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BIFURCATIONS OF SHOCK WAVES FOR VISCOSITY SOLUTIONS
OF HAMILTON-JACOBI EQUATIONS OF ONE SPACE VARIABLE

SHYUICHI IZUMIYA' AND GEORGIOS T. KOSSIORIS?

1. Introduction

In this paper we study the generation and propagation of singularities (shock waves) for
viscosity solutions to the Cauchy problem of Hamilton-Jacobi equations in one space variable

) 8
®) —5%+H(a—5)=0, £>0

y(0,z) = ¢(z), ze€R,

where H and ¢ are C*™-functions and H has isolated critical points. We follow the method
introduced by M. Tsuji to study shock waves for first order equations ({24], [25], [26]) and
- Monge Ampere equations ([27]). .

Hamilton-Jacobi equations play an important role in various fields e.g., calculus of vari-
ations (see e.g., [21]), optimal control theory (see e.g., [10]) and differential games (see e.g.,
[9] and references cited therein). The theory of viscosity solutions (see [5]) has provided the
right weak setting for the study of (P). Existence and uniqueness of the solution of (P) in
the viscosity sense have been established in [6]. For small time ¢ the viscosity solution of (P)
is smooth and it is determined by the classical method of characteristics until the first crit-
ical time that characteristics cross. After the characteristics cross, the continuous viscosity
solution develops shock waves i.e., discontinuities in the gradient of the solution. The char-
acteristic manifold given by the method of characteristics is defined beyond the first critical
time and gives rise to the notion of the geometric solution of (P). The geometric solution
coincides with the smooth viscosity solution until the first critical time and it becomes multi-
valued beyond this time. M. Tsuji in ([24], [25], [26]) has studied the multi-valuedness of the
geometric solution in the neighborhood of the first critical time and he constructed the weak
solution by selecting a single-valued branch of the geometric solution in the case of a convex
Hamiltonian for ¢ € R™, n = 1,2. The shock surface corresponds to the intersection of the
branches of the graph of the multi-valued geometric solution.

Following the spirit of [24] and [25], Nakane in [22] has constructed the weak semi-concave
solution past the first critical time in case that H is convex, for n > 1. In the case of a
general Hamiltonian, the viscosity solution of (P) in a neighborhood of the first critical time
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has been constructed in [20] (see also [19], [22]). The global in time geometric solution y of
(P), for z € R®, n > 1, has been recently defined in ([15], [16]) in the framework of one-
parameter Legendrian unfoldings. The corresponding classification of the multi-valuedness
of the geometric solution y has also been given in [15] (see also [17]). In [4], Bogaevskii has
shown that the potential solution of the Burgers system with vanishing viscosity is given by the
minimum function of a certain family of smooth functions and he has given a classification
for n = 1,2,3. This solution corresponds to the viscosity solution of the Hamilton-Jacobi
equation when the Hamiltonian is given by H (P1,...pn) = 3P} 4+ + $p%. His method
applies also to the case that the Hamiltonian is uniformly convex or concave. However, the
situation is quite more complicated for general Hamiltonians. '

In order to construct the viscosity solution away from the first critical time we follow the
evolution of the intersection of the branches defining the shock. We obtain the global in
time structure of the viscosity solution of (P) by solving all generic local Riemann problems
at a subsequent time ¢. This was achieved in (19] in the case n = 1 under the assumption
that H has only one inflection point by using techniques that are limited to this case. In
the present paper we combine the classification results of [15] with techniques of viscosity
solutions to construct the solutions to all possible Riemann problems that generically appear
as t increases. We make no assumption on the number of inflection points of H. The case
n > 1 will be studied in a future work.

There is an analogue of the entropy condition for conservation laws that guarantees that
a piecewise smooth single-valued continuous function is the viscosity solution of (P), see
Theorem 3.1. We will refer to this condition as the viscosity criterion. It is shown that the
viscosity criterion is satisfied in a neighbourhood of the first critical time to that characteristics
cross (i.e., singularities of geometric solutions appear). Thus we can draw the picture of
bifurcations of the graph of the geometric (i.e., multi-valued) solution and the corresponding
viscosity solution around the time #, as follows (cf., Propositon 2.2 and Theorem 3.2):

FIGURE 1 _

As long as the viscosity criterion is not violated, the viscosity solution is obtained by
selecting the continuous branch of the geometric solution. In this case the shock (i.e., a
genuine shock) corresponds to the intersection of the incoming characteristics. It is shown,
by using the normal form of the bifurcations of the branches of the geometric solution,
(cf.,Theorem 2.1 and Figure 6) that genuine shocks only interact with each other and they
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never bifurcate. These results are shown in the next figure where the graph of the viscosity
solution is depicted by a full line.

............

FIGURE 2 :

So the next step is to construct the viscosity solution around the time to beyond which
the viscosity criterion is violated across the intersection of two branches. In [19], the second
named author pursued this process under the assumption that the Hamiltonian has only
one inflection point. This was the first progress for studying the case for a non-convex
Hamiltonian. The assumption in [19] is too restrictive. Moreover the techniques used in
[19] are limited to the case n = 1. In this paper we consider the problem (P) for generic
Hamiltonians and generic initial fucntions. We assume that the Hamiltonian H (p) satisfies
the following generic conditions (cf., Section 3):

(1) H(p) has no tritangent lines.



(2) Inflection points of H(p) are isolated.

(3) Critical points of H (p) are isolated.

Under the assumptions (1)-(3), for generic initial condition ¢, the pictures of the bifur-
cations of the graph of the geometric (i.e., multi-valued) solution and the pictures of the
corresponding viscosity solutions around the time ¢, when the viscosity criterion is violated
are depicted as follows (up to diffeomorphisms):

Geometric solutions Viscosity solutions
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Detailed descriptions for each figure are given in Section 4.

The pictures of the generic bifurcations of the shock curves of the viscosity solutions around
the time ¢, on (2, z)-plane are shown in Figure 4.
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FIGURE 4 -

The detailed descriptions are also given in Section 4. By differentiating the viscosity
solution of (P) in the region of smoothness it can be shown that the bifurcations appearing
in Figure 4 are also generic in the case of the Cauchy problem for a scalar conservation law

Oy | 0H(y) _
Fri B 0, t>0
y(O,l‘) = (}5(2:), z € R,

Such a classification complements the results of (8].

In Section 2 it is briefly introduced the framework for the geometric solutions of Hamilton-
Jacobi equations (cf., Appendix). The notion of viscosity solutions and the viscosity criterion
are given in Section 3. In this section it is also classified how the viscosity criterion should

- be violated under the assumptions (1)-(3) (cf., Theorem 3.4). The local Riemann problems
for the cases of Theorem 3.4 are solved in Section 4.

All maps considered here are of class C* unless otherwise stated.




2. Geometric solutions

In this section we briefly introduce the framework for the geometric solutions of Hamilton-

Jacobi equations. The method of characteristics reduces to the solution of the following initia]
value problem :

d d d
{ d—: = H'(p), d—f =0, d—:": =—H(p)+p-H'(p), z,p € R,
2(0) =, p(0) = ¢'(u), y(0) = ¢(u), u € R.

The characteristics equations are explicitly solved as follows

{ 2(tu) = u +tH'(¢'(w))), p(u,t) = ¢'(u)
y(tu) = t{-H(¢'(w)) + ¢'(u) - H'(¢'(w))} + o(u).

We define the geometric solution to be an image of the embedding Ly : R x R — RS
defined by Ly(t,u) = (t, :c(t,u),y(t,u),—H(p(t,u)),p(t,u)). Although the geometric solu-
tion is globally defined as a smooth manifold, there is in general a critical time ¢ beyond
which the the characteristics cross in the (¢, z)-plane. According to the classical theory,
Wi(Ly) = {(t, z(t,u), y(¢,u)|u € R} is the graph of the classical solution of (P) for t < t.
After the characteristics cross W, becomes multi-valued Le., singularities appear. By using
the above exact solutions for the characteristic equation, we can draw the picture of graphs
of the geometric solution for a given initial condition by a computer.

FIGURE 5
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how a singularity is generated, how one type can change into another and how different
types of singularities interact. We study how various branches of the multi-valued graph W,
intersecting at a point bifurcate in time for an arbitrary Hamiltonian H (p) in [16]. We give
a brief review of the geometric framework in Appendix which has been developed in [16]. By
Theorem A.1 in Appendix, we have the following theorem.

Theorem 2.1. For generic initial data @, the local pictures of the bifurcations of multi-valued
graphs W,(Ly) of the corresponding geometric solution L4 around each point (zg,y,) € RxR

is locally diffeomorphic to one of the bifurcations of images of multi-germs in the following
list : ‘
r=1;
%A1+ (t,4,0);
04, : (t,3u2,2u3) ;
s 0 (8, 4ud + 2ut, 3u* + u?t).
r=2;
°(%4, %4,) : ((tyu, =), (t,u,w)) ;
YCAL %) (bt + u?), (t,u,0)) ;
14,9, ((t,3u® — t,2u®), (t,u, —u)).
r=3,;

041 %4 %4; : ((4,u,t - u), (t,u,0), (¢, u,u)).

