HOKKAIDO UNIVERSITY

Title Local regularity of non-resonant nonlinear wave equations
Author (s) Tsutaya, K.
Citation Hokkaido University Preprint Series in Mathematics, 327, 1-23
Issue Date 1996-01-01
DOI https://doi.org/10.14943/83473
Doc URL https://hdl. handle.net/2115/69077
Type departmental bulletin paper
File Information re327. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Local Regularity of Non—Resonént
Nonlinear Wave Equations

Kimitoshi Tsutaya

Series #327. January 1996



#303

#304
#305
#306

#307
#308

#309

#310
#311

#312

#313
#314

#315

#316

#317
#318
#319

#320
#321

##322
#323

#324

#325
##326

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

S. Jimbo and J. Zhai, Ginzburg-Landau equation with magnetic effect: non-simply-connected domains,
21 pages. 1995.

T. Ozawa, On the nonlinear Schrodinger equations of derivative type, 27 pages. 1995.

'N.H Bingham and A. Inoue, Jordan’s theorem for fourier and hankel transforms, 30 pages. 1995.

T. Honda and T. Suwa, Residue formulas for singular foliations defined by meromorphic functions on
surfaces, 19 pages. 1995.

J. Yoshizaki, On the structure of the singular set of a complex analytic foliation, 25 pages. 1995.

A. Arai, Representation of canonical commutation relations in a gauge theory, the Aharonov-Bohm effect,
and Dirac Weyl operator, 17 pages. 1995.

A. Arai and M. Hirokawa, On the existence and uniqueness of ground states of the spin-boson Hamilto-
nian, 20 pages. 1995.

S. Izumiya and T. Saho, Generic affine differential geometry of plane curves, 8 pages. 1995.

N. Kawazumi, On the stable cohomology algebra of extended mapping class groups for surfaces, 13 pages.
1995.

H.M.Ito and T. Mikami, Poissonian asymptotics of a randomly perturbed dynamical system: Flip-flop
of the Stochastic Disk Dynamo, 20 pages. 1995.

T. Nakazi, Slice maps and multipliers of invariant subspaces, 11 pages. 1995.

T. Mikami, Weak convergence on the first exit time of randomly perturbed dynamical systems with a
repulsive equilibrium point, 20 pages. 1995.

A. Arai, Canonical commutation relations, the Weierstrass Zetafunction, and infinite dimensional Hilbert
space representations of the quantum group U, (slz), 22 pages. 1995.

Y. Shibukawa, Vertex-face correspondence in elliptic solutions of the Yang-Baxter equation, 8 pages.
1995.

M.-H. Giga and Y. Giga, Consistency in evolutions by crystalline curvature, 16 pages. 1995.
Wei-Zhi Sun, Shadows of moving surfaces, 19 pages. 1995.

S. Izumiya and G.T. Kossioris, Bifurcations of shock waves for viscosity solutions of Ha.rmlton—Ja.cobl
equations of one space variable, 39 pages. 1995.

T. Teruya, Normal intermediate subfactors, 44 pages. 1995.

M. Ohnuma, Axisymmetric solutions and singular parabolic equations in the theory of viscosity solutions,
26 pages. 1995.

T. Nakazi, An outer function and several important functions in two variables, 12 pages. 1995.

N. Kawazumi, An infinitesimal approach to the stable cohomology of the moduli of Riemann surfaces,
22 pages. 1995.

A. Arai, Factorization of self-adjoint operators by abstract Dirac operators and its apphcatlon to second
quantizations on Boson Fermion Fock spaces, 15 pages. 1995.

K. Sugano, On strongly separable Frobenius extensions, 11 pages. 1995.

D. Lehmann and T. Suwa, Residues of holomorphic vector fields on singular varieties, 21 pages. 1995.



Local Regularity of Non-Resonant
Nonlinear Wave Equations

Dedicated to Professor Rentaro Agemi on his siztieth birthday

Kimitoshi Tsutaya "

Department of Mathematics

Brown University
Providence, R.1. 02912, U.S.A.

1 Introduction

In this paper we study the problem of minimal regularity of initial conditions required to
ensure well-posedness (local existence, uniqueness and continuous dependence on the data)
for systems of nonlinear wave equations with quadratic nonlinearity. We consider the Cauchy
problem for systems of wave equations in three space dimensions :

[ Oyu = (87 - C3A)u = F(u,v,8u,0v), t>0, z€ RS,
) Oyv = (07 — C2A)v = G(u,v,0u,0v), t>0, z € R®,
u(0,z) = uo(z), Gu(0,z) =w(z), =z € R?,
[ v(0,z) = vo(z), Ow(0,z) =vi(z), =z € RZ,

(1.1)

where u, v are scalar functions of ¢ > 0 and z € R®, the C;, j = 1,2 are positive constants,

and

8= (0,V) = (80,01,00,85), 0;=0/dz; for j=1,2,3.

The constants Cy and C, are the propagation speeds. The functions F and G are assume to

be quadratic and

F(u,v,p,9), G(u,v,p,q) € C*(R x R x R* x R*).
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First let us consider the case where the nonlinear terms F and G are independent of u

and v, i.e., F' and G have the form
(1.2) Qap(u,v) = daudpv, @,B=0,1,2,3.

