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NORMAL INTERMEDIATE SUBFACTORS

TAMOTSU TERUYA
Oct. 30, 1995

ABSTRACT. Let N C M be an irreducible inclusion of type type II; factors with
finite Jones index. We shall introduce the notion of normality for intermediate
subfactors of the inclusion N C M. Ifthe depth of N C M is 2, then an intermediate
subfactor K for N C M is normal in N C M if and only if the depths of N C K
and K C M are both 2. In particular, if M is the crossed product N x G of a
finite group G, then K = N x H is normal in N C M if and only if H is a normal

subgroup of G.

1. INTRODUCTION

The index theory for type II; factors initiated by V. Jones [9] and the classification
of subfactors has been studied by many people ([4], [6], [7], 8], [10], [11], [12], [13],
[14, 15], [21], ...). A. Ocneanu [19] introduced the concept of a paragroup to classify
subfactors. By using the so-called standard invariant equivalent to the paragroups,
S. Popa [24],[23] classified subfactors under more general conditions. Paragroup or

the standard invariant for an inclusion of type II; factors with finite Jones index is a
Key words and phrases. subfactor, Jones index, normal, Hopf algebra, Kac algebra, strongly

outer action, modular lattice.
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group like object which contains finite groups. So the theory of finite groups may be
considered as part of the index theory for an inclusion of type II; factors with finite
Jones index. It is well known that if & : G — Aut(N) is an outer action of a finite
group G on a type II; factor N and K is an intermediate subfactor for N C N x4, G,
then there is a subgroup H of G such that K = N x4 H (see for instance [18]). On the
other hand, Y. Watatani [30] showed that there exist only finitely many intermediate
subfactors for an irreducible inclusion with finite index. So it is natural to consider
intermediate subfactors as “quantized subgroups” in the index theory for an inclusion
of type II; factors. The notion of normality for subgroups plays important role in
the theory of finite groups. In this note we introduce the notion of normality for

intermediate subfactors of irreducible inclusions.

D. Bisch [1] and A. Ocneanu [20] gave a nice characterization of intermediate
subfactors of a given irreducible inclusion N C M in terms of Jones projections and
Ocneanu’s Fourier transform F : N'NM; — M'NM,. We define normal intermediate

subfactors as follows:

Definition. Let N C M be an irreducible inclusion of type II; factors with finite
index and K an intermediate subfactor of the inclusion N ¢ M. Then K is a
normal intermediate subfactor of the inclusion N C M if ex € Z(N' N M;) and

F(ex) € Z(M' N M,), where e is the Jones projection for the inclusion K C M.

Every finite dimensional Hopf C*-algebra (Kac algebra) gives rise to an irreducible
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iﬁclusion- of AFD II; factors, which are characterized by depth 2 (see for example
[20], [27], [28], [33]). Let M be the crossed product algebra N x H of N by an outer
action of a finite dimensional Hopf C*-algebra H. Unfortunately, there is no one-to-
one correspondence between the intermediate subfactors of N C M and the subHopf

C*-algebras of H in general. But we get the next result:

Theorem. Let N C M be an irreducible, depth 2 inclusion of type II; factors with
finite index, i.e., M is described as the crossed product algebra N x H of N by an
outer action of a finite dimensional Hopf C*-algebra H. Let K be an intermediate
subfactor of N C M and é x is the Jones projection for K C M. Then K is déscribed
as the crossed product algebra N xK of NV by an outer action of a subHopf C* algebra
K of H if and only if ex is an element of the center of the relative commutant algebra

N' N M,, where M is the basic extension for N C M.

Let N C M be an irreducible inclusion of type II; factors with finite index and M; the
basic extension for N C M. Let K be an intermediate subfactor of N C M and K;
the basic extension for K € M. Then K; is an inter:ﬁediate subfactor of M C M;.
For tlhe Jones projections ex and ek, for the inclusions K € M and K; C M;,

respectively, since F(ex) = Aeg, for some scalar ), we get the next theorem:

Theorem. If the depth of a given irreducible inclusion N C M is 2, then an interme-
diate subfactor K of N C M is normal in N C M if and only if the depths of N C K

and K C M are both 2.
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The author [29] showed that if M is the crossed product N x G of finite group G and
K = N x H, then H is a normal subgroup ofG’>ifand onl& fKCM~KCKxF
for some‘ﬁnite group F, i.e., the depth of K C M is 2. Hence we have H is a nbrmal
subgroup of G if and only if K is a normal intermediate subfactor of N C M by the
previous theorem. Therefore our notion of normality for intermediate subfactors is

an extension of that in the theory of finite groups.

Acknowledgments. I should like to express my gratitude to Professor H. Kosaki
for helpful advice and suggestion about éxamples of normal intermediate subfactors
and non normal ones. (group type inclusion, strongiy outer action, ...). And I should
like to thank Professor Y. Watatani fof fruitful discussions, may useful comments
and constant encouragement. I also thank Professor Y. kSekine and Professor T. Ya-

manouchi for useful comments.

2. PRELIMINARIES

2.1. intermediate subfactors. We recall here some results for intermediate sub-
factors. Let N C M be a pair of type II, factors. We denote by L(N C M) the set
of all intermediate von Neumann subalgebras of N C M. The set L(N C M) forms

a lattice under the two operations V and A defined by

Kl \% Kz = (Kl U Kg)" and Kl A Kz = Kl n Kg.
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If the relative commutant algebra N' N M is trivial, then £L(N C M) is exactly the
lattice of intermediate subfactors for N C M. In fact for any K € L(N C M),
Z(K)=K'NK C NNM = C. If M is the crossed product N X, G for an outer
action o of a finite group G, then it is well known that the intermediate subfactor
lattice L(N C M) is isomorphic to the subgroup lattice £L(G) (see [17], [18]). In [30]
Y. Watatani proved the next theorem.

Theorem. Let N C M be a pair of type II; factors. If [M : N] < oo and N'NnM = C,

then £L(N C M) is a finite lattice.

Later we were noted that this theorem was shown by S. Popa implicitly [22].

