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Abstract

It is proven that the spin 1/2 Schrodinger operator H with a con-
stant magnetic field is the square of a sum of mutually strongly anti-
commuting self-adjoint operators. As an application, by using this for-
mula, the essential spectrum of H with a vector potential in a class is
identified. The class contains a vector potential to which Shigekawa’s
theorem (I. Shigekawa, J. Funct. Anal., 101:255-285, 1991) cannot be
applied.

1 Introduction

The spectral properties of the Schrodinger operators H with magnetic fields
for a spin 1/2 particle were deeply studied by Shigekawa, in [9]. The operator
is given by

d d
B=Y (=i~ ;@) + 3 shiu(ahris
j=1 jk=1
acting in L*(R%) ® C" where r = 2, | = [d/2] with [] the Gauss symbol,
9; = 0/87, a(z) = Z;.l:l aj(z)dz’ is a real 1-form called a vector potential,
b =37, bjx dz? Adz* = da with bz = 8;ax — Ba; is called a magnetic field
and v’s are r x r-Hermitian matrices (so called the Dirac matrices) satisfying

Po* + oy = 269 (1)



where the §7%’s are the Kronecker delta. This H is also represented as H = D?
where ID is the Dirac operator defined by

d
D=3 (=i - a;(c)).
j=1

For comparison, we define the Schrédinger operator H with a magnetic field
for a spinless particle by

H="(~ib; - a;(a))?

Jj=1

acting in L%(R9). i
We are mainly interested in H with asymptotically constant magnetic
fields. Assume that all a; is C* and

bir(z) —Ajr as |z o o0 for jik=1,...,d, (2)

where A = (Aj;) is a real skew-symmetric matrix. We note that A has
eigenvalues of the form +i), ..., +i)\,, 0, ..., 0, where XAy, ..., A\, € R.
Without loss of generality, we can take A; > 0.

First, we consider the 2-dimensional constant magnetic field case, where
b(z) = A dz' Adz? with a positive constant A. We can take a(z) = A\(—z2dz+
z'dz?)/2. Let v/ = 07, j = 1, 2. Here, 07, j =1, 2, 3, are the Pauli matrices
as follows:

,_ (01 2 [0 —i s_ (1 0
”‘(1 o)’ "‘(i 0)’ 7=\o 1)

A= (—i61 — a1) + (62 - iaz)
acting in L%(R?), we find

With

A"A = AL +2), (3)
H= %(AA‘ +A*A) and H=H+ )
Theorem 1.1 Letd =2 and b = Adz! Adx? with A > 0. Then
0(H) = 0¢p(H) = {(2n + 1)\; n € Z,},

0(H) = 00 (H) = {2n); n € Z,},

where Z, = {0,1,2,...}, 0(-) and 0e.(-) denote spectrum and essential spec-
trum, respectively. Moreover,

ker H C ker(o® + 1).
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It is well known that by virtue of the relation (3) we can prove this theorem
in the same way as in the harmonic oscillator case (see, e.g., [5, 10]): All
the eigenvectors of H are created by repeatedly acting A and A* on the
eigenvectors with the lowest eigenvalue.

In the higher dimensional case, Shigekawa has proved the following the-
orem.

Theorem 1.2 (Shigekawa, [9]) Assume the condition (2).
(i) Assume that 0 is an eigenvalue of A. Let i), ..., +iA,, 0, ..., 0,
(A; > 0) be eigenvalues of A. Then :

Gess(H) = [A ++++ + An, 00),

o(H) = Cess(H) = [0, 00).

(i) Assume that 0 is not an eigenvalue of A. Let +i)y, ..., +idy,
(Aj >0, m = d/2) be eigenvalues of A. Then

aess(H) = {i(%, + 1))\_7'; k]' € Z+},

J=1
Oess(H) = {Z 2k; ,\,, ki€ Z.}.

Moreover 0 is an isolated point spectrum of H.