- The proof of the classical local existence theorem relies on energy estimates and the Sobolev

imbedding theorem. -In R!*", this requires the initial conditions
(1.3) ug,v0 € H*(R*) and wu,v, € H"Y(RY)

with s > n/2 + 1 for (1.2). Recently, Klainerman and Machedon [2] proved that if C; =
C, =1, and F, G have the null forms,

(1.4a) Qw(u,v) = Owdw — Vu- Vo,

(1.4b) Qr(u,v) = 0,uldpv — Opulav, 0L a,f <3,

then the Cauchy problem is well-posed for ug,v9 € H?(R®), u;,vi € H*(R®). This re-
markable result is based on new spa:‘ce-time estimates for the null forms (1.4a), (1.4b).
Moréover, in [3] they improved minimal regularity assumptions for well-posedness to be
uo, Vo € H*, uy,v; € H*"! with s > 3/2 if C; = C; = 1, and both F and G have the null
form Qw in (1.4a).

For general quadratically nonlinear terms of the form (1.2) in three space dimensions,
the lower bound for the Sobolev exponent s in (1.3) can be lowered to s > 2. This result
t of Ponce and Sideris [7] was proved by using a space-time estimate called the Strichartz
estimate. In particular, in the spherically symmetric case, the Cauchy problem is well-posed
for ug,vo € H?(R®), u;,v; € H'(R®) and for general nonlinear terms of the form (1.2) *.
This was shown by Klainerman and Machedon [2].

On the other hand, in [3] Lindblad gave a sharp counterexample so that the Cauchy

problem for the scalar wave equation

Ou ‘E (82 — A)u = (Qyu)?

'The result generalizes to systems (1.1) with C; # Ca.
{This result is true not only for quadratically nonlinear terms of the form (1.2) but also for all nonlinear
terms of the form F(u,v,du,dt) which are quadratic in du, dv.
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is ill-posed for the exponent s < 2. He also showed in [5] that in general the problems for
the scalar wave equations

Ou = ulu,

Ou = u?
are ill-posed for the exponents s < 1, s < 0, respectively. See also [6].

‘One aim of this paper is to show that the same type of estimates as those of

Klainerman and Machedon [2] hold for C; > C; and for the forms Qps(u,v) in (1.2) and

(1‘5) Qor(u) 'U) = ao'u v, a= 01 1a213'
Theorem 1 Consider the solutions u,v of a system of inhomogeneous wave equations
([ O,u = (82— C2A)u = F(t,z), t>0, z € R?,
(16) Oyv = (82 — C2A)v = G(t, z), t>0, z€ R?,
. <

u(0,z) = uo(z), Gwu(0,z) =wu(z), z € R®,
| v(0,z) = vo(z), Ow(0,z) =u(z), z€ R

Suppose Cy > C,.
(i)  Let ug,vo € H(R®), u1,v; € L*(R3) and F,G € L*(R.,L*(R®)). Then, for the form
(1.5), we have

/T/ |Qa(u, v)|*dzdt
o Jre
T 2
< C (”VUOHL?(RS) + [fuallz2(r2) +/0 IIF(t)IILz(Rs)dt)
, T .
X (”V‘Uo“L?(RJ) + llvill 2 (m3) +/0 ||G(t)||L2(Rs)dt>
for all T > 0. '

(i)  Let vo € HX(R3), uo,v; € HY(R®), u; € L2(R3), F e LY(R;,L*R®) and G €
LY Ry, HY(R?)). Then, for the forrﬁ (1.2), we have

T 2
L[ 1Qaslu,v) Pt
T 2
< C (”vuO|IL2(R3) + |l ll 22 +/0 “F(t)”m(ns)dt)
T 2
X (”v2vo”L2(Rs) + “VU]”L?(RJ) +/0 “VG(i)”p([p)di)
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forall T > 0.

Similar estimates hold for other dimensions 1 + n. Let H*(R") denote the homogeneous

Sobolev space and wp = (—A)Y2 The following corollary follows easily from the proof of

Theorem 1.

Corollary 1 Let u,v be the solutions of (1.6) in R™*™. Suppose C2 > C;.
(i) Let uo € HY(R"), u; € L*(R"), vo € HMW2RY), v € H 2R, F.
LRy, L*(R™) and G € L'(Ry, H®3/2(R™)). Then, for Q4 in (1.5), we have

m

/OT /1;3 |Qa(u, v)|*dzdt

. T , 2
< C (IIVUOIIH(R")-F|IU1||L=(Rn)+ /0 |F (t)”L?(R")dt)

2
T
x (nwé"‘””vouumn) e P onllzaeny + [l 3”2G(t)||Lz<R~>dt)
for all T > 0.

(ii) Let ug € HY(R"), u; € L*R"), vo € H™V/RY, v € HAD/2(R), F €
LY (R4, L*(R™)) and G € LY(Ry, H®V/2(R")). Then, for Qup in (1.2), we have

/OT /Rs |Qes(u,v)|*dzdt

T 2
< 0 {IVualizy + ol + | 1@l

T 2
X (I]w((,n+1)/2volle(Rn) + ”w(()n—l)ﬂ'vl”L?(R") +/0 ”w((,n l)/2G(t)”L2(Rn)dt)

forall T > 0.