From now on we assume that [M : N] < co and N'N M = C. Let
NCcMcM, cCcM,

be the Jones tower of N C M obtained by iterating the basic extension. Let ey € M,
and ey € M; be the Jones projections for N C M and M C M,, respectively. We

denote by F, Ocneanu’s Fourier transform from N' N M; onto M' N M, i.e.,
F(z) = [M : N3 EN.(zexen), z € N' 0 My,

where EJy, is the conditional expectation from N’ onto M'. For K € L(N C M ), if
ex is the Jones projection for K C M, then ‘eK is an element of N’ N M;. In fact
K =(M,ex) = JuK'Jy C JyN'Jyr = My and hence ex € K'NK; € N' N M;.

D. Bisch [1] and A. Ocneanu [20] gave the next characterization of intermediate

subfactors in terms of Jones projections in N’ N M;.
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Theorem. Let p be a projection in N’ N M;. There exists an intermediate subfactor

K € L(N C M) such that p = ex if and only if

(1) p 2 €N,

(2) F(p) = Aq for some A € C and some projection ¢ € M' N M,.

In this case, g is the Jones projection eg, for K; C M.
For the coﬁvenience, we prove the next lemmas (’see for example [1] ) [26]).
Lemma 2.1. With the above notations, we have
ex =[K : N|[M: N]Eﬁf(eMeNem),

where Eﬁf is the trace preserving conditional expectation form M, onto Mj.
Proof. Since epr < eg,, we have

EMENEK, = EMEK,ENEK, = eME,’?l‘(eN).
Since Ex}(en)ex = Eft'(enex) = B (en), by [21], we have

E}é‘(eN) =[M : K]Eﬁl(EIAél(eN)eK)eK

=[M : K|EM'(en)ex

_ M : K]
N

1

[K : N]‘CK.

Therefore we have

1
EMENEK, = WCMCK.
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And hence we have

L €
TN

1
Ej(emenex,) = '[E'—]'V']'Eﬁf (em)ex = BN

We get the result. [

Lemma 2.2. Let K be an intermediate subfactor for N C M. Let K C M C

K, Cc K and N C Mv C M; C M, be the Jones towers for K C M and N C

M, respectively. If ek, is the Jones projection for Ky C M, then there exists a

x-isomorphism ¢ of K, onto eKleek1 such that ¢(z) = zeg, for z € K; and
K,

w(eﬁl = em, where €}/ and epr are the Jones projections for M C K, and M C M;,

respectively.

Proof. Since ek, € K{kC M', it is obvious that (M C K;) ~ (Meg, C Keg,).
Therefore it is enough to show that éKleexl is the basic extension for Meg, C
Kieg, with the Jones projection eps. By the fact that ey = €K, eMEeK,, €M 1S an
element of ex, Mseg, . Let ’IZ'; be the basic extension for K; C M;. Since ek, Ee K =

Kiek,, we get by Lemma 2.1,

M. -M:
Bibn, ™ (o) = B0 22 en)
= (31{1E'I—1é2 (eM)eK1
—_ M2
=% (en)
1

NEE
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We can see that
M3K1 = (K1 N {eM}')eKI = K16K1 M {BM}I.
Therefore ex, Mseg, is the basic extension for M ex; C Kieg, by [21]. O

2.2. Finite dimensional Hopf C*-algebras. In this subsection we recall some
facts about finite dimensional Hopf C*-algebras. | |

Leﬁ Hbea ﬁhite dimensional Hopf C*-algebra with a comultiplication AH and an
’ anti-pode Su. Let K be a subHopf C*-algebra of H, i.e., K is a *-subalgebra of H,

SH(K) C K and AH(K) CK®K.
Lemma 2.3. Define the subset K+ of H* by
K ={feH |(f,k)=0, VkeK },

where (, ) : H* x H — C is the dual pairing defined by (f,h) = f(h), f € H*,h € H.

Then K+ is an ideal of H*.

Proof. Let g be an element of K* and f an element of H*. Then the element gf of

H* is determiged by the equation
(9f,h) = (9® £, Lu(h)), Vh € H.
By virtue of Ag(K) c K® K, we get
(9f,k) = (9® f, Lu(k)) =0, Vk € K.

Therefore gf is an element of K*. Similarly, fg € KL. 0O
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By the above lemma, there exists the central projection p € H* such that K+ = pH*.

We put ex =1—p.

Proposition 2.4. With the above notation, the reduced algebra exH* is the dual

Hopf C*-algebra of K.
Proof. Suppose that k € K and (y,k) =0, Vy € exH*. Then

(f k) = (exf,k) + (pf, k) = (exf, k) =0, Vf € H".

Therefore k = 0. Conversely, suppose that y € ex H* and (y,k) = 0, Vk € K. Then '
y € K NexH* = {0}. Hence the form ( , )|eH-xx establishes a duality between
K and exH*. So we can identify ex H* with K*. Then for y € K* and ki, k, € K,

we have

(4, knka) = (D (3), b ® k)

= (An-(y)(ex ® ex), k1 ® ks).

Hence Ak-(y) = An-(y)(ex ®ex). Similarly, we have Sk. = Su-|k- by the fact that

(y*, k*) = (Su~(y), k), Vy € K*, Vk € K.
Therefore ex H* is again a Hopf C*-algebra with the dual algebra K. O

Theorem 2.5. Let H be a finite dimensional Hopf C*-algebra. The number of sub-

Hopf C’*-algebms of H is finite.
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Proof. By the above proposition, the map K + ex from the set of subHopf C*-
algebras of H to central projections of H* is injection. Since the number of central

projections of H* is finite, so is that of subHopf C* algebras of H. [

Remark. Since every finite dimensional Hopf C*-algebra (Kac algebra) admits an
“outer” action on the AFD II; factor [33], the above theorem immediately follows

from [30; Theorem 2.2].

Definition. Let H be any Hopf algebra.
(1) The left adjoint action of H on itself is given by
(adih)(k) = 3 hik(Su(ha)),

for all h,k € H.

(2) The right adjoint action of H on itself is given by

(adrh)(k) = > (Sr(ha))khe,

for all h,k € H.

