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AN INFINITESIMAL APPROACH
TO THE STABLE COHOMOLOGY
OF THE MODULI OF RIEMANN SURFACES.

NARIYA KAWAZUMI

Department of Mathematics, Faculty of Science,
Hokkaido University, Sapporo, 060 Japan

ABSTRACT. In this note we review an infinitesimal approach to the stable coho-
- mology of the moduli of compact Riemann surfaces by means of complex analytic
Gel’fand-Fuks cohomology of open Riemann surfaces. Under a hypothesis (a certain
kind of the Frobenius Reciprocity Laws) we prove the (p, ¢)-equivariant cohomology
of the dressed moduli of compact Riemann surfaces coincides with the polynomial al-
gebra generated by the Morita-Mumford classes en = &n (n > 1) [Mo] [Mu] for p > q.
This suggests it is reasonable to conjecture that the stable cohomology algebra of the
moduli of compact Riemann surfaces would be generated by the Morita-Mumford
classes e5’s. For a more detailed description the reader is referred to [Kal,2,4,5].
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INTRODUCTION.

The Riemann moduli space M, of compact Riemann surfaces of genus g > 2, i.e.,
the complex analytic space of all isomorphism classes of (almost) complex structures
on the 2-dimensional closed oriented C'*°-manifold %, of genus g, is one of the most
important objects not only in complex analytic geometry but in low-dimensional
topology. In fact, in view of the contractibility of the Teichmiiller spaces, we have
a natural isomorphism of rational cohomology algebras [EE]:

H*(M,;Q) = H*(BDiff* T,; Q)

= {rational characteristic classes of oriented £,-bundles}

The group Difft £, means the topoplogical group consisting of all orientation-
preserving d1ﬁ'eomorphlsms on the manifold ¥, endowed with C*°-topology.

The Harer stability theorem [H] [I1] states that the g-th rational cohomology
group H9(M,; Q) does not depend upon the genus g if ¢ < g/2. This enables us to
consider the stable cohomology group of the moduli of Riemann surfaces

lim H*(M,; Q).
g—oo

As was established by Miller [Mi] and Morita [Mo] independently, a polynomial
algebra in countable many generators e,’s (n € N>1) is imbedded in the stable
cohomology group

(0.1) Qlewin 2 1] C lim H*(My;Q)

Here e, = k, € H?"(M,;Q) is the n-th Morita-Mumford characteristic class de-
fined as follows [Mo] [Mu]. Let C; — M, denote the universal family of compact
Riemann surfaces of genus g and let ¢ € H%(C,) be the Euler class (the first Chern
class) of the relative tangent bundle Tc,/m,- The n-th Morita-Mumford class e, is
defined as the fiber integral of the (n + 1)-th power of the class e:

(0.2) e = / " € H2(M,; Q).
fiber

Though it has been studied energetically by ma,ny mathematicians, the entirety of
the stable cohomology algebra remains to be clarified. The purpose of this note
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is to review an infinitesimal approach to the stable cohomology of the moduli of
compact Riemann surfaces, which gives an affirmative evidence to the conjecture
that the stable cohomology algebra of the moduli of compact Riemann surfaces
would be generated by the Morita-Mumford classes e, = &, s, n>1.

Our approach is based on an observation of Kontsevich [Kon] and Beilinson-
Manin-Schechtmann [BMS]. We follow the formulation given by Arbarello-
DeConcini-Kac-Procesi [ADKP). Let p > 0 be a fixed positive real number. In-
stead of the moduli M, consider the moduli space M g, of triples (C, p, z), where C
is a compact Riemann surface of genus g, p € C and z is a suitable complex analytic
coordinate centered at p (§1.2). The space M, , is (homotopy equivalent to) the
classifying space of the topological group Diff*(Z, ;) of all orientation-preserving
diffeomorphisms of the surface Iy, := I, — (interior of an imbedded disk) fixing
the boundary pointwise (endowed with C'*°-topology):

M, = BDiﬁ+(2y,1)-
As a consequence of the Harer stability theorem quoted above we have
H*(M,,,;Q) = H*(M,;Q) for * < g/2.

Beilinson-Manin-Schechtmann and Kontsevich observed that the Lie algebra o p
of all complex analytic vector fields defined near {z € C;0 < |2|] < p} acts on
the dressed moduli M, , infinitesimal homogeneously (§1.4). We study the stable
cohomology of M, , through this action.

Let C'™ be a once punctured compact Riemann surface and L(C*) the Lie algebra
of all complex analytic vectors on C*. We compute the g-th cohomology group of
L(C™) with coefficients in the complex analytic quadratic differentials on the p-fold
product space (C*)? for the case p > ¢ (Theorem 4.4.3). The cohomology group
vanishes for p > ¢, and, for p = ¢, it forms a trivial constant sheaf on the dressed
moduli My, , of compact Riemann surfaces of genus g. (The stalk does not depend
on the genus g.) Through the infinitesimal action of 9, this induces a natural map
of the cohomology group for p = ¢ into the (p, p)-cohomology of the moduli My,
(§2.3). We proved the map is a stable isomorphism onto the subalgebra generated
by the Morita-Mumford classes e, = k,’s (Theorem 2.4). This gives an affirmative
evidence for the conjecture stated above (Theorem 3.4). o

In §§5 and 6 we study the (dressed) Picard variety F, , on the universal curve
over the dressed moduli M, , following Arbarello et.al.[ADKP]. Similarly we have

F,, = B(H:\(%;Z) x Diff* &, ,).

Instead of 0, the Lie algebra D, of all complex analytic differential operators of
order < 1 defined near {z € C;0 < |z| < p} acts on the Picard variety F .
We obtain the vanishing of the g-th cohomology of the Lie algebra of all complex
analytic differential operators of order < 1 on C* with coefficients in the complex
analytic alternating 1-jets of 1-forms on the p-fold product space (C*)? for the
case p > ¢ (Theorem 5.1). Our computation for the diagonal part (p = ¢) is
incomplete. In §6 we compute the stable rational cohomology of F, , modulo that
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of Mg p (Theorem 6.0). Then we introduce the generalized Morita- Mumford class
mi; € H2'+2J‘2(Fg pZ), (1,5 2 0,143 > 2). When ] = 0, the class m,+1 o is
equal to the i-th Morita-Mumford class e;. The class m;; ;'s are contained in the
image of the diagonal part (p = ¢). It is unknown whether the diagonal part is
stably isomorphic to the polynomial algebra generated by mi;’s.