Remark 1 To show the above estimates, we need to solve some quadratic equations

(see Section 2) while the corresponding equations in [2] are linear.

Even if C; > C, however, it seems impossible to construct local solutions for the form
(1.2) and arbitrary initial data ug,vo € H*(R®), u1,v; € H*(R®) except spherically symmet-

ric case. If we could show that

,
(1.7) /0 /R 10Qus(u, v) 2dzdt



| T _ 2
<C (”VZUOIIL’(R’)+"VUINL’(R“)'*' /0 IVF (t)llm(m)dt)
. . . T 2
X ("Vzvollm(m) + | Vou | z2gsy + /o "VG(t)"L’(R’)dt)

for all T > 0 and arbitrary ue,v0 € H3(R®), w1,v; € H'(R®), F,G € L'(R;, H'(R?)),
then the well-posedness would be true for ug,vo € H?, uy,v; € H'. As in Klainerman and
Machedon [2], the above inequality is true if we replace Qag(u,v) by Qw or Qg in (1.4) and
~ set C; = Cp = 1. This result is based on the symmetry between u and v §. As mentioned
above, by using this space-time estimate they proved that the Cauchy problem for the null
forms (1.4) is well-posed for ug,vo € H?, u,v; € H' and C; = Cp = 1.

But in our problem, since the propagation speeds C; and C, are different, the symmetry

between v and v fails, and (1.7) thus seems wrong for Q.3 and for general initial data.

Next let us consider the case where F and G have the form ,u-v or udgv. In this case, the
classical local existence theorem requires the initial conditions (1.3) with s > n/2 in R*".
If we suppose C; = C; and non-spherically symmetric case, then it seems impossible to us
to construct local solutions for ug,vo € H', uy,v; € L? from the results of Lindblad [5, 6] as
above. However, in the case C; > C; the problem is well-posed for ug,vo € H?, uy,v; € L?

if F and G have the form (1.5). The following is the main result of this paper.

" Theorem 2 . Assume the form (1.5) for the nonlinear terms F and G in (1.1) with
C2 > Ci. Then, for arbitrary initial data ug,v0 € H'(R®), uj,v1 € L*(R®) there ezist a
T > 0 depending only on C1,C; and |juol|mi(rs) + l|vollai(rs) + lurllz2(rsy + llvallL2rs) suck
that (1.1) has unique local solutions (u(t),v(t)) on [0,T)] satisfying
u, v € ﬁ Ci([0,T}; H')
=0
and

T
/0 18 - v()[2apaydt < 50, @ =0,1,2,3.

§The following estimate holds for the solutions y,vof (L) withCo=Cy =1, F=G=0,uy=v=0
and for Q = QW or QR : ||Q(u,v)”L2(Rx+a) < Cmin{“ul||L9(R:)||Vn||m(m), “vul”L’(RJ)”vl”L?(Ri’)}-
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Remark 2 Notice the asymmetry in (1.5). Let Q%(u,v) = udv, « = 0,1,2,3.
From the proof of Theorem 1, it is conjectured that even in the case Ca > C; the result of

Theorem 2 is wrong for general initial conditions if the nonlinear terms F and G have this

form.

We remark that in the case where F and G in (1.1) with C; > C; have the form Qz(u,v) =
uv, the Cauchy problem is well-posed for uo € L*(R®),u; € H-*(R®),vo € H'(R®) and

v; € L?(R®). This is proved by using the following corollary of Theorem 1.

Corollary 2 Let u,v be the solutions of (1.6). Suppose C; > C,. Then, for the form

Qz(u,v) = uv, we have

i *dzdt
[ [ 1Qz(u,v)da
T 2
<C (IIUoIIL=(R°)+”wo' "l + /0 lwg* F (t)llm(m)dt)

T 2
(Il + ol + 16 et

for all T > 0 and vo € H*(R®),uq,v1 € L*(R®),u; € HY(R®),F € L'(R,,H"Y(R?),G €
LRy, L*(R%)).

The motivation for studying the problem of minimizing regtﬂarity conditions for (1.1)
with C; > C has something to do with the global existence results. Let us recall the global
existence result for nonlinear wave equations satisfying the null conditions.

It is well-known that in three space dimensions the scalar wave equations with quadratic
nonlinearity have no global solutions in general even for small initial data. However, the
system of wave equations with the same propagation speeds whose nonlinear terms satisfy
the null conditions has global solutions for small initial data (see Klainerman {1]). This
result is due to good decay estimates. The nonlinear terms satisfying the null conditions
provide us a good decay property, which one can show by using the generators of the Lorentz
group. Also, the Cauchy problem for the system with the nonlinear terms satisfying the null

conditions is known to be well-posed under lower regularity assumptions by [2, 3].
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On the other hand, the quadratic nonlinear terms of the coupled system (1.1) with
C1 # C, have also a good decay property, because the propagation speeds are different.
Using this property, Kovalyov [4] préved the existence of global solutions of the system
(1.1) with C; # Ci, F,G = 8,udpv for small initial data. For details, see [4]. Then,
the following natural question arises : can we improve the regularity requirements on the
initial data to ensure well-posedness for systems of quadratic nonlinear wave equations with
distinct propagation speeds ? Qur study began with this question. Although we have
succeeded minimizing the regularity assumptions for some nonlinearity as above, we do not
have any result which indicates a relation between decay estimates and minimal regularity
assumptions. -

Our plan in the present paper is as follows. In Section 2 we prove Theorem 1 following
the way in [2). In Section 3 we describe the proof of Theorem 2 by the standard iteration
' argument.