We can draw the pictures of the above normal forms as in Figure 6.

o"-l 0.‘12 1'1-3
0(%4, OAIL) ?"41\
04,04, 04, M4, %4,)
FIGURE 6

We remark that 'A;-singularities describe how first singularities appear from a smooth
solution. Proposition A.3 asserts that 14;-singularities appear at a non-degenerate (i.e., a
convex or concave for n = 1) point. If we distinguish germs AT : (t,4ud + 2ut, 3ut + u’t)
and 47 : (t,4u® + 2ut, —(3u* +u?t)) for *4;-singularities, we can state a detailed assertion.
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Proposition 2.2. Let Ly be the geometric solution of the Cauchy problem (P) for a generic
initial condition @. Suppose that an 14, -singularity appears at (to,uo) as the first singularity.
Then the singularity is the ‘AT -type (respectively, ‘A7 -type) if and only if H(p) is convex
(respectively, concave) at po = p(ty, ug).

Proof. By Theorem A.1, the corresponding normal form is given in the form 4E 0 (¢ 403 +
2ut, £(3u*+ut), Fu?, *u), so that we consider germs X(t,u) = 4u®+2ut and P(t,u) = +u at
the origin. For this normal form, the singularity is given at (t,u) =(0,0), X (0,u) =12u2 > @
except at u = 0 and g—f(o,u) = +1. ~
On the other hand, the characteristic curve is given by z(¢,u) = u + tH'(¢'(u)) and

P(t,u) = ¢'(u) for a given initial function ¢(u). Suppose that an 'AT-singularities appears at
(t0,u0), then the normal form of Ly(t,u) is written in the above form by a suitable coordinate
change preserving the time parameter. We also have g—: =1+2H"(¢'(w))¢" (u). Since (to,up)
s a singular point, we have g—z(fo,uo) =0, so that H"($(u0))¢" (ug) = —% < 0.

~ For the initial time ¢ = 0, we have -gf(O, u) =1 > 0. Since %, is the first time at where the
singularities appears, we have %(to,u) > 0 for near the point ug and except ug. It follows
from the fact gﬁ(to, u) = ¢"(u) that H"(¢'(u)) and ¢"(u) have different signs near the point
Up. .
By the observations in the first part of the proof, H"(p) is convex (respectively, concave)
if and only if W, (L,) has an '47 -singularity (respectively, AT -singularity). O

The graph of each normal forms for the 1A;i:-singularities is depicted as in Figure 7.

SN N N
N Y

IA;

FIGURE 7



3. Viscosity solutions

The viscosity solutions for nonlinear equations of first order have been introduced by Crandall
and Lions [6]. Such solutions need not be differentiable everywhere, as the only regularity

required in the definition is that of continuity. The function Yo € C(O) is a viscosity solution
of '

' Oy Oy,
(H-J) 5 TH(G) =0

in the open domain O C R+ x R provided
o) o)
_ — < . >
2 (40)+ B2 4,2)) < 0, (resp. 2 0

for any ¥ € C(O) for which y, — ¢ attains a local maximum (resp. local minimum) at
the point (,2) € O. The function y, € C([0,00) x R) is a viscosity solution of the Cauchy
problem (P) if and only if it is a viscosity solution of (H-J) in the domain (0,00) x R and
satisfies the initial condition lim,—.g4 y(Z, z) = ¢(z). The above inequality will be referred as
the viscosity criterion at the point (¢,z). We next state the viscosity criterion in a form which
is more useful for the construction of the solution. To this end, assume that @ C (0,00) x R
is open and that there is a smooth curve t — z = X(t), t € (t1,t2) C R, with negative slope,
which divides O into two open sets OF and O~, O =TUO*TUO-,: T = {(t,z): =z =x(t)},
where Ot lies on the right of I'. The curve x(t) in the neighborhood of which y, has the
above specified properties is a shock curve.

Theorem 3.1. Let y, € C(O) and y, = y¥ in O+ U Iyyo =y, in O~ UT where yF ¢
CY(O*UT). Then y, is a viscosity solution of (H-J) in O if and only if the following
conditions hold:

a) y& and y; are classical solutions of (H-J) in O and O~ respectively,

b)Ify,, > yj’yz (resp. yy . < y;*',z) across the shock curve, then

oy

Oyy
oz '

) — AH( pR

" ((1 —A)%H@i) (1= NH( ) <0 (resp. >0),

Oz

where A € [0,1]. That is, the graph of H lies respectively below or above the line segment
Joining the points (%:,H(?g;)) and (%,H(%‘L )

The proof of Theorem 3.1 is given in ([18],(19]) as a direct application of Theorem 1.3 in
[7]. The condition b) will be referred in the sequel as the viscosity criterion. The hypersurface
I’ in the neighbourhood of which y, has the properties specified in the above theorem is the
shock curve. If the Hamiltonian is uniformly convex (or concave),it has been known that
the unique viscosity solution of (P) is the minimum (or maximum) of the geometric solution
([2],(12]), so that the local pictures of such curves have been already known ([4]).

Throughout the remainder of the paper, we do not assume that H (p) is convex or concave.
In this case the situation should be quite complicated even for the one-dimensional space
case. :



Before the first critical time that characteristics cross in the (¢, z)—plane, W, is the graph
of the viscosity solution yy. After the characteristics cross, W; becomes singular. Theorem
2.1 describes the generic singularities of W;. The first singularity appears in the form of
A3. By Theorem 2.4, these appear at the convex or the concave points of the Hamiltonian
function. Away from the singularity, the viscosity solution is given by W;. In ([18], [19]) we
have constructed the unique viscosity solution past the first critical time by selecting a single-
valued branch of W;. Assume that the singularity of type 143 appears at the point (tg, Zg,po)-
After the critical time %, the wave front W, is three-valued on an interval (z1(t), z2(1));
see Figure 1b. Let y;, i = 1,2,3 be the three branches of W;, where y; is defined on a
neighborhood of z,(t) and y; on a neighborhood of z3(t). Then y;, y, intersect at one point
x(t) € (z1(2), z2(t)), for t > to.

We define the viscosity solution past ty by selecting a continuous single-valued branch of
W; as follows:

Theorem 3.2. There exists an € > 0 such that the function yu(t,z),(¢,z) € (to,t0 + €) X
(wl(t)v'zZ(t)): defined by

yl(taw), T S X(t)
ys(t,z), z 2 X(t)’

(4.1) | Yo(t,z) = {

is the viscosity solution of (P) in'a neighborhood of zy past the time t,.

In view of Theorem 2.3 the viscosity criterion (see Section 3) is satisfied across x(t) while
Yo defined by (4.1) is a classical solution away from x(t). Hence, by the uniqueness of the
viscosity solution, (4.1) gives the viscosity solution of (P) past t,.

By this construction, we have extended the viscosity solution beyond the first critical time
to. According to Theorem 2.5 the shock is generated in a convex or concave domains of H (p), -
so the viscosity criterion is automatically satisfied. The graph of the viscosity solution past
the first critical time is depicted by a full line in Figure lc, where we assume that H is
convex in the neighborhood of the appearing singularity 14;3. The shock corresponds to the
intersection of the two branches and it is called a genuine shock. The genuine shock is defined
as the intersection of two incoming characteristics (or waves) and its speed is given by the
Rankine-Hugoniot condition

'(t) = H(yy (¢, x(1))) — H(ys (£, x(2)))
i (8 x() = yo(t,x(®)

where yui’z = %i— and x'(t) = %(t).
If the viscosity criterion is satisfied at the time ¢, = ty + €, we can choose the correct
branch of the graphs of the geometric solutions as viscosity solutions (see Figure 3).
We now consider the following problem.
Problem If the two branches initially defining the shock continue to cross, whether the
viscosity criterion is satisfied across the intersection.
Assume that a generated shock is defined by two intersecting branches y~ and y+. We

denote by y~ (resp. y*) the branch representing the viscosity solution for z < x(t) (resp.
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z > x(t)). If the two branches remain intersected they evolve according to °(°4; %4,;). We
denote by x(t) the intersection of the two branches. In the case when K (p) has only one
inflection point Kossioris [18] studied this problem and constructed the viscosity solutions.
We consider the general situation here, however, we should avoid the pathological situations,
s0 we consider some generic properties of Hamiltonian functions. Let & (p) be a Hamiltonian
function and £ be a line in the (p, h)-plane, where h = H(p) is the graph of H (p). We say
that £ is a tritangent line if there exits distinct three points p;, pe, p3 such that £ is tangent
to the graph of H(p) at each p;, ps, ps or there exist distinct two points of H(p) at q;, ¢, such
that £ is tangent to the graph of H (p) at each p;,p; and one of them is the inflection point
of H(p).