1. Homogeneous structure on the dressed moduli.

1.1. Infinitesimal action.

First of all we review the notion of an infinitesimal action of a Lie algebra on a
manifold. Let M be a (possibly infinite dimensional) complex analytic manifold on
which a Lie algebra g acts complex analytically. This means a homomorphism of
Lie algebras

p: g — Vect(M),

called the action, is given, where Vect(M) denotes the complex Lie algebra of
complex analytic vector fields on M. The kernel of the composﬂ;e of the evaluation
map ev, at a point £ € M and the action u '

evgopu:g— Vect(M) - T, M

is denoted by g, and called the isotropy subalgebra of g at the point ¢ € M. We
call the action s homogeneous when the composite map ev, oy is surjective at each
point z € M.

1.2, Dressed moduli M, ,. :
Now we define the dressed moduli- M, ,. For a non-negative real number p > 0
we denote
D,:={2€C;lz| <p}, D,:={z€C;lz| < p},
D;:={2€C;0< |z|] < p} and 35:: {z € C;0 < |z| < p}.
Fix an mteger g 2 0. The dressed moduli My , of compact Riemann surfaces
of genus g is the space cons1st1ng of all triples (C, p,z), where C is a compact

Riemann surface of genus g, p is a point of C, and z is a complex coordinate of a
neighbourhood U of p satisfying the conditions

(1.2.1) z(p) =0 and z(U)j'D_,,.

For a point (C,p,z) € M, ,, we denote

C*:=C—-{p}, Cp,:=C- z_l(D_p) and

Cop= |J Cn Cl= |J o~
(C,P,z)eMg,p (CaP:z)GMg I3

Dg, = U —D?=M,,XDXCCX

(C’P,z)EMy,p
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We have inclusions Cy,, C C, and Dg,p C C;, and a natural projection , , :
Crlp = Mgy, (C,p,z,p1) — (C, p,2). Each of these spaces has a natural fiber
structure over M, , through the projection =, ,.

1.3. Lie algebra ?,.

Let L(U) denote the topological Lie algebra consisting of all complex analytic
vector fields on an open Riemann surface U with the Fréchet topology of uniform
convergence on compact sets. The closed subalgebra consisting of all vector fields
which have a zero at a (fixed) point p; € U is denoted by L(U, p; ). The topological
Lie algebra 0, is defined by

= lim L(D,,),
PllP
which is endowed with the inductive limit locally convex topology [G,TVS] [Ko]
[Kol].

1.4. ?,-action on the dressed moduli.
Now we introduce the infinitesimal action [BMS] [Kon] of the topological Lie
algebra 9, on the spaces My , and C,, following the formulation in [ADKP](3.19).
Fix X €9, and (C,p,2) € M, , (resp. (C,p,z,p1) € Cy, e, (Cyp,z) € My,
and p1 € C* = C — {p}.) For some p; > p; > p, 2(U) includes D,,, and the
integral expeX : Dj — D3 of the vector field X exists for sufficiently small
complex number e. A complex analytic path

e (C(e),p(e), 2(€)) € My,,, (resp.— (C(e),p(e),z(e),pl(e)) €Cy,)

is defined by :

C(e):=(C I D,,)/ ~e, z~c(expeX)(z), z€D,,

p(€) := the image of 0 € D,, on C()

z(€) = the coordinate of C(€) induced by the identity D,, < D,,

p1(€) := the image of p; € C* on C(e). ;
Differentiating the path (C(e), p(€), 2(€)) and (C(e), p(€), z(€), p1(€)), we obtain the
maps P = P(c ) and P = Pcp ; p,):

P10, > TopMye, X+ (d/de)| _(C(€),p(€), 2(€))

P:2,— T(C,p,z,pl)ch,p’ X (d/de)|€=0(C(e),p(e),z(e),pl(e)),
which define an infinitesimal action of 9, on the dressed moduli M, , and the

universal family C,. These actions are compatible to the fiber structure on the
space C*, over M, ,.

1.5. Homogeneity.
Lemma 1.5.1.([ADKP] Proposition 3.19). The sequences

(1) 0— L(C™) — 0, 5 Tic,p,yMg,p — 0

(2) 0 - L(Cx’pl) — Dp £) T(C,p,z,pl)cg,p - 0

are exact. Here the algebras L(C'*) and L(C*,p;) are regarded as subalgebras of
0, through the coordinate z.

This gives us a presentation of the cotangent spaces of M, , and C, ,.
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Corollary 1.5.2.

Tio,p.yMg,p = (0,/L(C™))*
11(*0’117:‘:’?1)0-‘]”’ = (bp/L(Cx7p1))*

Here and throughout this note the asterisque * means the strong dual.

2. Results.

2.1. Standard cochain complex.

We begin this section by fixing our notation on the cohomology theory for Lie
algebras. Let g be a complex topological Lie algebra. By a g-module we mean
a complex topological vector space on which g acts continuously. The standard
continuous cochain complex of the topological Lie algebra g with coefficients in a
g-module N is denoted by

C*(g; N) = P C?(g; N),

p20

where CP(g; N) is the linear space of continuous alternating multilinear mappings
c¢: g® — N. The cohomology group of the complex C *(g; V) is called the (continu-
ous) cohomology group of g with coefficients in N and denoted by H*(g; N). When
N is the trivial g-module C, we abbreviate them to C*(g) and H*(g) respectively.
(For details, see for example [HS].)

2.2. Main Theorem (1/2).

Theorem 2.2. For any T € M, , and = € C,,, we have

(2.2.1)

H(0) [\ TeMy,0) = HU(05): \"T2C,) =0 (%> V)
(2.2.2) ' '

@ H?((3,)z; /\pr*Mg,p) = C[kn;n > 1]/relations,

p20
(2.2.3)

@ HP((0,)e; /\pT:Cg,p) = Cle, £n;n > 1]/relations.

20 '

where £, € H™((0,)5; \"T3M,,,) is defined in (4.6.1) (4.4.4) and € € H*((0,)z;
T*C,,) is defined in (4.5.1) (4.4.3).

Here and throughout this paper we mean by A" the completed n-fold alternating
tensor product. Furthermore we have

Proposition 2.2.4. The cohomology groups H?((v,)z; N'TeM,,,), T € M, ,,
(resp. HP((0,)z; \’T;Cy,), = € Cy,,) form a constant sheaf on the moduli M, ,
(resp. the universal curve C, ,.)

