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Abstract. A new notion of solutions is introduced to study degenerate non-
linear parabolic equations in one space dimension whose diffusion effect is
so strong at particular slopes of unknowns that the equation is no longer
a partial differential equation. Extending the theory of viscosity solutions
comparison principle is established. For a periodic continuous initial data
a unique global continuous solution (periodic in space) is constructed. The
theory applies to motion of interfacial curves by crystalline energy or more
generally by anisotropic interfacial energy with corners when the curves are
the graphs of functions. Even if the driving force term exists, the initial
value problem is solvable for general nonadmissible continuous (periodic)
initial data.
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$1. Introduction.

We are concerned with degenerate nonlinear parabolic equations (in one
space dimension) whose diffusion effect is very strong at particular slopes of
unknown functions. A typical example is a quasilinear equation

(1.1) ug — a(ua)(W'(ua))s =0,

where W is a given convez function on R but may not be C! so that its
derivative W' may have jumps although W' is nondecreasing; here a is a
given nonnegative continuous function and u; and u, denote time and space
derivative of u, respectively. We also consider more general form

(1.2) 4 — a(ug)((W'(ua))e — C(t)) = 0
with a given function C or even fully nonlinear equation
(1.3) u + F(t, oy (W'(22))a) =0

with a given function F satisfying monotonicity or degenerate el_]ipticity con-
dition :

(1.4) F(t, p, X) < F(t, p, Y) for X>Y

so that (1.3) is degenerate parabolic. At the first glance the evolution law
given by these equation is unclear. Since W' may have jumps, so that W*"
contains sum of delta type functions, the diffusion coefficient a(u,)W"(u,)
is no longer a function of u,. For example if W(p) = |p| then W"(p) is two
times delta function 6. In this case (1.1) becomes

us — 2a(25)6(uy)Upe =0

which is, of course, not a classical partial differential equations (PDE). So
far this type of equations was analysed only for a very restrictive class of
piecewise linear unknown functions with piecewise linear W [T1], [AG1] or
only for (1.1) [FG]. Our eventual goal is a synthetic approach to analyse
(1.3).

The purpose of this paper is threefold:(i)we introduce a new notion of
solutions to (1.3), (where both solutions and W need not to be piecewise
linear); (ii) we establish comparison principle for our solutions; (iii) we prove
the unique existence of global-in-time solutions for (1.3) (with (1.4)) when
initial data is only continuous and periodic under a very weak regularity
assumption on F. For this purpose we extend the theory of viscosity solutions
[CIL] to our setting although our equations are not PDEs. It turns out that
our extended version is suitable to study (1.3) when W' has jumps.
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Our equations (1,1)-(1.3) stem from material sciences and physics as a
geometric evolution law of interfacial curves bounding two-phase of materials
[Gu], [Ch]. However, in the present work no knowledge of material sciences
is assumed.

1.1. Notions of solutions. In [T1] J. Taylor proposed an evolution law for
a special class of piecewise linear closed curves called admissible moved by
crystalline energy. If the curve is represented as the graph of a function u,
the governing equations in [T1] formally correspond to (1.1) with (positive)
piecewise linear W, where a is assumed to be proportional to W. Inde-
pendently, Angenent and Gurtin [AG1] derived the same evolution laws (for
curves) corresponding to (1.2) by establishing a continuum thermomechani-
cal theory of crystal growth with no relation of @ and W (even if W may not
be piecewise linear.) However, the class of curves are still restricted. We first
reproduce their equation in our setting. Assume, for simplicity, that W’(p)
has a jump at p = 0. Suppose that u(t,-) is constant on some closed interval
I(t) = (a(t), B(t)). Suppose in a neighborhood of I(t) that z-derivative of u
has a definite sign in the left (and right) of I(¢) and that it is small so that
%o(t, ) lies outside other jumps of W'. Integrating (1.1) in a neighborhood
(a(t) — 6, B(t) +8), 6§ > 0 of the interval I(t) to get

B8+6 B+6
a-6 u dt =/_ a(uz)(W'(uo))od
B+6
~ a(0) » (W'(ua))odz (6 : small)

= a(0{W'(ua(B + 8)) — W'(ua(a - 6))}.

We postulate that u(t, z) is independent of z on I(t). Sending § to zero, we
now obtain

(1.5) uy —a(ux)Aw(u) =0 for =€ I(t)
with
Aw(u) =xA/L,
A = W'(+0) — W'(-0), L = B(t) - a(t);
W'(+0) = lim W'(e), W/(~0) = lim W'(—e),

here x is the transition number and is defined by

1: ifboth us(x—§) and wu,(B+6)
_ are positive (for small §),
x= —1: if both are negative,

0: otherwise.
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The quantity Aw (u) is called the weighted curvature on I(t). Assume that
for a moment W is piecewise linear and that the jumps of W' consists of
P1 < p2 <+ < pp. Assume that » is a admissible evolving crystal in a time
interval J, i.e.,
(a) u(t,-) is piecewise linear whose slope consists of p;’s;
(b) for each ¢t € J if u(2,-) has slope p; on an interval then the slope of u(t, )
in an adjacent neighborhood is either p;;1 or p;_; ;
(c) u is continuous in space-time and (the abscissa of a jump of u,(2, -) moves
smoothly in time ¢ € J; each jump does not collide each other.
We have abused the use of word ‘crystal’ to represent functions rather than
curves. Using the similar argument in deriving (1.5) we have (1.5) on each
space (maximal) interval I;(t) = (a;(t), Bj(t)), where u,(¢,-) is constant p;
and :

