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1. Introduction
In this paper we consider the nonlinear Schrodinger equation of the form

i0yu + 8%u = iA(Olu|?)u + F(u) (1.1)

where u is a complex valued function of (t,2) € R xR, 8 = 8/6t, 8 = §/8=z, A € R,
and f(u) is a nonlinear interaction defined pointwisely by f(u)(t,z) = f(u(t,z)) with a
complex valued function f. Equation (1.1) has both physical and mathematical importance
in connection with the nonlinear self-modulation problem of the Benjamin-Ono equation
[30], the Benjamin-Feir instability of the Stokes wave near the critical wavenumber [12],[13],
theory of gauge transformation in the infinite integrable systems [2],[24],[25], and the null
gauge condition proposed ome of us [14],[31]. The Cauchy problem for (1.1) is studied
in [10],[27],[29], where the Cauchy data is required to belong to the Sobolev spaces H*
with & > 1 (See also [5],[6],[11],[18]). The purpose in this paper is to prove the local
well-posedness of the Cauchy problem for (1.1) in the Sobolev space H/2. One of the
difficulties for this end consists in making sense of the derivative term (8|u|?)u. In order to
state the main result precisely, we introduce the following notation and assumption. Let
U(t) = exp(itd?) be the free propagator, namely the unitary group which solves the free
Schrodinger equation. We convert (1.1) into the integral equation

u(t) = U(t)uo — i fo Ut - 7)(AO]uf?)u + f(u))(r)dr (1.2)

where ug is the Cauchy data at ¢t = 0. We consider the following assumption:

(H) f is continuously differentiable in the real sense, f(0) = 0, and f satisfies the estimate

|f'(2)| = max(|8f/6z],10f/07]) < C(1+|2[*) (1.3)

for all z € C.
For a bounded time interval I we define X(I) the function space by

X(I) = {u € C(I; HY*(R)) N L*(I; L°(R));u € L4(R; L°(I)), 8u € L=(R; L*(I))}

with norm

llll = T L 2| + [lus ZEL2 || + (s ZSL || + |0w; LR L.



Theorem 1. Let f satisfy (H). Then for any p > 0 there exists a positive constant
T(p) depending only on p and f with the following properties. For any ug € H'/?(R) with
|luo; H/?|| < p the equation (1.2) has & unique squtzon u on the time interval I = [0, T(p)]
such that v € X(I) and

dlu|?* € L*(I x R). (1.4)
Moreover, for any T with 0 < T < T(p) there exists € > 0 such that the map @y — i is
Lipschitz from {@o € HY*(R); ||iio — uwo; HY?|| < €} to X([0,T)).

In the proof of Theorem 1 we make extensive use of the space-time estimates of
the free propagator. We use smoothing estimates of Strichartz type, of Kato type, and
of maximal functions to reproduce the norm ||u; L{® L2|| + ||u; LELS||, the seminorm
|I(—A)Y %u; L L2|| + ||8u; L2 L?||, and the norm ||u; LEL|| in the contraction argument
on (1.2). It seems however that in addition to the regularity given by X(I) one needs addi-
tional information to give a meaning to the derivative term (8|u|?)u, since its L1 L? norm
is out of control in terms of the norm in X(I) as long as the attempt depends exclusively
on the Holder inequalities. As is indicated in the theorem, a feature of our proof consists in
making an observation on the space-time behavior of the coupling 8|u|? instead of dealmg
with u and du separately. To be more specific, we consider the sesquilinear form

(,9) — 6(U(t)¢- U(t)¥) (1.5)

and derive sharp estimates for (1.5) in the space-time integrals. In fact, the estimates are
stronger than that which could be derived from the Strichartz and Sobolev inequalities.
We now state the basic new estimates.

Theorem 2. (1) Let u(t) = U(t)uq and v(t) = U(t)vy. Then
I(=A8)!*um; (R x R)|| = 27 /2| fuo; L7|| | vo; L2|I- (1.6)
(2) Let
a(t) = U(tyuo — i /0 Ut - 7)F(r, )dr,

t
o(t) = U(t)o — i / U(t - )G(r, )dr,
0
where F € L'(R; L?) and G € L*(R; L?). Then
(=AY *uw; L2(R x R)|| < 27Y/2(||uo; L?|| + || F; LEL2|)(|lwo; L] + ||G; ZEL2|[). (1.7)
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3) Let w and v be as in Part (2) with ug,vo € HY/? F,G € L} HY?. Then
t

|18(x7); L*(R x R)||
< 273 (|fuo; HY?|| + || F; Ly HY2|)(llwo; HY?|| + ||G; Ly H2)) (1.8)

The result in Theorem 2 is reminiscent of the space-time estimates given by Klainer-
man and Machedon for the null forms of the wave equation [22],[23]. The null forms for
the wave equation in R!*" are

O¢udiv — Vu - Vo, (1.9)
Oiub;v — O;ubw, 1< j<n, (1.10)
ajuﬁhv - ahua,-v, 1<5< k < n. (1.11)