2.3. Framework for construction of cohomology classes.
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Let M be a complex manifold on which a Lie algebra g acts infiinitesimally as
in §1.1, and E — M a complex analytic vector bundle on which the algebra g acts
complex analytma.lly and compatibly with the action on M. ThlS means g acts on

each Op(E)(O) (O c C M) such that

(1) each restriction map is g-equivariant, and
(2) the formula

X(fo)=(Xflo+ f(Xo), X e€g,feOu(0),ase Oyu(E)O)

holds for any open subset O C M.

In the sequal we call such a vector bundle a g-vector bundle over M in short. The
fiber E, at ¢ € M is a g,-module in an obvious manner.
Let n € N>¢ be a fixed non-negative integer. We assume

(A(n)) VeeM V¥n'<n H"(g.,;E,)=0.

Under the assumption (A(n)) we have an exact sequence of complex analytic ‘vector
bundles’ over M

0—E— H Cl(gz;Ez) - H Cz(gz;Ez) e
TEM TEM

- H Cn_l(gm z) = H Z™(gz; Ez) — H H™(gs; Ez) — 0,

TEM €M T zEM

where Z™ means the n cocycles. This exact sequence induces the n-fold composite
of the connecting homomorphisms.

D: H'(M;Om( [] H"(9:; Ez))) — H™(M; Oy (E)).
zeM

The map D has a multiplicative property and a functorial property in a natural
manner.
2.4. Main Theorem (2/2).

Theorem 2.4. For g > 0 and p > 0 we have
(VZ1/20)"D(ka) = en € H™(M,,), n 31,
where e, is the n-th Morita Mumford class (0.2).

As corollaries we obtain

Corollary 2.4.1. If p > 0, the map
D: @ H™((3,)= /\ TzM,,) — @ H™™(My,p)

n>0 n>0
(resp. D: @ H™((0p)z; /\ T7Cq,) — @ H™"™(Cy,p))
n>0 n>0

is a stable isomorphism onto the subalgebra generated by the Morita-Mumford
classes ey, ’s (resp. the Euler class e and the Morita Mumford classes e, ’s).
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Corollary 2.4.2. There exist no algebraic relations among the classes Kn s, 1.e.,
we have isomorphisms of C-algebras

@ H"((z’p)?; /\ T%My,p) = Clka;n > 1]

n>0

D H(25)=i \ T2 Cy,0) = Cle, b > 1],

n>0
These follow from the theorem of Miller [Mi] and Morita [Mo] quoted in (0.1).

3. Equivariant cohomology.

Now we introduce an equivariant cohomology theory for Lie algebras, which gives us
a reformulation of the results stated in the preceding section. It plays an important
role also in the proof of the results.

3.1. Definition of equivariant cohomology.

Asin §1.1 and §2.3, let M be a (possibly infinite dimensional) complex analytic
manifold on which a complex Lie algebra g acts complex analytically and let E be a
g-vector bundle over M. Here we assume that the action of g on M is homogeneous,
i.e., that the composite ev o : g — Vect(M) — T, M is surjective for each z € M.

Since Op(E) is a sheaf of g—modulés, the cochain complex of sheaves over M

C*(g;Om(B)): M 5" 0 C*(g; Om(E)(0))
is defined, where C*(g;-) is the standard cochain complex of the Lie algebra g
with values in a g-module - introduced in §2.1. We denote by H;(M, Oy(E)) the
hypercohomology group of the cochain complex of sheaves over M with respect to
the functor I'(M; -) (= the sections of - over M) ([G,E] ch.0, §11.4, pp.32-) and call

it the g-equivariant cohomology group of M wzth values in the g-vector bundle E.
Namely we define

Hy(M; Oy (E)) := H*(Total(T(M;C**)))

for an injective right Cartan-Eilenberg resolution C** = (C%7); j>o of the com-
plex C*(g; Om(E)) (cf. ibid. loc. cit.). Especially, if E is the n-cotangent bundle
A" T*M, we denote

HP (M) == Hi(M; O\ T M))

and call it the g-equivariant (n,*) cohomology of M.
There exist two spectral sequences converging to Hy(M; Op(E))

(3.1.1) ‘E}? = HP(HY(M; C*(g; Om(E))))

(3.1.2) “EP? = HP(M;Hg; Ou(E))),

where we denote H*(g; Opm(E)) is the sheaf over M defined as the cohomology of
the cochain complex of sheaves C*(g; Op(E)).

3.2. Finite dimensional case.

The equivariant cohomology theory on finite dimensional manifolds is essential
to our computation of the cohomology groups of the isotropy subalgebras (3,)z and
(95)z- In this subsection we assume the g-manifold M and g-vector bundle E are
finite dimensional. Then the stalk of the sheaf H*(g; Oy (E)) at a point x € M is
given by
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Lemma 3.2.1. If g is a Fréchet nuclear space, the stalk at a point ¢ € M is
naturally isomorphic to the cohomology group of the stalk OM(E)

H*(g; OM(E))z > H*(g; Om(E),).

This follows from Lemma 4.3 in [Ka] and the exactness of the injective limit
functor.

Next we look at the natural map
pP? BT = HP(H'(M;C*(g; Ou(E)))) — H(9; HY(M; Om(E))).
Especially we have the natural map
H3(M;Ou(E)) — H(g; H™(M; Om(E))) = H(M; Op(E))®.

Proposition 3.2.2. Let M and E be as above. We assume that the Lie algebra g _
is topologically isomorphic to the topological vector space consisting of all complex
analytic sections on a finite dimensional vector bundle over a finite dimensional

paracompact complex analytic manifold, (hence g is a Fréchet nuclear space), and
that M, E and HY(M;Opm(FE)) for ¢ # 0 are all finite dimensional. Then the
natural map @ is an isomorphism

o1 ‘BN = HP(g; HI(M; Opm(E))).
Especially if M is a finite dimensional Stein manifold, we have
H; (M; O (E)) = H* (g; Om(E)(M)).
Hence we obtain a spectral sequence
(3.2.3) “EP? = HP(M;H?) = H?*(g; Oy (E)(M)),
where HY is a sheaf over M whose stalk at £ € M is given by
Hi = HY(g; Om(E)q).

We call this sequence the Redetnikov spectral sequence (see [R] and [Ka] §9).

Let E be a finite dimensional complex analytic vector bundle of over C* and
let M = C" — {0}. Scheja [Sc] has computed the cohomology group H*(C™ — {0};
Om(E)). So, though the cohomology group H"~1(C™ — {0}; Op(E)) is not finite
dimensional, we obtain a similar result to Proposition 3.2.2 ([Kal] Proposition 1.9):

Proposition 3.2.4. If g satisfies the condition given in (3.2.2), then the ‘Ey term |
(3.1) converging to the equivariant cohomology Hy(C" — {0}; Ocn(E)) is given by
H?(g; Ocn(E)(C™)), ifg=0,
Byt = HP(g; H"'(C" —{0};Ocn(E))),  ifg=n-1,

0, otherwise.
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3.3. Frobenius Reciprocity Law.