A=W'(p;+0)— W'(p; — 0), L =thelength of I;(t);

the transition number x = 1 if both u,(a; — §) and u,(B; + §) are greater
than p; (for small §); x = —1 if both are smaller than p;; x = 0 otherwise.
This (1.5) is the evolution law (for admissible evolving crystal) corresponding
to (1.1) we are seeking for. It turns out that this equation (1.5) on each I;(t)
yields a system of ordinary differential equations (ODE) for the end points
of I;(t) or the length of I;(t) (cf. [T1], [T3], [AG1], [GirK1], [GMHG2]). If
the set {I;} is finite or u(¢,) is periodic in z, then the system of (ODE) has
only finitely many unknowns and is solvable locally in time. So in particular
if initial data satisfies (a) and (b) and it is periodic in z, then there is an
admissible crystal satisfying (1.5) (locally in time) with this initial data.
Some of I;’s may disappear at the maximal time ¢y, where the ODE system
is solvable on (0,%o). Fortunately if a is positive, u(to, -) fulfills (a) and (b) (at
t9) so one can again solve the ODE system with initial data u(to, -); repeating
this argument we extend the solution globally in time [T3], [GirK1]. In the
terminology of [GMHG2] there is a global weakly admissible evolving crystal
satisfying (1.5) with given periodic initial data satisfying (a) and (b) with
t = 0 provided that a > 0. The same argument applies to (1.2) with a trivial
modification [GMHG?2].

This approach is good especially for computational purpose. However,
there arise at least two fandamental questions.
(I)(Starting from nonadmissible data). If initial data does not satisfy (a)-(b)
i.e., it is nonadmissible, what is a natural formulation of solutions to (1.1) or
(1.2)?
(II) (General W not necessarily piecewise linear). Is it possible to solve
the initial value problem for (1.1) or (1.2) when W' has jumps but W is
not necessarily piecewise linear? For (1.1) Fukui and the second author
[FG] introduced a new notion of solutions for general W and general Lip-
schitz initial data by adapting the theory of nonlinear semigroups initiated
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by Komura[Ko]. For a periodic initial data they constructed a unique global-
in-time solution to (1.1). The problems (I), (II) are settled in this case. They
rewrote (1.1) as a divergence form

U — W(uz), =0

by setting .
W(p) = / a(q)W"(q)dg

and applied the theory of subdifferential equations in periodic L? spaces to
get solutions. We should ask whether or not a solution of [T1] and [AG1]
is also a solution in [FG] when W is piecewise linear. Fortunately, both
solutions are consistent. Indeed, in [FG] it is shown that the time derivative
of their solutions actually agrees with the one given by (1.5) if u is piecewise
linear.

Recently, Elliot, Gardiner and Shatzle [EGS] proved that a weakly admis- -
sible evolving crystals satisfying (1.5) on each linear portion of the graph of
u(t,-) (called facet) is a solution in the sense of [FG] when W is piecewise
linear. The solution in [FG] is given by the limit of solution of (1.1) with
W replaced by a regularized W* approximating W. Thus the evolution law
(1.5) for admissible evolving crystals is justified. The behavior of solutions
of [FG] is studied both analytically and numerically in [EGS]. Although the
theory in [FG] works well for (1.1), it seems very difficult to apply the theory
to (1.2) under the presence of C even if C is a (nonzero) constant.

There is another justification of the evolution law (1.5) (for closed curves)
by Almgren and Taylor [AT] when W is piecewise linear. They investigated
a semi-discretized implicit scheme introduced by [ATW]. The time is dis-
cretized and at each time step the value of solution is given by solving a
(non-discretized) variational problem. Their scheme does not require that
the solution is piecewise linear at each time step. Their approximate so-
lutions converge as the time grid tends to zero (by taking a subsequence)
for general interfacial energy [ATW)]. The limit weak solution is called a flat
curvature flow. In [AT] it is shown that a weakly admissible evolving crystal
(of closed curves) is the unique flat curvature flow with the same initial data -
provided that two adjacent facets do not vanish simultaneously. This justi- -

fies (1.5). For smooth W see also [FK] and [LS]. In particular, it is shown in =

[FK] that the limit is contained in the level set flow of [CGG] and [ES].

In this paper we introduce a new notion of solutions for (1.2) or its general
form (1.3) with (1.4). Since our theory is interpreted as an extension of the
theory of viscosity solutions [CIL], we should define sub- and supersolution
of (1.3) for nonsmooth functions. The issue is what kind of class of test
functions we choose so that we define weighted curvatures. We shall always
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assume that the set of jump discontinuities of W' is a discrete set P. For
technical reasons we also assume that W € C?(R\P) has bounded second
derivatives on each bounded set in R\P.