"As a direct application of Thom’s multi-jet transversality theorem (cf., [1 1]), we have the
following proposition.

Proposition 3.3. There exists a residual subset @ C C*(R, R) such that for any H(p) € O,
H(p) has the following properties: ‘ :
(1) H(p) has no tritangent lines.
(2) Inflection points of H(p) are isolated.
(8) Critical points of H(p) are isolated.
Here,C*°(R, R) is the space of smooth functions equipped with Whitney C°°-topology.

Proposition 3.3 guarantees that the following assumption is sufficiently general for smooth
Hamiltonian functions. ' '

Assumption (*). H(p) satisfies the properties (1),(2) and (3) in Proposition 3.3.

Throughout the remainder of this paper, we assume the assumption (*). The following
theorem describe how viscosity criterion should be violated for a generic initial function under
the assumption (*).

Theorem 3.4. There exists a residual subset @ C C*(R, R) such that for any initial function
¢ € O, if the viscosity criterion is violated at t, then the only following 8 cases may occur:
(1) The normal form is °(°A; °4,) and P¥P— is tangent to the graph of H(p) at only one of
the points P+, P~ and the line is not tangent to the graph at other points between these
points. o

(2) The normal form is 9(°4;°4;) and P¥P- is not tangent to the graph of H(p) at each
point P* P~ and there exists only one another point between these points at where the
above line is tangent to the graph. :

(3) The normal form is (°4; °4;) and P+ P~ is tangent to the graph of H(p) at only one of
the points P*, P~ and there exists only one another point between these points at where
the above line is tangent to the graph.

(4) The normal form is °(°A; °A;) and P¥ P~ is tangent to the graph of H(p) at each point
of PT, P~
(5) The normal form is °(%4; °A;) and P¥ P~ is not tangent to the graph of H(p) at each:
point P*, P~ and there exists exactly two other points between these points at where the
above line is tangent to the graph.

(6) The normal form is 14, %A, and P¥ P~ is tangent to the graph of H(p) at only one of the
points Pt P~ and the line is not tangent to the graph at other points between these points.

11



(7) The normal form is °A, °A; °A; and P¥P~ is tangent to the graph of -H(p) at only one
of the points P*, P~ and is not tangent to the graph at other points between these points.

(8) The normal form is °4; °4, °4, and P¥P- is not tangent to the graph of H(p) at each
point Pt P~ and there exists only one another point between these points at where the
above line is tangent to the graph.

Here, Pt = (y;;*-(tou x(fa)),H(y;"(ta, x(ta))), P~ = (7 (e X(ta))aH(y;(taa X(ts))) and
P+P= denotes the line through P+, P~ in the (p, h)-plane.

Proof. By Theorem 2.1, we may assume that the first singularities appear in the form of 4.
After that the singularities of the graph of the geometric solution bifurcate in the forms of
9(°4, %4,), 1(°4, %41), 45 %4, or %4; %4, °A;. Since the characteristics in R® never cross, we
can get rid of the case 1(%4; %4;).

We already mentioned that the viscosity criterion is satisfed past the first critical time ¢,
so that it is satisfied until the time t, when P¥P— is tangent to the graph of H(p). By the
assumptions on the Hamiltonian H(p), we may consider the case that PP is at most a
double tangent line for each normal form. We now distinguish each normal form. We denote
that p¥ =y (ta, X(ta)) = ¢'(u+) and p~ = y (ta, x(ta)) = ¢'(u_).

(A) °(°A; °4,): In this case each branch of the graph of geometric solution is a non-singular
curve. We remark that y®(¢t,x(¢)) = t{—H(¢'(uz)) + ¢'(us)H'($(ux))} + ¢(ux). Since
the normal form °(°4; %4,) has trivial bifurcations along the time parameter, the condition
y¥ (2, x(t)) = y~(¢, x(t)) defines a codimension 0 submanifold in the corresponding jet space,
so that we may ignore this condition. Let ,.J 1(R,R) be a multi-1-jet space of function germ
R — R. We use the multi-jet transversality theorem for functions ¢ : R — R Since we only
use this purely geometric theorem in the proof, we do not mentioned the detail. The reader
may refer to the article [11]. We now consider the following conditions which correspond to
all possible cases:

(a) £H'(¢'(uy)) = H("’;Szgjgjggf_(;‘-”, which defines a submanifold in 3 J'(R,R) of codi-

mension 1. Of course, we have to consider the case that +H'(¢'(u_)) = H(ﬁfz‘::;:ggf_(;“)),
however this case is essentially contained in the above, so that we may ignore such non-

essentially. different cases in the following arguments.
(b) There exists uo with ug # uy such that +H'(¢'(uo)) = H(ﬁfzﬂ;:ggf_(;“)) This condition
defines a submanifold in ;J!(R,R) of codimension 1.

(¢) There exists ug with ug # u4 such that

H(¢'(us)) = H(¢'(ur)) _ H(8'(us)) — H(¢'(u0))
¢'(ut) — ¢'(u) ¢'(uy) — @' (uo)

£H'(¢'(us)) = £H'(¢'(uo)) =

This condition defines a submanifold in 3J!(R, R) of codimension 3. »
(d) £H'(¢'(uy)) = +H'($'(u_)) = H<¢;§;‘;3:§§f_<;‘-”, which defines a submanifold in
2J}(R,R) of codimension 2.
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(e) There exist ug, u; which are different from u+ such that

£ (u0) = £ (¢ ) = TEL) = HO )
_H@ () ~ H@ () _ (@ (us) — (S ()
¢'(ust) — ¢'(uo) ¢'(ug) = ¢'(u1)

This condition defines a submanifold of 4J!(R,R) of codimension 4. Each submanifold in
~J}(R,R) has at most codimension r, so that we can not avoid such conditions by the multi-
jet transversality theorem. ,

~ (B) A5 %4;: In this case the normal form 14,94, bifurcate at the time ta, so that we should
-consider the condition y* (14, X(ta)) = ¥~ (fa, X(ta)) for fixed to. It defines a submanifold in
2J1(R, R) of codimension 1. By the same arguments as the above, we can avoid the conditions
(c), (d) and (e). So we may consider the condition (a) or (b). We now show that the condition
(a) holds for the normal form !4, °4;. On the (¢,z)-plane, we denote (t,x(t)) the genuine
shocks for ¢ < t,. Suppose that the point u_ corresponds to the cusp point at the time t,.
Then there exists a smooth function u(t) such that x(¢) = u(¢) + tH '(¢'(u(t))) for ¢ < tq
and u(ts) = u_, where we choose one of the branches of the graph of the geometric solution
corresponding to u_. It follows that we have

X' () = w($)(1 + H"(8'(u(1))"(2)) + H'(¢' (u(t)).

Since the graph of the geometric solution has a singularity at t,, we have %ﬂ(ta,u_) =
1+t H"(¢'(u-))¢"(u-) = 0. So we have x'(to) = lim;_.,, x'(t) = H'(¢'(u2)).
On the other hand, by the Rankine-Hugoniot condition we have

(1) = FOR2(X(O) = By, (6 x(1))
X vt X(0) —ya Lt x(@)

for ¢ < to. Since lime, y35, (6, X(1)) = ¢'(uz), we have x/(ts) = HEGN-HE @)

that we have H'(¢'(u_)) = Hw;f;‘:g:gif_(;")). This condition corresponds to the case (a)
and we may get rid of the case (b).

(C) °A; °A; °4;: In this case the normal form also bifurcate at the point ¢4, so that we can
get rid of the case (c), (d) and (e) by the similar reasons as those of the case (B). Since each
branch of the normal form is non-singular, the remaining two cases may occur in generic.

This completes the proof. O
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4. Local Riemann problems

In this section we describe the evolution of the shock after the time t, when the viscosity
criterion is violated. As we already mentioned in the previous sections, the viscosity criterion
is satisfied past the first critical time to, so that it is satisfled until the time to in Theorem
3.3.

After the time t,, we solve local Riemann problem and construct the viscosity solution for
the non-smooth initial data which is given in each case in Theorem 3.3.

Case (1). We assume that the graph of the viscosity solution at the time ¢ < ¢, is depicted
as in Figure 8a.

Without the loss of generality, we assume that P¥P— is tangent to the graph of H(p)

“at the point (y;(ta,x(ta)),H(y;(ta,x(ta))). By the Rankine-Hugoniot condition, we have
X'(ta) = H'(¢'(u_(t4)). Differentiating the both side of X(8) = u_(t) + tH'(4'(u_(¢))) with
respect to ¢, we have .

X'(8) = ul ()1 + H"(¢' (u=(t)))8" (u_(2))) + H'(¢' (u_(2))).