In a general situation we relate the map D in §2.3 to the second spectral sequence
“E%? (3.1.2). For any z € M the evaluation map ev; : Om(E)O) — E,, (z €
O C M) induces a homomorphism

(331) ‘ (ev,,)* : Hn(gv OM(E))z - Hn(gz; Ez)7

which we call the evaluation homomorphism.

Here we assume the action of g on M is homogeneous. Then, taking into consid-
eration the finite dimensional case studied by Bott [B] (although the d ,-manifolds
Mjy,, and Cy , are infinite dimensional in our case), we may regard the g-module
(OM(E)): as the (co-)induced module of the g,-module E, (z € M). Hence we
put a general hypothesis:

Hypothesis 3.3.2.(Frobenius Reciprocity Law). The evaluation homomor-
phism (3.3.1) is an isomorphism for any z € M. '

It could be regarded as a certain kind of the Frobenius reciprocity laws, i.e., the
Shapiro isomorphisms. Through the evaluation homomorphism (3.3.1) the vector
bundle J[, ¢ H*(9<; E;) possesses the natural structure of a sheaf over M and we
have an isomorphism

(3.3.3) “EP? = HP(M; H(g.; E.)),

where the RHS means the cohomology of M with values in the sheaf e H* (92
E,). Thus, under the hypothesis (3.3.2), the assumption (A(n)) implies that the
term ‘E}*? vanishes for ¢ < n, so that

0, if g <m,

ng(M’OM(E))= { HO(M;Hn(gz§Ez)), if g=n.

The map D introduced in §2.3
D: H(M; H"(g4; E;)) — H™(M; Opu(E))

is nothing but the composite of the above isomorphism and the natural map
Hy(M; On(E)) — B™(M; Opa(E)).

3.4. Equivariant cohomology of the dressed moduli.
Consider the 0 ,-manifolds M = M, ,, C, , and the 0 ,-vector bundles A" T* M.
We assume p > 0. Then the hypothesis (3.3.2) is

H*(2,; 0m(E)( T"M)). = H*((0,); [\ TrM)
foralln>0andall z € M =M, , and C, ,,

which seems to be true. But at present the author has no proof for this assertion.
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Theorem 3.4. If the Frobenius Reciprocity Law (3.3.2) holds good for the d o°
manifolds M = My,, and C,,, and the 9 ,-vector bundles \* T*M, we have

(1) @'Hi}a’;q(My,p) =Clen;n 2 1]
p2q ' :

(2) @H{;Q(Cg,p) = Cle,en;n 2 1]
P29 '

forallg 2 0 and p > 0, where e = ¢1(Tc, ,/m,,,) € H(Cy,,) and e, € H™™(M, ,)
is the n-th Morita Mumford class (n € N»). ;

. This gives an affirmative evidence for the conjecture: the stable cohomology
algebra of the moduli of compact Riemann surfaces would be generated by the
Morita Mumford classes e,,’s. '

4. Outline of the proof - Complex analytic Gel’fand-Fuks cohomology.

4.1. Kothe duality.

First of all we identify the cotangent space of the dressed moduli M, , with
the space of quadratic differential on C, = C — 27}(D,) by a generalized Kothe
duality [Koe] [Ko2]. Fix a point (C,p,z) € M,, and (C,p,z,p1) € Cy, We
regard the disk D, is regarded as a subset of C through the coordinate 2. Let E
be a complex analytic line bundle over C. For an open set U in C, we abbreviate
E(U) := O¢(E)(U), which is a Fréchet space with respect to the topology of
uniform convergence on compact sets. For a subset F in C, we denote by E(F) the
inductive limit locally convex space

E(F) = liy B),
FcU '

where U runs over all the open neighbourhoods of F in C. The canonical 1 bundle of
C, namely, the cotangent bundle of C' is denoted by K. We have (K~1)(D)) =0,

Theorem 4.1.1. (generalized Kothe duality). The map

1: (B 8 K)(Cp) ~ (BDH/BEC), s (frosome §5-9

is a topological isomorphism. Here f - s intends a 1-form defined on an annulus
{p < |z| < p+¢€}0 < € < 1), and the line integral § is carried out on the circle

{lz| = p+¢/2}.
Denote by Q(U) the Fréchet space of complex analytic quadratic differentials on
a Riemann surface U: :

Q(U) = H(U; Oy((T*U)®?)) = H°(U; Oy(K ®?)).

For A € Z and p; € U we denote by Q*(U, p;) the Fréchet space of meromorphic
quadratic differentials on U with a pole only at p; of order < .

QNU,p1) = H(U; Oy(K®? ® [p1]®*)).
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Corollary 4.1.2. We have topological isomorphisms

T(C,p,z)Mg,p Q(Cp) and T(C,p, ,pl)Cy,p=Q1(Cp,P1)”

These isomorphisms are respectively (D,,)(C,p,z) = L(C*) and (,)(c,p,z,p) =
L(C*, p1)-equivariant by Stokes’ Theorem.

4.2. Fundamental Exact Sequence.

What we have to compute are the cohomology groups of the Lie algebras
(0p)Cpx) = L(C*) and (0,)(0,p,2,p) = L(C*,p1) (1.5.1). These are the com-
plez analytic Gel’fand-Fuks cohomology groups of an open Riemann surface. So, as
is expected, it is necessary to compute the cohomology groups of the Lie algebras

Wy :=L(C) and L,:=L(C,0)
with coefficients in the n-fold completed tensor products A" of

Q:=Q(C) and Q':=Q'(C,0).
We should remark the cohomology group H*(Wy; \" Q) is embedded into the group
H*(LOa 1 ® /\n lQ)

- n n-—1 :
(421) HWi; \ Q) CH (Le; 1.0\ Q)
by the Shapiro Lemma. Here we denote
= (T;C)®", (veZ),
on which the Lie algebra Lo acts by the Lie derivative.