. We conclude this section by giving several notations. For £,7 € R® we put { -7 =
2_1&n;. Let S be the Schwartz space on R®. For f € S(R®) we define the Fourier

transform f (&) of f with respect to the space variables by

7 — wiz-§

f© = [ e =t fla)de.
We also denote the space-time Fourier transform of F' by

i I A - ~i(tr+z-£)
F(F)(r,6) = F(r,6) = / /R e F(t,z)dzdt.
For a multi-index A = (Ao, A1, -+, An), we put
Ot = gMoM ... 9.

In the course of calculations below, the various constants are simply denoted by C.

~1



2 Proof of Theorem 1

We consider the following inhomogeneous wave equations with different propagation

speeds
[ Oyu = (82 — C:A)u = F(t,z), t>0, z € RS,

Ov = (6t2 - C22A)v = G(taz)a t>0,z€ R?,
u(0, .'E) = u_O(z)a alu(oax) =u(z), z € R®,
| v(0,z) =vo(z), Ow(0,z) =w(z), z€ R

We first prove the following theorem.

(2.1) <

Theorem 2.1 Let u,v be the solutions of (2.1) with Co > Cy, F=G =0, ug=vo =
0. Then, for the forms @ = Qu, Qap defined by (1.5), (1.2), we have

// Q( | )|*dzdt <{ Clalzagyllvillzzg ¥ Q= Qe
. u,v T <
RJR3 C“ul“%’(R:'*)”vvl”f;z(}ga) lf Q —_ Qaﬁ

for all wy € L*(R?),v1 € L(R?) (if Q = Qo), v1 € H'(R®) (if Q = Qup)-

Proof) We first prove the above theorem with the data; u; = f, v; = g in the Schwartz
space S(R?), whose Fourier transforms f, § belong to C3°(R3) with 0 ¢ {supp f}U {supp §}.
Let u,v be the solutions of the homogeneous wave equations |

[ Ou=0, t>0, z€ R,
O,v =0, t>0, z€ R,
u(0,z) =0, du(0,z) = f(z), =€ R3 -
v(0,z) =0, 8w(0,z)=g(z), z€ R

We write
1
u= Z(u+ —u_), v= ;)j(u —v-),

where

+iCytle| |
2.3 us(t,z) = @) [ & e dE
23) s6s) = () [ S et

EiCatlel
(2.4) ve(t,z) = (27)7° §(€)e'™de.

R Colé]



By repeating the argument of Klainerman and Machedon [2], F(8%us) * F (8Pvy) turns out

to be well-defined in the sense of distributions, and
(2.5) F(8%us) * F(0Pvs) = F (0°us0°vs) € L*(R™).
We now compute explicitly the functions F(usvs) and F(Q(us,v+)) using (2.5).

Lemma 2.2 Assume that f,g belong to the Schwartz space S(R®), whose Fourier
transforms f, § are C functions and vanish in a neighborhood of the origin. Let C2 > C;.
Then, the functions F(uyvy) and F(u_v_) are supported in the interiors of the future and
past light cones, {r > C1{¢|} and {—7 2> Ci|¢|}, respectively.

Moreover, the functions F(uyvy) and F(u_v_-) are expressed in the following forms :

Fupvs)(r,€) = C / ——a_f(£ — aw)j(a-w)dw
and
Fluov ~C / a1 f(§ - asw)i(asw)ds,
where
(2.6) D = D(r,6,w) = (Cor —CHE-w)* —(CF = CP)(r* = CLE*),
o Cor—C2 -w= VD
(27) Q4 = szl_ 012 .

and C is a constant depending only on Cy and Cs.

Remark 2.1 Note that D(7,&,w) = 0if and only if 7 = Cyf - w and || = { - w, since

a simple calculation gives us
(2.8) D(r,6,w) = (Cor = CiE-w)? =(C; = CI)(7* - CTIEI")
= CH(C] = CHIIEP = (€ -w)?) + (7 = Caf - w)?).

Proof) From (2.3) and (2.4), we have

L l|5|

ux(7,€) / Cl‘fl )e™ 't dt

9



f(é)

= 47".f(€)X:!:(T)5(T2 - CHlEr),

— _ o, 49
v:!:(T,é) = 27 C'ﬂ (T:FC2|€|)

where § denotes the Dirac delta function, and x4, X- are the characteristic functions of the

intervals [0, 00), (—00, 0], respectively. We put

- f(f)
_ 9(5)

We first compute F(u4vy). By (2.5), we have
| f(u.;.v.,.) = 47&'2;l,+ * Vg
and
(29)  werra(n®) = 2[ [ xalr =€~ €)( =7V = CllE - €T)
3¢ Pyt !
C’ & l5(7‘ — C,|¢'|)dr'dE’.

