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SHADOWS OF MOVING SURFACES

WEI-ZHI SUN

Department of Mathematics, North East Normal
University, Chang Chun 130024, P.R.CHINA

ABSTRACT. We classify the bifurcation of generic local pictures of shadows for one-
parameter families of surfaces in the Euclidean 3-space.

1. INTRODUCTION

In this paper we consider the problem how the bifurcation of shadows for moving
surface looks like. A classification of the shadows of generic submanifolds in R™ was
given by Watanabe [ 12 ]. In this paper we shall study the normal forms of shadows
of one parameter families of surfaces and illustrate how shadows of surfaces change
when surfaces move along one parameter in R3.

One of the motivations for the study of the shadows of surfaces is given in Vision
Theory([ 4], 8]). In [ 8], Lions et. al. studied the so-called Shape-from-Shading
problem. This problem corresponds, roughly speaking, to the reconstruction of a
shape (a surface) from the brightness of the two- dimensional image. They studied
as an application of the theory of viscosity solutions for various kinds of boundary
value problems for a first order Hamilton-Jacobi equation. The boundary in these
problems was considered as the edge of the shadows of a surface.

Let R® be the Euclidean 3-space with coordinate (z,1,y2). The subset G in
R? is called the shadow of a surface H in R3, if G is the image of projection 7
along a certain direction (for example, z-axis), where 7 : R® — R? is given by
(2, y1,y2) = (y1,92).

Let H be a closed surface in R3. We denote the set of embeddings from H to
R3 by

Emb(H,R%) = {i: H - R3 i is an embedding}

which is the Borel-space if we adopt the Whitney topology. We consider the fol-
lowing set

P={e: HxI<R®xRle(p,t) = (is(p), 1), i € Emb(H,R?)},

where I is an open interval in R which includes origin. For any e € P, e is regarded
as a family of elements of Emb(H, R®) with a parameter t, and the image e(H x I)
is a 3-dimensional submanifold in R3 x R.

We suppose that the moving surfaces have the shadow in R2xR. For any e € P,
the image of ITo e is called a shadow of e, where IT : R3 x R — R? x R is defined
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by II(z,y1,92,t) = (y1,¥2,t). Hence, our classification of the shadow is the local
classification of the bifurcation of the image of II o e along the parameter ¢ under
the parameterized diffeomorphisms. The precise definition is given as follows.

Definition 1.1. Let D and D’ be set germs in (R? x R,0). We say that D and
D' are t-diffeomorphic if there exist map germs & : (R? x R, 0) — (R? x R,0) and
é: (R,0) > (R, 0) such that &(D) = D' and 7,09 = dom,, where m : R2 xR — R
is the projection to the second components.

Under the above notation, we define D; = Dn(R?x{t}) and D; = D'N(R2x {t}).
If D and D' are t—diffeomorphic, &(D;) = D’ () So that the bifurcations of

{D:t}iew,0) and {D}}ic(r,0) along the parameter ¢ are diffeomorphic. Our main
result in this paper is the following theorem.

Theorem A. There ezists a residual subset Q C P with the following property:
For any e € Q and for any point Yy of the shadow II o e(H x I),the number r of
singular points of Iloe in (IToe)~Y(Ys) is at most 8 and the set germ of the shadow
at Yy is t—diffeomorphic to one of the following list:

r=1

PGk - normal forms of set germs of the shadows

°Go {(y1,92,0) € R* x R]y; € R}

OG2

°G, {(%1,92,0) € R* x Ry; < 0}

11G;" {(y1,92,t) € R®* x R|y; € R}

Gy
1Gs {(y1,92,t) € R x R[27y2 — 256y; — 144y, yat
_ +H4y5t® — 16yt + 128432 < 0}
r=2
PGy normal forms of set germs of 2-multi- shadows
%G1 {(ylay270) € R? x Ry; <0}
' U{(y1,92,0) € R x Rly, < 0}
IGII {(ylay2at) € R2 X Rlyg +t+ "N < O}
U{(¥1,%2,0) € R? x R|y; < 0}
lGl_,l {(1,92,t) ER* xRlyZ —t + 91 < 0}
U{(¥1,%2,0) € R? x Rly; < 0}

'G3, {(y1,92,t) e RZ x Ry; € R}
1G2_,1 U{(1,92,0) € R? x Rlys < 0}
1GI2 {(y11y27t) € Rz X RIyZ +t< 0}
1C';’l_,Z U{(ylay210) € R2 X Rly‘b € R}
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The Theorem A is divided into Theorem 3.1 in §3 and Theorem 4.9 in