The null forms (1.9)-(1.11) are directly related to the nonlinearities verifying the null con-
dition proposed by Klainerman [21]. As for the Schrodinger equation the crucial factor
“in the nonlinearity which provides an analogous effect is given by d|u|?. Roughly speak-
ing, the nonlinearity involving 8|u|? is called to satisfy the null gauge condition [31] and
accordingly, we call

(uv) ' (1.12)

or (1.5) the null gauge form for the Schrédinger equation in one space dimension. We
remark that (1.9)-(1.11) are Lorentz invariant while (1.12) is gauge invariant. We also
note that (1.9) comes out in connection with the exactly solvable equation

Ou = (8:u)? — (Vu)?, (1.13)
while the corresponding exactly solvable equation seems to be
i0u + Au = (Vu)?, (1.14)
or rather, in the one dimensional case,
i0u + 0%u = 8(x?) (1.15)

(see [28]). The bilinear forms associated with the exactly solvable equations (1.14) and
(1.15) are

Vu - Vo, (1.16)
d(uv), (1.17)
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respectively, though both (1.16) and (1.17) are not invariant under the gauge and Galilei
tranformations.

We now describe the sketch of proof of Theorem 1, whose full detail will be given
in Section 4. Let u be a solution to (1.1) with sufficient regularity in space-time and
integrability in space. We define

¢ = e"iA/2)8y (1.18)
where .
ot,2)= [ latta)ia (119)
By (1.1),
8:|ul® = 0(2Imudz + Alu|*) + 2Im%f(x) (1.20)
and therefore ~ .
i00 + 670 = 2ubT + iAju|* + 2iIm / Zf(u)dy. (1.21)

By (1.1), (1.18), and (1.21),
. 2 —i(A/2)8; 3, _ A 2 YL A%
i0d+0°¢=e (#0su + 8%u — zE(z&O + 8“0)u — iA|u|?*Ou — —i-lul u)
2 . .
— _4_'¢I4¢ + e—:(A/2)0f(e:(A/2)0¢)
+ A¢Im / eTiA/ DG £ (A28 4 gy, (1.22)
Since |@| = |u|, 0 is written by ¢ and (1.21) yields the following equation of ¢:

2
0 + 079 = T |d[*6 + eV f(0/D0y)

+agim [ OGRSy = p(g) (1.23)
where o
otz)= [ 16t u)Pa (1.24)
Conversely, let ¢ satisfy (1.23). Then we define
u= A0y (1.25)
By (1.23),
8:|¢|* = 8(2ImpdP) + 2Im / e~ iA/2)0F £(£i(2/2)@ 4 gy, (1.26)
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and therefore
0,0 + 8?0 = 2404 + 2iIm / e~ iA/2)0F #(H(A/2)0 gy, (1.27)
By (1.23), (1.25), and (1.27), we reproduce (1.1) as

i8u + 8%u = A/D0(39,4 4 %9 + i-'2\—(i0,® + 820)¢ + iX|¢|28¢ — ';—2|¢|4¢)
— ei(A/z)O(iA¢(a|¢|2) + e-i(A/z)Gf(ei(A/2)0¢))
= iA(0|u|*)u + f(u).

On the basis of the formal calculations above, we solve the local Cauchy problem for (1.1)
by making a reduction to (1.23). For given data up to (1.1), we define the data ¢¢ by
(1.18) at t = 0. We solve the local Cauchy problem for (1.23) with data ¢o. Then we
define u by (1.25), which solves the Cauchy problem for (1.1) with data ug. As compared
to (1.1), the transformed equation (1.23) has the advantage that it involves no derivatives
in the nonlinearity. We now state the basic existence and uniqueness result on the local
Cauchy problem for (1.23) in H'/?(R). We consider the following assumption that is more
general than the previous one (H).

(H)' f is continuously differentiable in the real sense, f(0) = 0, and for some p with
1 < p < oo f satisfies the estimate

F'(2)| < CA+ [2P~Y),z e C. (1.28)

Theorem 3. Let f satisfy (H). Then for any p > 0 there exists a positive constant T(p)
depending only on p and f with the following properties. For any ¢o € H/?(R) with
|lo; HX/?|| < p, (1.23) has a unique solution ¢ € X(I) with I = [0,T(p)]. Moreover, for
any T with 0 < T < T(p) there exists € > 0 such that the map ¢o — ¢ is Lipschitz from
{60 € HVA(R); Ido — do; H?]| < €} to X(0,T]).

Remark 1.1. If we consider the regular solution, the solvability of the Cauchy problem
for (1.23) is equivalent to that of the Cauchy problem for (1.1). But this is not necessarily
the case with the weak solution. It has to be proved that the solution of (1.23) given by
Theorem 3 is transformed to a solution of (1.1) by the gauge transformation (1.25) under
(H). This is an important part of the proof of Theorem 1.

Remark 1.2. If we assume the gauge invariance of f, ie., f(e*%z) = € f(z) for any
(6,2z) € R x C and f(R) C R, then (1.23) becomes

2
0+ 8% = '\T|¢I4¢ + f(¢)
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and the proof of Theorem 3 given below will be extremely simplified since the major
technical obstacles are related to the phase factors e¥#(3/ 2)0 and the nonlocal effect given
by the integral in F(¢).