Shigekawa proved this theorem using relations between the essential spectrum
of H and H such as the following: :

Oess ('FI) = Uess(H - Z iAj,Y2j—1,72j)’

j=1

o'ess(ﬁ) = U O'ess(H"'ZejAj)’
j=1

€1 €m=x1

U e H+Ze, N0} = | oes(H+D)_ 2\ {0}
€1-€m=1 €1:em=—1 Jj=1

These equations are der1ved from the Weyl theorem, (1) and the fact that
H and all iy%~'4* mutually strongly commute. In particular, in the proof
of the part (i) he constructed concrete orthonormal functions in L2(R%) in
order to use the Weyl criterion in a slightly strengthened version (see, e.g.,
[4]): Suppose that A is self-adjoint and A > 0. If there exists an orthonormal
sequence {¢x}ren C D(A) such that |[(A+1)"1(4A — a)de| = 0 as k — oo,
then o € g.4,(A).



Comparing Shigekawa’s proof and that Theorem 1.1 can be proved by
creating all eigenvectors of H using the relation (3), we feel that the inner
structure of H is not sufficiently clear in the higher dimensional case: Why
does whether 0 is an eigenvalue of A or not cause the difference of am(H ) in
each case? The aim of this paper is to clarify the inner structure of H and
to identify the spectrum of H.

In this paper, we investigate D instead of H itself, since D has more
rich structures inherited from the Clifford algebra generated by ~*’s than H.
In particular, in the constant magnetic field case, it is proven that D is a
sum of operators which mutually strongly anticommute. We remark that
the anticommutativity of self-adjoint operators restricts strongly themselves.
Hence this property is very useful (see, {11, 7, 1, 2], and references therein).
Therefore, it is very interesting to investigate the properties of D which are
derived from the anticommutativity.

The plan of this paper is the following. In Section 2, we consider the
constant magnetic field case. We prove that D is a sum of mutually strongly
anticommuting self-adjoint operators. Using this, we identify the spectrum
and essential spectrum of D and H. In Section 3, we consider perturbations of
D and H. We define a new class of vector potentials a, each in which implies
the same essential spectrum for H as in the constant magnetic field case
(Theorem 3.2). This class contains vector potentials to which Theorem 1.2
cannot be applied. (See Example 3.4 in Section 3).

2 Constant magnetic field case

In this section, we investigate the inner structure and the spectrum of D and
H with a constant magnetic field. We recall a definition of the anticommuta-
tivity of self-adjoint operators: Two (non-zero) self-adjoint operators A and
B in a Hilbert space are said to strongly anticommute if

exp(itA)B C Bexp(—itA)

for all t € R (see, [11, 7, 1]).
First of all, we prove a proposition and a lemma.

Proposition 2.1 Let A be a self-adjoint operator in a Hilbert space H with
a grading operator y such that v* =, 42 = 1, and A and v strongly anti-
commute. Let B be a self-adjoint operator in a Hilbert space K. Then A®1
and Yy @ B are self-adjoint in H ® K and strongly anticommute.

Proof: The self-adjointness is followed from general theory on tensor
product of self-adjoint operators [8]. The strongly anticommutativity follows
from an application of Corollary 4.5 in [7]. O



We shall use the following lemma to answer the question, “Why does
whether 0 is an eigenvalue of A or not cause the difference of o, (H) in each
case?”

Lemma 2.2 Let A and B be as in Proposition 2.1. Assume that there ezists
a unitary operator U on K such that U*BU = —B,

a(B) =R, (4)

and
op(B) = 0, ()

vwhere op(-) denotes point spectrum. Let
T'=A®1+v®B with D(T)=D(A®1)ND(y® B),

where D(T') denotes the domain of the operator T. Then T is self-adjoint,
0p(T) =0 and

o(T) = (~o0,-d]U[d,00) with §=inf{|z|; z € o(4)}. (6)

Proof:  The self-adjointness of T' follows from Lemma 2.1 in [1] and
- Proposition 2.1. By Lemma 2.4 in [1],