- We introduce the notion of (P—) faceted functions in an open interval.
Roughly speaking, a piecewise C! function f € C(Q) is P-faceted if for each
p € P theset {z; f'(2) = p} consists of a union of closed (nontrivial) intervals
(called faceted region) and the transition number y is well-defined on each
faceted region. We then introduce the class of P-faceted C? functions on an
open interval  so that weighted curvature Aw is defined everywhere (§2).
Let us give a definition of subsolution at least for continuous functions. We
say a continuous function » : [0,T) x @ — R is a subsolution of (1.3) in

Q=(0,T)xQif

g+ F(E £(2), Aw(f)(E) <0

whenever g € C*(0,T), f € C3(Q) satisfies
mg.x(u —-9)=(u—9)(E &), (, 2)eq

with ¥(¢,2) = g(t) + f(z) (called a test function at (f,£)), where CZ(£2)
denotes the set of all P-faceted C? functions on Q. If f'(2) € P, as already
explained we set

AW(f)(é) = XA/L’

where L is the length of faceted region containing &. If f(2) € P, then we
set

Aw(£)(@) = W"(£'(2))f"(2).

It is standard to extend this definition to semicontinuous functions asin §2. A
supersolution is defined in the similar way. By a generalized solution we mean
a sub- and supersolution. It turns out that a generalized solution is consistent
with an admissible solution in [T1] and [AG1] when W is piecewise linear.
Indeed, it is shown in [GMHG?2] that a weakly admissible evolving crystal
satisfying (1.5) in each faceted region is a generalized solution in this sense.
The argument can be extended to (1.2) with extra assumptions on a. When
C in (1.2) does depend on z, our present theory does not apply. Moreover,
the assumption that u; is constant on I(t) in deriving (1.5) seems to be not
natural [R], [GMHG1]. We shall discuss this problem in a forthcoming paper.

1.2. Comparison results. It is always crucial to establish comparison prin-
ciple in the theory of viscosity solutions. It is, modulo suitable assumptions,
of the form:
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Comparison Principle. If u and v are sub- and supersolutions of (1.3)
(with (1.4)) respectively in Q = (0,T) x R, then u < v in Q provided that
u < v on the parabolic boundary 8,Q of Q.

We establish this comparison principle for a bounded open interval  under
uniform continuity assumptions on F in

[0, 7] x [-K,K] xR foreach T'<T, K >0.

This result applies to (1.1) and (1.2) when a > 0 and C are continuous in R
and [0,T"), respectively.

The basic strategy of the proof is the same as that for the case when W
is smooth. However, several new ideas and extra work are necessary. This
is why the proof is long (§4-§7). Since the standard maximum principle for
semicontinuous functions [CIL] does not apply to handle our weighted curva-
ture, we establish a maximum principle for faceted functions (§4). To handle
semicontinuous functions we need to regularize them by sup-convolutions
[CIL]. Unfortunately, usual sup-convolutions are not good for our purpose.
We introduce sup-convolution by faceted functions and study its properties
in §5. A new aspect of our sup-convolution is that if f takes a local maximum
at & then its sup-convolution is faceted near # (Theorem 5.3). Usually, there
is an equivalent definition of subsolutions using semijets. We have to intro-
duce similar equivalent definitions of subsolutions. It is very sensitive how
to define time semijets in a neighborhood of a faceted region so that both
definitions of subsolutions are equivalent (§6). With these preparations we
prove the comparison principle in §7. Let us briefly explain the idea of our
proof. We argue by contradiction. Using an extension of the method devel-
oped in [CGG] and [Go] we reduce our problem so that our sup-convolutions
of both u and —v are faceted at a point we are interested in. We construct
suitable test functions of both u and v from these sup-convolutions with help
of equivalent definitions of solutions. Applying the maximum principle for
faceted functions and (1.4), we get a contradiction. Note that our method
does apply when P is an infinite set. However, it seems difficult to extend our
proof to unbounded {2 because so far the method in [CGG] and [Go] requires
the boundedness of . If both functions u and v are periodic in space with
the same period (independent of time) we have also comparison principle as -
shown in §7.

Our comparison principle is totally new even if for (1.1) when W' has

jumps. In [FG] a comparison principle is proved for their solutions for (1.1).
It is obtained as a limit of approximate solutions satisfying comparison princi-
ple. Besides the difference of definitions of solutions, their results are weaker
than ours since they assume both u and v are (periodic-in-space) solutions.
In [GGu] maximum principle and comparison principle are proved for admis-
sible evolving crystals. Although they handle curves of finitely many facets
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with no end points for comparison principle, their maximum principle applies
to get comparison principle for weakly admissible evolving crystals satisfying

wt — a(ua)(Aw(w) — C(2)) = 0

on each faceted region when W is piecewise linear; this equation corresponds
to (1.2), of course. (In [GGu] C is assumed to be a constant but the method
and result apply to nonconstant C with trivial modifications). Our results
are considered as a natural extension of this type of results since a weakly ad-
missible evolving crystal satisfying (1.5) is a generalized solution [GMHG?2].

If the singularities of W € C?*(R\P) are weak, for example, W' is Lip-
schitz, then the comparison principle for viscosity solutions has already been

proved in [G]; see also [OhS] and [GSS] for evolutions of closed curves.