The Theorem A is divided into Theorem 3.1 in §3 and Theorem 4.9 in §4. The
proof of Theorem 4.9 is almost the same as that of Theorem 3.1, so that we omit
- the details. The idea of the proof of Theorem 3.1 is summarized as follows: Since
the image of e is a hypersurface in R x R? x R, it may be locally considered as a
zero point set of a submersion F : RxR?xR,0) — (R,0). We apply Zakalyukin’s
classifications([ 13 |) among such function germs up to a certain equivalence relation,
which preserves the bifurcation of shadows. We can translate such a classification
into the classification of Iz : (F~1(0),0) — (R? x R, 0) which corresponds to
the local classification of IT o e around a point. After that we apply the Thom’s
transversality theorem to detect the generic condition on e. We use the multi-germ
version of the above arguments to prove Theorem 4.9.

In §2, we study the local properties of submanifold e(H x I) around a single
point. In §3, we give a proof of Theorem 3.1. In §4, we study the case r = 2,3 and
give a proof of Theorem 4.9. '

All map germs considered here are differentiable of class C®, unless stated
otherwise.

2. CLASSIFICATION OF THE LOCAL SHADOWS

In this section we prepare some local theory for the study of shadows.
Let e € P. For any (py, to) € Hx1I,since e(Hx1I)isa 3-dimensional submanifold
in R x R? x R, it follows from the implicit function theorem that there exists a
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We call F a local equation of e at e(po, to).

Since we consider the local theory, we may study submersion F' : (RxRZxR, 0) —
(R, 0) at the origin. :

Definition 2.1. Let F, F': (R x R? x R,0) — (R,0) be function germs. We say
that F' and F' are t — (P — K)— equivalent if there exists a diffeomorphism germ

%:(RxR?xR,0) — (R x R? xR, 0)

given by ‘
O(z, y1,92,t) = (81(, y1, Y2, t), b2(¥1, ¥2, ), $3(2))
such that

"< F >£(=.y1,y2,t)=< F >£(=.y1-y2-t-)’
zvher)e €(2,y1,52,t) denotes the ring consisting of function germs (R x R? x R,0) —
R,0). |

We remark that the following diagram commutes:

(R, 0) (R,0)

F] Te

(R xR? x R,0) —>— (R x R? xR, 0)
n|
(R?xR,0) 2%), (2R ()

wtl e
g ~

' (R’ tO) '—d’?_) (R, t6)

It is clear that (¢2,¢3) : (R? x R,0) — (R? x R, 0) and ¢3 : (R,0) — (R, 0) are
the diffeomorphisms.

Similarly we may define the ¢t — (P — K) — equivalence for function germs at
arbitrary base points. By definition, we have the following proposition.

Proposition 2.2. Let F,F': (R x R? x R, 0) — (R,0) be function germs. If F, F’
are t—(P—K)—eguivalent then II(F~1(0)) and II(F'~1(0)) are t—dif feomorphic.

Proof. By definition, there exists a diffeomorphism germ & = (¢y, ¢2, #3), such that
<Fo®>g, , ., y=<F ZE(au1152.8)" |
so that F~1(0) = ®~1(F'~%(0)). By the commutative diagram, we obtain
(62, 63)(T(F~(0)) = I(F'~(0)).

Set <i>A= (¢2,63) and ¢ = @3, then we have S(II(F-1(0))) = II(F'~*(0)) and
0P = gomy, where m; : RZXR — R is the projection to the second component. [
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For the local case, by Proposition 2.2, it is sufficient to consider the local shadows
of local equations F', that is, the image of Iz = | p-1(0) : (F~1(0),0) — (R?*xR,0).
For f = F|rxRr2x{0}, We define the subspaces of E(zy1,92) DY

d af &
Te(P - IC)(f) = ('a_iv f)E(,,,l,yz) + (a_yfl’ a_y];)s(n-yz)'

We also consider their codimensions
(P —K)e = cod(f) = BMRE (2 4, y) / Te(P — K)(f).

Let F': (R x R? x R,0) — (R,0) be a function germ; we say that F is a
(P — K) —versal deformation of f : (R x R? x {0},0) — (R,0) if

oF

("a_t It=0>]R + T(P - K)e(f) = 8(32,1/1,3!2)‘

In [ 7] Zakalyukin’s theorem of the classification is developed to the following
theorem which is useful for classification of the local equation.

Theorem 2.3. Let F : (R x R” x R,0) — (R,0) be a function germ with (P -
K)e — cod(f) € 1, where f = Flr2xrx{o}- If F is (P — K) — versal deformation of
f; then F is generically t — (P — K) — equivalent to one of germs in the list:
04, : zFtl 4 Zf=1 yi$i—1 (0 <k<n)
lAk . .'L'k+1 + :z:k—l(t + yl% 4o :!:y-,%) + Zk-l yifl?i_l (2 < k < n+ 1)

i=1

In the case n = 2, by Theorem 2.3, we have the following corollary.