We see from the above integral and C; > Cj that gy * vy is supported in the future of the

origin {7 > C1|¢|}. For 7' = C,|¢'|, we have
n = (r-7)-CllE-¢P
= 12— CHléP - 2Com[€'] + (CF = CRIET” +2C7¢ - €.
In terms of spherical coordinates £ = pw with w| = 1, n takes the form
7 = (C2=CHp —2(Car — C2-w)p+ 77 — OIS
= (G~ CN(p—ai)(p—a-),

where a4 are defined by (2.7). Then, the integral (2.9) becomes

(210) Ly * 1/.,_(‘?’{)
= . (&) %
2 [ xelr = CaleD (e - €160n) Z e
7/C2 .
- —C—';/o : p/sz f(€ = p)((CF — CD)(p ~ a4 )(p — @=))§(pw)dwdp.

10



We here need to check whether p = ay, a_ satisfy 7 > C,|¢'| = Cap. Suppose 7 # C,|¢| and
|€] > 0. By (2.8), we have

(2.11) C2D — C{(1 — Caf - w)?
= CHCi - CH{(r— Cat - w)? + C2(IE* - (€ - w)P)} 2 0.

Note that the last equality holds if and only if 7 = Cof - w = C,|¢|. Hence, it follows that

~C2r — .
r— Cha = C¥r — Cy¢ w)+cp/5>0’

Ci-C?

and ~
—C2(1 — Cyf -w) = Co/D

0.
CI—C? <

T—Cz(!.l.. =

Thus, when 7 # C,|€], only p = a_ satisfies 7 > Cyp. Moreover, since py * v4 is supported

in {r 2 C1[¢]} and C; > C), we see a_ > 0. Hence, from (2.10) we obtain for 7 # C,[¢]

Pt *ve(T,6) = C/sﬂ %a_f(f — a_w)j(o.w)dw.

Next suppose 7 = C3|¢| > 0. In this case, only when |¢| = ¢ -w, we have oy = a_ = [¢]. On
the other hand, when [¢] 5 ¢ - w, we see that dnly p = a_ satisfies 7 > Cyp and p > 0 as
before. Thus, from (2.10) we obtain for 7 = C, €|, |

pi *ve(7,8) = 0/52 %a-f(f — a.w)§(a-w)dw.

For the case [{| = 0, the desired equality follows easily from the same argument as before.

It remains to prove the formula for F(u_v_). Since

p-xv_(r,€) = 2/1?3 /Too flE=€V8((r =) = Ce - €)])

g({') i I Yy
Gl (7" + Calg'])dr'de,

#- * v_ is supported in the past of the origin {—7 > C,|¢|, 7 < 0}. Proceeding as before,

we have

posv(r€)=C [ —\/%E-f(f - T_w)j(@-w)do,

11



where
—Cor = C¥ -w— vD
C2 - C? ’
D = (Cir+Cit-w)* —(C; - CI)(r* - CTIEP).

. =

Therefore, making the change of variables w — —w, we obtain the desired formula. |

Lemma 2.3 Let f,g satisfy the conditions of the previous lemma. Then, the func-
tions F(u-v;) and F(uyv_) are supported in the regions {r > —C1[¢|} and {r < Ci|¢|},
respectively.

Moreover, the functions F(u_vy) and F(usv-) are given by the formulas

a——

_ ! ) .
uTT(r) = C [ (€~ arw)i(arw)ds
and
— 1 2 R
GV (r,) = ~C [ —se f(€ = a-w)ile-w)d,
where D and oy are defined by (2.6) and (2.7), respectively, and C is a constant depending

only on Cy and C,.

Remark 2.2 If Cy = C,, then the supports of u_v; and u;v_ are contained in the

region {[{| = Cilr|}.
Proof) From (2.5), we have

Fluvy) =47 % vy

and
(2.12) pera(n) = 2 [ fe=)6((r =77 - Clie - €)
g(gl) ] 1] gt
szlé'l‘s(T — Cyle')dr"de".

From the above integral and C; > Ci, we see that p_ * vy is supported in the region

{r 2 =C\|€]}. For 7' = C,|¢'|, we have
n = (-7 =CHe-¢P
= (C7=-CD)(p—ax)(p - a-)

12



and

H- * V+(T7€)
% | = = Cando [ 76 — m)6((CE — €0 - as)(o = @-))d(pw)dud.

Proceeding as in the proof of Lemma 2.2 we see that only p = a, satisfies 7 < Cyp and

p 2 0. Thus, we obtain

o xvy(r,8)=C / —04 f(€ — arw)g(gu)do.

It remains to prove the formula for F(u4v.). Proceeding as in the proof of Lemma 2.2
for F(u.v.), we obtain the desired formula. We have completed the proof of Lemma 2.3. =

The fellowing lemma is proved in the same manner as above.