In order to complete the proof of Theorem 1, we prove that the gauge transformation
¢ — u given by (1.25) leaves X(I) invariant and that 8ju|? = 8|¢|*> € L*(I x R) when
P < 5. We use Theorem 2 to prove the last statement and the restriction p < 5 comes out
in the application of Theorem 2.

This paper is organized as follows. In Section 2 we prove Theorem 2. In Section 3 we
prove Theorem 3. In Section 4 we prove Theorem 1. In Section 5 we present an extension
of Theorem 2 to higher dimensional cases.

We conclude the introduction by giving notations to be used throughout the paper.
For any p with 1 < p < oo we denote by p' the conjugate exponent defined by 1/p +
1/p' = 1. For any interval I and any Banach space X we denote by C(I; X) the space
of strongly continuous functions from I to X and by LP(I; X) the space of measurable
functions u from I to X such that |[u(-); X|| € L?(I). The abbreviation such as LIL" =
L{(I; Ly) = L{(I; L7 (R)) and LY{L, = L{(R; LL(I)) will often be made when this could

cause no confusion. For any p with 1 < p < 0o and any m € R we denote by H and H m
the usual and homogeneous Sobolev spaces of L? style of order m. We put H™ = H® a.nd

H™ = H 7 for simplicity. We denote by * the convolution with respect to space variables.
Different positive constants might be denoted by the same letter C.

2. Estimates for the Null Gauge Form

In this section we prove Theorem 2. We prove the Fourier transform with respect to the
space variable by

(Fu)(€) = 4(¢) = (27)~1/2 / exp(—iz€)u(z)dz,

[= <]

so that U(t)up = F~exp(—it£?)i,.
We denote by (7,£) the dual variables of (¢, z) respectively.

Proof of Theorem 2: (1) We give two proofs.

(a) First Proof. We take the Fourier transform of u¥ with respect to space to obtain

F(uv)(€) = (27) "3 (Fu) x (FO)(€)
= (2m)71/? /_ exp(—it(£* — 26n))io(¢ — n)vo(n)dn. (2.1)
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We take the Fourier transform of (2.1) with respect to time and interchange the integrals
in space and time to obtain

(27)~Y/2 /:00 exp(—itT)F(up)(£)dt
= (27)7} /eo (/w exp(—it(r + £ — 2£n))dt)io (¢ — n)vo(n)dn
/ B(r + £ — 2%m)ia(€ — m)Fo(m)dn
T + fz o s
“am 7 ) 8 — n)iale — n)ionsin
-1 T
2|£|‘U-o( 2~ ))1’0(5(6 + E))’ (2:2)

where § denotes the Dirac measure and we have used the homogeneity of degree —1 of §é.
The calculation above is always justified by inserting a convergence factor (exp(—et?),e > 0,
for instance) and passing to the limit. Application of the Parseval formula to (2.2) yields

(—a)Y/4 LR RP
2,1 T\\(2
=5 [ glietge - Prautze + Pyrarde
=3[ [ et - e+ rast

1 [ f* . A
-3 / / |ia(p)50(q)|2dpdg
—00 v —00

1. . N 1
= §||uo;1"2||2||vo;132”2 = §||“o;132||2 |lvo; L2]|2, (2.3)

where we have made changes of variables 7 — s = /£ and then (s5,£) — (p,q) = ((£ -

8)/2,(€ + 8)/2).

(b) Second Proof. We multiply the Fourier representations of u and 7 and make a change
of variables (¢,%) — (p,q) = (£ +7,—€ + 1) and then ¢ — 7 = pq to obtain

8



wi(t,2) = (2m) " [ expliog — ite")an(€)de)( | explion — itr2)ou(n)in)
= a7 [~ [ expnte - m) - (€ ~ n))ao(e)ealm)dtdn
= @0) [ [ explia(e + 1) — (€ - w)ia(€)Bo(n)atan -
=) [ [ explisp+ itpa)in((p - 0)o(5 (p+ ) 3dpda

2 [ re . R | N | T 1
=0 [ [ explisp+ itn)ialzo ~ Do(Gp+ D) gndrdr »

Since (2.2) and (2.4) are equivalent, the proof proceeds as in (2.3).
(2) By (1.6), a duality argument, the Schwarz inequality, and the unitarity of U(t),

1(=A)4(U (¢)uo - / UG —7)G(r)dr); I*(R x R)||

=supfl [~ [” (-840 [ TE=IE) - 400, itdel
| ¥ € (R xR), | I*(R x R)]| = 1}
<owp [ [ -2/ 0 FROTAIGT: 2l 190 2l
¥ € I3(R x R), |16 L3R x R)[| = 1)
<sup{ [ I-A)/4 (U)o - TOTCAGEN: LR R 145 2R  R)ar
¥ € IR xR), | I*(R x R)]| = 1}
<202 [ fjugi 221 10(-r)G(r); B2

-0

= 2712 ug; L3|| 11G; Y L3 |-

Similarly,



t

I(-A) 4T @ - [ Ut ) F(r)ar); R x R)]
0

< 27Y23||wo; L3|| || F; L} L2,

: ot '

II(-A) % / U(t - r)F(r)dr- / U(t - r)G(r)dr); L*(R x R)||
0 0

<273\ R L2 1G5 L.