(3) A subHopf algebra K of H is called normal if both

(adiH)(K) C K and (ad.H)(K) C K.

See [16, pp. 33].

The next proposition is useful later.
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Proposition 2.6. Let H be a finite dimensional Hopf algebra with a counit ey and
K a subHopf algebra of H. Then K is normal if and only if HKt = K+H, where

K*=KnNkereg.
See for a proof {16, pp. 35].

2.3. Bimodules. In this subsection we recall some facts a.Bout the bimodule calcu-
lus associated with an inclusion of type II; factors (see for example [20],[31]).

Let A, B,C be type II; factors and let & = 4Hgp,8 = 4Kg,7 = gLc be A-B,
A-B and B-C Hilbert bimodules, respectively. We write ay for the A-C Hilbeft
bimodule 4Hp ®p gLc. We denote by (@, () the dimension of the space of A-B
intertwiners from 4Hp to 4Kp. The conjugate Hilbert space H* of 4Hp is naturally

a B-A bimodule with B-A actions defined by
b-£*.a=(a"€h*)* forac A and be B,

where £* = (-,{)y € H* for £ € Hp. We denote by @ the conjugate B-A Hilbert

bimodule associated with c.

Proposition 2.7 (Frobenius reciprocity). Let A, B,C be type II, factors, and

o= 4Hp,f = K¢ and v = 4L¢c be Hilbert bimodules . Then

(@B,7) = {@,7B) = (B,a).

See for a proof [20], [31].
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Example 2.8. Let M be a type II; factor with the normalized trace 7. As usual
we let L?(M) be the Hilbert space obtained by completing M in the norm || z ||o=
\/m, T € M. Let n : M — L?(M) be the canonical implementation. Let
J : L*(M) — L*(M) be the modular conjugation defined by Jn(z) = z*, z € M.
For 6 € Aut(M), we define ,,L*(6),,, the M-M Hilbert bimodule,’by

(1) 4,L*(6);, = L*(M) as a Hilbert space,

(2) z-&-y=2JO(y)*JE, z,y € M, £ € L*(M).

“Then for 6,6;,6, € Aut(M) we have
mL2(6)y = ML2(0_1)M
ML2(91)M ?} ML2(02)M = ML2(0102)M .

A bimodule o = 4Hp is called irreducible if (@, @) =1, i.e., Enda p(4Hp) ~ C. If
(@, @) < 00, o = 4Hp, then we can get an A-B irreducible bimodule by cutting 4Hg

by a minimal projection in End4.5(4Hp).

Example 2.9. Let N C M be an inclusion of type II; factors. We define the N-M
bimodule ~L*(M),,by actions
z--y=aly*JE, €€ L*(M),ze N,ye M.
Then we can see that
End(yL*(M),,) ~ N'N M.

In particular, if N’ M = C, then ,L*(M),, is an irreducible N-M bimodule.
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The next lemma is well known.

Lemma 2.10. Let N C M be a pair of type II; factors with finite index and M, the
basic extension for the inclusion N C M. For 6 € Aut(N), yL*(M)y ) ~ yL*(M)y
if and only if there exists a unitary u € M, such that uzu* = 0(z), for all z € N,

where yL*(M)gyy s defined as in Example 2.9.

Exaniple 2.11. Let v : G — Aut(N) be an outer action of a finite group G on
a type II; factor N. Let M = N x, G be the crossed product and p the N-M
bimodule ,L?(M),, defined as in Example 2.9. If {),| g € G} is a unitary im-
plementation for the crossed product, then each element z € M is written in the
form z = ¥ cgz4Ag, Ty € N. This implies that the irreducible decomposition of

pp= NL*(M)y is

D N(N_)‘gll.ll?)N ~ @ v L (1)

geG geG

where , L?(y,)y is the N-N bimodule as in Example 2.8.

3. DEFINITIONA OF NORMAL INTERMEDIATE SUBFACTORS

In this section, we shall introduce the notion of normality for intermediate subfac-
tors and study its properties.
Let N C M be a pair of type II; factors with [M : N] <oco. Les NC M C M; C

M, be the Jones tower of N C M, obtained by iterating the basic extensions. We
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denote by F, Ocneanu’s Fourier transform from N'N M, onto M’ N M, i.e.,
Flz)=[M: N]‘%Eﬁ',(xeNeM), z € N'NnM,
where E}y, is the conditional expectation from N’ onto M'.

Definition 3.1. Let K be an interxhediate subfactor of N C M and ex the Jones
projection for the inclusion K’ C M. Then we call that K is normal in N C M if

ex and F(ek) are elements of the centers of N' N M; and M’ N Mj, respectively.

Lemma 3.2. Let K be an intermediate subfactor for an irreducible inclusion N ¢ M
of type 11, factors with finite index. Let K, and M be the basic eztensions for K C M
and N C M, respectively. Then K is normal in N C M if and only if K, is normal

in M C Ml.
Proof. Since F(ex) = Aek, for some A € C, it is obvious by the definition. [J

Proposition 3.3. Let N be the fized poiht algebra M(G®) of a type II, factor M by
an outer action a of a finite group G. If K = M(He) s gp intermediate subfactor
associated with a subgroup H of G, then K is normal in N C M if and only if H is

a normal subgroup of G.

Proof. Let {uy4| g € G} be unitary operators on L?(M) defined by uyn(z) = n(a,(z)),
z € M, where L?(M) and 7 are defined as in Example 2.8. Then N = M N {u,| g €
GY, My = (MU{uy| g € G})" and NNM, = {y]| g € G} ~ CG. Since

K =M% = M {un| € HY, the Jones projection ex for K C M is £ Ypep un.
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Since

1
Ugex Uy = i hz;I'Ulghg—l for any g € G,
€

H is a normal subgroup if and only if ex is an element of the center of N' N M;.
Since M’ N M, is a commutative algebra, F(ex) is always an element of the center

of M' N M,. So we get the result. O

Proposition 3.4. Let M be the crossed product N oG of a II, factor N by an outer
action o of a finite group G. If K = N %, H is an intermediate subfactor associated
with a subgroup H of G, then K is normal in N C M i f and only if H is a normal

subgroup of G.
Proof. This immediately follows from Lemma 3.2 and Proposition 3.3. O

Proposition 3.5. Let o : G — Aut(P) be an outer action of a finite group G on a
type 11, factor P and H a subgroup of G. Let M be the fized point algebra PH:2) gnd
N the fized point algebra PC). For K € L(N ¢ M ), there is a subgroup A of G
such that H C A C G and K = P4®). Then K is a normal intermediate subfactor

of N-C M if and only if AgH = HgA, for Vg € G.

