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On Strongly separable Frobenius extensions
Kozo Sugano
(Received )
Introduction. In their paper [3] A.Mewborn and E. McMahon defined
the strongly separable extension of non commutative ring, which is a ge-
neralization of the separable algebra over a commutative ring. Strongly

separability is a weaker than H-separability, but stronger than separa-

"bility. In [3] Mewborn and McMahon gave a few necessary and sufficient

conditions for ring extensions to be strongly separable (See Theorem 3.5
[3]). Afterwords K.Yamashiro gave some new characterizations of strongly
separability which are the complete improvements of Mewborn McMahon's
Proposition 3.10 [3] (See Theorem 1.4 [10]). These characterizations of
strongly separability are generarizations of the characterizations of H-
separability. In the first section of this paper we will give a new -
proof of Mewborn-McMahon and Yamashiro's theorem concerning with the
charecterizations of strongly separability. |

H-separable extension has a closed relation with Frobenius exten-
sion. For example each projective H-separable extension of a (not neces-
sarily artinian) simple ring is an Frobenius extension, and every H-sep-
arable extension of full linear ring is a free Frobenius extension (See
Theorem'4 [7]). Recently in [8] the author gave some necessary and suf-
ficient conditions for the Frobenius exténsion to be H-separable. The
aim of this paper is to generalize the results obtained in (8] to the
case of strongly separable extension.

Let A be a ring with its center C, B a subring of A and D the cent-
ralizer of B in A. In the case where D is a Frobenius C-algebra with a
Frobenius system {d:,ei,h}, A is strongly separable over B if and only
if there exists I x«®yx in (A®sA)* such that d =2 x«ddiyxei=T dixxeidyx

holds for each d in D. Furthermore if these conditions are satisfied, A



is an H-separable Frobenius extension of B*=Va(Va(B)) (Theorem 1). Since
the strongly separable extension is a generalization of separable alge-
bra, the following conjecture naturally comes out;

"Is A an H-separable extension of B*, and B* a separable extension
of B, in the case where A is a strongly separable extension of B’

Theorem 1 of this paper gave a partial answer to this problem. In
the second theorem we will show that, in the case where A is a Frobenius
extension of B with a Frobenius system {xx,yx,h*}, A is a strongly sepa-
rable over B, if and only if D is a Frobenius C-algebra with a Frobenius

homomorphism h, where h is defined by h(d)=Z x«dy« for each d€D.



§ 1. Throughout this paper we will use the same notation as the au-
thor’s previous paper [8]. In particular A will always be a ring with
identity 1, B a subring of A containing 1, .C the center of A and D =
Va(B), the centralizer of B in A. For an A-A-module N we write N* = {mn |
nEM and am = mafor every ac A}. We ‘hve an issomorphism of Hom(aAa, aMa)
to M* via f— f(1) for each f& Hom(aha, aMa).

Lemma 1.1 For an A-A-module ¥ the following conditions are equi-
~valent; |

(i) M is isomorphic to a direct summand of a finite direct sum of
copies of A as A-A-module

(ii) There exist finite f: in Hom(aMa, aAx) and m: in ¥* such that
m =X fi(m)n: holds for every m in H
(iii) M* is C-finitely generated projective, and the map u of A®cM*
to M such that u (agm) = am for ac A and mEM is an isomorphism.

Proof. (i)« (iii) is shown in Proposition 5.2 [2]. (i) (ii) can be
shown by the same method as the existance of the dual basis of a finit-
ly generated projective module, using the isomorphism Hom(aha, aMa) T OpA
So we will ommit it.

Following [2] we will give a definition;

Definition. A two-sided A-module M is centrally projective over A,
if M satisfies the condition of Lemma 1.1.