Corollary 2.4. Let F : (R x R x R,0) — (R,0) be a function germ with (P -
K)e — cod(f) < 1, where f = Flrxr2x{o} -If F is a (P — K) — versal deformation
of f, then F is t — (P — K) — equivalent to one of the following function germs:

OAO o ‘ ‘

%41: 2% +y

Az : 23+ zys +

AT 22+ +tz+

147 28—y + to+ yy

1As: 2% + zyp + 22 + y.

In order to classifying the shadows, we denote the families of sets of the local
shadows by

k—1
PG = {(y1,¥2,1) € (R* x R, 0)|e+ + 3" a®™1 + prh1(t £ 42)
=1
+(1 - p)yrz*1 = 0, for some z € (R, 0)},

where p=10,1, 2p<k<p+2, ype=0ask>2. By Theorem 2.3 we also have
the following corollary. :



Corollary 2.5. Let F : (R x R? x R,0) — (R,0) be a function germ with (P -
K)e — cod(f) < 1, where f = Flrxr2x{0}- If F is a (P — K) — versal deformation
of f, then II(F~(0)) is t—diffeomorphism to one of the set germs in the above list
PGy (See the following table).

PGy normal forms of set germs of the shadows
OG!0 {(ylay2,0) € R* x Rly‘b € R}

°G, {(¥1,v2,0) € RZ x RJy; < 0

0G2 {(yl, Y2, 0) € R2 X Rlyt € R}

1G5 {(¥1,¥2,t) € R®* x R]y; € R}

lG; {(y11y2,t) € Rz X Rlyi € R}

1G; {(v1,92,t) € R? x R[27y3 — 25643 — 144y, 93¢

+4yZt® — 16y,t* + 128y2¢2 < 0}

Remark. When p =1 and k = 3, we observe that z% + tz2 + TYs +y1ist— (P —
K) — equivalent to z4 — tx? + zy, + y; .

In order to study the generic properties of e € P which respect to the local
equation F' at e(po, tp), we need some preparations.

Let g : (R%,0) — (R2,0) be a C*° germ. In [ 2 ] the notion of codimensions of g
are defined as follows: .

(.A) — COd(g) = dimmmz X 9)12 / T(.A)(g)

and ,
(A)e — cod(g) = dimg€y x E; / T(A)(g),
Where' . 5 5
g g * *
T(A)g) = m2<5&:—1’ 55)52 + g™ M3 x g* M,
and 5 5
To(A)(9) = (5, s-)e, + 0°E2 X g"En.

0z, 8z,

Remark. T(A)(g) and T(A)e(g) do not depend on the choice of the local coordi-
nates on the source and the target. '

In ([1],[ 6 ]), we have the following definition. Let G : (R? x R,0) — (R?,0)
be a C*®°— map germ and g = Glr2x {0} : (R?,0) — (R?,0). We say that G is an
A —versal deformation of g if '

.,0G ’
(E It:O)]R + T(A)e(g) = 82 X 82.
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We now consider a map germ
jiG : (R? x R,0) — J*(R?,R?) = R? x R? x J4(2,2)
given by
| 71G(z,1) = *Gi(x).
Let z = j*g(0) and L*(2) x L¥(2)(z) be the A— orbit through z in J4(2,2) (see
[2)[5]). |
Lemma 2.6. Suppose that g = G4 is A— finitely determined (i.e.,(A) — cod(g)

< +o00). Under the above notations, for sufficiently large £, the following conditions
are equivalent.

(1) 704G (L42) x (@) (2).
(ii ) G is an A — versal deformation of g,
where, & : R? x R? x J(2,2) — J¥(2,2) is the canonical projection.
Proof. By the definition of the transversality,
| 7o j1G 1 (L4(2) x L%(2))(2)
if and only if _
(d( © 51G) 0,0) (T(0,0)R? x R) + T, (L4(2) x L4(2))(2) = T, J4(2, 2).
It is also equivalent to the following condition:
(1) 7 (d(7 0 5{G)(0,0)(Tio,)R? X R)) + T(A)(g) + ML x MEFL = 1, x M,

where 75 : My x My — Je(2, 2) is the canonical projection. Therefore we have

~ . _ - ] a
m (d(7 0 j1G)(0,0)(T(o,0)R? X R)) = {7 (d(7 o 100 (557)