Lemma 2.4 Let f,k g satisfy the conditions of Lemma 2.2. Suppose Q = Qq, a =
0,1,2,3, or Qup, @, 8 =0,1,2,3. Then, the functions F(Q(u4,v4)), F(Q(u—,v-)), F(Q(u_,
v4)) and F(Q(u4+,v-)) are expressed as follows.

i) ForQ=0Q,, a =0,1,2,3,

FQalur,vs)) = +C [, —}—a-ffm_(r,c,w)f‘(e—a-w)g(a_w)dw

F(Qalu-,vs)) = :f:C/ a+f\1a+ 7,6.w) f(€ = apw)(oyw)dw,
where
2.13) K TG (a=0),
( . : 10’(7"67(0) - { é] — ou; (a =] — 1,2, 3)

(ZZ) ForQ:Qorﬁ: C!,,B=0,1,2,3,
F(Qop(us,vy)) = :i:C/ —=a? Ny_(7,¢€. w)f(f——a w)d(a-w)dw,
F(Qeslu-yvs)) = %0 [ 75—a+1x’zo+<r,<.w>f<e—a+w)§(a+w)dw,

where

(T—C20' (Q=ﬂ= )a
(1= Ce0o)w; (a=0, 3=35=1,23),
6]'—an (O=j=1:2)31ﬂ= )a

L (é.t - CTLU,')LUJ’ (O = iv 3 =j) 71.7 = 172a3)

(214) [\’26("—’63“‘)) =
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We show the following lemma using the above lemma.

Lemma 2.5 - Let u,v be the solutions of (2.2) with C, > C; and with f,g satisfying
the conditions of Lemma 2.2. Then, for the forms (1.5), (1.2), we have

1Q (s, va)llzoqrrssy + |Q(u-, v-)llL2(rr+3)

HQ(u-, vi)llL2ri+2) + [|Q(us, v-)|L2(Rr1+3)
{ Cllflliczmyliglizmsy Q@ =Qa, «=0,1,2,3,

Clliflez@)IVollzme) i @ = Qapy @,8=0,1,2,3,

where a constant C is independent of f and g.

Proof) We first prove thelemma for Q{u4,v4). From Lemma 2.4 and from the Schwarz
inequality on S%, we have

A

”Q(u+a‘v+)”%,2(31+3)
| C/RS /c:q/sz %Klza—az—v(f - a—w)lzlé(a_w)lzdwdrdg
ifQ = Qa, o= 0,1,2,3’
C/Rs /CM L %K%a_a‘ilf(f — a-w)|§(e-w)*dwdrdt

IN

(2.15)

if @=Qas «,=0,1,2,3,
where Ko_ and K,,_ are defined by (2.13) and (2.14), respectively. We change variables

T — Q. keeping the other variables £,w fixed. From (2.11) we have

da_ _ CpV/D = C¥r — Caé - w)

> 0.
dr (C~CHVD

Hence, a— = a_(7) is an increasing smooth function with a smooth inverse function. More-

over, we see that when 7 = C,|¢|,

_ CilGale] = i -w) = Ci[Calel = Crf€ - w)

cr-C = 0.

a-
In fact, since C; > C}, we have Cy|¢| — C1(€ - w) > 0. Thus, from (2.15) we have

(216) llQ(u+,v+)||22(nl+3)
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dr
K2 2 2

‘/Rs/ _/52 I{la-d If(f a. w)l Ig(a_w)l dwdo_d¢

if @=Qa,

< <

/R/ /52 D 22°— ot [f(€ - a-w)*|§(a-w)|*dwdar_dE

if Q = Qaﬂ-

We here claim that DKfa : ddT and DKzza ddT are bounded. In fact, if Q = @, then for

a =0, we have by (2.8),

ro1 (—Cf(T — Cof -w) + 02\/5)’ (C2 - C?)VD

- D C?-C? Cov/D — C2 (1 — Cof - w)

CaVD = C}(r — Caf - w)

VD(C} - C3)
< CoV'D + C2|1 — Cyé - w)
= (C? - C?)VD
1

< .
= G- C

'—ﬁ—@mfd

Fora=j3=1,2,3, we obtain

1 , dT I
—(t: — . <
pléi —a-wi) =< C3C, - Cy)’

since

(6 = ) < 6 = ool = Z5(r = Caa )
We can check the last equality using (2.6) - (2.8). Similarly, we obtain the same estimates for
DI '22a ddT as those for % &'fa ddT Thus, DK fa_zi—:t, J = 1,2 are bounded. Therefore,

from (2.16), applylng the Fubini theorem, the Planchrel theorem and the Young inequality,

we obtain

Cllifllzzmoyllglizaryy - if @ = Qa,
(2.17) Qs v4)ll2(rr+sy < { FEITILED

Cllflle2 o) Vellr2(rsy if @ = Qap.
For Q(u_,v_), as before we have

Qs v- o
Ci ¢l
C/Ra/ / N ‘1a+a+,f - a+w)|2|§(a+w)|2dwd7'd§
ifQ = Q.,
~Cr el 1 . . )
C Lo [ [ 5ot € = ) Plo(ase)Pdudrde
) if Q= Qag.




Making the change of variables 7 —+ —7 and w — —w yields
as(r,6,w) = —a-(r,6w),
D(r,§,w) — D(r,§,w),
I(Jza+(7,§,w) - K7, (1,¢,w), j=12.

Thus, it follows from (2.18) that

”Q(“—, U—)"%ﬂ(nua)

2 2 24 9

/Rs /c: el /52 e llf(€ - a-w)) |9(05—u2|ded;d§

S \ o] 1 ) . 1 = as
C/R“ /C‘xlﬁl/.?? K ol lf(€ = a-w)|§(aw)[dwdrdf

‘ if Q= Qug.

This is the same as (2.15). Therefore, in the same way as before, we obtain the desired

results.