1.3. Existence results. In our formulation we shall prove the (unique)
existence of a global-in-time, continuous, periodic-in-space, solution of (1.3)
if initial data is continuous and periodic. This answers our questions (I) and
(II) at least for periodic data. For the homogeneous Dirichlet problem on a
bounded interval Q2 of (1.3) we have some global existence result by reducing
the problem to periodic situation. This result applies to (1.1). However, it
does not apply to (1.2) even if C is (nonzero) constant. Thisis not a technical
restriction. In fact, even for smooth W with W" > 0, a local solution may
break down at the boundary 89 and boundary detachment phenomena may
occur (cf. eg. [KK]). On the contrary our global solution for the Dirichlet
problem actually attains zero at 62 for all time. This is an intrinsic reason
why our global result does not apply to (1.2). We do not pursue the boundary
value problems in this paper except a few remarks. -

~ To show existence results we establish the Perron type existence theorem
to our equations. This is by now standard in the theory of viscosity solutions
[CIL] for PDEs. However, in our setting we should prove it when the test
function is faceted at a point of interest. Unfortunately, this is not a trivial
modification of the standard results. We should modify the test function ¢ in
a class of C? P-faceted functions in space so that maxqg(u—+) is attained only
at one time £ and at one faceted region. We introduce canonical modification
of C? P-faceted functions for this purpose. Another property we use in the
proof is

W' (f'(2u))f"(2n) = 0 as =z, — 2o

for f € C3(Q), where 2o is the boundary of a faceted region of f and
f'(zs) € P. This convergence follows from the fact that W" is bounded
in every bounded set in R\P and that f € C3(Q2). We shall prove the Per-
ron type existence results in §8. In the last section we construct a sub- and
‘supersolution for a given initial data. This together with the Perron type
existence results and comparison results yield an existence result for periodic
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data. To construct sub- and supersolution we modify the method developed
in [CGG] and improved by [IS].

Our existence result for general continuous (not necessarily Lipschitz) ini-
tial data (periodic in 2) is new even for (1.1). The existence result in [FG]
needs Lipschitz continuity of initial data. We do not know whether a solution
in [FG] is continuous in space-time although it applies to all convex W. We
believe our solution is consistent with a solution in [FG] although we do not
prove in this paper.

When W is piecewise linear a solution with nonadmissible data (question
II) for (1.1) has been studied in [T3)] and [EGS). If initial data is piecewise
linear nonadmissible, a ‘solution’ is constructed in [T3] by solving ODE. It
turns out [EGS] that it is a solution in the sense of [FG] for (1.1). Even for
some piecewise C! initial data, a solution given by ODE is proposed in [T3],
[EGS]. However, initial data is very restrictive. Instead of proving that all
proposed solution is a solution in our sense, we give an example of solutions
with nonadmissible data in §2.

1.4. Background of problems. Surface-energy-driven motion of interfaces
attracts many mathematicians and physicists to study evolution of phase
boundary T'; such as a surface of crystal. Let n denote the unit normal
vector field determining the orientation of I';. We assume that I'; is a curve
in the plane. Let V denote the normal velocity in the direction of n. If V
depends on local geometry, a typical evolution equation is of the form

(1.6) V=- ﬂ(n)(za (87(n)) +C(t)) on T

Here v: R? — R is of the form

7(q) = lalvo(a/lal), = (q1,9:) €R?, ¢#0

and 7vo,Q are positive functions defined on the unit circle. In (1.6) ;v de-
notes the partial derivative 6v/8g; as a function on R2. The quantity v, is
called the interfacial energy density, while 8 is called the kinetic coefficient.
The function C(t) is given. Physically it describes the bulk free energy of
crystal relative to that of the other phase. Typically, this is the difference
of temperature between two phases on I'; or the difference of pressure. The
equation (1.6) was derived mathematically by Angenent and Gurtin [AG1]
(see also [Gu]) from axioms of continuum thermomechanical theory. In phys-
ical literature (1.6) was first formulated by Miiller-Krumbhaar et al [MBK]
as a gradient flow of free energy in the spirit of the time-dependent Ginzburg-
Landau theory. This model is good if the crystal surrounded by I'; is small so
that surface effects dominate bulk effects, since in this case we may assume
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that bulk energy C(¢) is given and independent of the space variable. If 7, is
a positive constant, - is called isotropic. If both 4, and 3 are isotropic, (1.6)
with C = 0 becomes the famous curve shortening equation. We focus the
initial value problem for anisotropic curve shortening equation (1.6) when
the interfacial energy may have singularities. To classify the problems it is
convenient to recall the Frank diagram of vo:

F={(q1,92) € R?; ¥(g) =1}.

We always assume that F is convex, so that (1.6) is degenerate parabolic at
least formally. There are three typical situations as explained in [GMHG1].

(1) F is smooth and has positive curvature; g is called a strict convez smooth
energy.

(2) F is at most C'! and C? except finitely many points. The curvature
of ¥ is bounded but may be zero somewhere; 7y is called a singular energy
without corners.

(8) F is C? except finitely many points but is not C*. The curvature of F
is bounded but may be zero somewhere; vp is called an energy with corners.