This proves part (2).
(3) In the same way as in the proof of part (1), we have

10U (Yo - TCe0); (R x R
= 1(~A)(U (Juo - TTIwm); FH(R x R)|
=3/ [ taa(yte- Dl e+ Forarag
=3[ [ el taa(3e — 0BG e+ odsag
=3[ [ o+l alao@)l s
<3 [ [ ae s @ (el dpds

1
= Zlluos L2\ [ugg ZZH2
Therefore part (3) follows by the same argument as in part (2). QED

3. Proof of Theorem 3

In this section we prove Theorem 3. Without loss of generality we assume p > 3. We

decompose f as f = f1 + f, with f; € C(C;C), f;(0) = 0,

|£1(2)| < Clzl, |fi(2)] < C,
|f2(2)] < ClzPP, 1f3(2)] < ClzfP7,
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for all z € C. We decompose F as F = Fy + F, + Fy + F4 + F5, where

AZ
Fi(¢) = T|¢I4¢,
Fy(9) = e~ /00 £, (3104
Fs(¢) = e—i(A/z)o'fz(ei(A/z)e(ﬁ)’

Fi(#) = Mm [ 003100 g)ay = g1y(g),
Fi(@) = Mim [ =005 1,00 g)dy = g1y(g).

We make essential use of the following estimates of the free propagator [1],[3], [9],[15],
[16],[17],[18],[20],[32].

Lemma 3.1. (1) Let q and » satisfy 0 <2/q=1/2—-1/r < 1/2 and let ¢ € L*(R). Then
U(-) satisfies the estimate

IT(-)¢s Li(R; L)]| < Clgs Lz |l- (3.1)

(2) Let (q1,71) and (g3,72) satisfy 0 < 2/¢g; = 1/2 —1/r; < 1/2,j = 1,2. Then for any
interval I C R with 0 € I, the operator G defined by

(Go)(t) = /o Ut - r)o(r)dr (3.2)

satisfies the estimate

1Gw; L (I; L) < Cllv; LE(T; L23)|, (3.3)

where the constant C is independent of I and p' is the exponent conjugate to p.
(3) U satisfies the estimates

I(=A)"*T(); L2 (R; LE(R))|| < Cligs L3, (3.4)
U ()¢; La(R; L (R))]] < ClI(~A)"%¢; L3|I- (3.5)

(4) For any interval I C R with 0 € T, the operator G defined by (3.2) satisfies the estimates

I(=A)!/*Gv; L (I; L2)I| < Cllv; L3(R; (D), (3.6)
[1Gw; Ly(R; L2))II < CHI/*|I(=8)Y ®o; LY L2)| (3.7)
10Gv; L3> (R; L (D)I| < Cllv; Ly (R; (D), (3.8)
10Gw; L (R; L{(D)]| < CHIIV2|I(=A)Y%; LH(T; L), (3.9)
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where C is independent of I and |I| is the length of I.

Proof. For (3.1) and (3.3), see [3],[9],[15],(16],[32]. For (3.5), (3.6), and (3.8), see [17],[18].
For (3.4), see [20]. For (3.9), see [1]. We prove (3.7). By the Holder inequality and (3.5),

we have

16w AR (NI < | [ sup[0(¢ = rYo(r)lars 23]
I
<P [ sup [0 = ryotr)tdrs 2312
I ‘ :
U [ ITOTrYotr); BAEE )4
I

< OIIPI( [ (=) 20 (~rYo(r); 2 a1
I

= C{II*4||(=A)8v; LH(T; L3))).

QED

We now collect basic estimates on the nonlinear terms.

Lemma 3.2. Let F = F, + F; + Fy + Fy + Fy be as above. Let I = [0,T] with T > 0.
Then for ¢,4 € X(I) :
max ||F;(); Le(; Ll < c(liglll + lligll2**), (3.10)

max [|F;(4) — F;($); L (5 L3) 1| < CA+ I+ + [[[911P*2)]1l¢ — i, (3.11)

1<j<5

max [|(~8)/4F;(9); 225 ) < CUlgll + HI9l1P+2), (3.12)
max [[(—A)YA(F;(8) — () I ( )|

<O+ 1IglIP* + IBlIP+)lIlg = 9l (3.13)
max |55 (¢ Z3(R; (D) < CT([|4]IF + lI6111P), (3.14)
max ||F5(¢) - F;($); IR, D))

< CT (NI + NI + I+ + NIl - #lll, (3.15)
max [|(—A)SFy(8) I (5 Z2)I| < Ol + 4P+, o (319)