We next estimate Q(u,,v-). As before, we have

“Q(u+a v-)”iz(gus)

Cil¢l
C/Rs/ / _I(lza_ |f(f—a w)[?)g(a- w)]"’dwd'rdf
if Q = Qa,
(2.19) < A el A i
/Rs [ [ LK 0t17(6 — ac)Pli(acw)Fdudre
if Q= Qap-

Changing variables 7 — —7 and w — —w yields
a_(1,{,w) = —ay(r,§,w),
D(r,§,w) — D(1,§,w),
K: (1,6 w) = K2, (1,6,w), j=1,2

Thus, it follows from (2.19) that

(220) ”Q(u+a v—)”%?(nl+3)
( oo 1 . )
C/R:! /‘Cl e Js2 -5]‘ 12a+ ai—’f(é. - O.'+-'&')I?|g(a+W)l2st)de€
- 1 it Q=0Q.,
C/R3 /_c le| /52 5[\’22°+ ailf(f - Q+"—‘-‘)|2|9A(Q‘+w)|2dwdrdf
) il Q= Qap. -

IN
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Let {,w be fixed. We change variables 7 — ay. From (2.11) we have

day _ CoV/D + C¥1 — Cof - w)

- > 0.
ar (C3~CHVD
Hence, oy = a4 (7) is an increasing smooth function with a smooth inverse function. More-
over, if 7 = —C}}¢|, then a; = 0. Thus, we have from (2.20),
(2'21) ”Q(u+a )”%2(31“)
dr . i
,/Rs_/ ‘/52 —I{lza.'. d +|f(§ - G+w)|2lg(a+w)|2dwda+d€
< < if Q=Q.,
2
./RS/ /Sz 2°f+ d G+If\€ — a;w)?|§(ayw)*dwda dE
lf Q = Qaﬁ‘
dT

As before, we can check that K 2 = 1,2 are bounded, using (7 — Cyay)? =

D da,
C?l€ — ayw|?. Therefore, we obtain the same estimates as (2.17).
Finally, we can similarly obtain the desired results for ”Q(u-,v.,.)”f;g(m.,a). This com-
pletes the proof of Lemma 2.5. n
Theorem 2.1 follows from Lemma 2.5 and a density argument. See [2). n
Proof of Theorem 1:
Theorem 1 follows by repeating the same reasoning as in (2] and using the Duhamel
principle. | =

Similarly, 'Cordllary 2 is proved by Lemmas 2.2 and 2.3.

3 Existence and Uniqueness

In this section we describe the proof of Theorem 2. We consider the Cauchy problem for
a system of the type
([ Oyu = Q;(lt,v) = Jyu - v, t>0, 2 € R3,
Ov = Qo(u,v) = Jou - v, t>0, z€ R3,
w(0,2) = fo(z), Ow(0,z) = fi(z). x€ R®,
v(0,2) = go(z), Gw(0,2) =q(z), € R,

(3.1)

17



where C2 > C; > 0, fo,90 € H'(R®), fi,g1 € L*(R®). The proof is based on the result of

Theorem 1.

Ezistence :  We first prove the existence part of the theorem. The following proposition

holds.

Proposition 3.1 There ezist positive constants € and C' depending only on || fol| g1 (rs),
| full 2R3y, llgoll a2 (m2), ll91ll 2 Ry and C1, Ca such that the problem(3.1) has solutions (u(t), v(t))
on [0, €] satisfying

u,v € (l]Cj([O,s]; H™@I(R%),

j=0

(3.2a) E.(u,v) = os<1:<pt E(u,v)(t) = sup Z (18°u(t)lz2(r3y + [[0%v(t)]|L2(m2)) < C,

0st<e oglal<i
and
£
(3.2b) / [ 1Qa(u,v)dzdt < C.
0
Proof) We use an interation argument to prove the proposition. Let us define sequences

of functions {un}, {v.} by

[ O1un = Qa(Unm1,Vnoy), t>0, ze R,
O30y = Qq(Un—1,Vn-1), t>0, z€ R,
| a(0,2) = o), Bua(0,2) = fule), = € B,

| 9(0,2) = go(z), Bvn(0,2) = gi(z), z € R

(3.3)

for n > 1 and ug = vo = 0. It suffices to show that there exist ¢ < 1 and M > 1 such that

(3.4a) E(un,v,)(t) < (1 + L + —1——) M  for 0<t<e and all n,
G C;
(3.4b) E(tn — tn—1,vn — vp1)(t) < 2{}{1 for 0 <t<e and all n.

To prove (3.4) we first show the following inequalities by induction on n :

€ CoM*
(3.5) ) 1Qo(tn, o0 = no)(@lbrgayds < sy,
. P CoM*
(3.6) ) 1Qa(tn = s, ) Mnds € et
(3.1 J, 1Qe(ta 0) (@) Eagrpds < Cob,

18



where Co is the constant in the estimate of Theorem 1(i).
Let M > 2(||follg + || fullzz + llgollm: + llg1llz2) and M > 1. For n =1, (3.5)-(3.7) hold

by Theorem 1.