An isotropic energy is a typical example of a strictly convex smooth energy.
In the case of (1) the equation (1.6) is quasilinear (nondegenerate) parabolic
so the classical theory [LSU] applies to get local-in-time smooth solution to
(1.6) provided that 8 is smooth. Even if C exists, it is possible to extend
the solution globally in time in the level set sense ([CGG], [ES]). Note that
the level set method applies to (1.6) if 9o is C? and convex; the strictly
_convexity is unnecessary [CGG], [GGo]. There are by now extensive literature
to the case (1). We suggest the reader to consult a book [Gu], the review by
Taylor, Cahn and Handwerker [TCH] and the recent review [GMHG1] and
the references therein.

Even in the case of (2) the level set method does apply to get global
generalized solutions ([OhS], [GSS]). A local existence of “strong” solutions
is established by [AG2]. If T is given as a graph of y = u(¢, z), then (1.6)
becomes

(1.7) us — a(ua)((W'(a))s — C(t)) = 0
with

a(p) = (1+p°)* M(p),
(1.8) 1/M(p) = B(—p/(1 + p*)Y/2, (1 +p?)~1/3),
W(p) = 7("?: 1)'
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Here (2) is equivalent to say that W is C1'! and C? except finitely many
points. In [G] properties of global generalized solution are studied as well as
comparison and existence results. See [GMHG1] and the references therein.

In the case of (3) the level set method does not apply so far. We discuss
the case when I'y is represented as the graph of functions. Our W in (1.8)
satisfies our assumption of regularity if (and only if) 7o is an energy with
corners. This paper extends the theory of viscosity solutions to establish
fundamental comparison and existence of solutions so that it applies to this
setting.

A typical example of an energy with corners is a crystalline energy, where
F is assumed to be a convex polygon. For (1.7) this is the case when W is
piecewise linear with finite jumps of W'. As mentioned before its evolution
law (1.6) is reduced to a system of ODEs for admissible evolving crystals.
This is first observed by Taylor [T1] (for B - ¥ =const.) and independently
by Angenent and Gurtin [AG1]. Their evolution is qualitatively similar as
the case when v is smooth. For example we have comparison principle
for admissible evolving crystals ‘solving’ (1.6) [GGu]. If 8 - 4 =const. and
C =0, a closed convex admissible evolving crystal shrinks to a point and the
way of shrinking is asymptotically similar to the Wulff shape of 4 provided
that initial polygon has more than five corners [St] as conjectured by Taylor
[T1]. Although it is interesting to study the behavior of our solutions, we do
not discuss them in this paper. Recently, surface evolutions by crystalline
energy is analysed by [GGuM]. Among other results comparison principle for
admissible evolution is established there. For the background of a crystalline
energy see the review of Taylor [T2].

It is a geometric natural idea to approximate a strictly convex smooth
energy by a crystalline one. In fact, this approximation has been used in
calculation of curve evolutions. If Ty is a graph, the convergence result of
[FG] applies to (1.1). It says that approximate solution actually converges
to the true solution with no convergence rate. At the same time Girao and
Kohn [GirK1] studied this problem and obtained the convergence rate in
the Sobolev space H! (for Dirichlet and Neumann problems). For convex
closed curves Girdo [Gir] obtained a convergence rate in the topology of
Hausdorff distance. Recently this result is extended by Yazaki for the equa-
tion V = —(div n)* on I'; with @ > 0. See also the review paper [GirK2)].
Unfortunately, these works do not apply if C exists in (1.2). We shall discuss
convergence result even for general equations (1.3) in the realm of viscosity
solutions in a forthcoming paper.

In the crystal growth problem there often arises an energy v, with corners
so that its Wulff shape has a flat portion called a facet. It is natural to
consider such a 7y if the temperature is lower than roughening temperature.
Although this phenomena is common in all crystal growth [Ch], a typical
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example is the growth of crystals of Helium. If facets exists in evolving
crystals, it is explained in physics [Ch] that the velocity on facets is not
proportional to the chemical potential difference Ay which is the weighted
curvature plus the pressure difference, although the velocity is nondecreasing
in Ap and it is zero for Ap = 0. If Ay is small, the velocity may be zero in
some situation. This is a reason why we consider

ug + F(up, Aw(u)+C)=0
or its more general from (1.3) instead of (1.2).

§$2. Definition of generalized solutions.

This section establishes conventions of notation and introduces several

notions of functions and weighted curvature. The goal of this section is to
define generalized solutions for evolution equations with singular interfacial
energy.
2.1. Assumption (Set P and function W). Let P be a closed discrete
set in R. In other words P is either a finite set or a countable set having no
accumulation points in R. If P is nonempty, P is of form {p;}7%,, {pj}{2 _ o,
{p,-}j'=1__°°, or {p;}$2, with lim;_, o p; = oo, lim;_,_ o p; = —o0, where p;’s
are indexed in increasing order p; < p;+; and m is a positive integer.

Let W be a convex function on R with values in R. We assume that W
is C? outside P. Moreover, we assume that W" is bounded in any compact
set except all points in P.

Throughout this paper we always assume these assumptions concerning P
and W. : "
2.2. Definition (P-faceted). Let Q be an open interval. A function f
in C(R) is called faceted at 2o with slope p in Q if f fulfills the following
conditions.