In general we denote by 7'3‘, A, v € Z, the line bundle (T*C)®" ® [O] over
the complex line C, Where [0] is the line bundle induced by the divisor 0 € C. If -
A = 0, we denote 7, := We have T)) = H°(C; 0@(7‘)‘)), = H°(C; O¢(m))
and T>< H°(C - {0} OC(T,,)) The line bundle over C” given by

(pr1 )®~-®(pr*7',f‘n") (Myee s Any ¥y ooy v € Z)

is denoted by 1'"1’ ”‘" , where pr; : C* — C is the i- th projection IftAN=---=

An=Aand vy = ... =y, = v, we abbreviate (1))" := T;\f,’ ,’,,n By the diagonal
Lie derivative action, 1y, ® Ocn (T,f‘ll,{'.'."’,,t") (vo € Z) is a sheaf of Ly-modules. From
the nuclear theorem we have Lo-isomorphisms
' n
1, ® ® T)¢ = H°(C% 1,, ® Ocn (T,
=1
and so on. We denote

T) := H°(C — {0}; Oc((T*C)®")).
Substituting g = Ly and E = T,;\ll’{::;’,,'\"" into Proposition 3.2.4, we have

(42.2) - HI™™(Lg;1,, @ é)( TX/TX)) % HY(Lo; 1,, ® ®T"'

i=1 i=1

- Hzo((cn {0} 1p, ® Ocn (T A1yee ,)\n)) — e,

V‘l:
which we call the fundamental ezact sequence for the Ly module 1,, ® ®i=1 oy -

As an application we can compute the cohomology algebra of W; with coefficients
in the Fréchet space F(C") consisting of all complex analytic functions on C™:
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Theorem 4.2.3.
H*(Wy; F(C™) = H*(P,) @ Cloy, ..., ] ® \ (Vh,...,VE)

Here the (holomorphic) de Rham cohomology algebra of P,, H*(P,), is mapped
into the algebra H*(L(C); F(C™)) in an obvious way ([Ka] Corollary 9.9). The 2
cocycle v; is defined by ‘

d d % v
e = [ (3 §3)e
and the 1 coeycle V3 by Vi(6(:) ) i= €/(s7) for €(2) 1, x(2) &k and fa(2) & € Wa.

Taking the & ,-invariant part of the exact sequence (4.2.2), we have

(424) - = HM(Los L, ® S™(TX/T) B HI(Loi 1, 0 \"T2)
— HE (C" = {0}; 15, ® Ocn (7)) S — -+,
which we call the fundamental ezact sequence for the Ly-module 1,, @ \™ T). Here

5™ means the completed n fold symmetric tensor product of a topological vector
space. ‘

4.3. Vanishing Theorem. _
Now we consider the cohomology groups H*(W1; A"Q) and H*(Lo; A"Q'). By
a straightforward computation we have

Lemma 4.3.1.
H°(Ly; S*(Ty°/Q)) = Clg1] (the polynomial algebra),

where q1 := z7'd2® € T, and L, is the subalgebra of Ly generated by ZF+i L
(k>1).

By an inductive argument on n with (4.2.1), the fundamental sequence (4.2.4)
and Lemma 4.3.1 we have

Theorem 4.3.2.(Vanishing Theorem). If ¢ <n,
H(Wi; \"Q) =0, and HY(L; A@h=o.

4.4. Resetnikov spectral sequence.
We define a sheaf Q,, over C," by

(4.4.1) Qn = Oc,((X) pr;*(T*C,)%?),

=1

where pr; : C," — C, is the i-th projection (1 < i < n). The symmetric group
S, acts on the sheaf Q, by the permutation of the i-th components (1<i<n)
twisted by the sign. In view of the nuclear theorem, we have

On(Co") = Q(Cp)®n and Qn(cpn)G" = /\nQ(CP) = /\nz?c'm,z)My’P‘
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Taking the & ,-invariant part of the Resetnikov spectral sequence (3.2.3) converging
to H*(L(C*); Q(C,)®"), we obtain a spectral sequence

(442)  BPY = HP(G," HY(L(C¥) Q)% = L) \"QC),

Here HY(L(C*); Q) is a sheaf over C,™ whose stalk at z € C," is the ¢g-th cohomol-

~ogy of L(C*) with values in the stalk (Qn); of the sheaf @,,. From Decomposition
Theorem ([Ka] Theorem 5.3) and Vanishing Theorem (4.3.2) we can compute each
stalk of the & ,-invariant part of the sheaf HI(L(C*); @,) for ¢ < n. Consequently
we have

Theorem 4.4.3. For z = (C,p,z) € M,,,, we have
ifg <n,

HY (Dﬂx’/\ M, ,) = HYL(C*); /\ Q(C,)) = { HY Wi \"Q) ifg=n.

Decomposition Theorem quated above is the reason why the n-th cohomopogy
group does not depend on the genus g. It is derived from the Bott-Segal Addition
Theorem [BS] [Kal.

One deduces the following in a similar way to M, ,.

Theorem 4.4.4. Forz = (C,p,z,p1) € Cy,,, we have
H(0,,; /\ T:Cy,0)
0, ifg<mn,

= HY(L(C*,p); /\ Ql(Cp,Pl)) {Hn(L AMQY) if g =n.

Thus our study is reduced to that of the cohomology groups H™ (Wl, A"Q) and
H™(Lo; A"@").
4.5. Euler class.

Here we reconstruct the (relative) Euler class of the universal curve C, , — M, ,,
i.e., the first Chern class of the relative tangent bundle with respect to the canonical

trivialization induced by the coordinate z on Dy,

€ "'cl(T )GHII( gpaD;,P

9ﬂ/Map dz

in our framework.
We define € € H'(Lg; Q') by
(4.5.1)

€:=d(z72d2?) i, e(f(z)—d—) = 2(z72f'(2) - z_3f(z))‘dz2,‘ f(z)i € Ly.

This extends to a nowhere-vanishing section of the sheaf |, ec,, H'((25)2; T Cy,p),

which we denote also by €. The cohomology class De € H I(C’g p) 1s induced by
an extension of vector bundles

Oqu(Cﬂ,pl)'—)Q (Cmpl) R‘;e)sC"*O (.'I} € Cg,p)

over Cg p- Here Res means the residue of a meromorphic quadratic differential at
the point p;. So, in view of a theory of complex analytic connections on complex
analytic fiber bundles [At], we have
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Theorem 4.5.2.
(V=1/2n)De=c¢ € Hl’l(Cg,p).

Hz=(C,p,zp)€ Dyp C Cy,, the coordinate z induces a canonical decom-
position of (9,).(= L(C*, p1))-modules

(4.5.3) TCK, = T (5yMy,p ® T5.C%,

which implies €"*! = 0 € H""'l((bp)z,/\"HT*Cxp) for Vo € DY, and Vn > 1.