Assume that (3.5)—(3.7) are true for some n > 1. Then, for n+1, we have from Theorem

1,
& M ‘ 4
‘/(;||Qa(un+1,Un+1)(3)|l2L’(R3)dfs < Co (?+A “Qa(umUn)(3)||L2(R3)ds)
| M . 1/2\*
< Co (2t ([ 100t ) MErns) )
arl 1/21/2 7\
< CoM!(5+e*Cy M)
and

/o 1 Qa(tntr, v — on)(8)l[z2myds
< 0o (T + [ 10utum ) Mords) ([ 1) = Qutstcs s
< 0o (5 + ([ 1Qu(un, o)) /)
< ([ 1Qulins v = ) M)
+el/? (/0‘ |Qaltn — Un-1, vn—l)(3)||i’(3")ds)1/2) 2

M 2 M*
< Co (T +€1/203/2A{2) 4600'22('1—_1).

2

4

If we choose ¢ so small that

(3.8) e2Cy* M <
(3.9) (o erciimr)sec, <

then we obtain

L 1Qu(tus v () Baqayds < Cob,

) CoM*
/0“Qn(un+]avn+l—vn)(S)”iz(Ra)ds S 52

<z

Therefore, (3.5) and (3.7) hold for n > 1. In the same way, inequality (3.6) is proved.
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Now we are in a position to prove (3.4). We rewrite (3.3) as the following integral

equations. o c
( sin Cywot
un(t) = cosCiwot - fo+ -—C—:—)—g"ﬁ

1%
t sin Cywo(t — )
+A Clwo Qa(un—lavn—l)(s)ds’ :

(3.10) <
vn(t) = cosCowpt - go +

t g} t—
+/0 sin ngo( S)Qo(un_l,‘vn—l)(s)d‘s’

where wo = (—A)'/2. From the Planchrel theorem, we have

\

(3.11) lletn (&) 13 2y + 1o (W 2oy
< ”fo”m(m)-i-(t-i' )||f1|lL2(m)
+igoll 2 (re) + (t + = )||91"L2(Rs)
42 (¢ = 91 Qafun-,v0-1)()rrnyde

+(z+ ) [ 1Qatunn, onea)(6) s

When n = 1, from (3.11) we have

M

E(uy,v)(t) < (1+—+—+e) M =(Crzt+e)+ 5

Cy ' C, 2

where C12 =1+ 1/C; 4+ 1/C,. When n > 2, by (3.5)—(3.7) we have for 0 <t <,

B(un,0n)(1)

M . s

< (Crz+ 6)? + ( + a + CQ) 1/2 (/0 “QO(un—lavn—l)(s)”%z(Rs)ds)
M 1 1

< (Cuz+ 6)7 ( + en + C2> 1/203/21‘{2
< 1

= Crate _1_ 1 172 1/2 )

_,M< 5 +(5+Cl+02) citym

and

E(un — Up-1,Un — Un-1 (i)

< (24 5+ ) ([ 190(nesv0m1) = Qultnnas vncs)($)lnends)
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1 1
< el
= (2” ot 02)

% ([ 01Qan-t, s = va-2) (V) + 1Qa s = a2 vmc2) (o)) ds )

1 1
< el 1/2
< (2e+ C + A )

A (10t = o) Ms)

+ ([ 190ttt - un;z,vn_z)(s)nizma)ds) )

, 1 01/2
< (2+ = g0
—‘(”cﬁcz) =

If we choose € so small that

1
<C: and \2€+_+ )1/2201/2;\ <3

E+ - =
2
then, we obtain (3.4). Inequalities (3.4) imply that there exist (u,v) € (N3 Ci([0,€]; 7)) x

(NI Ci([0,€; H*-)) such that (4n,vs) converge to (u,v) as n — oo. Clearly (u,v) satisfy

the integral equations (3.10). This completes the proof of Proposition 3.1. ' ]
Uniqueness :  We next prove the uniqueness part of the theorem.
Proposition 3.2 Let (u,v) and (u',v’) be the solutions of (3.1) satisfying (3.2a) and

(3.2b) with u,u’,v,v' and having the same initial data fo,go € H*, fi,g1 € L. Then, u = '

and v = v’
Proof) In view 'of (3.10) and the Planchrel theorem, we have

(3.12) E(u—u',v —v')(2)
< 2 [t = 8)(1Qu(u0 = ) lzam + Qe = o))l 2y
+(5 4 52) [ 010ulu0 = V)6 + Qs = o) (6 sy

Furthermore, Theorem 1 yields

L 0@t = )Mz + 1Qu (ot = 1, )6 gy



IA

ot 1/2 t 1/2
£1/2 { ([ 1@etw0 =) Mcrrds) * + ([ 10utu = )N rrds) |
0 0
t |
< 82 (ol + fillzs + [ 1Qu(u)llads) |
t
(] 1@atuso = o) 6Mlzzgre + I Qalu =, ) zsr)ds )
3
+CE7 (liglln + loslzr + [ Q') znds)
t
% ( 1Qa(w, = )(lz2) + 1Qau = w',0)o)ln)ds
t
< OB ([ (1Qa(uv = o)) + 1 Qu = v, (o)l s
for 0 <t <e. Here, since ¢ in Proposition 3.1 is sufﬁciently small, we obtaih
t
 1Qa(u,0 = o)) lzaqa) + Qs = v, (5) sy )ds = 0
for all 0 <t < €. Thus, (3.12) implies
Eu—v,v—2)(t)=0 forall0<t<e.

This completes the proof. ' =

Therefore, we have completed the proof of Theorem 2. n
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