Let R be an arbitrary ring, and M and N any left R-modules. Write
S=Hom(rM, M) and T=Hom(wrN, xN). We regard ¥ and N as left R-S, and R-T-
modules, respectively, by writing f(x) for each f in S (or T) and x in M
(or N). Now we have the following natural R-S-homomorphism

7: M — Hom(xHom(xM, =N), =N)
such that 7z (m)(f)=f(m) for each f in Hom(sM, rN) and m in M. ¥Write H =
Hom(xM, N). Let m&M. Then we have f(m) = 0 for each f in H, if and only
if 7 (m)(f) = 0 for each f in H, that is, z (m) = 0. This means that

Kerz = N seuKerf (= Rej(u(N))(See page 109 [1]).
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Now let M be an A-A—modﬁle. and put N = A and R = A®cA°, where A°
is .the opposite ring of A. Then M and N are left R-modules. Under this
situation let S and T be as above. Then T ¥ C, and the above R-S-homo-
norphism 7  becomes the following A-A-homomorphism

“r.: M — Hom(Hom(aMa, aAadc, Ac)

Lenna 1.2. If an A—A-module M is centrally projecti?e over A, the
map 7 given above is an isomorphism.

Proof. By Lemma 1.1 there exist f:& Hom(aMa, rAA) and m;EEMAsuch
that m =X f:(m)m: for each m in M. Let m€Kerz. Then z (m)(f:) = f:i(m)
= (0 for each i, and we have m = 0. Thus we have that Kerz = 0.

For each f in Hom(aMa, nAA) we have obviously f(m:)EC for each i
and f =X f(m:)f:. Therefore for each h& Hom(Hom(aMa, aAadc, Ac) we have.

7 (Zh(fDn:)(f) = f£(Eh(fDIm:) =X h(f)f(m:) = h(Z£f:f(m:)) = h(f)
Thus we have h = 7 (£ h(f:)m:), and we see that z is an epimorphism.
There always exists an A-A-homomorphism -
n : A®A — Hom(cD, cA)
such that 7 (a®b)(d) = adb for any a, b in A and d in D.

Througout this péper 7 will always be the map defined in the above
way, and K will stand for Kerrpn.

Also there exists the well known isomorphism v of Hom(aA®sAa, ad4a)
to D such thatvv (f) = f(1®l) for each feHom(AA®sAA, aAa). v induces
the isomorphish

v * : Hom(cD, cA) — Hom(cHom(aA®sAa, rAr), cA)
such that v *(f) = fv for each f in Hom(cD, cA), and direct caluculation
shows that the composition v *7 1is exactly equal to the map z of M to
Hom(Hom(aMa, aAa)c, Ac)-indroduced above.

In [3] A. Mewborn and E. McMahon defined that A is a strongly sepa-
rable extension of B in the case where n 1s an A-A-split epimorphism,
and D is C-finitely generated projective.

Now we will give a new proof of Theoren 3.5 [3] and Theorem 1.4 [10]
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Among five conditions in the next theorem, the equivalence of
(i), (ii) and (v) was first proved by Mewborn-McMahon, and the equiva-
lence of (i), (iii) and (iv) was proved by Yamashiro.

Theorem 1.1. The following conditions are equivalent

(i) A is a strongly separable extension of B

(ii) There exist finite d: in D and £ x:;®y:; in (A®esA)* such that d
= Ldixi;dy:; holds for each d in D

(iii) For each A-A-module M there exists a C-submodule X such that K®
= DN* ® X and XS Reju(A)
(iv) VWe have (A®=A)® = D(AxsA)* ® X as C-module with X = Kergp

(v) A®@sA = N ® L as A-A-module, where N is A-centrally projective,
and Hom(aLa, ada) = 0.

Proof. Assume (i). Then there exists an A-A-map ¢ of Hom{(cD, cA) to
AxsA such that 7 ¢ is equal to the identity map on Hom(cD, ¢cA). Then we
have A®@sA = K ® N, where K = Kern and N = Im¢ = Hom(cD, cA). The latter
is A-centrally projective, since D is C-finitely generated projective.
Let f be any A-A-map of K to A. Then since K is an A-A-direct summand of
A®:A, f is extended to an A-A-map f* of A®sA to A. But as is remarked
above K is equal to Rejaesa(A). Therefore we have f(K) = f*(K) = 0, and
Hom(aKa, sAa) = 0. Thus we have (v). Next let {g:,d:} be a dual basis of
D over C, and ¢ (g;)}= Zxi;® i for each i. Then since g: & Hom(cD, cC) =
[(Hom(cD, cA)]*, and ¢ is an A-A-map, we have X x:;®y:;E (A®=A)* for each
i. Let ¢ be the inclusion map of D to A. Then ¢ (d) = d = £dig:(d) for
each d in D, which implies that ¢ = X d:g:. Then we have ¢ = n ¢ (¢ )
= n(Zdig(gi)) = n(Zdix:i®y:;), and d =¢ (d) = p(Zdix:i;®y:i;)(d) =