Proof. Let {ug| g € G} be unitary operators on L?(P) defined by u,n(z) = n(c,(z)),
z € P, where L?(P) and 7 are defined as in Example 2.8. Let P, be the basic

extension for N C P. Then

N'NP ={) zyu, |z, €C}~CG.

9€G
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Let ef; be the Jones projection for M C P. Then
1
611:1 =g Up.
Let M; be the basic extension for N C M. Then by Lemma 2.2,

N' N M, ~ el (N'NP)ek,

={>_ D Toung | 2, € C}.

9€G h,keH
Therefore
‘ 1
e € Z(N'N M) & eebel (= ek = E31 > ug) € Z(ef (N' N P)eky)
acEA
S ) Ushgk =, 3 Ungka for Vg€ G
a€AhkeH a€AhkcH

& AgH = HgA for Vg € G.
Since M’ N M, is a commutative algebra, we get the the result. [I

Proposition 3.6. Let o : G — Aut(P) be an outer action of a finite group G on a
type I, factor P and H a subgrbup of G. Let M be the crossed product P x, G and
N the crossed product P XQH . For K € L(N C M), there is a subgroup A of G ;such
that HC A C G and K = P x, A. Then K is a normal intermediate subfactor of

N C M if and only if AgH = HgA, for Vg € G.
Proof. This immediately follows from Lemma 3.2 and the above proposition. [

Proposition 3.7. Let N C M and Q C P be irreducible inclusions of type II, factors

with finite indices. Then both of NQ P and M ®Q are normal intermediate subfactors
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f N®QC M®P.

Proof. Let My = (M,ey) and P, = (P, eq) be the basic extension for N ¢ M and
Q C P with the Jones projections ey and eq, respectively. Then M; ® P, is the basic
extension for N ® Q C M ® P with the Jones projection ey ® eq. Moreover, ey ®1
and 1 ® eq are the Jones projections for N PC MQPand MRQ C M ® P,
respectively. Since N ¢ M and Q C P are irreducible, ey and eq are elements of the
centers of N'NM; and Q'N Py, respectively by [21, Proposition 1.9]. And hence exy®1
and 1 ®eq are elements of the center of (N®Q)'N(M1® Py) = (N'NM;) ®(Q'NPy).
Similarly, we can observe that F(ey ® 1) and F(1 ® eg) are elements of the center
of (M ® P)'N (M, ® P;), where M; and P, are the basic extension fbr M C M; and

P C P, respectively. We have thus proved the proposition [

In [30] Y. Watatani introduced the notion of quasi-normal intermediate subfactors

to study the modular identity for intermediate subfactor lattices.

Definition. Let N C M be an inclusion of type II; factors with finite index and K an
intermediate subfactor of N C M. Then K is quasi-normal (or doubly commuting)

if for any L € L(N C M),

K <Cc KvL

KAL C L



18 : TAMOTSU TERUYA

and

K, C KiyVvI
U U

KinL, C’ Ly

are commuting squares (see for example [5]), where K; and L, are the basic extension

for K C M and L C M, respectively.

Proposition 3.8. Let N C M be an irreducible inclusion of type IL; factors with
finite index. If K is a normal intermediate subfactor of N C M then K is quasi-

normalin NC M

Proof. Suppose that the Jones projection ex for K C M is an element of the center
of N'N M;. Then since for any intermediate subfactor L of N C M, the Jones
projection efVL for K C (K Vv L) is also a central projection in K’ N (K Vv L)y, we

have

K ¢ KVIL
U U
KAL C L

is a commuting square. Similarly, if F(ex) is an element of the center of M’ N Mo,
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then

Kl - Kl \% L1
U U
KinL, C L,

is a commuting square. Therefore if K is normal in N ¢ M , then K is quasi-

normal. [J

We have a characterization of normal intermediate subfactors in terms of bimod-
ules. Let K be an intermediate subfactor of an irreducible inclusion N C M of type
II; factors with finite index. We note that ey is in the center of N’ N M if and only

if for any T € End(yL3(M),), TL*(K) C L*(K).

Proposition 3.9. Let K be an intermediate subfactor for an irreducible inclusion
N C M of type II, factors with finite index. Let o be the N-K bimodule v (K) g
and 3 the K-M bimodule xL*(M),.. If p is the N-M bimodule aff = yL*(M),,,

then‘K is normal in N C M if and only if

(1) {o@, Pﬁ) = (o@, oq),

(2) (BB, pe) = (BB, B0).
Proof. Since End(yL*(K),) = N' N (N, eX) ~ ex(N' N My)ex by Lemma 2.2, if ex
is an element of the center of N’ N M;, then for any irreducible N-N bimodule o

contained in o@, the multiplicity of o in o@ is equal to the multiplicity of o in pp.
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Therefore we have
(a@, pp) = {(a@, a@).
Conversely, suppose that ek is not an element of the center of N’ N M;. Then there

exist minimal projections p,q € ex(N' N M;)ex such that
p~gqgin (N'NM;) and p o qinex(N'NM,)ek.

Therefore we have
(a@, pp) # (0@, o). |

And hence ex is an element of the center of (N’ N M;) if and only if
(e, p7) = (o, o).

Similarly, we can see that ek, is an element of the center of (M’ N M) if and only if
(88, pp) = (BB, BB)-

Since F(ex) = Aeg, for some A € C, we get the result. [

Theorem 3.10. Let K be an intermediate subfactor for‘an trreducible inclusion N C
M of type I, factors with finite indez. If the depths of N C K and K C M are both

2, then K is normal in N C M.