There are a closed nontrivial finite interval I(C Q) containing zp such
that f agrees with an affine function

Lp(2) = p(z — z0) + f(=0)

in I and f(z) # £,(2) for all 2 € J \ I with some neighborhood J(C Q) of
I. The interval I is called a faceted region of f containing zo and is denoted
by R(f, a30)’

A function f is called P—faceted at zg in  if f is faceted at 29 in Q with
some slope p belonging to P.
2.3. Definition (Weighted curvature ). Let z9 be a point in Q. For
J € C(R) we set the value

Aw(f,z0) = W"(f’(zo)‘)f”(zo)
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if f is second differentiable at 2 and f'(zy) ¢ P and
Aw(f,z0) = FA,

if f is P-faceted at 29 in  with slope p;, where A; = W'(p; +0) — W' (p; —0).
We call the value Aw(f,z0;c) weighted curvature of f at zo . This value
is invariant under the addition of affine functions to W. Here L = L(f,z,)
is the length of the faceted region I containing zo and x = x(f,zo) is the
transition number defined by
' x=+1 f f>4, in J,
x==-1 if f<4&, in J,
x=0 otherwise

for some neighborhood J of the facet region I. We often write Aw (f,2o) by
Aw(f)(20) if we emphasize that this quantity is a function of .

For later convenience, here we introduce the left transition number y_ =
x-(f,20), and the right transition number x4+ = x+(f,20) by

X- = +1 iff le‘ in {2 € J;z S 30}’
x-=-1 iff le‘ in {Z € J;z < 30}’
and
x+=+1if le‘ in {z € J;z > a30}’
x+=-=-1if f > L, in {2 € J;2 > 20},
respectively. By definition we see x = (x4+ + x-)/2.
2.4. Definition (Space of admissible functions). A function f € C%(Q)

belongs to a class C3(R) if f is P-faceted at 2o in Q whenever f'(2q) belongs
to P.

- Let T be a positive number. For @ = (0,T) x Q with T > 0 let 4p(Q) be
the set of functions on @ of the form

f(=)+9(t), feCR(Q), geC(0,T).

An element of Ap(Q) is called an admissible function.
2.5. Assumptions (Function F ). Let F be a function from [0,7) x R xR
to R. We often assume
(F1)

F is continuous in [0,T) x R x R with values in R,

F(t,p,X) < F(t,p,Y)
(F2)

for X >Y,t € [0,T),p € R (degenerate ellipticity),

For each K > 0 and T' < T,
(F3)

F is uniformly continuous in [0,7"] x [-K, K] x R.
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We explicitly state these assumptions in our statements if we need to assume
them. ‘

We are now in position to define our generalized solution in the viscosity
sense.

2.6. Definition (Generalized solution). A real valued function u on Q
is a (viscosity) subsolution of

(E) u + F(t, uay Aw(2)) =0 in@.

if the uppersemicontinuous envelope u* < oo in [0,T) x & and
(2.1) Pe(f,8) + F(t,¥a(f, 8), Aw (¥({,),8)) < 0

whenever (¥, (£,2)) € Ap(Q) x Q fulfills
(22) max(u® — ¥) = (u* - ¥)(F, ).
Here
w'(t,2) = Emsup{u(s,g)ila 1] <e,lo 4| <, (s,) € Q)

for (t,2) € Q and u. = —(—u)*. A (viscosity) supersolution is defined by
replacing u*(< oo) by the lowersemicontinuous envelope u,(> —o0), max by
min and the inequality in (2.1) by the opposite one. If u is sub- and superso-
lution, u is called a viscosity solution or a generalized solution. Hereafter we
avoid to use the word viscosity. Function 9 satisfying (2.2) is called a test
function of u at (£, £).

The following propositions are easily derived.

2.7. Proposition (Addition by affine functions). Let Q be an open
interval. Let u be a sub- (resp. super-) solution of (E). Then v(t,z) =
u(t,z) — £(z) is a sub- (resp. super-) solution of

v+ F(t,v, + A, Aw,(v)) =0,

where

{(z)= Az + B for some real number A and B,
Wa(g) =W(q+ A) forallge R,
Py={p-4A;pc P}.
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2.8. Proposition. If ¢y € Ap(Q) satisfies (2.1) at each point (i,2) € Q,
then ¢ is a subsolution of (E) in Q provided that (F2) holds.

2.9. Example of equations. Let a function F be of form

F(t,P, X) = _a(p)(x + C(t,p))

with a continuous nonnegative function a and a continuous function C in
[0,T) x R. Then conditions (F1), (F2) and (F3) are fulfilled. The equation
(E) becomes

(2.3) 2 — a(ua)(Aw(u) + C(t, u,)) = 0.

The term Aw(u) + C is called the weighted curvature with driving force and
is denoted by Aw(u;C) as in [GMHG1]. A more general form of F is

F(t,p,X) = G(t:P:X + C(t,p)),

where G : [0,T) x R x R — R. It is easy to see that F fulfills (F1) (resp
(F3)) provided that G satisfies (F1) (resp. (F3)) where C is continuous in
[0,T) x R. Clearly if G satisfies (F2), so does F. The equation (E) now
becomes

u + G(t, %, Aw (u) + C(8,u,)) = 0.

Such a type of equation is important to describe evolutions of crystals of
Helium below the roughening temperature (where C is independent of p).
As pointed out in [R] when C depends on spatial variable , it is not natural
to define Aw(u,C) just as a sum Aw(u) + C.