T’ =A’91+1® B2

holds as operator equality. Thus, we have ¢,(T?) = 0 by (5) and

o(T?) = {a+b; a € o(A2), be o(B?)} = [inf o(42), )

by (4). Slnce (v@U)T(y®U) = —T and v ® U is unitary, we have
o(T) = o(=T). Therefore, we obtain (6). O

In this section, we deal with the constant magnetic field case. Hence,
assume that

bjk(l‘) = Ajk for ],k = 1, ,d, (7)

with a constant matrix A = (Aj;). By an orthogonal transformation, we
assume that A is of the form

0 A
A0 | 0 )
_ 0 A,
A= X, 0 ’
0
0

0/



where A; > 0, j =1, ..., n. Moreover, we can take a vector potential a as
follows:

A o L _
azj—1(z) = Zz¥,  ay(z) = —?J:cz"l for j=1,...,n, (8)

2
aj(z)=0 for j=2n+1,...,d.

We prove that D is a sum of operators which mutually anticommute. Let
(ij = 01(~i82j_1 + azj_1) + 0'2(—’1:32_7' + agj)

acting in L?(R?;C?) for j = 1, ..., [d/2]. Since ay;_; and ay; contain only
the variables %/~ and z%, these operators are well-defined. Moreover, d;
are essentially self-adjoint on the domain C{°(R?; C?). We denote the closure
of d; by the same symbol. We can easily check the following proposition.

Proposition 2.3 Foreachj=1,...,[d/2], the operators o® and J,- strongly
anticommute.

Using d;, we construct self-adjoint operators D; whose sum is D in each cases
where d = 2m and d = 2m + 1. First, consider the case where d = 2m. For
j=1,..., m, define

D; = 1®.-.®1®dj®03®...®03
j—1 times m—j times
acting in @™L*(R?;C?) ~ L% (R®*™;C"), r = 2™. In the case d = 2m + 1,
‘define R
Di=1Q---®10d;®0*®---® s a1
j—1 times m—j times

'forj=1,r./..,m, and

IR M@’(—iazmﬂ)
m times
acting in ®™L*(R? C?) ® L*(R) ~ L*(R?*™+!;C"), r = 2™. Since d; are self-
adjoint, each D; is self-adjoint. If d = 2m, we define a grading operator Iy,
by
sz = ®m0' 8

acting in ®™L?(R?; C?). Then Ty, and D; strongly anticommute for j = 1,
..., m. We remark that Dy, = Iy @ (—i0241)-

Lemma 2.4 The operators D; mutually strongly anticommute.



Proof: By Propositions 2.1 and 2.3, d; ® 0% and 1 ® dy strongly anti-
commute. Since the other components in D; and D, strongly commute, we
can prove that D; and D, strongly anticommute with limit argument. In the
same way, we can see that all Dy, D,, ..., D,, strongly anticommute.

In the case d = 2m + 1, let A = Dj, v = Tom, H = @™L3(R% C2),
B = —i0m41 and K = L?*(R). Then, by Proposition 2.1, we obtain the
desired results. a

The followings are the main theorems in this paper.

Theorem 2.5 Assume (7). Let k =[(d+1)/2]. Then

k
D=Di+D;+---+D; with DD)=()D(Dy), (9)

k
H=D?*=D}+D:+...+D? with D(FI)=ﬂD(Df), (10)

hold as operator equality.

Remark: In Theorem 2.5, we take a representatlon of Dirac matrices v/
asfollows F=ol@[@m! 3] Y =0’0[@ 6%, v} = 1®0! @ (@™ 203,
7t =1®0?® [®™20%, and so on.

Proof: By direct computations, (9) holds on C$°(R%;C"), r = 204/2,
Since D is essentially self-adjoint on Cg°(R%; C"), by Lemma 2.1 in [1] and
Lemma 2.4 we obtain (9) as operator equality. Moreover, by Lemma 2.4 and
Lemma 2.4 in [1] we obtain (10) as operator equality. O

By this theorem and Theorem 1.1, we can obtain the following spectral
properties of D and H.