Proof. Let o be the N-K bimodule yL?(K)g and 3 the K-M bimodule , L?(M),,.

By the assumption, we have

cca~adad---Da
[K:Nltimes
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and
BB~Bopfo---@F.
[M:K]times
And hence
(a@, a@) = (ada,a) = [K : N]
and

(BB, BB) = (BAB,B) = [M : K|
by Frobenius reciprocity. Since N C M is irreducible, if p is the N-M bimodule
wL2(M) /(= 0f), then
1=(p, p) = (af, aB) = (@, BP).

And hence we have

-~ (o@, pp) = (o, 03Bc)

= (oitia, aff)

= [K : N|(e, o3B)

= [K : N]{aa, BB) = [K : N],
ie.,

(aa, pp) = (o, o).
Similarly, we have

(BB, o) = (BB, BB)-

So we get the result by Lemma 3.9. [J
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Proposition 3.11. Let My, Ny, K be intermediate subfactors for an irreducible in-

clusion N C M of type II; factors with finite indez such that
NCNcKcMcM.
If K is normal in N C M, then K is also normal in Ny C M,.

Proof. Let o -= NP (E)g, a0 = q LA(K)g, B = L?(M),, and §y = KL(MO)MO'
‘Since .
o = NLZ(K)K Ok KLz(K)N = NL2(K)K ® KLz(K)K ®k KL2 (K)N’
we have
(0T, a@) = (@oaca, L*(K)g)

by Frobenius reciprocity. Since (o@, aoffa) = (o, a@) by the assumption, we have

(o, fB) = (aoaa, KLZ(K Yx)s
i.e., the irreducible K-K sub-bimodules of @o@a contained in 43 is only w2 (K) -
Since @gay is contained in @ and Byf, is contained in 33, we have

(@awg, Bofo) = (B, KLz(K k)

ie.,

(@, crofoBoa) = (T, Coip).

By the same argument, we have

(BoBo, BetcoBo) = (Bolo, Bolo)-
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We have thus proved the proposition. [

4. NORMAL INTERMEDIATE SUBFACTORS FOR DEPTH 2 INCLUSIONS

It is well-known that the crossed product of a finite dimensional Hopf C* algebra
(Kac algebra) is characterized by the depth 2 condition. In this section we study

normal intermediate subfactors for depth 2 inclusions.

4.1. The action of K'NK; on M. Let N C M be an irreducible, depth 2 inclusion
of type II; factors with finite index. vLet N C M C M; C M, be the Jones tower for
N C M. Weput A= N NM; and B= M'NM,. Then A and B are dual pair of

Hopf C*-algebras with a pairing
(a,b) = [M : N]?>r(aepend), fora € A and b € B,

where ey and eps are the Jones projections for N C M. and M C M, respectively.

Define a bilihear map A x M — M (denoted by a ® z) by sgtting
a@z=[M: N]E%l(ame{v),
for « € M and a € A This map is a left action of Hopf C* algebra A and
N=MA={x€M|a®:v=_s(a)a:; Va € A},

where £ : A — C is the counit determined by aey = e(a)en (see [28]).
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Proposition 4.1. Let K be an intermediate subfactor of N C M and K, the basic

extension for K C M. We put H=K'N K. If a is an element of H, then
[M : K|Ef (azex) = [M : N|EM: (azey), Vz € M.
This implies

K=M"={zeM|a®z=¢(a)r, Vac H }.

Proof. Since ex = %—ﬂa}E (eN)by [26], we have

[M: N]
M : K\EE (a:ceK) [M : K|E¥ (a:c[M K]E !(en))
=[M: N]Eﬁ‘(EK‘(aweN))

= [M : N|Ejy; (a:ceN)

forVae HandVz e M.

4.2. Hopf algebra structures on K'N K;. Let N C M be an irreducible, depth
2 inclusion of type II; factors with finite index and K an intermediate subfactor of
N C M. Then the depth éf K C M is not 2 in general. In this subsection we shall
prove that if the depth of K C M is 2, then H = K' N K] is a subHopf C* algebra
of A= N'nN M.

By Lemma2.2, there exists an isomorphism ¢ of K, onto ex, Myek, such that
¢(z) = zek, for z € K, and p(eh!) = ey, where K ¢ M C K; C K, is the Jones

tower for the inclusion K C M and ek} is the Jones projection for M C K;.
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Lemma 4.2. With the above notation, we have
[M : KPPr(hejtexk) = [M : NP*r(heyeno(k))
forYVhe H=K'NK,; andVk € M' N K,.

Proof. By the fact that ek, evex, = E}g‘(eN)eK1 = %exem, we have p(ex) =

M:N
EKEK; = Iﬁ{?}elﬁ enek,. Therefore

[M : KJ*r(heftexk) = [M : KP[K : Nlr(p(heXiexk))

" =[M:K])[K: N {% z}T@p(h)eMemeNemw(k))

= [M : N*r(hemenep(k)).
O

Lemma 4.3. Let N C M be an irreducible, depth 2 inclusion of type IT, factors with
finite indez and K an intermediate subfactor for NC M. Let NC M C My C M,
and K C M C K; C K; be the Jones towers for N C M and K C M, respectively.
If the depth of K C M is 2, then for any b € M'NM,, there ezist elements {z;}, {y;}
of N N M; such that
b=7) ziemy;
i
and

ZEIAéI ("’i)el\l-EIA{lx1 (%) € (K' 0 Ky)en(K' N Ky),

where Efé‘ is the trace preserving conditional expectation from M; onto Kj.
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Proof. Since the depth of N C M is 2,

(N'nMy)epn(N' 0 M) = N'n M,.
And hence any element b € M' N M, is; written ih the form

b= ziemy, iy €N NM,.

i

Since the depth of K C M is 2,

(K'NKy)er (K'NK;) = K' N Ky,
where efj is the Jones projection for M C K;. By Lemma 2.2, we have

(K' N Ky)em(K' N Ky) = ek, (K' N M;)ex, .