It follows that we have u_(ta)(14+ H"(¢'(u—(ta)))9" (u~(ta))) = 0. Since u’_(t) is a monotone
function around t,, the above equality means that 14 H"(¢'(u~(ta)))8" (u—(tq)) = 0, so that

H"(¢'(u—(ta))) # 0.
, hA

Figure 8a Figure 8b
Hence, we may assume that H"((y7 (tay x(ta))) < 0 (see Figure 4b). As we already
mentioned that the genuine shocks satisfies the Rankine-Hugoniot condition. So we should
comstruct new characteristics which satisfies both of the Rankine-Hugoniot condition and the
viscosity criterion. In this case we have

(1)) = O G x(t))) = BYZ (b, x(t))) _
: y;"(ta, X(ta)) - y-‘c—(th(ta))

We now distinguish two cases as follows:

a) If

H'(y; (ta, x X' (ta).

H(yz (8, x(1) = H(yz (£, x(2)))
H'(yZ (¢, x(¥)) > = —
e XD 2 = ) v e D)
for to <t <ty +¢ for sufficiently small ¢ > 0, then we can easily show that the viscosity

criterion is satisfied for ¢ < ¢4 +¢. So we can choose single valued continuous branches of the
geometric solution as the viscosity solution.

14



b) If

(o By (6,(1))) = H(yz (¢, (1)
H(yz (t,x(1) < ——
e ) < = O v )
for ta <t <ty +e¢ for sufficiently small ¢ > 0, then we can easily show that the viscosity

criterion is violated for ta <t <ty +¢, so that a new way to build the solution is required
(<., Figure 9). -

"}

a5
o

FIGURE 9
In this case we can use the techniques in [18] to construct the contact discontinuity shock
curve and then obtain new characteristics. Lets consider the relation H'(q) = Z()=H(g)

P—q
around (go, po) with g 5 po, H'(q0) = E(—'ﬁz—:‘z(q") and H"(go) # 0. By the implicit function

theorem, there exists a smooth function % around py such that the above relation is equivalent
to g =9(p). We will first construct the contact discontinuity as the solution of the following

initial value problem.
Xe() = H'(%(yF (¢, x (1)),
{Xc(ta) = X(ta).
The characteristic which is started at a point (7, x(7)) should be satisfied the following:
z'(t) = H'(p(t),
p(t)=0
y'(t) = —H(p(t)) + p(t)H' (p(2)),

with initial condition 2(1) = xe(7), y(1) = y*(r, Xc(7)) and p(r) = P(yF (7, xe(7))). So the
solution is exactly given as follows:

2(8) =xe(r) + (¢ = ) H' (% (F (7, xe(7)))),
B(t) =9 (y7 (7, xe(7)))
y(t) =y+(7',xc(‘r)) \
= IH{=E @7 (7 xe(m)) + b (r, Xe(TIVH' (%(y7 (1, x(T)))}-

By definition of the contact discontinuity, we have
! a ! " !
XE(E) = B (008 () G (8 (s ()8 (s () 1),

15



. H' -
~where Xc(t) = uy () + tH'(¢(u(t)). Since %’{f = ﬁ%}’?, we have

ity = HG e R e

We also have
X (1) = ({1 + tH"(¢'(U+(t))¢"(u+(t))} + H'(¢' (u+(1))).
It follows that

(H'(¢'(u+(2))) — H'($(¢' (u+(1)))))* ¢"(ut(2))
¢'(u(8)) — (&' (u4(2))) 1+ tH"(4" (ur (2))¢" (us(t))

Xe(t) =~

Since
22 by 1)) = L+ (8 (4 ()6 (4 1),

we may assume that 1 + tH"(4'(us(t)))8"(us(t)) > 0. So x.(t) is convex if and only if
¢"(u4(t)) > 0. We suppose that ¢"(us(t)) < 0 and denote Xe(t) = ug (t) + tH'(¢(us(t)) =
u—(t) + tH'(¢(u_(t))), where u_(t) (resp. u4(t)) is the point corresponding to the charac-
teristic from the right (resp. left) side of (¢, x.(t)). We distinguish two cases as follows:

b-1) If ¢"(u_(t)) > 0, then ¢' is monotone. Since ul(t) < 0, ¢_(uct)) moves to the left
direction, so that the viscosity criterion is satisfied across X-

b-2)If ¢"(u_(t)) < 0 and the viscosity criterion is violated across x for t > t,, then 1 +
tH"(¢'(u-(¢)))¢" (u—(t)) > 0 near t,. Differentiate the equality Xe(t) = u_(t)+tH'(¢(u_(t))

with respect to ¢, then we have

X'() = H'(¢'(u= (1)) = {1+ tH" (' (u-(£)))¢" (u(£)) Ju'_ (t).

Since

1ray H(¢,(u+(t))) '—H(gﬁ'(u_(t))) " (u
= ) e -0,

‘we have u' () > 0, so that u_(t) is increase, which is a contradiction.

Hence, if the viscosity criterion is violated for ¢t > ta, the contact discontinuity curve
X is convex and the viscosity solution can be constructed. We draw the picture which is
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illustrating the situations as follows :
A

W
\

%

FIGURE 10

Then we can draw the picture of the graph of the viscosity solution for ¢ > to and the
shock curve around ty.

and

FIGURE 11

Case (2). In this case the graph of the viscosity solution at the time # < tq is depicted as
in Figure 12a. ‘

h

LR P,

—— D
R P
, Figure 12a Figure 12b
We assume that P+ p- is tangent to the graph of H(p) at the point (po, H(po)), Wl.lere
Po = ¢'(up) with pt+ < Po <p~ and u_(t4) < ug < u4(ta) (see, Figure 12b). The Rankine-
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Hugoniot condition is give as

1.y = H(8'(u-(ta)) = H(4'(us(ta))) _ .,
B T o %) B o) R )
We define a function hpo(t) for tq <t <ty +¢ by
= B (u-() - H((ur(t)), " -
() = e s ) (o0 — 8 (0 (6) + H( (s (1)),
We now distinguish two cases.

a) If H(py) < hpo(t) for tq < t < to+¢ for sufficiently small ¢ > 0, then the viscosity criterion

is satisfied for ¢ < t,, + €, (see, Figure 13a), so that we can choose single valued continuous
 branches of the geometric solution as the viscosity solution.

b) If If H(py) > hpo(t) for ty < t < tq + € for sufficiently small € > 0, then the viscosity

criterion is violated for ¢ < ta +¢€, so that we should also construct the new shock and the
solution (see, Figure 13b)

T ] '
3 : i \7
; i p ; ' ,
O R w BT
Figure 13a Figure 13b

In this case we also use the technique in the case (1) to construct the contact discontinuity
shock curve. We use the same notations as in the case (1). oo
Since we have relations

+Y) — 0 =) —
H'(po) = H(ppj_:(p ) _ H(ppz —Z(po)

' £y . .
and H"(py) # 0, the relations H'(¢*) = i(‘}’?i)‘_f,{,&)- are equivalent to the relation ¢% =
Y+(pT) for some smooth functions 14 near the points (po, %) respectively.

The contact discontinuity curves are the solutions of the following initial value problems:
Xex (ta) = X(ta)'
The characteristic which is started at a point (7, xc, (7)) is given as follows:
F(t) =Xea (1) + (¢ = 1) H' ($(yE(7, Xe1 (7)),
P (t) =¥ (yZ (7, xes (1))
Yt (t) =yi(7-: Xex (T))
= =2 (yE (7, xex (7)) + b (yE(r, Xex (TIDH (Y2 (y7 (1, Xea (1))}
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We distinguish the following three subcases. :
b-1) If 4" (us(t)) > 0 and ¢"(u_(t)) >0 forany ty < ¢ < o + ¢, then x. (%) is convex and
Xe- (%) is concave by the calculation in the case (1). Thus we can construct the local viscosity
solution for t, < ¢t < ¢, In this subcase two shocks bifurcate from the point (¢, To). Both
of them are the contact discontinuity shock curves (¢, xes (1))

We draw the picture which is illustrating the situation as follows:

FIGURE 14
Then we can draw the picture of the graph of the viscosity solution for ¢ > to and the
- shock curve around to- '

FIGURE 15 ‘
b-2) If ¢"(uy(¢)) < 0 and ¢"(u_(t)) > 0forany t, < ¢t < o + ¢, then ¢'(u4) is monotone
decreasing and ¢’ (u-) is monotone increasing. It follows that ¢’ (u4(t)) is monotone decreas-
ing and ¢'(u_(t)) is monotone increasing with respect to the t-variable. This means that the

viscosity criterion is satisfied forty <t<a+e.
b-3) If ¢"(ui(t)) > 0 and ¢"(u~(t)) S Oforty <t < o+ €, then x._(t) is convex and
¢"(u—(t)) is monotone increasing with respect to the ¢-variable. In this case we adopt the
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contact discontinuity shock curve (¢, x., (¢)). Since ¢"(uy(t)) > 0, xo +(t) is convex by the
argument in the case (1). :
We consider

y-(t) = H{-H(¢'(u~(2))) + ¢'(u- (1)) H'(¢'(u-(1)))} + $(u—(2))

and

Ya(t) = t{—H(po) + poH'(p0)} + po,
where 2(t,up) = uo + tH'(po) = z(t,u—(t)) = u_(t) +tH'(¢'(u—(¢))). Differentiating the last
equality with respect to the t-variable, we get

H'(po) = ul(t) + H'(¢'(u~(t))) + tH" (¢ (u= (1)) (u~(£))u_(2).