28X I(=A)8(F;(¢) = F3(#)): Z2(5; Z2)I| < C(1 + [P+ + |11P+®)]l6 — #lll.
| - (3.17)
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Proof. We first consider (3.10) and (3.11). By a simple calculation, we have
5
> IF () < C16] + 181° + [7) + C(II¢5 L2II* + |Ig5 L2112+ 1) . (3.18)
i=1

By the Sobolev embedding H'/2 < L% with 2 < g < o0, (3.18) implies (3.10). Another
simple calculation gives

5

> IF;(8) - Fi(¥)]

i=1

SCA+Igl* +[$1* +16PP 7" + [$P )6 - ¥|

+ C(ll¢; Lg|1® + 1%; Lgl1® + [1s ZE*H|P*H + |l9s ZE*1|[P+2) (g — 9|

+ C(lIgs La|| + 195 L3Il + |l LRI P*2 + |ls L2IP*2 + | ZE*H|[P¥2 + |95 LEFY| [P +2)
 clle = L2l + |91

+ C(li¢s Lall + 1%; LalDlle — % L2 111617 + [¥17)

+ C(ll6; LZHP* + (19 LEFHIPH )1 — 5 L2 (18] + [91), - (3.19)

where we have used the inequality

jexp(i3 [ iolay) - expliy [ wiay)

-_—00 —

A A
< 2l ia - itz < Blaigs z211+ ws 22iie - w221
and this is the reason why the degree of norms of functions on the RHS of (3.19) is greater
than that of (3.18) by two. By the Sobolev embedding, (3.19) implies (3.11).
We next consider (3.12) and (3.13). We write

_AV4R = [(—A)/4 (i(A/2)07 ¢ (i(A/2)0 e~iA12)0(_ AVL/2 g (i(A/2)0
(=A)"*F(¢) = [(-A)"7, 1f1( ) + (—A)"*fi( ),

(3.20)
(—A)*Fy(¢) = [(-A)*, L(¢)]¢ + (—A) V4 L (9), - (3.21)
(—A)Y4F5(¢) = [(—A)Y*, Lx(¢)]¢ + $(—A) 4 Iy(4), (3.22)

where [+, -] denotes the commutator and the functions are also regarded as the corresponding
multiplication operators. By the L? boundedness theorem of commutators [8],[26], the first

13



term on the RHS of (3.20) is estimated by

I(=A)!/*, e~ /D®) 1,(H3/M0g), 12|
< C|[(=8) 4™ D% BMO|| | f1(FO/D9g); 12|

< C|(—A)Y2e=¥ A0, 1211 || 71 (52 DPg); 12|
< C)|0e~¥ /20, 2] ||¢; L2||
< Clig;s Ly |1? 11g; L2|] < Cl\¢; HY 23, . (3.23)

where BMO is the space of functions of bounded mean oscillation of John and Nirenberg

and we have used the embedding H/? BMO. In the same way as above, the terms
with commutators in (3.21) and (3.22) are estimated by

I(=A)"*, 1n(8)l¢; LZ|| < ClIOL(4): L3 [| llgs L2
< Cligs LalI* ll¢s L2]| < Cllgs 2|3, (3.24)

(=), Ix(8)]¢; L2|| < C|Ig; LIV [P+ 15 L2
< C||g; HY?| |+, | (3.25)
By the chain rule for fractional derivatives with f{(e!(*/2)®¢) in L2 [7],[19] and the same
commutator estimate as in (3.23), the second term on the RHS of (3.20) is estimated by
lle /DO (—a) 45, (EO/Dg); 13|
< OlI-A) e/ L]
Cll(-a)/*, e /D0, L3| + €||FX/ DO (~A) 24; L2

<
< Clig; HY?|® + Cllgp; HY?||. (3.26)

By the Holder inequality, the embedding H i /s = H :/ ? and the L*/® boundedness of the
Hilbert transform, the second term on the RHS of (38.21) is estimated by

l6(—A)411(8); L3]| < l1s LE]| [I(—A)Y *1y(4); LE||

< Cllg; L3 || [I(—A) 21y (¢); L3

< Cligs L3 (| 1164 (e); L3/

< Cllg; L || llds Z2°11” < Cllg; HY ). (3.27)
Similarly, the second term on the RHS of (3.22) is estimated by

ll$(—A)/21(8); L2 || < C||¢; L2 || ||¢; L{KP+10/3)|p+2

<
< Cligs B[P, (3.28)
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The required estimate (3.12) follows from (3.20)-(3.28) and a similar estimate yields (3.13),
where the degree of norms of functions on the RHS is greater than that of (3.12) by two
because of the term §(I(¢) — I3(+)) in the estimates.