2.10. Remark. The equation (2.3) has many representation by use of
different W. For example, if

(2.4) a(p)W"(p) = ao(p)Wy'(p)

in the distribution sense with some nonnegative continuous function ag and
convex function Wy, then (2.3) can be formally written as

(2.5) ug — ao(Us )Aw,y(u) — a(up)C(t, u,) = 0,

which is also an example of (E). Fortunately, it is not difficult to see that
u is a subsolution of (2.3) if and only if u is a subsolution of (2.5). So our
definition of solutions is independent of representation of the equation. By
the way there are many choices of ag and Wy satisfying (2.4). Indeed, for a
* given ao(p), we have W, satisfying (2.4) by defining Wy by

o) = [ [ ate)W"(2)/ao(e)dzda
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2.11. Examples of solutions when W is piecewise linear. We next
consider several special solutions of (2.3) when a > 0 and W is piecewise
linear. We say a function v on R is an admissible crystalif v is P-faceted at
any point of R and the slopes of adjacent faceted region should be adjacent
in P. This definition is the same as in [GMHG2]. Let u be an admissible
evolving crystal on a time interval I'; i.e. u(t,-) is an admissible crystal with
v € C(I' x R) and jumps of u, moves smoothly in time for ¢ € I' and does
not collide each other. For an admissible evolving crystal u the equation
(2.3) has & meaning on each faceted region of u(t,:). This equation agrees
with those derived by [T1] and [AG1] in a little bit different setting and by
[GirK1] in this setting (actually with C = 0 and finite P but these restrictions
are inessential). In [GMHG?2] we prove that an admissible evolving crystal
u in (0,T) x R solving (2.3) is a generalized solution of (2.3) with Q =
(0,T) x R if C = 0. The same assertion is still valid under some reasonable
assumption on a even if C does not vanish identically. In [GMHG2] P was
assumed to be finite but the proof works for general P. Even if u is a
weakly admissible evolving crystal, i.e. » is an admissible evolving crystal
on [ty,tx+1),k = —1,0,..,h forsome 0 =¢_; <tg <. <thy1 =T and u is
continuous across ¢t = t,,k = 0, .., h, then u is a generalized solution of (2.3)
with Q = R provided that u solves (2.3) on (tx,t4+41),k = —1,0,..,h (under
some assumptions on a unless C = 0). This is also proved in [GMHG2]. In
the definition of weakly admissible evolving crystals of [GMHG?2], the open
interval (t;,t;,41) should be replaced by [t;,%;,41).

In many cases for a given initial data up which is an admissible crystal,
we see there is a unique global-in-time weakly admissible evolving crystal »
satisfying (2.3) on (x,tx+1),k = —1,0,..,h by solving a system of ordinary
differential equations. A typical situation is that ug is periodic in z. Since a
weak admissible evolving crystal solving (2.3) is our generalized solution of
(2.3), there are many nontrivial examples of solutions.

2.12 Examples of solutions with nonadmissible initial data. When
W is piecewise linear, a solution with nonadmissible data for (1.1) has been
studied in [T3] and [EGS]. For piecewise linear but nonadmissible initial data
a solution is constructed in [T3] by solving ODE’s. However, if initial data
is not piecewise linear, creation of new facets also may occur but such an
example is not well examined although there is a heuristice explanation in
(T3.
We here give a simple examle of solution with such type of initial data for

(1.1) with W(p) = c|p| with ¢ > 0:

(2.6) ug — ca(uy)(|2s])e = 0,

where a > 0 is continuous; we assume a(0) > 0 since otherwise (2.6) becomes
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u¢ = 0 everywhere. We consider initial data ug € C(R) of the form

A(z)v c S Qo,
(2.7) u(z) =q ko, a0 <z <P,
| B(z), Po<=
with
ag < Po,
A € CY(—00, ag) N C(—00, ag), A <0,
B € CY(Bo,0) N C[Bs,0), B' >0,
A(ao) = B(Bo) =ho  so that ug is continuous.
We set

k
D(k) = /,. {B=1(n) — A~} (n)}dn,

‘where A=1, B~ € C(hg,0) N C[ho, ) denote the inverse functions of A
and B, respectively. Note that

B Y(n)>Po>a0>A"Yn), 9>h

so that D'(k) > 0 for k > hy. The value D(k) is the area enclosed by
y =k and y = up(z). The inverse function . D~ is well defined and D-1! ¢
C*(ho,0) N Clho,0). We then set u € C(Q) (Q = (0,00) x R) of form

. A(z)’ z < aft),
28)  aba)={ ), a@)<e< ),
B(z), B(t)<e

with
(2.9) h(t) = D~'(2a(0)ct)
a(t) = A7H(h(¢)), a(0) = ao,
(2.10) {ﬂ(t) = BUIA(E),  A0)=fo with ao < fo.