Theorem 2.6 Assume (7).
(i) Assume that 0 is an eigenvalue of A. Then

0'([;[) = Uess(ﬁ) = [O, OO), ap(ﬁ) o 0’
U(D) = Uess(D) = R, GP(D) = @

(i) Assume that 0 is not an eigenvalue of A. Let +i)y, ..., P W
(A; >0, m = d/2) be eigenvalues of A. Then

m
0(H) = 0eos(H) = D) _ 2k;);; kj € 2.}, (11)
j=1
0(D) = 0ess(D) = {£Vv; a € o(H)}. (12)
Moreover, we have
kerD C ker(o® +1) ® - - - ® ker(c® + 1). (13)
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Proof: First, we prove the part (ii). By Theorem 2.5, we can rewrite H
as

A=d}®1® - ®1+1®d?®1® - ®l+ - +1® - ® 1Qd2.
m~—1 times m—2 times m—1 times

Therefore, we have

o(H) ={ay + - + apm; a]-eU((ijz), j=1,...,m},

Oess(H) = {o1 + -+ - + Qg a; € ae,,((i]?), j=1,...,m}.

Since a(djz) = ae,s((ff) = {2n;;; n; € Z,} by Theorem 1.1, we have (11).
By the supersymmetry with the grading operator I'y, we obtain (12) (see,
Proposition 2.5 in [9]). By the self-adjointness, we have

kerD = ker H = kerd; ® - - - @ ker d,.

Thus, we obtain (13) by Theorem 1.1.

We prove the part (i). Decompose D into two operators as follows. Let
A be the Dirac operator in the case where d = 2n, a vector potential a =
fo'__l a;j(x)dz’ with a; in (8), and a grading operator v = I'p, on H =
®"L*(R?; C?). Let B be the (d — 2n)-dimensional Dirac operator with a = 0
in K = L*(R¥?%C), r = 2(@-20/2 Then, we have D = A® 1+ v ® B.
Moreover, let U be a unitary operator on K by

(Uf)(z) = f(~z) for fekK, ze R,

Then, the set {A,v,H,B,U,K} satisfies the assumptions in Lemma 2.2.
With the part (ii), we obtain the desired results. O

In the rest of this section, we consider a spinless case. We can rewrite H
as follows: Let

hj = (=i83j-1 — ag;1)? + (—iBy; — az;)?
in L*(R®) forj=1,...,m. Ifd=2m +1, let
hm+1 = (—iazm+1)2

acting in L?(R). Then,

k
H =) [®11]®h; ® [@-1],
j=1

in L*(R%), k = [(d + 1)/2]. Thus, we can prove the following theorem.

8



Theorem 2.7 Assume (7).
(i) Assume that 0 is an eigenvalue of A. Let +iy, ..., +il,, (A; > 0),
be eigenvalues of A. Then

O(H) = Oegy(H) = [Z Aj,00), ap(H) = 0.

(i) Assume that 0 is not an eigenvalue of A. Let +iky, ..., +ily,
(A; >0, m = d/2) be eigenvalues of A. Then

O(H) = 0¢ss(H) = {Xm:(2kj +1)Aj; kj € 24}

Proof: This theorem follows from general theory of tensor product of
self-adjoint operators and Theorem 1.1. a

We can find far more discussions on this H in [6].

3 Perturbation

In this section, we consider perturbations of Dy which is the Dirac operator
with a constant magnetic field considered in the previous section. Though
Shigekawa proved Theorem 1.2 under conditions on the asymptotic behavior
of a magnetic field b = da as (2), we shall give assumptions on the asymptotic
behavior of a vector potential a, up to gauge transformation. One of the
reasons is that we investigate D instead of H itself and D contains explicitly
a and no b. Therefore, this seems natural at least from the mathematical
point of view. We will give a theorem with assumptions on b, too.
We start with the following abstract lemma.