We next consider (3.14) and (3.15). By the Holder inequality,

|| Fs(¢); ZLL3|| < C|| ||; L2247~ 2; L2|}; LL||
C|l¢; LELZ|2||¢?~2; L2 12|
CT?||¢; LEL ||| |¢; Le° L2P— )| P2

CT'?||¢; LEL||?||¢; L HY/ 2|22 (3.29)

N INININ

By a similar estimate with necessary modification caused by phase factors,

|| Fs(¢) — Fs(v); LLL2||
< CTY2(||g; L HY2 (P~ + || L B3| [P~ 2)(||6s LAL| |2 + || LA L) P)
|l — % LR L2|
+ CTY2(||¢; L HY?||P=2 + ||; L H?|P=2)(| s LEL® || + |I; LELE| )
|l — 3 L L. (3.30)

A similar and simpler calculation gives

|F1(¢); LLLF|| < CTY?||¢; LELE| |5 L HY 2|8, (3.31)
|1F1(8) — Fu(); L, L} || < CTM?(||¢; L& HY?||P=2 + ||o; L° HY/?||P=2)
(16 LELC|| + |9 LELE| )| — o3 LELE)|. (3.32)

The required estimates (3.14) and (3.15) follow from (3.29)-(3.32).
We finally consider (3.16) and (3.17). Since we already know (3.10)-(3.13), we have
(3.16) and (3.17) for F; with j = 2,4,5 by using the interpolation inequality

I(=A)!®u; 21| < [1(=A)*u; 2|2 u; L2|[/2. (3.33)

It remains to prove (3.16) and (3.17) for F; with j = 1,3. By the embedding H;;: — ﬁ”*,
the chain rule of fractional derivatives with fé(ei("/ 2)0¢) in L% and (—A)l/ 4ei(2/ 2)®¢ in
L%, and (8.26), we obtain

I(=A)/2Fs(¢); L& LIl < Cligs L LEP=D| [P~ |[(— A)H/4eH 3/ D0 g, 122 12

Clig; L HY?|[P + Cl|¢; L° HY?|[P+2. (3.34)

VAS/AN
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By a similar estimate with necessary modification caused by phase factors,
I(—A)8(Fs(8) — Fs(+)); L L2|
SO +|lgs LR H2IPH + ||9 L HY2|PH9)| 16 — 9 L B (3.35)

A similar and simpler calculation implies (3.16) and (3.17) for F;. QED

Proof of Theorem 3. For ¢p € H/? with ||¢o; H/?|| < p and ¢ € X([0,T]) with T > 0
we define J(¢4) by
J(8) = U()po — iGF(4).

We prove that the map ¢ — J(4) is a contraction on a closed ball in X([0,T]) with T > 0
sufficiently small. By (3.1), (3.3), (3.10), and (3.11), we have

17(8); L L3 | + 117(8); L L2°|| < Cp + CT(|[Igll] + Iligl|P+2), (8.36)
17(¢) — J($); L L3 || + |17 (8) — J ($); L L2
<SCTA -+l + HIlIP*2)lle — $lIl- (3.37)

By (3.1), (3.3), (3.4), (3.12), (3.13), (3.14), and (3.15), we have
I(=A)47(8); L LE|
< Cp+ CT(lliglll + lllglIP+2) + CT2(JlIglII® + llI#llIP), (3.38)
I(=2)Y*(J(8) - T($)); L L2
< CT(+I8lIP* + [lIglIP**)ille - |
+CT2((lIglI* + 11l + Nz + 1Bl )e — . (3.39)

By (3.5), (3.7), (3.16), and (3.17), we have

17(¢); L2 L ||

< Cp + CT([16l] + [l141]P+2), (3.40)
17(¢) — J(¥); Lo L ||

< CT+ligllF* + [1lP+2)llle — |- (3.41)

By (3.4), (3.8), (3.9), (3.14), (3.15), and (3.16) and (3.17) for F; with j = 2,4, 5 we have

167 (); L L ||

< Cp+ CT*(||IglI1° + 1lI81lI7) + CT(lliglIl + lliglIP+?), (3.42)
18(7(¢) — J(#)); I L2 |

<CT2(JlIgI* + I + 81l + i +)1llé — ]
+CT(1+lIBlIP*® + [lI1F+2)lllg — I (3.43)
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By (3.36), (3.38), (3.40), and (3.42), we have

I17(#)II1 < Co+ CT2([lIBlI° + lll6II7) + CT(llIBII| + [11g]]17*2). (3.44)
By (3.37), (3.39), (3.41), and (3.43), we have

1l7(8) = J(H)II
< CTYA((lIlII* + Il + HSlIP* + {11116 — Il
+CT(+lI8llF** + I NP*)illé — il (3.45)

In view of (3.44) and (3.45), the contraction argument proves the existence of a unique
fixed point of J in X ([0, T]) with T > 0 sufficiently small. The continuous dependence of
solutions on the data follows similarly. QED

4. Proof of Theorem 1.
In this section we prove Theorem 1. We start with the following lemma.

Lemma 4.1. Let f satisfy (H). Let ¢o, o € H/? with max(||do; H1/?||, ||do; HY?||) < p
and let ¢, € X (I) be the solutions to (1.23) with (¢(0), J)(O)) = (4o, do) given by Theorem
3. Let u,% be given by

u =20y (4.1)
i=e/08g (4.2)

where

o(t, ) = / 16(¢,9)dy,

8(t,z) = / 16(2,9)Pdy.