Larme. . 7] 1 . 0
wy td(F °JfG)(o,0)(%;),7fe (7 OJfG)(o,O)(EZ))R + Mgt x amite,

Then (1) is equivalent to
dg 8g OG +1 £+1
= = 7 _ = Mo.
(2) axl ’ amz’ at |t—O>R + T(A)(g) + mé X 9‘7{2 mtz X 2
It follows from the definitions of T'(.4)(g) and T(A).(g) that (2) is equivalent to
oG |
(3) <-§ le=o)r + T(A)e(g) + MM x MEF! = £, x &,
Since g is A-finitely determined, we have

Mo+ x mEHL T(A)(g) for some .
Then (3) is equivalent to .
oG
<E |t=0)r + T'(A)e(g) = & x &s.
a
Let F: (RxR?x R,0) — (R, 0) be a function germ such that f = Flrxr2x {0} :
(R x R? x {0},0) — (R, 0) is a submersion germ. We consider the local projection
Il = HIF‘l(O) : (F—I(O),O) — (R2 x R,0). and wp = Wlf-l(o)x{o} : (f_l(O),O) -
(R? x {0},0).
By the above remark, T(A)(7;) and T(A)e(my) are well-defined.
Under the above notations, we have the following proposition.

9



Proposition 2.7. The following conditions are equivalent.

(i) F is a (P~ K) — versal deformation of f.

(ii ) w2 oIl is an A — versal deformation of .

Here m : (R? x R, 0) — (R?,0) is the canonical projection.
Proof. Since f is a submersion, we may suppose that gyﬁl # 0 (for the case %mF— #0
or % # 0 are similar), then we write that F(z,y1,¥2,t) = y1 — h(z, y2,t), where
h:(RxRxR,0) — (R,0) and f(z,91,92) = F(z,y1,2,0) = y1 — ho(z, y2), where
ho(z,y2) = h(z,y2,0). Set Gp : (R? x R,0) — (R?%,0) given by Gr(z,vys,t) =
(h(.’L‘, yZ’t)7 y2) and gf(xayz) = (ho((L‘,yz), y2)' Then Gr = m2 o IIF and gy = 7f.
We consider map germ I, : (R2,0) — (R3,0) defined by '

Iho (1:, y2) = (.’I), ho(l’, y2)7 y2)

and we also consider the pull-back homomorphism

I;;o : g(z’yl yy2) - 6‘(:Biy2)'
Then kerI; = (y, - ho(:Y2)) ey umy and

Oho Ohg

() Ty (TP = K)e)) = (G0 + (1 52005

We now verify the following equality

(5) E(z,yz) X {0} n T('A)e(gf) = ((%;TO’O))E(,,”) + ((1’0)7 (g—;:q’o))lhag(yl,yz)

Since for any (¢,0) € E(@,y2) X {0} N T(A)c(g,), by the definition of T(A)e(g,)
and (4), we may assume that :

Ohg

3ho % *
(C7 0) = (&Ec—ao) + (’\ ay2 7’\) + (IhonhIhoﬁz)
here n1,m2 € £, 4,) and ) € E(z,y;)- hence ({,0) = (5%’:-3 - (I;;onz)g—';g +
(I7,m)1,0) € ((82,0))e,.,., + ((§2,0),(1,0)) I3 Eyy 4py0 that is (¢, 0) € the right

hand side of (5). The converse is similar, so we omit it.
By (4) and (5), we have

Oho Ohg

S(z,yz) X {0} N T(‘A)e(gf) = ((E’0)>£(m,y2) + ((1’0)’ (a_y;’o))mos(m.yz)

= I, (T(P - K)e(f) x {0}
Then

T T(P = K)e(f) 2 L, T(P = K)e(f) X {0} = E(z 4 x {0} N T(A)e(g,),

10



and Iy induces an R-isomorphism:

8(“%3/1;3}2) / T(P - ’C)e(f) = g(z,yz) X {0} / g(fb‘,yz) X {0} N T(A)e(gf)

On the other hand, since 9;(z,y2) = (ho(z, ¥2), ¥2), it is clear that

“"(-'c,yz) X g(z,yz) = S(z,yz) X {0} + T('A)e(gf)-

Thex;

g(z,yl,yz) /" T(P - K)e(f)

= E(zye) X {0}/ T(A)e(gf) N Ez,y,) X {0}
= g(z,yz) X {0} + T(A)e(gf) / T(A)e(gf)
= Ez,32) X E(z,ga) / T(Aelg,)-

If 8(,:,3,; w2) = T(P — K)c(f), by the above equality we have Ezy2) X Ezyys) =
T(A)e(g,)- Hence (i) holds if and only if (ii) holds. On the other hand, since