Therefore we have

e, bek, = ek, (D_ riemyi)ex,
[

= Z ER (z:)emER () € (K' N Ky)en(K' N Ky).

we have thus proved the lemma. [

Proposition 4.4. Suppose that the depth of N C M is 2. Let K be an intermediate
subfactor for N C M and K, the basic extension for K C M. If the depth of K C M

is 2, then H = K' N K, is a subHopf algebra of A= N' N M.

Proof. Let S4 be an antipode of A, i.e., S4 : A — A is an anti-algebra morphism

determined by

(Sa(a),b) = (a*,b*) for Ya € A and Vb€ B = M' N M,.
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Since BeyB = N' N M, by the assumption, for any a € A, there exist z;,y; € B
such that a = 3, zieny;. Then S4(a) = ¥; wenz; (see for example [28]). vBy the
assumption and Lemma 4.2, H and BeK1 = ek, Bek, are the dual pair of Hopf

algebras with a pairing
(h,k) = [M : Nr(heyenk) for Vh € H and Vk € B, .

By the fact that p(ex) = {-ﬁ%exleNeK” for h € H, there exist s,,t, € Be,, such
that hex, = p(h) = ¥, snentn, where @ is defined in Lemma 2.2. Then for Vb € B,

we have

(SA(h)7b) = (h*1b*)
= [M : N*r(benenh)

= [M : NJ?Y" r(benemsnents,)

n

=[M : N1y 7(bE3; (emsn)entn)

n

=[M: NP 7(emsn)(bentn)

n

= [M : N]D_ (emsn)T(bts).

n

Since Sy (h)ek, = .S’H,K1 (hek,) = L tnensn by the fact that ex, € H', we have, for
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Vb € B,
(SH(h),b) = [M : ]V]z‘l'(SHgK1 (heKl)eMer)

= [M : NP*Y r(trensaemend)

n

= [M : N]>_ 7(snem)7(tab).
n
Therefore we have S4(h) = Sy(h) € H, i.e., S4(H) C H.
Let A4 be a comultiplication of A4, i.e., Ay: A - A® A is determined by
(a, b1b2) = (AA(G),bl ® bz) for Vb, b, € B.

For h € H, we denote A 4(h) by 2(n) h(15®h(2). Since ey = ex,em and ex, h = hek,,
we have

(h,b) =[M : N]2'r(heK16Mer)
(4-1) = [M : N]2T(heMer€K1)

= (h, beg,) for Vh € H and Vb € B.

Since ek, is an element of the center of B by the proof of Theorem 3.10, we have

(h,b1b2) = (h,biex, brek,)
= (A4(h),biek, ® breg,)

=Y (hw, biex, ) (he), beex,)
(h)

= Z[M : N]2T(eK1h(1)eMer1)[M : N]z'r(eKIh(z)eMerg)
(h)

= Y (B (hqy), b1 ) (B (hegy), bs), for Vby,bs € B.
(h) |
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Since Y(n) Sa(hq))esmhz) € B by [28], we have
AA(H) CH®H

. by Lemma 4.3. We have thus proved the theorem. [7J

Theorem 4.5. Let N C M be an irreducible, depth 2 inclusion of type II, factors
with finite indez and K an intermediate ksubfactor for NC M. Let NC M C
M, € My and K C M C K, C K, be the Jones towers for N C M and K C M,
respectively. Then the depth of K C M is 2 if and only if ek, is an element of the

center of M' N M, where ek, 1s the Jones projection for K; C M.

Proof. Suppose that the depth of K C M is 2. Then by the proof of Theorem 3.10,

ek, is an element of the center of M’ N M,.

Conversely, suppose that ek, is an element of the center of M’ N M,. Then for any

h € H= K'N K;, we have

(Sa(h),b) = (h*,b*)
= [M : N]*r(benenh)
=[M: N]zfr(eKIbexleNth)

= (Sa(h),ex,bek,) forVbe B= M'NM,
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and hence S4(H) C H. Similarly, for any h € H, we have

(As(h),z @ y) = (h,zy)
= (h, ek, rek,yex,)

= (Aa(h), ex, ek, ® ex,yek,) for Ve,y € M'N M,

and hence A4(H) C H ® H. Therefore H is a subHopf algebra of N' N M;. By

Proposition 4.1, we have K = M¥. So the depthof K c M is 2. O

Corollary 4.6. Let N C M be aﬁ irreducible, depth 2 inclusion of type IL, factors
with finite index and K an intermediate subfactor for N ¢ M. Let N C M C
My C M; and K C M C K, C K, be the Jones towers for N C M and K C M,
respectively. The depth of N C K is 2 if and only if ex is an element of the center

of N' N\ My, where ek is the Jones projection for K C M.

Proof. Let K_; and N_; be the tunnel constructions for N ¢ K and N C M,
respectively. Then the depth of N_; C N is 2 and, the depth of N ¢ K is 2 if
and only if the depth of K_; C N is 2. And hence, by Theorem 4.5, we get the

corollary. O

Theorem 4.7. Let N C M be an irreducible, depth 2 inclusion of type II, factors
with finite index and K an intermediate subfactor for N C M. Then K is a normal
intermediate subfactor of N C M if and only if the depths of NC K and K C M

are both 2.
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- Proof. This immediately follows from Theorem 4.5 and Corollary 4.6. O

Theorem 4.8. Let N C M be an irreducible, depth 2 inclusion of type II; factors
with finite index and K an intermediate subfactor for N C M. Then K is a normal
intermediate subfactor of N C M if and only if K’ n K, is a normal subHopf algebra
of N' N M,, where Ky and M, are the basic extensions for N C M and K ¢ M ,

respectively.

Proof. Suppose that K is a normal intermediate subfactor of N € M. Then H =
K'N K, is a subHopf algebra of A = N’ N M; by Proposition 4.4. Let eg is a counit

of H. Then
zex = eg(z)ex forz € H.

Therefore H* = H Nkerey = H(1 — ek). Since (1 — ex) is an element of the center

of A by the assumption, we have
HYA=AH*.