Then, u, % € X(I) and 8|u|?,8|a|* € L*(I x R). Moreover,

llelll < Collilil* + (1 + )Ml + llI4111°), (4.3)
ke = @lll < Co(llIglIl + 11111116 — Sl
oIl + SN + Ml +SllMe -l (44)
11ul®; L L3|| < Cp* + C(1 + T)*(IlIgllI* + [lI4III**), (4.5)
l18lul* — 8lal*; LI L3|| < Cplldo ~ do; HY?||
+C(+TY(II -+ I+ Il + 1SNl — SlII- (4.6)
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Proof. We first consider (4.5) and (4.6). By (4.1), Theorem 2, and Lemma 3.2 with p = 5,

we have
|10]u|?; L L3 = 110]¢|%; L L2||
< Cllgo; HY?||* + C||F(¢); Lt HY/?||?
< Cp* + C max |[(-A)'/*F;(¢); L L3 ||
i=1,
+CT(|llglll + lllgl")>. (4.7)

We estimate the second term on the RHS of the last inequality of (4.7) in the same way
as in the proof of Lemma 3.2 and we have

I(—A)*4Fs(¢); L} L2]|

< ||[(=A)Y*, 3109 £ (¥ A/ DOg); LLLZ|| + ||(—A) V4 fo(£ X/ D), L1 L2

< CT||065 /)% L L2| || f2(e ¥/ D0g); L 12|

+ |l 1 £5(eP/D2 ), I2|| ||(—A)/4eKA D0 g, £21: L]

< CT||¢; L2 H'Y2||" + Cl¢; LE L2 |*(1|; L HY?|| + || L HY2||®)

< CTligllI" + C(lliglI® + [llelllT), (4.8)
I(—A) 4 Fy(¢); Ly L2]| < Cll|g]]I°. (4.9)

By (4.7), (4.8), and (4.9), we obtain (4.5). A similar calculation yields (4.6), since
| Olul® - 81l = 8((¢ - $)9) + 8(4(4 - 9)).
We now consider (4.5) and (4.6). By (4.1),
llws 22 L] + [lws LEL2 || + s 2L || = |16 L L2[| + |1 LEL || + || AL | (4.10)
As in the proof of Lemma 3.2, we have
I(=8)44; L= L3|| < Cllgs L BY?|| + Cligs Lo B2 . (4.11)
Since u = e(X/2)9(§4 + i(A/2)|4|24), we have
10 L2 L] < 11065 L L[| + C| 16145 L L - (412)

By the Holder and Gag]iardo—Nirénberg inequalities, we obtain

I l6l*6; L LII| < |l [9f2¢5 L322
<l L llgs L2 )|
< CI 1181817 L3121 16125 L3125 L2 [1¢5 LEL2||
< ClIdlél*; LT L3112 165 L L3 |15 LEL . (4.13)
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By (4.1), (4.5), (4.10), (4.11), (4.12), and (4.13), we have (4.3). A similar calculation yields
(4.4), since

|0 — &3] < (IAl/2)(116; L L3 || + |15 L L3Il — &5 L L] |0l
+ 106 — 041 + [Al(I#* + *)|¢ — &-

QED

Proof of Theorem 1. Let up € H/? and let {ug")} C H? be a sequence in H? such that
uf,") — ug in H'/? as n — co. We define ¢ and d)g") by

¢0 —_ e—i(l/z)oouo’

n —i (n) (g
¢f, ) — e—¥(A/2)85 ug )’

where

on(z) = [ luw)iay
60 (e) = / [ (3) Pdy.

As in the proof of Theorem 3, we see that ¢ € H1/=,¢$,") € H?, and ¢g") — ¢ in H/?
as n — oo. Let p = sup||¢{™; HY/?||. Let ¢,6™ ¢ X(I) be the solutions to (1.23) with

(#(0), 6™)(0)) = (o, ¢f,")) given by Theorem 3. As in the proof of Theorem 3, we see that
¢ — ¢in X(I) as n — oco. With ¢ and ¢™), we define respectively u and u(*) in the same
way asin (4.1). Then Lemma 4.1 shows that u, u(*) € X(I) with 0|u|?, 8]«™)|? € L*(I xR)
and that 2(*) — u in X(I) and 8|u(™|?> — 8|u|? in L*(I x R) as n — oco. In the same way
as in the introduction, u(™) satisfies

i0;u™) + 9™ = iA([u™|?)ul™) + F(u™)
with (®)(0) = «{™ and therefore
u™® = ()™ — iGEAB|™ 2 )ul™ + f(u)). (4.14)

Since (8|u(™)|?)u(® — (8|ul*)u and f(u(™) — f(u) in L}(I,L?) as n — oo, the RHS of
(4.14) tends to
U(-yuo — iG(iX(O]ul*)u + f(u))
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in L(I; L) N Li(I; L) as m — oo. Letting n — oo in (4.14), we obtain
u = U(-)up — iGEA(O|ul?)u + f(u)), (4.15)

where the RHS of (4.15) makes sense in L{°(I; L2) N L§(I; L) and therefore in X (I) since
u—U(-)up € X(I). This proves the essential part of the theorem and the other part follows
* in the same way as in the preceding argument. QED

5. Estimates for the Null Gauge Form in Higher Dimensions
In this section we make an extension of Theorem 2 to the case of space-time R1*™ with
n 2 2. Let U(t) = exp(itA) be the free propagator with Laplacian A in R™.