Here it should be remarked Kothe duality (4.1.2) does not hold for the case z € D ,.
Thus we have

Proposition 4.5.6. If n > 1,

(V=1/2m)"H D(™*) = ™1 e HPHLmHY(OX ) D).

4.6. Algebralc ﬁber integrals.

To construct an algebraic analogue of the Mor1ta-Mumford classes e, i.e., the
fiber integral of the (n + 1)-th power e"*! in our cohomology group H™(W; /\ Q)
we introduce a map called the algebraic fiber integral.

We introduce a Lg-module 1; := T3C and W;-modules

K =T = Oc(T*C)(C), Q% :=T) = Oc((T*C)®?)(C - {0}) and

(K ® \"Q)* := Ocan (pr,"T*C @ (R) pr;*(T*C)82)(0w),

$=1
where pr; : C**! — C is the i-th projection (0 < i < n) and
On:={(t,z1,...,2a) € C"™ it £ 2, (1<Vi<n)}.
Then the Shapiro Lemma gives a natural isomorphism
Yot W5 (K@ N\ Q* /(Ko \"Q) S B (Lo i 0 (N Q*/\"Q)).
On the other hand the map §, defined by

}f= EeN'Q* - \'Q

w=f(t,21,...,2,)dtdz% - - dzp,? — fw
t

1
= i t,21y.ne, 2 )dt)dzy % - d2p?
f; R—lg-loo(zw\/:_]—_ |t|=Rf( s %1y s & ) ) 21 Zn

induces a Wi-homomorphism §, : (K ® A"Q)*/(K ® A"Q) = A"Q. We call the

composite map

Lo = o0 Gt 8 (A" @A)~ B \"@)
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the algebraic fiber integral.
Let n > 1. From (4.3.2) we have H"(Lo;1; ® A"Q*) = 0 and so

0 H"Lo; L o (\"Q/N\" @) S B (Lo 1 0 \"Q)
LHE" (L1, ® \"Q%) (exact).

The Lo-homorphism A"T'Q! —» A"*1Q1/ A"1Q =1, ® A"Q maps the cohomol-
ogy class €"*1 into Ker j* = Im é*. Hence we can define

(4.6.1) Ckai= (8 e BN W N\ Q).
fiber

This is an algebraic analogue of the n-th Morita-Mumford class e, € H2"(M,).
From Vanishing Theorem 4.3.2 we obtain an algebraic analogue of the Harer
stability theorem:

D E T \'@Y) =@ H Wi; \"Q)lel, and

(4.6.2) n20 n20 »
H™Loi1; ® (/\an//\nQ)) ='@:;1((5*)_1€i+1)Hn—i(W1; /\n zQ)

On the other hand, the fiber integral [;,  has a natural right-inverse. Therefore
we obtain

(4.6.3) @ H"(Wq; /\nQ) = C[kn;n > 1]/relations.

n>0

Theorem 2.2 follows from (4.4.3), (4.4.4), (4.6.2) and (4.6.3).

Comparing our algebraic integrals with the original ones, we obtain Theorem
2.4:

(V=1/2m)"D(ky) = e, € H*™(M,,), n>1.
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5. Relative Picard variety on the universal family.

Arbarello et.al.[ADKP] has studied also the (dressed) relative Picard variety ‘Fg,p

on the universal curve over the dressed moduli M, ,. For an integer ¢ > 0 and a
real number p > 0 we define the (dressed) relative Picard variety F,, p by the moduli
of quintuples (C, p, z, L, [¢]), where (C,p, z) € M, ,, L is a holomorphic line bundle
on C of degree g — 1, and ¢ is a complex analytic local trivialization of L near
z71(D,). Furthermore [¢] is the equivalent class of ¢ under the equivalent relation

4] =[¢'] <= 3INeC* ¢ = A¢ near z_l(-D_p).

(The space Fy g is equal to the space .7:/'g_\1 in [ADKP).)
We introduce a topological Lie algebra

D, := lim A(D;).
- plp
Here we denote by A(U) the topological Lie algebra consisting of all complex ana-
lytic differential operators of order < 1 on an open Riemann surface U. When we
denote by F(U) the L(U)-module consisting of all compex analytic functions on U,

we have a decomposition

A(U) = F(U) x L(U).
So we denote an element of A(U) (and D,) by f+X € A(U), f € F(U), X € L(U)
in the sequel. : :

The Lie algebra D, acts on the manifold F, , infinitesimally. In fact, for any
f+X € D,, (C,p,2,L,[4]) € Fy,, and sufficient small complex numbers ¢, a complex
analytic path (C(e), p(e), 2(€), L(¢), [#(¢)]) € Fy,, is defined by (C(e), p(e), 2(¢)) as
in §1.4 and

L(e):= (Llcx I D x C)/ ~,
(2,u) ~e ((exp eX)(2), u(exp ef(2))¢(exp X)) (z,u) € D xC
&(€) := the local trivialization induced by the identity D x C — D x C.
Differentiating the path (C(€), p(¢), z(¢), L(€), [#(€)]) we obtain an infinitesimal ac-
tion P of D, on the manifold Fy ,. As was proved in [ADKP] Proposition 3.19, we
have an exact sequence

0— A(Cx) — Dp £> T(C,p,z,L,[qS])Fg,p — 0.

Especially the action P is homogeneous.
Our main result in this section is

Theorem 5.1. For all z € F; , we have
P ,
HI((Dp)e; /\ T;Fy,)=0 ifg<p,

and the diagonal part H?((D,)s; N*T#F,,,) does not depend on the genus g > 0.

As a corollary
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Corollary 5.2. If the Frobenius Reciprocity Law (3.3.2) holds for the D,-manifold

M = F, , and the D,-vector bundles \*T*M, we have
Hp,(Fy0) =0, ifq<p,

for all g > 0 and p > 0.

At present our computation for the diagonal part is incomplete. In the next
section we discuss the cohomology algebra H*(Fy, ,; Q).

Fix a point = = (C,p, 2, L,[¢]) € F,,,. The Kothe duality (4.1.1) gives a (Dp)z-
isomorphism

T:Fy,p = (DP/A(CX))* = JQ(C,,),

where we denote by JQ(U) the space consisting of all complex analytic 1-jets of
1-forms on an open Riemann surface U

JQU) := Oy(I'T*V)(U) = K(U) x Q(U).

Thus we have

HY(Dy)e; \ T2 Fy ) = HY(AC™); \"TQ(C,)).

Similar results to those for L(U) (Resetnikov spectral sequence, Decomposition
Theorem, Vanishing Theorem and so on) hold also for the Lie algebra A(U). So
we obtain Theorem 5.1.