Hence H is a normal subHopf algebra of A by Proposition 2.6. Conversely, we suppose
that H is a normal subHopf algebra of A. Then by Proposition 4.4 and Theorem
4.5, ek, is element of the center of M' N M,. Since H* = H(1 — ex), we have
(1 —ex)A = A(1 — ex) by Proposition 2.6. This implies ex is an element of the -

center of N' N M; and hence K is a normal intermediate subfactor of N ¢ M. [J
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4.3. Lattices of normal intermediate subfactors. Let N ¢ M be an irreducible,
depth 2 inclusion of type II; factors with finite index. In this subsection we shall prove
that the set of all normal intermediate subfactors of the inclusion N ¢ M , denoted
by N(N C M), is a sublattice of L(N C M). Moreover, N(N C M) is a modular

lattice.

Lemma 4.9. Let L and K be intermediate subfactors of N C M and L, and K,
the basic extensions for L C M and K C M, respectively. Then the basic extension
(LAK), for (LAK) C M 4s L1V K, and the basic extension (LVK); for (LVK) C M

s L1 A K;.
Proof. By the fact that (L N K)' = (L' U K')", we have
(LAK), =J(LAK)YJ =L, VK.
Similarly, by the fact that (LU K)' = L' N K', we have |
(LVK); =J(LUK)'J =L, AK;.
= .
We note that if we denote by e4 the Jones prqjection for A C M, then for L, K €
L(N C M), we have epax = er, Aeg. But ervk # er V ek in general (see [26]).

Theorem 4.10. Let N C M be an irreducible, depth 2 inclusion of type II, factors
with finite indez. Then the set of all normal intermediate subfactors N(N C M) is

a sublattice of L(N C M)



NORMAL INTERMEDIATE SUBFACTORS 33

Proof. Let L and K be normal intermediate subfactors of N C M. Since er and ex
are elements of the center of N' N M; by the assumption, we have ey gy = ep Aeg €

Z(N' N M) by the above argument. Observe that
(LVK)YN(LVK),=(L'NnL)N (K NK,).

Since. L' N L; and K' N K, are invariants ﬁndef the left and right adjoint action
of N' N M; (see Definition 2.2), so is (L VK)Y N(LV K),. Therefore we can see
that (L V K)'N(LV K); is a normal subHopf algebra N’ N M; by the definition.
Since L V K is a normal intermediate subfactor of N ¢ M by Theorem 4.8, we have
ervk € Z(N' N M;). Applying the same argument for the dual inclusion M C M,

we conclude that LAK and LV K are normal intermediate subfactors of N ¢ M O

Corollary 4.11. Let N C M be an irreducible, depth 2 inclusion of type I, factors.

Then N(N C M) is a modular lattice.

Proof. This immediately follows from Proposition 3.8, Theorem 4.10 and [30, Theo- A

rem 3.9]. O

Theorem 4.12. Let N C M be an irreducible, depth 2 inclusion of type II; factors
with finite index. Then every mazimal chain from M to N in N(N C M) has the

same length, i.e., for A;(i = 1,2,...,m), B;(j = 1,2,...,n) € N(N C M), if

M=A>A>--->A, =N
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and
M=Bo>Bl>"'>Bn=N,

then m = n, where X > Y means X DY and X D K D Y, implies K = X or

K =Y for X,Y,K e N(N C M).

Proof. Since we have the Jordan-Dedekind chain condition holding in modular latte-

ces, this immediately follows from the previous corollary. O

Example 4.13. We denote by S, the symmetric group on n letters, z;, 5, - y T
and o = (1,2,3,---,n) the element of S, with order n and (s) the cyclic group
generated by 0. Let v : S, — Aut(P) be an outer action of S, on a type II; factor
P and let |

N=P*" CM=Px,S1.

Then we can see that S, = S,_1(0) = (0)Sp-1 and S,—;1 N {(¢) = {e}. Therefore
the depth of N C M is 2 (see [25, 32]). We put K = P x, A,_1, where A,_, is the
alternating group consists of the even permutations on z;,zs,...,2Zn—;. If n is odd,
theﬂ the length of N(N C M) is 3 and if n is even, then that is 2 (we shail show this

fact later in Example 5.4).

5. SOME EXAMPLES

In this section we shall give some examples of normal intermediate subfactors and

non normal ones.
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5.1. Group type inclusions. Let v : G — Aut(P) be an outer action of a discrete
group G on a type II; factor. Let A and B be finite subgroups of G such that
AN B = {e}. Let N be the fixed point algebra P(4" and M the crossed product
P x., B. Then N C M is an irreducible inclusion by [2] and P is normal in N ¢ M

by Theorem 3.10. In this subsection we consider inclusions of this type.

Proposition 5.1. With the above notation, let H be a subgroup of B and K the
crossed product P x H. Then K is normal in N C M if and only if H is a normal

subgroup of B and AHNBA=AHN HA.

Proof. Let @ = ,L*(P), and 8 = pL*(M)y,. Let B = pL*(K), and B, =

xL*(M),;. Then we have

00 = Dgca pLz('Ya)p
BBy = ®ner pL*(W)p |

BB = ®reB pL* (1) ps
as in Example 2.11. Since AN B = {e}, we have

(ab=a't!, a,a’ € A, b}’ € B) <> (a =a' and b=1V).
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Therefore if p = ,L?*(M),,(= aB), then

(apfi(aBr), pP) = (aB1 B, T, a i)
= <ﬁaﬂ1,_3-1,ﬁﬁaa>

= #(AH N BA)

and

(efi(apr), afi(0fy)) = (@afiBy, bifaa)
=*#(AH N HA).
Hence ex € Z(N'N M) if and only if (AH N BA) = (AH n HA) by Proposition 3.9.
Suppose K is normal in N C M. Then K is also normal in P C M by Proposition

3.11. Therefore H is a normal subgroup of B by Proposition 3.4. Conversely, if H is

a normal subgroup of B, i.e., the depth of K C M is 2, then we have

(B262,Pp) = (B2, BaBracfs Bs)
= (B2B2 2, Bracf:)
= [B : H[{B2,, B1Gief31)
=B : H] = (B2, B,2)-

This proves the proposition. [J

Let G be a finite group with two subgroups A, B satisfying G = AB and ANB =

{e}. By the uniqueness of the decomposition of an element in G = AB = BA, we
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can represent ab for a € A,b € B as
ab = a,(b)Bp-1(a” 1)1 € BA.