Ydixi;dyi; for each d in D. Thus we have also (ii). Next assume (ii).
Let M be an A-A-module, and X = {m -Zdix:imy:; | mEM“}.‘Then X isa C-
submodul of M, and we have M® = X + Zdix:;M%y:;. For each m in M® and
each A-A-map f of M to A we have f(m)ED and

f(m - Zdixiimy:;) = f(m) - dixi;f(m)y:; = f(m) - f(m) = 0.
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Thus we have f(X) = 0, and XS Reju(A). Since Z x:;®y:; € (AQsA)*, it is
obvious that X x:;M®y:; = M*. Hence we have H¥° ; DE* + K. Ve will show
that the above sum is a direct sum. Let Zeini=m - Z d;x;gmy}; for some
e:€D, nieX* and me ¥®. Then we have

Tduxx 1 Zeiniy¥xt = L deXx1Myx ~Y dexx1d:iX:imYiiVrt

= deXklMYkl - deXkldiYleiijEi = zdeklekl = ZdiXisIﬂ}’ii = )
But ZduXxieiniyx: = ZdxXx:1€:i¥x1n:i =X e:n:. Hence X e:in: = 0, and we

"~ have XN DK* = 0. Thus we‘have (iii). It is obvious that (iii) implies
(iv). As for the prooves of (iv)=(ii) and (ii)=> (i) see the prooves of
(3)=(1) of Theorem 1.4 [10] and (2)=(1) of Theorem 3.5 [3], repective-
ly. Lastly assume (v). Let ¢ be the A-A-split monomorphism of N to A®sA.
Since Hom(aLa, aAa) = 0, ¢ induces the isomorphism ¢ * of Hom(aA®sAA, aAs)
to Hom(aNa, aAa). On the other hand since N is A-centrally projective, we
have the A-A-isomomorphism 7 x of N to Hom(cHom(aNa, aAa), cA) defined in
the same way as Lemma 1.2. Then we have the following commutative dia-
gram of A-A-maps
N —_— A®sA
TNl t T
Hom(cHom(aNa, aAa), cA) —— Hom(cHom(aA®sAa, aha), cA)
' L » & Y ‘L
Hom(cD, cA)

*

where 7 and v are the same as defined above, and ¢ ** and v * are the

maps induced canonically by ¢ and u, respectively. Then since ¢ split
as A-A-map, and ¢ **, 7w~ and v * are A-A-isomorphisms, we can see that
z and n (= v *t) splits as A-A-map.
¥e have also the following left A-A-homomorphism
n : D®cA — Hom(eA, sA)
such that 7 .(d®a)(x) = dxa for x, a€A and deD. The map 7 . of A®cD to

Hom(As, Ae) is similarly defined.

Now we will give a new characterization of strongly separability
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which is a generalization of Lemma 2 [8]
Theorenm 1.2. Let A be left B-finitely generated projective. Then
the following three conditions are equivalent;
(i) A is a strongly separable extension of B

(ii) Hom(sA, 8A) = N ® X as A-A-module with N A-centrally projective
and X* = 0. |

(iii) » . is an A-A-split monomorphism, and D is C-finitely generated
projective. |