Then " :
y_ () = — H(¢'(u-(1)) + ¢'(u-(£)) H'(¢' (u~(2)))
+EH" (4 (u-(1)))8' (u-(8))¢" (u-(£))ul(t) + ¢'(u~(t))u’_(2)
=~ H(¢'(u-(1))) + ¢'(u—(2))H'(po)
and

Ya(t) = —H(po) + poH'(po).

So we obtain

%(ya(t) —y-(8)) = H(¢'(u—(1))) — H(po) ~ H'(po)(#'(wt)) — po).-
On the other hand, we consider a function

_ H(@'(u (1)) - Hizo)
SN )

It follows that

B(t) = ¢"(u— () (){H' (8" (u=())(#'(u=(8)) — po) — (H'(¢'(u_(t)) — H(po)) |
= (@) —o)? |
Since ¢"(u—(t)) > 0, u_(t) < 0 and H'(¢'(u_(t)) > H(‘i,((';'_((tt))))—_f;m), we have A'(t) > 0. By
the assumption, we have A(to) = H'(py), so that h(t) > H' (o). This inequality implies that

%(ya(t) - y—(t)) 2> 0. Since ya(ta) = y—(ta)a we have ya(t) > y_(t).
We also consider

Yeu (t) = H{—H(¢'(z2(1))) + ¢'(z£() H'(¢'(2£(1)))} + ¢(z+(2)),

where x., () = z1(t)+tH'(¢'(z+(t))), () is in the left side and . (¢) is in the right side.It
is clear that y_(t) > y,.(t) for ty < t < to +e. It follows that , there exists a unique (t, xq4(2))
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with (¢, ug) < Xg(t) < Xey (1), such that y_(t, x,(t)) = §4(t, Xg(t)). We should consider that
the viscosity criterion is satisfied or not across the curve (2, xq(1)).

Since the contact discontinuity shock is the curve define by the ordinary differential equa-
tion Xc, () = H'(14+(us(r(t))), we already get the following formula:

X!, () = H"<¢(¢'<u+<t>)%’ﬁ-w'(m(t»w(w(w)u;<t>

in the arguments for Case 1). By definition, we have

u-(t) +1H'(¢'(u-(1))) = xg(() = Xey (T(1)) + (¢ = 7)) H'(%1(8' (us (7(2)))))-

Differentiating the both side of the last equality with respect ¢ and follows from the above
formula, we have

X (8) = X, () (2)
+(1 = 7)) H' (v4+(8'(us(7(2)))
i - r(t))H"(¢+(¢'<u+(r<t>)>id‘%*¢"<u+(r(t))u@(r(t))r'(t)

=H'(4(¢' (ws (r(O)7' () + (1 = T/ () H (4 (' (s ((1)))
H(t = ()L, (r()T2)
=H'(4(¢' (ws (r(£))) + (¢ — (&)L, (7' (2).

It also follows from the calculation in Case 1) and the assumption ¢" (u4(t)) > 0 that xi () >
0. Since t — 7(t) > 0 and 7/(t) > 0 for t > t,, we have -~ -

Xg(t) > H'(h4(¢' (us (7(2)))

for t > ta.l Since x,(t) is given by the intersection of characteristics, so that it satisfies the
Rankine-Hugoniot condition

IO, _ H+ (¢ (us(r(1)) = H(4'(u_ (1))
! Y4 (¢'(ut(7(1))) = ¢'(u-(t))

It follows that

Lo H( (8 (us (7)) — H(#(u_()))
H (0w ) < = G e r ) = B o)
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Thus the viscosity criterion is satisfied across (¢, xg(2)) (see, Figure 16).
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FIGURE 16
These mean that two shocks bifurcate from the point (tasZa) (see, Figure 17).

FIGURE 17

The left one is a new shock given by the intersection of the original characteristics from
the left side and the new characteristics from the contact discontinuity shock curve (i.e., the
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rarefaction waves). We can draw the

picture of the graph of the viscosity solution for ¢ >ty
and the shock curve around to.

»° \

-g---.ﬁ\

Case (3). We assume that the graph of the viscosity solution at the time ¢ < to is depicted
as in Figure 19a.
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Figure 19a
By the same reasons as in Case (1), we may assume that
graph of the Hamiltonian is given as in Figure 19b.
We also distinguish two cases as follows:

a) If

Figure 19b
H"(¢'(u-(ta)) < 0, so that the

ey > FEECX0) = Bz (6 (1)

y;-(t’X(t)) - y;(t7X(t))
forty <t <ty +e¢ for sufficiently small ¢ > 0, then we have exactly the same results as in
Case (2).

b) If

= (5 v (6, x(0) — 9z (4, X(2)) |
forto <t <ty +e for sufficiently small ¢ > 0, then we can easily show that the viscosity

criterion is violated for ¢, < ¢ < to +&. We also adopt the notion of the contact discontinuity
shock like as in Case (1). In this case we have relations

- 0 1, — H I—H ;
H,(p0)=H(p;z)_;-:(p)=H(pa)= (ppg—p;(p)
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+y. . . .
and H"(py) # 0, so that the relation H'(q) = .H(‘PPQ_%Q 15 equivalent to the relation
g =%(p*) for some smooth function 9 near the point (pg,pt).

Since H'(py) = H' (P3) = X(ta), we can define the contact discontinuity curve like as the
previous cases. ' '

We also distinguish the following two subcases like as in Case (1).
b-1) If ¢"(u_(t)) > 0, then ¢'(u—(t)) moves to the left direction. This case is contained in
the case a), so that it has been already discussed.
b-2) If ¢"(u_(t) < 0 and the viscosity criterion is violated across X(t) for t > ¢4, then exactly
the same results as in Case (1), b-1) hold. ‘

Case (4). In thsi case we ahve the following relations:

+Y _ H(p-
H'(p) = H'(p7) = H(p;;? _f;(p"‘)-

Since H'(¢'(u(t)) gives the slope of the characteristic line on the (¢,z)-plane, the above re-
altion means that the characteristics z(t, u+(ts)) and z(t, u—(ta)) exactely coincide. This con-
tradicts to the assumption that the characteristics cross transversally at the point (ta, X(ta)).
Thus this case cannot occur.

Case (5). We assume that the graph of the viscosity solution at the time ¢ < i, is depicted
as in Figure 20a.

. . h ?
N ’
\ .
, .
A ’
> ’
’

Figure 20a Figure 20b
We also assume that there exist Po,p1 such that p¥ < py < p; < Pa, H'(po) < 0
H"(p1) < 0 and '

)

&)= H(po) _ H(p7)— H(py H(pf) ~ H(pz
H'(J’O):H'(pl):H(p;;)_z(p): (pp;)_po(p)= (pp;r)_p;(p)

?

so that the graph of the Hamiltonian is given as in Figure 20b. We define functions hpi (1)
forta<t<t°,+6(i=0,l)by :

bot) = SEECIZ RO QO )+ B o).
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We distinguish three cases.

a) If H(po) < hyy(t) and H(p1) < hp,(2) for to < t <ty +¢ for sufficiently small € > 0, then
the viscosity criterion is satisfed across (t, x(t)) for t < ¢, + ¢ (cf., Figure 21a).
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Figure 21a , Figure 21b
b) If only one of the conditions H(po) > hpy(t) or H(py) > hp,(t) holds for to < t < t, +¢
for sufficiently small ¢ > 0, then the viscosity criterion is violated across (8, x(t) for t < tq +e
(cf.,Figure 21b). This case is contained in the case (2).
c) If the both of the conditions H(po) > hp,(t) and H(p;) > hp,(t) hold for to < ¢ <ty + ¢
for sufficiently small € > 0, then the viscosity criterion is violated across (t,x(t) for t < to +e
(see, Figure 22a).
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Figure 22a Figure 22b
In this case we also use the technique in the case (2), b). Since we have relations
H(pE) - H( H(pZ)-H
H'(Po) = (padz (pO) — -HI(PI) — (pa_) (pl)
Pa — Do Pa — D1
and H"(p;) # 0, (i = 0,1), it is equivalent to the relations ¢+ = Y4(p*) (respectively -
9~ =v%_(p7)) for some smooth function %+ near the point (py, pE) (respectively, (p1,P3))-
So the contact discontinuity curves are the solutions of the following initial value problems:

X:;i (t) = H'(iﬁi(yf(t,x% N,
Xci(ta) = X(ta)'
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The characteristic which is started at a point (r, Xci (7)) is given as follows:

Z4(t) =Xex (1) + (t = T)H' ($£(y3 (7, Xex (7)),
px(1) =1/):t(yf(7', Xex (7))
G(t) =y (7, Xex (7))
H(t = TH{=H (£ (uZ (7, Xes (7)) + b2 (F (7 Xea (M) H (%2 (yE (T, Xes (7))}

We also distinguish the following three subcases.

b-1) Suppose that ¢"(u,(t)) > 0 and ¢"(u_(t)) > Ofor any to <t < a+e, then the situation
1s exactly the same as that of the subcase b-1) in the case (2), so that two shocks bifurcate
from the point (¢4,z,). Both of them asre the contact discontinuity curves (%, x., (t). The
pictures are exactly the same as Figures 14, 15.

b-2) Suppose that ¢"(u4(¢)) < 0 and ¢"(u_(t)) > 0 for any t, < ¢ < o + €. By the same
reason as that of the subcase b-2) in the case (2), the viscosity criterion is satisfied across
(t,x(t)) for tq <t <ty +e. ‘

b-3) Suppose that ¢"(u4(t)) > 0 and ¢"(u—(t)) < 0 for to <t < & +&. By the same reason
as that of the subcase b-3) in the case (2), x., (t) is convex and there exists a unique (¢, x,4(%))
with 2(2,u0) < xg(t) < Xc,(t) such that y_(t,x,(t)) = 74(¢, Xg(t)). We should check that
the viscosity criterion is satisfied across the curve (¢, Xg(t)). By the same arguments as those
of the subcase b-3) in the case (2), we have

o H(p4 (8 (us (7(1)))) — H(#'(u_(1))))
R N o ) o)

We remark that p, < ¢'(ut(7())) < ¢'(uy(2)) and p_ < ¢'(u—(t)), so that we have the

following enequality
Y+ (8' (u(7(1))) < po.

Thus we have

e

and hence

H(p)) = H(po) . Hs (8 (ur () = H(S (u_(1)))
piop ) ST s ) = P )

The last inequality means that the line between the two points (¢'(u=(2)), H'('(u~(2))))
and (¢4(¢'(u+(7(1))), H'(¥4(¢'(u+(7(t))))) never cross the graph of the Hamiltonian (see,
Figure 22b). Thus the viscosity criterion is satisfied across (t,x4(t)). So the pictures of the
shock curve and the graph of the viscosity solution for ¢ > t, is the same as those of in the
subcase b-3) in the case (2).
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Case (6). The bifurcations of the graphs of the geometric solution at the time ¢, is depicted
as follows: ‘ '

B = R

FIGURE 23 ,

We use the same notation as the case (1). Since u_(t,) corresponds to the cusp point,
we have 1 + to,H”(ng(u_(ta)))¢"(u_(ta)) = 0. Let (2,0(t)) be the locus of the cusps, where
we denote o(t) = o_(t) + tH "(¢'(9-(1))) as the family of characteristics come from the
left side, so that we have 1 + tH"(¢'(0-(t)))$"(0~(t)) = 0 and ol (t) < 0. It follows that
H"(¢’(a-(t)))¢"(a_(t)) < 0 and o'(t) = H'(¢'(a"_(2)). Differentiating the equation again,
we get o(t) = H”(qﬁ’(o_(t))qS”(a_(t))o'_(t) > 0. Therefore (¢, 0(t)) is strictly convex. We
denote x(t) = u_(t) + tH'(¢'(u—(1))) = us(t) + tH'(4'(us(t))) for ¢t < t4, then we have
U_(ta) = o-(t4), so that o'(ta) = H'(¢'(0-(ta))) = (P(u~(te))) = X'(ta) by the proof of
Theorem 3.4. We also construct the contact discontinuity (t,xc(t)) exactly the same way as
that of in the case (1). We need to examine the following two subcases.

a) Assume that a(t) > xc(t) for ¢ > t,. Since both Xc and o are convex near to, we have
that o''(¢4) > X"(ta). ‘ ‘
On the other hand, we have

Yt o2(6) = H-H($ (02(0) + # () E(H (o2 (0)} + 6(oae)),

01 0) = ~H 40 + ¢ o ) E (W (o (1)
+4/ (01 () (1 + tH"(6 (04 (9)6" (04 (1))
and ‘ :
H0-0) = ~HE0-() + # (N W (o (1)),

Let A(t) = y(t, o+(t)) — y(t, o_(t)) for t > ¢t,.
Differentiating the equality o—(t) +tH'(¢'(0-(2))) = o4(t) +tH'(¢'(04(t))) with respect
to z, we get

ol ({1 + tH"(¢'(04(2)))¢" (04 (1))} = H'(¢'(0-(1))) — H'(#' (a4(£))).
It follows that
A'(t) = H'(¢(o-(t){¢' (04 (2)) - 8'(a- (1))} = (H(#'(04(2))) - H(¢'(a-(2)))).
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Furthermore, we have
A"(t) =(H'(¢'(0- (1) — H'(¢ (04(1))" (a4())0’s ()
+H"(¢'(0-(1)))8"(0-()){¢'(04+(1)) — ¢'(0-(£))}o"_(2).
Since o', (t) = i{_;_(tggf(;,((tl):(g;534,5,’((:1‘((:)))) and ¢"(t) = H"(¢'(0-(t)))¢" (o-(t))o"_(t), we have

ey — HI(#'(0-(1) — H'($'(04()))* - o "o —d(o
#') = BT O F OO 15 ) 4 o) (02) - #(o—(0)

On the other hand, as we already calculated in the case (1) that
() = — F (@ (e (1) — H'(4(¢'(ux(1)))))? ¢"(ut(t))
| ’ ¢'(ut () — (¢ (u+(2))) 1+ tH"(¢' (w4 ())¢" (us(t))
At the point ¢ = t,, we have us(ta) = 0x(to) and ¥(¢'(04(ta))) = ¢'(0~(ta)), so that
() = = F (&' (4 (ta) = H'($(¢'(u4(ta)))))? ¢" (u4(ta))
e ¢'(ut(ta)) = P(4'(ut(ta))) 1+t H"(¢'(ut(ta)) 9" (us(ta))

Thus, we have

A(1a) = (6" (1) = X1(ta))(# (04 (ta) — #(0—(ta).
Since 0"(ty) > x4(ta) and ¢'(04(ta) < ¢'(0_(ta), we have A"(tq) < 0. This means that
A'(t) < 0 near tq, so y(t,04(t)) < y(t,o0_(t)).
We also consider :
y+(t) = t{—H(¢'(ur (1)) + ¢'(us () H' (' (us ()} + $(u(2))
and :
| | Ya(t) = H{-H(¢'(ua)) + ¢'(va) H'(¢' (va))} + 6(ua),
- where uy = 0_(tq) and @(t,uq) = uq + tH'(¢'(ua)) = z(t,uy(t)) = ut(t) + tH' (¢ (us(2))).
Differentiating the last equality, we get

- H(# (ua)) = wy () + H'(#'(ur(8))) + tH" (' (ur (£)))8" (w4 )y (8).

Yo () = — H($'(ur(8) + ¢'(ur () H' (¢ (u1 (1))
FEH" (4 (0 (£)))8 (wa ()8 (g () ) + 6 (1 (£) ) 1)
== H(§ (s () + ¢ (ws () H' (¢ (ua)).

Then

So we obtain

d

2z Wa(®) = y4(8)) = H(4'(u4 (1)) — H(¢'(ua)) = H' (' (ua) (@' (u4 (1)) = ' (ua))-
Since ¢'(u4(t)) < ¢'(uq) and ¢'(uq) is in the convex region of H(p), we have

H(¢'(us(t))) — H(4'(ua))
- H'(¢'(ug)) < ,
) < G ) = o)
so that we have £ (y4(t) — y4+(t)) < 0. This means that Ya(t) < y4+(2) for t > t,.
These situation describes that the two branches of the multi-valued graph have intersection

for ¢t > t — a. This contradicts to the assumption that the singularity is 1434,

b) Here we assume that o(t) < x.(t) for t > t,. In this subcase two shocks bifurcates from
the point (t4,z4). : :
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See Figure 24,

A

FIGURE 24
The left one is a new shock given by the intersection of the original characteristic from
the left side and the new characteristic from the contact discontinuity these are also the
rarefaction waves.
By definition, we have

Ya(t) = (t— ta){_H(¢(yj(tm Xc(ta)))) + ¢'(y:(taa Xc(ta)))H"(w(y:(tav Xc(ta))))}
' +y+(th(ta)) R |
va.nd :
y-(t) = H=H (8 (u- (1)) + 8" (u- () H'($(u(t)))} + $(u-(t)),
where u,, + tH'(¢'(uq))) = 2(t,u_(t)) = u_(t) +tH'('u_(t)).
Differentiating the last equality, we get
ul(8) + H'(¢'(u-(t))) + (8" (u—(1)))8" (u-(8))u'_(t) = H'(¢'(ug)).