6. Stable cohomology of the extended mapping class groups.

Let ¢ > 2, r,s > 0 be integers. Let 2] » denote a 2-dimensional oriented C*°
manifold (i.e., oriented surface) of genus ¢ W1th r boundary components and (or-
dered) s punctures The group of path-components 7ro(D1ff+(2 ) is denoted
by I'y . (or M; ) and called the mapping class group of genus g ‘With r bound-
ary components and (ordered) s punctures. Here D1ﬁ'+(2 ,) denotes the topo-
logical group (endowed with C'* topology) consisting of all orientation preserv-
ing diffeomorphisms of 27 . which fix all the boundary points and the punctures
pointwise. When s = 0, we drop the indices: Z,, =XJ ,, Ty, = P‘g’", and similarly

X, = Eg,o, Iy = I"g,o By the contra,ctlblhty of the Teichmiiller space we have
BDiff*(2¢ ) = BT, [EE]. We denote

H:= Hi(Z1;Z) = Hy(Z,) = H(Z,) = H'(Z,,1),

on which the mapping class group I'y acts in an obvious way. By the eztended
mapping class group we mean the semi-direct product

L - 8
Pori=HxTy,.

The relatlve Picard variety Fy , is (homotopy equivalent to) the classifying space
of I‘g 1. So we have H*(F, ,;Z) = H*(Pg rZ). Our main result in this section is
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Theorem 6.0. For * < g/2 we have
H*(Fp,p3 Q) = H*(Ty,1;Q) = H*(Ty,1;Q) @ Qliz ),

where m;; € H 2i+25‘2(f;;2) is the generalized Morita-Mumford class and the
integers i and j run over the domain {(i,j) € Zx Z; 1>0,j>landi+j >2}.

6.1. Cohomology of pairs of groups.

Let G be a group, K a subgroup of G, and M a G-module. We denote by
H*(G, K; M) the cohomology group of the kernel of the restriction map C*(G; M)
— C*(K; M) and call it the (relative) cohomology group of the pair of groups (G, K)
with values in the G-module M. Here we denote by C*(G; M) the normalized
cochain complex of a group G with values in a G-module M.

Let N 4 G be a normal subgroup satisfying the condition

(6.1.1) KN =G.

Then we have the following Lyndon-Hochshild-Serre (LHS) spectral sequence [HS1]:
(612) Ep’q HP?(G/N; Hq(N NNK;M))= H*G,K; M),

which is multiplicative in a usual manner.

. Generalized Morita-Mumford classes. -

Flrst we remark the surface Ij ; is obtained by glueing the surfaces ¥, and
35,2 along the boundaries. So the diffeomorphism of 24,1 is naturally extended to
that of 21’ The infinite cyclic group Z acts on the surface &} 0,2 by rotating the
puncture and fixing the boundaries pointwise. Similarly this action is extended to
that on Pl ;1 in a natural way. Thus we obtain a natural homomorphism T ; x Z
- Ty, Wthh is injective ([Is] §5). In the sequel we regard the group I'y; X Z as a
subgroup of I‘g 1 through the injection. Especially we may consider the cohomology
group H*(T 1,Tg 1 X Z; M) for an arbitrary I} 1-module M.

The LHS spectral sequence (6.1.2) of the forgetful extension

(6.2.1) ° 1=m(Bg1) =T, ST —1
induces a Gysin éxact seqﬁence
(6.22) -+ — H"™ YTy M) — HIP (T, 1; H @ M)
— HY(TY | Ty x Z; M) B HY(T, 1, M) —

for any I'y ;-module M. The map = is called the Gysin map or the fiber integral.

Similarly we can define the fiber integral 7@, : HP (I‘g L 7; X Z) — HP~ Z(I‘g 1) ;
Choose a simple curve [ inside the subsurface P 2 connecting the puncture to
a point on the boundary. A l-cocycle w; € Z? (l‘g 1:1g1 X Z; H) and a 2-cocycle

w € 22 (I‘gl,I‘gl X Z;Z) are given by

wi(y)=~l—-1€H, ~yeT,,,

(6.2.3) - 1
@i(ury, uzye) == (vl = 1) w1, wi,uz € H,m,72 € Ly
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where I — [ is regarded as a closed curve on %,,;. Let e € H2(T'};Z) be the Euler
class of the central extension 0 = Z — Ty ; — r; — 1.
For integers ¢, > 0 satsifying ¢ + j > 2 we define

m;,; = m(e'w?) € H¥H-(T, /\JH),

(6.2.4) . P
ms; = m(e'@’) € H¥ 22T, ).

Clearly mit1,0 and my; 0 are equal to (the image of) the i-th Morita-Mumford

(tautological) class ej(= «;) € H?(T'y; Z) [Mo][Mu]. So we call these classes m; ;’s

and m; ;’s the generalized Morita-Mumford classes.

6.3. Stable cohomology of the extended mapping class groups.

Independently from our construction Looijenga [L] proved the rational stable
cohomology group of the mapping class group I'y (with no boundary and no punc-
tures) with coefficients in any irreducible representation of the complex symplectic
group is a free module over the rational stable cohomology algebra of the mapping
class group, and described its free basis. As a consequence he determined the ra-
tional stable cohomology of I'j modulo that of I'y. His computation is involved
with geometric consideration on the moduli orbifold of complex algebraic curves
including a theorem on Hodge theory [D]. Here it is remarkable that his results are
based only on the Harer stability theorem [H] [I] with trivial coefficients.

Following Looijenga [L] we have proved the following results from the Harer
stability theorem with trivial coefficients, but geometric considerations including
Hodge theory do not fit our situation where the surface is not closed. We use the
Lyndon-Hochschild-Serre spectral sequence for a pair of groups introduced in §6.1
instead.

Theorem 6.3.1. If s >0, r > 1 and n > 0, we have
H*(T; . HY(Z; 5 2)®") = H* (T4, H®") @po(r, 1,2 H* (T 1 Z)

g,7? g,7m?

for x < g/2 —n. Furthermore the cohomology group H*(T', 1; H®") is stably a free
module over the algebra H*(T'y 1; Z) and combinations of the (modified) generalized
Morita-Mumford classes give its free basis.

Taking the alternating part of the second half of this theorem, we obtain
Theorem 6.3.2.

H* (o \"H(Z0,1;Q)) = H*(Ty1; Q) ® Qlmi ;]

if the total degree is smaller than g/2. Here the integers i and j run over the domain
given in Theorem 6.0.