Proof. By Proposition 3.9 [3) and the definition of the strongly -
separable extension (i) implies (iii). Now assume (iii). Then we have
Hom(sA, 5A) ¥ D®cA © X as A-A-nodume. Since D is C-finitly generated pro-
jeétive, D®cA is A-centrally projective, and we have (D®cA)* = D®:C ¥ D
by Lemma 3 [5]. Then we have
D ¥ Hom(sAs, sAs) = [Hom(sA, 5A)1* ¥ (D@cAD* @ X* T D @ XA
which implies that X* = 0. Thus we have (ii). Next assume (ii). Since X*
= 0, we have D = [Hom(sA, sA)]* = X* ® N* = N*. We will denote this iso-
morphism by u. For each d€D u (d) is a B-A-endomorphism of A given by
v (d)(a) = da for acA. We have also a natural A-A-isomorphism
g : N — Hom(aHom(Na, An), ah)
such that o (x)(f) = f(x) for x€N and f& Hom(Na, Ax), since N is right
A-finitly generated projective. Then since ¢ is an A-A-isomorphism, o
induces a C-isomorphisnm
0 : N* —  Hom(aHom(Na, Asda, aAa)
Furthermore since A is left B-finitely generated projective, we have a
natural isomorphism
» o : A®sA — Hom(Hom(sA, sA)a, An)

such that p (a®b)(f) = af(b) for a, bEA and f=Hom(sA, sA). Now by as-
sumption we have  Hom(Hom(sA, sA)a, Ax) = Hom(Xa, Ax) @ Hom(Na, Ax) as



A-A-module. Thﬁs we have A®@szA T X* © N*, where X* = Hom(Xa,Ax) and N* =
Hom(Na, Ax) as A-A-module. Since N is A-centrally projective, it is obvi-
ous that N* is also A-centrally projective. Therefore we need only to
show that Hom(aX*a, aAa) = 0. Let ¢ be the A-A-split monomorphism of N
to Hom(sA, sA), and write ¢ * = Hom(Ll,A), ¢ ** = Hom(¢ *,A) and p* =
Hom(p,A). Now consider the composition of all those maps

D =, N* —» , Hom(aN*a, sAn) — .«. Hom(aHom(Hom(sA, sA)a, Aada, aAn)

— ,» Hom(AA®sAA, 2Ar) — D

Then we have
(p* e o p (UL = (¢ ** g p(d))(p (11))
(o @NCe*Co 1)) = (o @) R) ¢ ) = p (1R u (d)).
o (1) Cu (d)) = 1o (d)(L) = d

n

for each d in D. Hence The composition of all of the above maps is the
idendity map on D. This means that Hom(aX*a, aha) = 0.

2. Strongly separable Frobenius extensions.

In this section we will give the generalization of the results ob-
tained in [8]. The next theorem is a generalization of Theorem 2 [8].

Theorem 2.1. Suppose that D is a Frobenius C-algebra with a Frobe-
nius system {d:,e:,h}. Then A is a strongly separable extension of B if
and only if there exists ¥ xx®y« in (A®sA)* such that d = X x«dd:iyxe: =
Sdixxe:dyx hold for each d in D.

I[f these éonditions are satisfied, then A is an H-separable Frobe-
nius extension of B* = Va(Va(B)) with a Frobenius system {X«,yx, h*},
where h* is defined by h*(x) =X dixe: for each x in A.

Proof. Suppose that A is a strngly separable extension of B. then

there exists an A-A-maps of Hom(cD, cA) to A®sA such that 5 ¢ 1is the

identity map on Hom(cD, cA), and we have A@sA K ® N, where K = Kerp
and N = Im¢ . Since the restriction of n on N is an A-A-isomorphism, 7
induces a C-isomorphism of N* to [Hom(cD, cA)]* = Hom(cD, cC). Hence there