Then ,
y_(t) = — H(¢'(u(2))) + 8" (u—(8)) H' ($(ut)))

FEH(8'(u- ()8 (u®))$" (u- ()l (£) + &' (u ()’ (8)
== H(¢'(u=(1))) + ¢'(u—(£)) B ($(ua))

So we obtain

ad;(z?a(t) = y=(8) = H(#'(u-())) ~ H(8'(ua)) = H'(¢' (ua))(#' (u—(£)) — #'(ua))-
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Since u_(t) < uq and both of ¢/(u(t)), ¢'(ua) are in the convex region of H(p), we have
¢'(u(t)) > ¢'(ua)) and

) H(¢I(u—(t))—H(¢’(ua))
H ) > = Gty oy

so that we obtain %(ﬂa(t) —y-(t)) < 0. Since §uo(ta) = y—_(ta), the last inequality means
that §,(t) < y—(¢) for ¢ > t,. .
We also consider
Jalt, o(t)) =(t — rT(OH-H Wy (r(£), xo(7(2)))) |
(Y (T(8), Xe(r OV E" ($(yF (7(2), xe(7(£))))}
+y*(7(8), xe(T(2)))
and
y-(t,0(1)) = {=H(¢'(0-())) + ¢'(c- () H'($(o- ()} + d(o_(1)),

where
yT(7(8), xe(T(8))) = TO{=H(¢ (w4 (1(1))) + &' (us (T H' ($(ur((£)))} + $lus(7(2))),
v (7(8), Xe(T(2))) = ¢'(up.(7(2)))
and
o(t) = o (1)) + tH'(¢'(0-(t)) = xe(T(2)) + (¢ — 7(t) H'(¥($' (us((1)))).
Since x(7) = H'(¢(¢'(u+(7))) and 1+ tH"(¢'(0-(t)))8"(0-(t)) = 0, differentiating the
above equality, we get
H'(¢'(0- (1)) =H'($(4'(us(r(t))))
+i = ) (D (r(E)) G (i () () 1),
Then )
Jalt,o(®)) =1 (O{~H(¢' (ur(r(£))) + ¢ (us (T(E))H'(# (us (r(£))))}
()¢ (ug m(£)H" (8" (us (7(£))))$" (uag (7(£)))uly (m(2))7'(2)
+6' (ug (r()))uly (1)) (t)
+(1 = T ON—HW(¢' (ur (7(1))))) + $( (us (T(0)) H' (%(8' (us (r(1)))))}
+(t - T(t))¢(¢'(U+(T(t))))H"(¢(¢'(U+(T(t)))))%¢"(U+(T(t)))uﬁr(T(t))T'(t)
=7 (O){H (' (ut(1())))) — H($'(us (7(2))))
+(8' (u (m(£)))ut (7(2)) — %(¢' (uar (r(E)) H' (' (us (7(£)))))}
+(¢' (ur (r(0))H'(¢' (0 (1)) — H((8'(us(7(2)))))-
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By definition, we have

o _ HS (s (1)) = (8 (ug (r(1)))))
H W@ (r(0)) = (s (r(0) = B (ur(r(@))

§(t0(8) = (' (us (r(E))H' (8 (o(2))) ~ H(¢(¢'(U+(T(t))))-‘

so that

Thus we have
F070) = (8, 0() =2 (S (0~() = Eo(6! (s (1)

—H'($' (00N (a- (1) — ¥(¢' (us (r(1))))).
Since both ¢/(c_(t)) and P(¢'(u4(7(¢)))) belong to the concave region of H(p), ¢'(c_(2)) <
Y(S'(ugr(7(2)) for ¢t > to. Therefore
H(¢'(o-(1)) = H((' (usr (7)) _ ... .,
o) = 9@ 7 @)

hence we have gd;(gj(t,a(t)) - y-(t,0(t))) > 0. Since §(ta,o(te)) = Y-(ta,o(ta)), the above
inequality means that 4(t,0(t)) > y-(t,0(t))) for t > t,. It follows that, there exists a unique
(t, xr(2)) with z(t,ua) < x+(t) < o(#), such that §(t, x~(2)) = y-(t, x-(2)). .

Then we can draw the picture of the graph of the viscosity solution for ¢ > ¢, and the
bifurcation of the shock curves around ta. (see, Figure 25)

FIGURE 25

Case (7) In this case the graph of the viscosity solution at the time ¢ < ¢, is depicted as
in Figure 26a. \

Figure 26a Figure 26b
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At the tiem t,, P+ P~ is tangent to the graph of H(p) at hte point (P2, H(p7) (see, Figure
26b). Thus we observ that two genuine shocks meet at the time ¢, and after that the situation
is exactly the same as that of in the case (1). So there appear two cases as follows:

a) The viscosity criterion is satisfed across the intersection curve of the characteristics, this
case is already discussed in Section 1 (see, Figure 2).

b) The viscosity criterion is violated across the intersection curve of the characteristics, so
that we construct the contact discontinuity shock curve for ¢ > ta- We draw the picture which
is illuastrating the situation as follows:

|

FIGURE 27 _
Then we can draw the pictures of the graph of the viscosity solution for ¢ > to and the
shock curve around ¢,.

.--..~.

FIGURE 28
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Case (8). In this case the graph of the viscosity solution at ht etime ¢ < ¢, is depicted as
in Figure 29a. ' ’

hj

\
\\‘ I/
\\ )
\ ’I h
; :
N H
. —» D
m L .l
Figure 29a Figure 29b

By the same reasons as those of inthe case (7), the situation is exactly same the case (2)
after the tim ¢, (see, Figure 29b). We can also draw the picture of the situation as follows:

iy
A\
N\
RN

\\\

—-

FIGURE 30

So there appear two cases except the case when the viscosity criterion is atisfied across the
intersection curve of the characteristics for ¢ > to.
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a) Two contact discontinuity shock curves appear after the time t,, so that the pictures of
the graph of the viscosity solution for ¢ > to and the shock curve around t, is depicted as

follows:

'o
\\ /, .
\ / ™ [ 4
—_———-——_—a / ~ ]
i LR R S -~
\ 7 - - \\ |
\\1 \ t
\‘o
7/ 3
\
2N Y

- FIGURE 31 .
b) Two shock curves appear after the time t,. One of them is the contact discontinuity
shock curve and another one is a new shock curve given by the intersection of the original
charatereistics from the initial condition and the new characteristics from the contact discon-
tinuity shock curve (i.e., the rarefaction waves). We can also draw the pictures of the garaph

of the viscosity solution for ¢ > ¢, and the shock curve around ta.

FIGURE 32

‘We have finished to construct the solutions for local Riemann problems corresponding to
all cases in Theorem 3.4. So the bifurcations of shock curves around the time ¢, when the

viscosity criterion is violated can be depicted as in Figure 4 in Section 1.
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Appendix. Geometric framwork

In which we give a brief review of the geometric framework for the study of singularities
geometric solutions of Hamilton-Jacobi equations ([14][16][17]). We have only considered the
case for one space variable in the main text, however, we describe the theory for the general
case here.

Let J'(R",R) be the 1-jet bundle of functions of n-variables which may be considered
as R?"*1 with a natural coordinate system (Z1,...,%n,Y,P1,...,Pn), Where (z1,...,2,) is a
coordinate system of R™. We also have a natural projection 7 : J}(R",R) —» R™ x R given
by 7(z,y,p) = (z,y). »

n immersion germ i : (Lo,ug) — JYR™,R) is said to be a Legendrian immersion germ
(i-e., Legendrian submanifold germ) if dimL = n and i*d = 0, where 6 = dy — 30, pi - dz;.
The image of 7 04 is called the wave front set of i and it is denoted by W (z). We also
consider the 1-jet bundle J (R x R*,R) and the canonical 1-form © on that space. Let
(t,21,...,2,) be a canonical coordinate system on R x R" and (t,z1,...,2,,y,s,p1,... yDn)
the corresponding coordinate system on J '(R x R, R). Then, the canonical 1-form is given
by O=dy—3Y" pi-de;—s-dt=0—s-dt.

We define the natural projection II : J!(R x R™,R) — (R x R") x R by II(¢,z,y,s,p) =
(t,z,y). We call the above 1-jet bundle an unfolded 1-jet bundle.

A Hamilton-Jacobi equation is defined to be a hypersurface

(G-H-J) E(H) = {(t,2,y,5,p) € J*(R x R, R)|s + H(t, 2,p) = 0}

in J}(R x R",R). A geometric (multi-valued) solution of E(H) is a Legendrian submanifold
Lin J}(R x R™, R) lying in E(H). In this case the wave front set W () is “the graph” of the
geometric solution which is generally a hypersurface with singularities.