As a corollary we obtain Theorem 6.0.

Finally we mention how these classes m; ;’s are related to the equivariant coho-
mology of Fy,. The class & corresponds to the Abelian differential of the third
kind on a compact Riemann surface. Especially it has a position in the complex
analytic Gel’fand-Fuks cohomology. This implies the classes m; ;’s are contained in
the image of the equivariant (p, p)-cohomology. The author does not know whether
the equivariant (p, p)-cohomology is stably isomorphic to the polynomial algebra
generated by m; ’s. '



AN INFINITESIMAL APPROACH TO COHOMOLOGY OF MODULI OF CURVES 21

[A]
[ADKP]
[BMS]
[B]

[BS]
[EE]
[FT]
[G,TVS]

[G,E]
[H]

[H1]
[H2]
[HS]
[HS1]

[Is]
[Ka]

[Kal]

[Ka2]
[Ka3]
[Kad]
[Ka5]

[Ka8]

REFERENCES |

M. Atiyah, Complez analytic connections in fibre bundles, (This article -
is not equal to the 5-th paper of “Collected Works” vol.1.), Trans. Amer.
Math. Soc. 85 (1957), 181-207.

E. Arbarello, C. DeContini, V.G. Kac, and C. Procesi, Moduli spaces
of curves and representation theory, Commun Math. Phys. 117 (1988),
1-36.

A A Beilinson, Yu. I. Manin and V. V. Schechtman, Sheaves of Vi-
rasoro and Neveu-Schwartz algebras, Lect. Note in Math. 1289 (1987),
Springer, Berlin - Heidelberg - New York.

R. Bott, Homogeneous vector bundles, Ann. Math. 66 (1957), 203-248.
R. Bott and G. Segal, The cohomology of the vector fields on a manifold,
Topology 16 (1977), 285-298.

C.J. Earle and J. Eells, A fiber bundle description of Teichmiller theory,
J. Diff. Geom. 3 (1969), 19-43.

B.L. Feigin and B.L. Tsygan, Riemann-Roch ‘theorem and Lie algebra
cohomology I, Rend. Circ. Mat. Palermo 21 (1989), 15-52.

A. Grothendieck, Topological Vector Spaces, Gordon and Breach, New
York, London, Paris, 1973.

, Eléments de géometrie algébrique III, Publ. LH.E.S. 11 (1973)
J. Harer, Stability of the homology of the mapping class group of ori-
entable surfaces, Ann. Math. 121 (1985), 215-249.

» The second homology group of the mapping class group of an
orzentable surface, Invent. math. 72 (1983), 221-239.

» The third homology group of the moduli space of curves, Duke
Math. J 63 (1991), 25-55.

G. Hochschild and J.-P. Serre, Cohomology of Lie algebras, Ann. Math.
57 (1953), 591-603.

, Cohomology of group emtenszons Trans. Amer. Math. Soc. 74
(1953), 110 134.

A. Ishida, Master Thesis, (in Japanese), Univ. of Tokyo (1994)

N. Kawazumi, On the complez analytic Gel’fand-Fuks cohomology of
open Rzemann surfaces, Ann. Inst. Fourier 43 (1993), 655-712.

» An application of the second Riemann continuation theorem
to cohomology of the Lie algebra of vector fields on the complex line,
(preprint: UTMS 93-18) (1993).

» Moduli space and complez analytic Gel’fand-Fuks cohomology of
Riemann surfaces, (preprint: UTMS 93-29) (1993).

, Homology of hyperelliptic mapping class groups for 3urfaces,
preprlnt Hokkaido Univ. 262 (1994).

, A generalization of the Morita-Mumford classes to emtended
mappzng class groups for surfaces, preprint. Hokkaido Univ. 292 (1995).
» On the stable cohomology algebra of extended mapping class
groups for surfaces, preprint. Hokkaido Univ. 311 (1995).

» Moduli space and complez analytic Gel’fand-Fuks cohomology of
Riemann surfaces, II, III, (in preparation).




22
[Koe]
[Ko]

[Kol]
[Ko2]
[Kon]
[Koe]

[L]

(M)

[Mo]

[Mol]

[Mo2]
[Mo3]

[Mu]

[Sa]

[Se]

NARIYA KAWAZUMI

G. Kéthe, Dualitat in der Funktionentheorie, J. Reine u. Angew. Math.
191 (1953), 30—49.

H. Komatsu, Theory of locally convez spaces, Dept. Math Univ. of
Tokyo, 1974.

, Projective and injective limits of 'wcakly compact sequences of
locally convez spaces, J. Math. Soc. Japan 19 (1955), 366-383.

, Choh-kansuh ron nyuhmon. (An introduction to theories of dis-
tributzons and hyperfunctions. ), (Japanese), Iwanami, Tokyo, 1978.

M.L. Kontsevich, Virasoro algebra and Teichmiiller spaces, Functional
Anal. Appl. 21 (1987), 156-157. ‘

G. Kothe, Dualitit in der Funktzonentheorze, J. Reine u. Angew. Math.
191 (1953), 30-49.

E. Looijenga, Stable cohomology of the mapping class group with symplec-
tic coefficients and of the universal Abel-Jacobi map, Jour. Alg. Geom.
(to appear).

E.Y. Miller, The homology of the mapping class group, J. Diff. Geom. 24
(1986), 1-14.

S. Morita, Characteristic classes of 3urface bundles, Inventiones math.
90 (1987), 551-577. :

, Families of Jacobian manifolds and characteristic classes of sur-
face bundlcs, I, Ann. Inst. Fourier 39 (1989), 777-810.

, Families of Jacobian manifolds and characteristic classes of sur-
face bundles, II, Math. Proc. Camb. Phil. Soc. 105 (1989), 79-101.

-, The extension of Johnson’s homomorphism from the Torelli
group to the mapping class group, Invent. math. 111 (1993), 197-224.
D. Mumford, Towards an enumerative geometry of the moduli space of
curves, Arithmetic and Geometry., Progr. Math. 36 (1983), 271-328.

- V.N. ReSetnikov, On the cohomology of the Lie algebra of vector fields

on a manifold with non trwzal coefficients, Soviet Math. Dokl. 14 (1)
(1973), 234-240.

K. Saito, A generalization of Eichler integrals and certain local systems
over spin Riemann surfaces, Publ. RIMS, Kyoto Univ. 27 (1991), 431-
460.

G. Scheja, Riemannsche Hebbarkeitssitze fir Cohomologieklassen, Math.
Ann. 144 (1961), 345-360.