Lemma 3.1 Assume that ag = Z?zl agj dz’ and a = Z;'=1 a;dz’ are real
1-forms such that ag; and a; are in C*™, by = dag is a bounded 2-form and
a— 0 as |z|] = oo (i.e., aj(zx) = 0 as |z| — oo for all j). Let

v (—i8; + aoj(z)) and A= Z'yjaj(:r)

1 j=1

D=

R

j
acting in LX(R% C"), r = 219/2, Then A is D-compact.

Proof: Let by = dag = Zj<k bOjk dz’ A dz* with bOjk = 6jaok - 8kao]-.
Then

d
D?=H+) ibyxy'y* with H= D (=i + a;)*.

i<k j=1



Since aj(z) — 0 as |z| — oo, a; is —A = _(2;'1:1 02)-compact. Thus, a;
is H-compact by Lemma 2.3 in [3]. Since > i<k tbojr¥?¥* is bounded, a; is
D?-compact and thus A is so. Since A is D-bounded with D-bound 0, A is
D-compact by Theorem 9.11 in [12]. 0

The following is the main theorem in this section.

Theorem 3.2 Assume that the given vector potential A can be rewritten as
the sum of 1-forms ay and a such that day is a constant magnetic field and
a tends to 0 as |z| = co. Define D and H as the Dirac and Schrédinger
operators with A, respectively. Put A for da, as same as (7).

(i) Assume that 0 is an eigenvalue of A. Then

ae,,(fl) =[0,00), 0ess(D) =R.

(i1) Assume that 0 is not an eigenvalue of A. Let +id;, ..., +i),,
(Aj >0, m =d/2) be eigenvalues of A. Then

Oess(H) ={>_ 2k;Nj; kj € 2.},
Jj=1

Tess(D) = {+V0; o € o(H)}.

Proof:  Define Dy as the Dirac operator with a. Since a;(z) — 0 as
|z| — 0o, D — Dy is Dg-compact by Lemma 3.1. Therefore, by Theorem 2.6,
we obtain the desired results. =)

The following theorem gives a condition on magnetic field b which implies
the same essential spectra of D and H as in Theorem 3.2.

Theorem 3.3 Assume thatb =3, _, bjx da? Adz* is a real C* 2-form such
that for any j and k,

|z|(bjx(z) — Ajr) = 0 as |z| = o0

with o constant matriz A = (Ajz). Then, the statements (i) and (ii) in
Theorem 3.2 hold.

Proof:  For the 2-form b = > i<k(bix — Ajx)da? A dz* we can choose a
1-form a such that b = da and a — 0 as |z| — oo by taking
1
a(z) = Z/ t(bjx — Ajx)(tz)dt (z7dz* — z*dz?)
j<k /0

as in the proof of Poincaré’s Lemma. Since the 2-form > i<k Mgk dz? A da® is
a constant magnetic field, by Theorem 3.2 we obtain the desired results. O

10



Of course, above Theorem 3.3 is weaker than Theorem 1.2. However,
Theorem 3.2 is not weaker than Theorem 1.2 as we see in the following
example.

Ezxample 3.4 Let d =2 and a = a; dz! + a5 dz? be a C® 1-form such that

A sin |z
ai(z) = Ezz + |L|

2ir Y
| and ay(z) = —-é-xl

near |z| = oo with a constant r > 2 and a positive constant A\. Then, a
satisfies the assumptions in Theorem 3.2. Therefore, we have aea,(ﬁ ) =
{2n); n € Z.}. However, b = da does not converge as || — co. Therefore,
we can not apply Theorem 1.2.

We remark on perturbations of the spinless Schrodinger operator H. As-
sume that magnetic field b satisfies the conditions in Theorem 3.3. Then,
with the aid of general theory of perturbations of differential operators (see,
e.g., [12]) and using the vector potential a in the proof of Theorem 3.3 we
can prove that the perturbed H has the same essential spectrum of the un-
perturbed H as in Theorem 2.7. However, this result is evidently weaker
than the Shigekawa’s results in [9]. This difference is due to the difference
between the unperturbed operators taken in each proof.
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