In order to study (P) we need the following framework: For any c € (R,0), we define

E(H)C = {(C, z,Y, —'H(C) w,p),p)l(x, yvp) € Jl(Rna R)} .
Then, B(H). is a (2n +1)-dimensional submanifold of J1(R xR", R) and ©, = O|E(H), =

dz — 37 | pidz; gives a contact structure on E(H).. We define a mapping ¢ : J! (R™,R) —
E(H). by LC(f’JayaP) = (¢, z,y, -—H(c,x,p),p). The mapping . is a contact diffeomorphism

and the following diagram is commutative:

J'YR™,R) —<— E(H),

| | =
R" x R R" x R.

We say that o geometric Cauchy problem (with initial condition L') associated with the
time parameter(GCPT) is given for an equation E(H) if there is given an n-dimensional
submanifold i : L' C E(H) with i*© = 0 and YL') C E(H), for some ¢ € (R,0). Since
Xu ¢ TE(H)., we have Xy ¢ TL' , where Xy is the characteristic vector field given by

0 " 0H & ~. OH 0 OH 3 “.0H 8
M Et Lm0 E e T o gy
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By using the classical characteristic method, we can show that there exists a unique geometric
solutions around L'.

We remark that Cauchy problem (P) is a GCPT. The initial submanifold is given by
| 06y 08, on
L¢;0 = {(07$7¢($)’ —H(Oax’gz)a'a_x)lx €R } CE(H)O

The problem of studying the singularities of the graph of the geometric solution is formu-
lated as follows:

Geometric Problem. Classify the generic bifurcations of wave fronts of
7l't| LﬂE(H)t-—)R" x R

with respect to the parameter t (i.e., the generic bifurcations of wave fronts of geometric
solutions along the time parameter).

Following [16], in order to study the singularities of the geometric solution we identify geo-
metric solutions with one-parameter Legendrian unfoldings. Let R be an (n+1)-dimensional
smooth manifold, x : (R,u) — (R, to) be a submersion germ and ¢ : (R,u0) — JY(R™,R) be
a smooth map germ. We say that the pair (1,£€) is a Legendrian family if £, = Lp1(t) is a
Legendrian immersion germ for any ¢ € (R, %0). Then there exist a unique element 4 € C(R)
such that £*6 = h - du, where Co°(R) is the ring of smooth function germs at ug. Define a
map germ L : (R,ug) » J}(R x R*,R) by

L(u) = (u(u), z 0 £(w), y 0 £(u), h(u), p o £(w)).

We can easily show that £ is a Legendrian immersion germ. If we fix 1-forms © and 6, the
- Legendrian immersion germ £ is uniquely determined by the Legendrian family (1, £). We
-call £ a Legendrian unfolding associated with the Legendrian family (u,£). =
We have to study how various branches of the multi-valued graph W = ({t} x R® x R)n
W (¢) intersecting at a point bifurcate in time for an arbitrary Hamiltonian H(t,z,p) in [16].
We classify the bifurcations of the branches of the graph by classifying the bifurcations of
singularities of multi-Legendrian unfoldings which are expressed in terms of multi-germs.
Let £; : (R,u0) - (JY(R x R R),z) (i = 1,...,r) be Legendrian unfoldings with
II(z;) = 0 where zy,...,2, are distinct. We call (L1,..., L) a multi-Legendrian unfold-
ing. Let (Ly,...,L,) and (L,... , £;) be multi-Legendrian unfoldings. We say that these
are P(,)-Legendrian equivalent if there exist contact diffeomorphism germs '

Ki:(J'(R x R™,R), z;) — (JY(R x R™R),2{) (i=1,...,r)

of the form Ki(t? Y, Sa‘p) = (¢1(t)’ ¢2(t7 z, y)a ¢3(t7 z, y)) ¢i(t7 Z,Y, 37p)7 ¢%(t) )Y, Sap)) a'nd
a diffeomorphism germ ¥ : (R, up) — (R,uf) such that K; o £; = Lio0 for any i =
1,...,r. It is clear that if two multi-Legendrian unfoldings are P(r)-Legendrian equivalent,
then there exists a diffeomorphism germ & : (Rx (R” xR),0) — (R x (R” x R),0) of the form
2(t,2,9) = (41(t), da(t, 3,v), ds(t,7,y)) such that (UL, W(L:)) = UL W(LL). Thus the
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above equivalence describes how bifurcations of wavefronts (i.e. graphs of solutions) interact.
We can define the notion of stability with respect to the P(ry-Legendrian equivalence in
the same way as for the ordinary Legendrian stability (see [1],(26]). Motivated by Arnol’d-
Zakalyukin’s theory ([1],[26]), we can construct multi-generating families of multi-Legendrian
unfoldings and give a classification of P(r)-Legendrian stable Legendrian unfoldings by using
the classification of multi-families of function germs in Zakalyukin [26]. We get a list of
classifications for n = 1,2,3 in [16]. However, we only present the list of classifications for
n = 1. For the case n = 2,3, see [16].

Theorem A.1 [16]. Suppose that n = 1. Then a generic multi-Legendrian unfolding is
P(ry-Legendrian equivalent to one of the multi-Legendrian unfoldings in the following list :

r=1;

°4; : (%,4,0,0,0); _

%Ay : (¢,3u?,2u3,0,u) ;

"As @ (t,4ud + 2ut, 3ut + u?t, —u?, ).

r=2;

0(°%4; °4,) : ((t,uy —u,0,-1), (¢,u,u,0,1)) ;

1(%4, %4;) : ((t,u,t £u?,1, £2u), (¢, 4,0, 0,0)) ;

14,%4; : ((¢,3u? - t,2u?, u,u), (t,u, —u,0, -1)).

r=3;

°4;%4,°4; : ((t,u,t—u, 1,-1),(¢,4,0,0,0), (,u,u,0,1)).

When we consider the geometric solution, we can get rid of the germ 1(%4; %4,) from the
above list because the geometric solution is a one-to-one immersions into the unfolded 1-jet
space. For the purpose, we need a kind of non-degeneracy condition on the Hamiltonian
function. We say that a Hamiltonian function H(t,z,p) is non-degenerate at (to,z0,po) if

it %(to,xomo) # 0 for some 1 < 4,7 < n. This condition is weaker than the condition
that H(t,z,p) is convex (or concave) with respect to (py, ..., Pn)-variables at (¢, zo, po) for

n 2 2. The following theorem is a realization theorem for generic singularities for a given
Hamilton-Jacobi equation.

Theorem A.2 ([16],[17]). Let H(t,z, p) be a non-degenerate Hamiltonian function germ at
(to, %o, po) and L : (R, ug) — (J1(R x R, R), (to,Z0, Y0, S0,P0)) be a P(1)-Legendrian stable
Legendrian unfolding associated with (4,2). Then there exists a Legendrian unfolding L'
which is a geometric solution of the Hamilton-Jacobi equation s + H (t,z,p) = 0 such that L
and L' are P(yy-Legendrian equivalent.

We remark that 14, singularity (even for general n) describes how the singularity appears
from a smooth solution. These are P(1)-Legendrian stable Legendrian unfoldings, so that these
can be realized as geometric solutions at the non-degenerated point for a given Hamilton-
Jacobi equation. We can asserts the detailed statement for the case that the Hamiltonian
function depends only on (P1,-..,pn)-variables. In this case the Cauchy problem is given by

Oy Oy Oy . _
(P') —a—t+H(EE—1-’ ’8xn)“0

y(07$17' o 7x‘n) = ¢($1, e ’x'n))
where H and ¢ are C*-functiions. Then we have the following proposition.
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Proposition A.3. Let s + H (p) = 0 be a Hamilton-Jacobi equation. If a singularity of
geometric solution for the Cauchy problem (P') appears at a point (to,zo,po), then H is
non-degenrated at (to, zo, Po)-

Proof. In this case the characteristic equation is given by

( d:l:,' - O0H .
E_a—pi(p)(z_ ,"-777’),
J %=0(i=1,...,n),
(€ d ~  0H
' d_gtj=—H(p)+;pi'a_pi(p)a .’l),pERn,
0
[=0) = 4, 5(0) = 320, 4(0) = o(u), w € B

We can explicity solve the charcteristic equation as follows:
(ei(tw) = +132 (32w) (=1,...,m),

(S ! pilt,u) = g—i;(u) Gi=1,...,n),

v(tw) = H-HGEW)+ 3 22 ) (D)) 1 g
\ i=1 : :

The Jacobian matrix of the mapping z : R®™ — R™ with respect to u is

1 + tcil t612 P tcln
t621 14 t6227 e tCZn )
. . ’ ’ ST ’ T ]
tcn1 tcna oo l4tepn

where ¢;;.= Y7 _ a—f%(ﬂu))%%(u). By the definiton of singularity of geometric solu-
tions, the point (t,z0,p0) = (to,z(to, uo), p(to,uo)) is a singularitiy of the geometric solution
if and only if the rank of the Jacobian matrix of z : R™ — R™ is less than n. However, if the
Hamiltonian function H (p) is degenerated at the point (0,20, p0), then the Jacobian matrix
is equal to the identity matrix, so that the geometric solution is non-singular at the point. [J
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