OGF oh
—aT lt=0= (5? lt=0v0) € E(z,yz) X g(’-'?,yz)

and | ’
oF oh
Bt I=0= g Ie=0€ Ee)

the condition
AIMRE (2,4, ,4) / T(P — K)e(f) = 1

is equivalent to
S(z»yz) X g(w,yz) / T('A)e(gf) =L

In this case, F is a (P — IC)—vérsa.l deformation of f if and only if %—f lt=0&
T(P — K)e(f). Moreover

gt =0

. OF .  —Oh —oh
Iho(gt‘ |t=0) = Iho(a_t |t=0) = (a—t |t=070) =
so that

%—1: lt=0€ T(P — K)(f) if and only if -9

L
o li=of T(A).(g,)

The last condition is equivalent to G is an A—versal deformation of 9;-

For other case(2E £ 0 or 2F # 0 ), the proof is similar, so that we omit
Oy Oz ’ b

these. [
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3. GENERIC PROPERTY OF SHADOWS OF THE MOVING SURFACE

In this section we use Thom’s k-transversal theorem to show generic property of
shadows of the moving surface. '

Theorem 3.1. There ezists a dense subset Q C P with the property: for anye € Q
and (po,to) € H X I, such that the set germ of the shadow of e(H x I) at IToe(po, to)
is t-diffeomorphic to one of the list PGy,

k-1
PGk = {(y1,92,t) € (R® x R, 0)|«*+ + Z yix ™l 4 prFl(t £ y2)

=1
+(1 = plysz*~! = 0, for some = € (R,0)}
where p = 0,1, and2p < k<p+2. '

Proof. Take £ to be sufficiently large. Let S; be the subsets of J%(2,2) which is
the A-orbits through z = je(h)(o,o) with (A) — cod(h) = j, where j = 0,1,2,3. Let
3. be the component of U?=0§'j in J%(2,2)( That is, T is the disjoint union of the
A-orbits throughj®(h) with (A) — cod(h) > 4). Then we have

J42,2) = Sou S uSuS UL

Now we consider the subsets S; = H2 x R? x §; in J¢(H,R2). For any e € P, we
definite the £ — jet — extension map e HxI— J¢(H,R3) given by

ite(p,t) := j*(ix(p)),

where iy = e|gx (4} ‘
We also consider the projection ‘r : J¢(H,R3?) — J¢(H,R?) by

tn(j%h(z)) = (I o h(z))
for h :(H,po) — (R3,h(pp)) and I : R x R? — R2.
Since “r is a submersion and S;(j = 0,1,2,3) are submanifolds of J¢(H,R?),
7=1(S;) are submanifolds in J¢(H,R®) and
codim of S; = codim of éx~1(S;) (1=0,1,2,3)
Moreover, we can show that
Ft(e) M tx~1(S;) if and only if j¥(Mloe) M S;.

Set ;
0, i={eeP| ji(e) HerY(5;)}, (j=0,1,2,3).

and .
Qs := {e € Pj{(e) ntx~1(Z) = ¢},

By [ 11 ], Oy is an algebraic subset of J%(2,2) of codimension > 4.
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It follows from Thom’s k— transversal Theorem( see [ 10 ]), that Q; are residual
subsets of P.

Finally we set i
Q= (N3_,Q;)NQs CP

Then Q is a residual subset in P.

For any e € Q and (pg,to) € H x I, there exists a neighbourhood U of e(po; to)
and a local equation F' : (U, e(po, t0)) — (R,0) of e at e(po, to), so that F-10) =
UnNe(H x I). Without the loss of generality, e(po, to) is assumed to be the origin,
so that we consider a submersion germ F : (R x R? x R,0) — (R, 0). Under the
above notation, we may have the following identification:

]fHO e= jfﬂ’g OHF.

Since e € Q, jimooIl is transversal to S;. It follows from lemma 2.6, w0l is an
A~ versal deformation of f. Moreover, by the Proposition 2.7 F is P — K—versal

deformation of f = FIRXR2x{to}- Hence we may apply Corollary 2.5 to get the
result. [J

4. CLASSIFICATION OF MULTI-SHADOWS OF THE MOVING SURFACE

In this section, we consider the local shadows of a generic submanifold e(H x I)
in R3 x R around r-points e(p1,to), ..., €(Pr,to). The all results in this section are
the multi-germ version of results in §2, 3, so that we omit the detail of the proofs.

