limsup[sup P(1 < e¥/®+278 (1)) < 1 (4.25).
e—0 zeD

since

E[e¥®2 18 (0) — n; /218 (0) > 1]

o0
= Z E[e/ 278 (0) — nsk < e¥/¢D 18 (0) < k4 1]

k=n
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<Y (k+1-n)P(k < /D15 (0) <k+1)

" k=n

<) Pk < e/ D15,(0))
k=n

<) {sup P(1 <& (”2)7‘1%(58))}'c
k=n z€D
= {sup P(1 < /278 (2))}*(1 - sup P(1 < /@78 ()L,
zeD
Though (4.25) can be shown to be true in the same way as in the proof
of (4.2), we prove it for the sake of completeness.

From Lemma 2, for » > 0 and ¢ > 0 for which rel/(+2) < &, and

z €D,
Pt/ (2) < 1) (4.26).
> inf P( s IZf (s,9)| 27)
T lwIEr ogs< '
inf  P( Xe >
x i (0<s<€§15>(t+2)/4| (s,9)] = bo)
X llgfs P(5(y) < e74/¢+2) 14,
a Take sufficiently large r¢ > 0 so that
¥ lim inf inf P( sup I X*(s,y)| = 60) >1/2, (4.27).

€0 |y|2roel/ 4D gcg<e—t/(e+2) /4

which is possible from (4.11).
From (4.27) and (4.12), we only have to show the following;

liminf inf P( sup |Zf(s,y)|2ro)>0, , (4.28).
£—=0 Jy|<ro  0<s<1/2 '

which can be proved in the same way as in (4.15)-(4. 16)
In fact, for any y for which |y| < 7o

P( sup |Zi(s,y)| = 7o) (4.29).
0<s<1/2 .

> P( Sw . 1Z3(s,9)| 2 70 + 1)
0<s<

— P( sup |Z3(s,y)| =m0+ 1, sup |Zi(s,y)| < ro).
0<s<1/2 0<s<1/2

17



- The first probability on the right hand side of (4.29) can be shown to
be bounded from below by a positive constant, uniformly in £ > 0 and y
for which |y| < r;

P( sup |Z5(s,y)| = ro+1)
0<s<1/2

=P( sup [Y(s,9)| 2 70+1)
0<s<1/2

> inf P( sup |Y(s,2)|>ro+1)>0.
lz|<ro 0<s<1/2

This is true since u(t,z) = P(suppc,<: Y (5,z)| > 70 + 1) is a smooth
solution of the following P.D.E. from (H.1) (see p. 383(®), problems 1 and
2);

d
du(t,z)/0t =) _ a"(0)0%u(t,z)/0z:0z;]/2

1,7=1

d
+ Y Bi(z)0u(t,z)/0x; fort>0,lz| < ro+1,

=1

u(0,2) =0 for |z| < ro + 1,
u(t,z) =1 fort>0,|z| =19+ 1.

Let us prove that the second probability on the right hand side of (4.29)
converges to 0 as € — 0, uniformly in y for which |y| < ro. From Lemma
1, there exists a one-dimensional Wiener process W () such that for y for -
which |y| < 7o

P( sup |Z3(s,y) = ro+1, sup |Zi(s,y)| <ro)
0<s<1/2 /2

<s<1

< P25, (y) € 1/2,1 < |Z5(725 1 (0), ) — Z5(r2%1 (), %))
< P(1 < exp(C(ro +1)/2)e™/ D (1 + Chfro + 1)+ /2

+C(0)*(ro+1)*/4+C(0)(ro+1) sup |[W(w)|)
' 0<u<1/2

—0 ase—0.
Q.E.D.
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