exists T x«@yx in N* (S (A@sA)*) such that 7 (X x«®yx) = h. Then we have

._8._



d = Zdih(eid) = Edixveidyx and d = T h(dd:)e: = I xudd:y«e:
for each d in D. Coversely assume that there exists T x«@y« in (A@®sA)*
which satisfies the above condition. Then also I x«e:®yx belongs to
(A®=A)* for each i, and we have d = X dixie:dy. for each d in D. Then A
is a strongly separable extension of B by Théorem 3.5 [3]. Thus we have
proved the equivalence. Next define h* as in the theorem. Since ¥ x«Dy:
©C, we have X xxh*(y«x) = Z xu«diyuXxe: = xZ xudiyxe: = x1 = x for each x
- in A. Similarly vwe have‘Zlh‘(xxk)yk = x for each x in"A. Furthermore
since X d:@e:< (D®:D)°, we have h*(A) = T d:Ae: S Va(D) = B*. Hence h* is
a B*-B*-map of A to B*. Then {xX«,yx,h*} is a Frobenius system of A over
B*. On the other hand since A is a strongly separable extension of B, ¢
is an A-A-split epimorphism. Then since B*2B and Va(B*) = D, 7 induces
an epimorphism 7 * of A®s«A to Hom(cD, cA). Now let Za;®b;EKern *. Then
since X ajdib;= 0 for each i, we have in A®s.A

Yai®b; = 2a5®h‘(b;Xk)Yu = Yaih*(b;xx)@y«

Za,’diijkeiQ}’x = X0y« =0

Thus Kerp * 0, and we see that 5 * is an isomorphism.. Then since V.a(B*)

(= D) is C-finitely generated projective, A is an H-separable extension
of B*.
‘The next theorem is a generalization of Theorem 1 [8]
Theorem 2.2. Let A be a Frobenius extension of B with a Frobenius
system {x«,y«, h*}, then the following conditions are equivalent
(i) A is a strongly separable extension of B
(ii) There exist finite d:, e: in D such that T dix«e:idy« = d holds
for each d in D
(iii) D is a Frobenius C-algebra with a Frobenius homomorphism h
which is defined by h(d) = Z x«dy« for each d in D
Proof. Since (A®sA)* = T x«D®y«, the equivalence of (i) and (ii) is
an immediate consequence of Theorem 3.5 [3]. Now assume (ii), and define

h as in (iii). Then since L x«®y«E (A®:A)* and I x«e:@yxE (A®sA)? for

_7_



each i, if we define fi(d) = X x«e:dyx (= h(e:id)) for each d in D, f and
each f: belong to Hom(cD, cC), and we have d = L dixxe:dyx = Zd:f:(d) by
assumption. Therefore {fi:,d:} forms a dual basis for D o?er C. Now write
D* = Hom(cD, cC), and let 6 be the map of D to D* defined by 8 (d) = hd
for each d in D. Then since d = X d:h(e:d) wejhave
£(d) = £(TdihCeid)) = T £(didh(eid) = h(E £(d:)ed)
= (hEf(di)e)(d) |

and consequently f = hZ f(d:)e: for each f in D*. Thus 6 is an epimor;
phism. ‘Moreover since D is C-finitely generated projective, D* is also
C-finitely generated projective. Hence & splits as C-map, and we can
write D ¥ D* @ X where X = Ker@. Furthermore for each maximal ideal m
of C we have D*@cC/m = Homc, w(D®cC/m, C/m)E D®:D/m as vector space over
C/m (See e.g., Corollary 2.5 [1]). Then we have X/mX = 0 for each maxi-
mal ideal m of C, which implies that X = 0 by generalized Nakayama's
Lemma. Therefore 6 is a C-isomorphism. It is obvious that 6 is a right
D-map. Thus we have (iii). Next assume (iii). Then there exist a;, b; in
D such that {a;,b;,h} forms a Frobenius system of D over C, and we have
d = YXajh(b;d) = Za;x«b;dyx for each d €D. But we have also X x«b;®y«xE
(A®sA)* for each j, since Z x«®y«E (A®sA)*. Then we have (i).

By the above theorem we can obtained a new characterization of pro-
jecive -separable algebra.

Corollary 2.1. Let A be a Frobenius algebra over a commutative ring
R with {x«x,y«x,h} a Frobenius system, and define h*(x) = X x«Xxyx for each
x in A. Then A is a separable R-algebra if and only if h* is also a Fro-

benius homomorphism of A over R.
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Added in proof. The all part of section | of this paper, except for
the proof of the equivalence of (ii), (iii) and (iv), have been intro-
duced by the same author at the summer seminar which was held at Zhong-

shan University, Guangzhou China, in July 1993.
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