Let e € P and py,...,p, € H, where pi #pjasi # j, fori,j=1,.,r,
ei: (H x I, (pi, t0)) = (R x R? x R, (z;,0,0)) is a germ of e at (pi, o) (i = 1,...,7).
The r-multiple e; X - - - X e, is called an r-maulti-germ of e € P at (p1, o), ..., (Pr, to)-

As in §2, for each e;, there exists a neighborhood U; of e(pi,to) in R x R?2 x R
and a local equation F; : (U, e(p;, to)) — (R, 0) such that F,"1(0) = U; n e(H x I).
The r-multiple Fy x --- x F, is called an r-multi-local equation of the r -multi-
germ e X -+ X e, of € € P at (p1,to),...,(Pr,t0). The r-multi-local equation
Fy x .-+ x F, express the properties of the submanifold e(H x I) around r points

e(pl, to), ceny e(p,., to).
We first consider the local case.:

Definition 4.1. Let F; and F : (R x R? x R,0) — (R, 0) be function germs(i =
1,...,r). We say that Fy x ... x F, and F! x ... x F! are t — (P — K), — equivalent
if there exists a diffeomorphism germ

P;:(RxR?*xR,0)—» (RxR*xR,0) i=1,..,r
of the form

Qi(xa Y1, Y2, t) = (¢i(xa Y1,Y2, t)a ¢2(y1, Y2, t)a ¢3(t))1

such that :
Q”: (F{)E(w,yl wy2,t) = <Fi)5(z,y1 Yz,t)) 1= 1, ooy T
Similarly we can define (P —K),-equivalence for fiX..X fr = Fy X...X Fp|=0(See

[61L07D.
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Firstly, we give tools for classifications of multi-germs under the ¢ — (P - K),-
equivalence. We consider the subset of £7

(z,y1 ,yz) S(-'B,yl 7y2) Xoeee X 8(“’:3/1;3/2) given
by ,
| of o5,
T(P~ K)r(fy x o 1) = (2 B Temn X XG0
: O(f1 X ... X fr) 6(f1 X wee X fr)
+(f1)€(.-.,,y1,y2) Xoere X <f‘r')£(a:,y1,y2) + ( dy: ’ dys _)m(yhm)

and define : ;
(P - K), — cod(f1 x ... x fr) = dimkim’("z’yl,yz) /S T(P=K)r(fr X ... X fr),

where

Zz’,yhyz) = mt(x,ylay2) X e X EDﬂt(ﬂ?,‘yhyz)'
We also consider the subset of E("z,yl y2) = Ezyw) X X E(z ,y2) 8iven by

of,
T((P - ’C)e)r(fl X X f'r) = (afl,f1>5(a v1,v2) Xoeee X ( af ’f")g(= v1.v2)

+<8(f1 X ... X f,.) a(fl X ..o X fr))
By T By

and define ‘ , o
(P =K)e)r — cod(fi % ... x fr) = dimRS(Tz,yhyz) S T((P=K)e)r(f1 X oo X fr).
We call tha,t Fi X ... X F, is the (P — K),-versal deformation of fix..x f.if

: O(Fy X ...x F, :
g(z:yl,yz) = (B 3t )Ikazx{o})R +T((P = K)e)r(f1 X ... X fr)-

Slrmlarly we may deﬁne T(K)r(fo,1 X woo X for), (K)r — cod(fo,1 X ... X for)
and (K), — versal deformation of foa X ... X for, where fo; = filrx{oyx {0} and
i =1,y (See [2],[3], [9]).

Lemma 4.2. 37, K — cod(fo,) < (P = K)y — cod(fy % . x £r) < (P = K)o} —
COd(fl X .. X f-,.) + 2.
where

fOz

K — cod(fo,;) = dimgM, /A1 + (fose.

Like as the case when r = 1, Zakalyukin’s theorem([ 13 ]) is the key of our
classification.

In order to state Zakalyukin’s theorem we define the discriminant set of r-multi
germs Gy X...X Gy, where G; : (RxR?xR, 0) — — (R, 0) is a function-germ(i = 1, ...,7)
as follows:

DG = U::lDGi
where
9 ' 0G;
D¢, = {u € R?* x R|Gi(z, uy,ug,u3) = (x, u) = ( u) = —(a: u) =0,
for some z € (R, 0)}

We will utilize the following result for n = 2.
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Proposition 4.3. (Zakalyukin’s Theorem [13]) Let t : (R3,0) — (R,0) be a sub-
mersion germ which is defined on the (U21y ey Ulmy y ooey Upl, vooy Upmpy ULy eeny Uy ) -
space, where y = 3 — Z:=1 m;. Suppose that

ot ot
0,..., —— =£0
aulml # ’ ,au.,.m’_ #
and
t|u11=...=u.,.mr=0

is & Morse function germ. Then there exists a diffeomorphism germ ¢ : (R3,0) —
(R3,0) preserving the discriminant set Dp such that ¢ o ¢d=wuj ortod = tuy, +
o EUpm, uf . Ful,

Remark. The submersion ¢ which satisfies the assumption of the Proposition 4.3
is generic. ~

If € — cod(fo;) = 0, the germ fo,i is non-singular, so that the image of the
neighbourhood of such a point by the projection II is contained in the inside of
shadows. Hence, we may only consider germs with X — cod(fo ;) = 1. Moreover, we
will classify multi-germs with ((P — K),), — cod(f1 X ... X fr) < 1(see [ 7]), then
we assume that r < 3 by Lemma 4.2.