Theorem 4. Let u(t) = U(t)uo and v(t) = U(t)vp with ug,vo € L*(R™). Then
[I(=A)3=»%47; I*(R x R™)|| < Caluo; L2 |Jvo; 2]}, (5.1)

where C,, = 27"/2x(2-7)/47(5,/2)~1/2 and T denotes the gamma fanction.

Remark 5.1. We have stated an extension of part (1) of Theorem 2 only since the corre-
sponding statements to parts (2) and (3) are obvious.

Remark 5.2. When n = 1, (5.1) reduces to a weak form of (1.6) since C; = 2-1/2 , In
this sense (5.1) is regarded as an extension of (1.6).

Rermark 5.3. If we disregard an explicit bound of the constant in (5.1), the estimate
for n > 2 follows from the embedding H :;(2;_11) < L? and the Strichartz inequality
[|U(-)¢p; LE(R; L:"/("_l))ﬂ < C||¢; L2 Below we give a direct proof of (5.1) with explicit
constant C, and we emphasize here that the constant C, is sharp. Indeed, we take the
Gaussian and put ug(2) = vo(2) = e~**!” with a > 0. Then (5.1) is realized as an equality
since

(T (Euo)(@)[? = (1+ 1603¢?)~"/* exp(~(2ar/(1 + 16a?) o),
(FIT@)uol)(€) = 2"a™"/? exp(~((1 + 16a7¢7)/Ba) ¢ )
[(~AYE=/41uf?; L3R x R™)]| = 2" x(+7)/4L(n/2)"2a=2/2,

||uo;L:||2 = 2—n/2ﬂ_n/2a—n/2.

Proof of Theorem {. We follow the first proof of part (1) of Theorem 2. The novelty of the
proof here consists in the technique from the Radon transform in the Fourier space. We
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take the Fourier transform with respect to space to obtain

F(uw)(€) = (27)~/2(Fu) * (F7)(€)
= (2x) "/ , exp(—it(|¢|* — 2€ - n)Yiio(€ — n)Fo(n)dn. (5.2)

We introduce the polar coordinates in the Fourier space such that { = pw with p > 0 and
w € S™1, the unit sphere, and we take the Fourier transform of (5.2) with respect to time

to obtain

oo

(2x)~2/2 / exp(—itT)F(u7)(pw)dt

= (2r)~(w+ /2 / exp(—itr) / exp(—it(p? — 2pw - m)Yiio(pw — n)Po(m)dndt
nn

- 00
[= <]

= 2x)y 02 [( [ exp(it(r + 5  2pu - )i — m)o(m)d

BR® —o0
= (2m) (402 / 8(20(( + p*)/(2) — w - 1) iiapw — m)a(n)dn
J

= (2m)~(»t1)/2(2p) 1 f §((r + £*)/(2p) — w - n)io(pw — n)do(n)dn
o

=@ et [ (e~ nfo(n)an, (53)
wa=(r+,?)/(20)

where the last dy stands for the (n — 1)-dimensional Lebesgue measure on the hyperplane
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{neR*;w-n=(r+p*)/(2p)}. Application of the Parseval formula to (5.3) yields

I(=A)3=)*um; X (R x R™)||?

_ / / / \(27)~ 12 / exp(—itr)p ="V 2 F(uF) pw)dt|*drp® L dpdiw

Jwj=1 0 —o0 )
= [ [ [an [ e - nbe(rnlardpde
jwj=1 0 —o0 w-g=(7+9?)/(2p)

(o < B e <]

— g-l-ngl-n / / / | / @io(pw — n)vo(n)dn|*dodpdw

wl=1 0 —oc0 wey=(c+p)/2
(o ] 0

=z [ [ [ e - wa(nnldodpd, (5.4)

Jw|=1—-00 —00 wy=(o+p)/2

where we have made a change of variable 7 +— o = p~lr. Another change of variables
(oyp) = (7,p) = ((¢ + p)/2,(0 — p)/2) of the last integrals imply that the RHS of the last
equality of (5.4) is equal to

2~ 1=mgl-n / / / | / do((r — p)w — 1)%o(n)dy|*dr dp dw. (5.5)
jwj=1 —00 —00 wey=r

We estimate (5.5) by the Schwarz inequality and use the plane wave decomposition formula
to obtain

[|(=A)®™/*uz; (R x R™)||?

<y 7 7( [ tiolr = po = miPan [ Bo(a)Pdn)dr dp du
lw|=1 —c0 ~c0 wep=+ wy=r
= g-i-nglon / 7, 7( j o)) [ Tiunanar dp do

— 2—1—111‘,1—1; / ”uo’Lz |2 ”'00, Lzllzdw

= 2-"r1-"/’r(n/2) Jug; 21 [oo; Z*|1P-
QED
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