Then the matched pair (4, B, , 8) appears (see for example [25]).

Proposition 5.2. Let (A, B, o, 3) be the matched pair defined as above and let -
M =P x,B> N =P = {z ¢ Ply,(z) = z,Va € A},
where vy is an outer action of G on II, factor P. Then the depth of N C M is 2.

See for a proof [25, 32].

Theorem 5.3. Let G be a finite group with two subgroups A, B satisfying G = AB
and AN B = {e} and (4, B, qa,B) the associated matched pair. Let v : G — Aut(P)

be an outer action of G on a type I factor P and let
M =P xy, B> N=PA4M = {z € Ply,(z) = z,Ya € A}.
If H is a subgroup of B and K = P x, H € L(N C M), then K is a normal

intermediate sdbfactor for N C M if and only if
(1) H is a normal subgroup of B,
(2) ao(H)=H, Va€ A, i.e., AH=HA
In particular, if G is a semi direct product B x A, then K is a nbrmal m N CMif

and only if H is a normal subgroup of G.
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Proof. Since BA = AB = @, we have (AH N BA) = AH. By Proposition 5.1, we
have K is normal intermediate subfactor in N C M if and only if H is a normal

subgroup of B and (AH N HA) = AH, i.e., AH = HA since *HA=#AH. O

Example 5.4. Let N = P* C M = P x., S,_; be the irreducible inclusion defined
as in Example 4.13. The depth of N C M is 2 by Proposition 5.2. We put K =
P x, A,_,. If n is odd, then o is an even permutation and we can see that A4, =
Apn_1(0) = (0)Ap—1. Therefore K is normal in N C M by Theorem 5.3. If n is even,
then o is an odd permutation. Since the product of an even and odd permutation in
either order is odd, and the product of two odd permutation is even, A,_;(o) is not
subgroup of S, and hence A,_1(0) # (¢)An_1. Therefore K is not normal in N ¢ M
by Theorem 5.3.

Since S;,—1 is a maximal subgroup of S,, we have if (¢*)S,_; = Sp_; (o*), then
(o%) = (o) or k = 0( mod n), i.e., there is no normal intermediate subfactor K of

N C M such that N G K G P by Theorem 5.2,

Remark. By Example 5.4, we have completed the proof of Example 4.13.

5.2. Strongly outer actions and intermediate subfactors. In this subsection
we shall study relations between strongly outer actions introduced by Choda and
Kosaki [3] and normal intermediate subfactors.

Let N C M be a pair of type II; factors, and we set

Aut(M,N) = { 6 € Aut(M) | 6(N) = N }.
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Let
N(= M_,) C M(= My)cMycMcC---
be the Jones tower of the pair N C M, and ex(€ M;) the Jones projection for the

pair Mi_» C My_;. Then each automorphism 6 € Aut(M, N) is extended to all M,

subject to the condition 6(e;) = e;.

Definition. An automorphism 6 € Aut(M,N) is said to be strongly outer if the

following condition is satisfied for all & > —1: -
a € M, satisfies az = 0(z)a for all z € N => ¢ = 0.

An action o of a group G into Aut(M, N) is said to be strongly outer if oy is strongly

outer for all g € G except for the identity e.

For 6 € Aut(M, N), let  L?(6), be the N-N bimodule as in Example 2.8. M. Choda

and H. Kosaki [3] gave the next characterization of strongly outer automorphisms.

Theorem. For € Aut(M, N), if  L*(d),, does not appear in the irreducible decom-
position of (pp)*, k = 1,2,..., then @ is strongly outer, where pis thé N-M bimodule

NLA(M),.

Lemma 5.5. Let B C A be ian irreducible pair of type Il factors with finite indez.
Let v : G — Aut(A, B) be an outer action of a finite group G and o = 5 L*(A) a If
aa # ,L*(v,), for all g € G except for the identity e, then B' N (Ax,G)=C. In

particular, if vy is strongly outer, then B C A x., G is irreducible.
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Proof. Let § = ,L*(A x.,, G) ax,c and p= gL*(A %, G) ax,c (= aB). Then we have
BB = 4L} (A%, G), ~ gEEBG Al (V)4

Therefore

(P, p) = (B, af)
= (aa, AB) = 1.

This implies that B'N (A %, G) =C. 0O

Proposition 5.6. Let B C A be an irreducible pair of type II factors with finite
indez. Let v : G — Aut(A,B) be an outer action of a finite group G and a =
BL?(A)4. Then A is normal in B C A x, G if and only if @oda ¥ aL*(7g) 4 for all

g € G ezcept for the identity e.

Proof. Suppose that Goao ¥ ,L?*(7,), for all g € G except for the identity e. Let

B=4L*(A%yG),, gand p= gL*(A x, G) ax,c (= @f). Since G ~ g?c AL2 (V) 40

we have

(a@, pp) = (a@, o f0)
= (aadio, 4B)

= (@oda, ,1*(A),) = (a@, ad).
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Since (8B, @) = 1 by Lemma 5.5, we have
(BB, Pp) = (BB, BacB)
= (BBB, aap)
= *G(BB, ae)
=*G = (BB, BB).

Therefore A is normal in B C A 1, G by Lemma 3.9.

Conversely, suppose that @o@a > ,L*(y,), for some g(# €) € G. Then we have
(a@, pp) = (@oaa, BP)
2 (aoda, ,[*(A),) = (oq, am).
And hence A4 is not normalin BC A%, G. O

Theorem 5.7. Let B C A be an irreducible pair of type II, factors with finite indez.
Ify: G — Aut(M, N) is a strongly outer action of a finite group G, then A is normal

intermediate subfactor for the inclusion B C A %, G.
Proof. This immediately follows from the previous proposition. [

Example 5.8. Let B C A be an inclusion of type II; factors with the principal graph

EG’
) o,

[ e
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We put o = 5L%(A),. Then we have

aoao > ,L*(6),.

By Proposition 5.6, A is not normal in B C A xg Z/2Z.

[

10.
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