We can prove the following multi-germ version of Theorem 2.3 by exactly the
same way as the single germ case. |

Theorem 4.4. Let F; : (R x R? X R,0) — (R,0) be function germs with ((P —
K)e)r —cod(fi X ...x fr) < 1, where f; = Filrxrzx{o} fori=1,..,7 and1 < r < 3.
IfFiX...xFy is a (P~K).), —versal deformation of fi X ... x fry then F1 X ... X F,
ist — (P ~ K), — equivalent to one of the following r-multi-germs:

9411 : (@2 +y1, 2% +1y)

AT (@B +t+u+43, 22 +y)

AT (@ +t—y -2, 22 +y))

3AT (Bt +ayatyr, 22+ )

3451 1 (2% +tz — zyy +y1, 2 +ya)

3AT, ¢ (a2 +tet y2, =3+ zys + 1)

3AT5: (@ +t—y2, 2®+zys + 1)

%A-f,l,l t(@? Y+ ye, 224y, 2+ y2)
%Ai-,l,l t(@t—yr—yy, 224y, 24 Y2).

We can denote the above list to the following form

'}r’Akl kaks = (pAk1 ’ pAkzapAks)’
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where

k-1
PAg, = kit + Z y,-:z:i'l +pxk’_1(t:i:yk1+k2_1 + Yk thytha—1 :ty12c1+k2+k3)
=1
+(1 - p)ykj.xkl—la
ky+kz—1 :  kitka—1
pAk2 = xk2+1 +p Z yk1—1+i$i_1 + (1 —p) Z 'yk1+i$i—1,
=1 i=1
ki+ka+kz—1 ki+ka+ks—1
pAk3 = gkt +p Z yk1+k2—1+ixi—1 + (1 - p) Z yk1+k2+izi—1,
i=1 i=1

forp =0,1. r =23 rg Dici ki < 3 and yk,qkp—1 = 0 if kiks = 0,
yk1+k2+k3_1 = 0 if k1k2k3 = 0, pAk,-.H =0ifi=mr.
Proposition 4.5. If F} x ... x F,, FiX..xF] aret—(P-K)—- equivalent, then
(Ui, F7Y(0)), (U, F';1(0)) are t-diffeomorphic, where Il : RxR2xR — R2xR
1s the canonical projection. : '
As a corollary of Theorem 4.4 and Proposition 4.5 we have the following result.

Corollary 4.6. Under the same assumptions of Theorem 4.4, I(UT_ FY(0)) is

1=1

t-diffeomorphism to one of following the list :

0 la+ 14— 14 la— . 1~+ 14— 1.4+ 1v—
2G1,1 2G1,1 2G1,1 2G2,1 2G2,1 2G1,2 2G1,2 3G1,1,1 3G1,1,1,

where -
gle k2 = H(pAkl = 0) U H(pAkz = 0)’

and
gGh yk2,ks = H(pAkl = 0) U H(pAkz = O) U H(pAks = 0)

forp=0,1. 2> k<3

i=1
In order to show that the list in corollary 4.5 is a generic local classification of
shadows of e, we need some preparations.
Let g;, g; : (R?,0) — (R?,0) be map-germs (i =1,...,7). Wesay that g; x---Xg,
and gi X --- X g. are Ar1 — equivalent if there exist diffeomorphism germs

?,7;: (R%0) — (R%0) (i= 1,...,7)

such that
Pog;=gi0o¥;. fori=1,..,r

We define the tangent space of .A,,,i —orbit of g; X -+ X g, is follows.

091 Og1 0g- 0Ogr (r) A
T(A), oxg)= (00 O9y , ™) A (90 x 9Ty),
(A)r1(g1 X gr) <8x1 6m2)m2 X e X (Barl axz)”"z 97 A (M X M)
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where :
9™ = (g} x g¥) x ... x (97 X gr) : (E2 X &)™ — (E2 % &),

and
A (90, xAED”tz) = {((h1,h2), ..., (h1,hs)) € (M x M) |hy, hy € My},
We also consider the codimensions of T'(A)y1(gy X -+ X g,) as follows:
Ari—cod(g1 x -+ X g.) = (M x M)/ T(A)y(gy X -+ - X gr)-

Similarly, we define the tangent spacé of (Ae)r,1 —orbit of (g1 x - - - x g is follows:

8 a a ™ a r %
T(Adralorx - x0:) = (5.1 5 e, % o x (515, 586, + 970082 x &),

‘where
Ar(€2 X E3) = {((h1, h2), ..., (h1, h2)) € (€ x &) |hy, by € &},

The codimension is defined by

(-Ae)r,l - COd(gl XX g'r) = (82 X 82)1‘ / T(Ae)r,l(gl Xoeee X gr)-

Remark. T(A)1(91 X --- X g,) and T((A)e)ri(gy X -++ X g,‘) depend only the
equivalent class under the A, ;— equivalence.
We say that G; x -+ x G, is a A1 — versal deformation of g; x -+ x g, if

8(Gy x -+ x G)
( ot

lt=0)R + T(Ae)r1(g1 X +++ X gr) = E2 X &,

Let F; : (R x R* x R,,0) — (R,0) be a submersion-germ, for each 7 = 1,...,r.
Let fix - X fr=F; x---X% Fr|rxr2x{0}- We consider local projections

HF,- = HIF._I(O) : (Fi—l(O),O) — (R2 X R, 0)

defined by

Op (z,y1,¥2,t) = (¥1,92,1), fori=1,..,r
and
T =710y 0 (F71(0),0) — (R?,0)
defined by

s (x, yl,yz) = (y1,y2), fori=1,..,r

By the above remark, T(A), (7, X --- x 7y, ) and T((A)e)ra(ms X -+ x 74.)
are well-defined.
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Proposition 4.7. The following conditions are equivalent.

(i) Fy x+--x F, is (P - K), — versal deformation of f; X -++ X f,.

(i) IIp x--- X, is A, ; — versal deformation of Wgy X oo X 70y, .

Let G; : (R*xR,,0) — (R?,0) be map-germs fori = 1, ...,r and 9i = Gilrzx{0}-
Now we consider a map germ ‘

JIG: (R? X -+ x R? x R,0) — J4R2,R?) x - - - x J'(R%,R?)  (r — times)

given by
ij((B]_, carg Ly t) = (jeGl’t(x]_), ...,jeGr,t(IB-,-))

and the canonical projection
T J(R%LR?) x -+ x TR, R?) — J4(2,2) x - - - x JH2,2)  (r — times).
Set z; = j%g;(0) for i =1,...,r.

Proposition 4.8. Suppose that (Ae)r,1—cod(gy X ++-x g,) < +o00. For sufficiently
large £, the following conditions are equivalent.

(i) w0 j4G h for sufficiently ¢. Ar1— orbit through (zy,...,2,)

(i)Gy %% G, is an A, 1—versal deformation of g3 X -+ X g,

where G(zy,...,z,,t) = (Gi(z1,t),...,Gr(zs, 1)).
Theorem 4.9. There ezists a residual subset Q C P with the following property:
For any e € Q and for any point Y, (Yo € IToe(H x I)) of the shadow of e, the
germ of Il o e(H x I) at Yy is t— diffeomorphic to one of the germs in the list in
Corollary 4.6. ‘ ;
proof. We apply Thom’s multi-jet transversality theorem (cf, [ 3]) like as the

proof of the Theorem 3.1. Let .S'}- be the A— orbit through 2 = j¢A(0) in J¢(2,2)
with A — cod(h) = j, where j = 0,1, 2, 3. we consider a submanifold .

S(jl’---7jr) = (RZ)(r) X A:,-(Rz) X gjl X+ X S'J'r

in the multi-jet space .J¢(R? R?), where A,(R?) = {(X,... , X) € (R?)"|X € R?}.
By the remark after Proposition 4.3, we may assume that r = 1,2, 3. We have
already proved for the case r = 1 by Theorem 3.1, so that we consider the case
7 =2,3. We remark that

codimS(j1,...,jr) =2r =24 j3 + -+ + jp.

Since dimH ("M x I = 2r+1, by the multi-jet transversality theorem, we may consider
the following case

(1) r=3, J1=Ja=j3=1.

(2) r=2, |
j1=1aj2=2
n1=2j2=1
j1=1,j2=1

For each case, we also consider theA, ; —orbit through each germs in the case (1) or
(2). We also apply multi-transversality theorem for these orbits, we have the result
by exactly the same way as the proof of Theorem 3.1, so we omit the details. [J
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