Since h(t) > ho for t > 0 and
B (n)>Po2a0>AY(n), 7> ho,

we see a(t) < B(t) fort > 0. Thus the function u is well defined and u € C(a)
since h € C[0, 00) so that a, 8 € C[0, c0). The interval [a(t), B(2)] is a faceted
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region of u(t,-),t > 0 and o'(t) < 0 < B'(¢) for ¢t > 0. To convince the reader
that (2.8) solves (2.6) we calculate u; on (a(t),A(t)). By (2.9), (2.10) and
definition of D we see

B(t) — oft) = A7*(h(t)) — B*(h(t)) = D'(R(2)), ¢>0..
Since
u(t,z) = h'(t)  for = € (aft), B(2))
this yields \
ug(t,2) = k'(t) = (D) (2a(0)ct) - 2a(0)c

_2a(0)c _ 2a(0)c . Yt e
= D)) ~ By — o)~ DAwlulti ), 2),

where W(p) = ¢|p|.

Lemma. The function v € C(Q) in (2.8) is a generalized solution of (2.6)
in Q. Its initial data is ug in (2.7). Moreover —u is a generalized solution of
(2.6) in Q with initial data —uqg.

This is true even if ap = fp. In this case a new faceted region [a(t),5(t)]
is created instentaneously. The proof of Lemma is easy but we give it for
completeness.

Proof. Step 1. We shall show that: the function u is a subsolution of (2.6)
in Q.
Let 4(t,z) be of form

(212)  W(t,2)=f(z)+9(t) feCER), g€ C0,00)

and suppose that
m‘g.x(u - "ﬁ) = (u - '¢')(£t i)’£> 0;

we do not take u* since u is continuous. If f/(2) = 0, then f is faceted at 2
and by geometry we see '

g'(®) = (D).

By (2.11) we have

¢'@) — a(O)Aw (S, &) < B'() — a(0)Aw (u(f, -), £) = 0.
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If f'(2) # 0 so that £ < aff) or 2 > B({), then
Aw(f,8)=0
since W"(p) = 0 for p # 0. Clearly g'(£) = u(£, ) = 0 so we have
g'() — a(0)Aw(f,8) =0

in this case. Since u € C(Q), u is now a subsolution of (2.6) in Q.

Step 2. We shall show that: the function u is a supersolution of (2.6) in Q.
Let (¢, z) be as in (2.12) and suppose that

(2.13) mm(u ¥) = (v -9)({,8), {>0.

(1) I f'(2) = 0 and & # o(t), & # B(f), then

Aw(u(i, ), 8) > Aw(f, ),
g'(f) = h'(i)"

so that by (2.11) we have
¢'()) - a(0)Aw(t, 2) > K'() — a(0)Aw(u(f, ), 8) = 0.
(2) K £/(2) # 0 and & # (f), 8 # A(E), then |
Aw(f,2)=0 and g'({)=0
as in Step ’1. Thus
¢'() - a(0)Aw(f,) =0~ 0 =0.

(3) It remains to study the case when either 2 = o(f) or & = B(f). If f'(2) = 0
and intR(f, %) intersects (a(£), B(£)), then the situation is reduced to (1) so
we may always assume

including the case that f'(2) # 0 (which implies Aw(f,2) = 0). We may

assume & = a(t) since the case 3(f) can be treated in the same way. Since
u(af(f), t) = A(a(f)) for t < £, (2.13) implies g'(£) > 0. This now yields

g'(8) - a(0)Aw(f,2) > 0.
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Note that g'(f) may not equal h'(f) when f'(2) # 0. Since (2.6) is invariant
if we replace u by —u, —u also solves (2.6).
Clearly (0, 2) = uo(z) so the proof is now complete. O

Remark (i) In [EGS] a piecewise C! initial data ug with finitely many P
—faceted regions was considered. Outside faceted regions up was essential
to be C! and uf, ¢ P. They gave a local-in-time solution by solving ODE
and proved that their solution is a solution in the sense of [FG]. we remark
that our Lemma essentially implies that their solution is our generalized
solution. Note that the situation is localized near each facet so the proof of
our Lemma applies. Our Lemma also allows the situation that new facets
are created instantaneously.

(ii) Our soltuion (2.8) is not C! in space for all £ > 0 even if initial data
ug is smooth. This shows that the solution u(,-) may lose smoothness in-
stanteneously. When ag = Bo(= 0) the growth of the facet depends on the
behavior of A ande B near ag = 0. To see this we for simplicity assume that
B(z) = ma’,A(z) = B(—2) (m,r > 0) and hy = 0. A direct computation
shows that

27
1+~

D(k) = % /0’- n/7dy = c ok, dy =
which yields
 hE) = R {2a(0)etyr /0
B(t) = m= 117457 {2a(0)et}V/ H+7) (= —a(2)).

~ We conclude this section by giving another example of a solution of the -
equation

(2.14) ue — a(uo)(cluy — pol)s =0

for a given number pg € R. We assume a > 0 everywhere in this example.
We consider (2.14) with initial data

uo(2) = psin(vz), p>0, v>0.

Assume that 0 < pg < pv. Similarly to the previous example one obtain an
explicit form of the solution with initial data. Let ag be the unique number
that satisfies

vg(ao) =po  with —n/v < g <0,

where
vo(z) = uo(2) — poz.
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Let a; be the unique number that satisfies
’l)o(al) = Pa with — w/v <a; <0,

so that ap < a;. We set

13
D(k) = / {B~Y(n) — A~ ()}dn

o(co

B=(k)
_ / {k—w(2)}dz, k> vo(a),
A-1(R)

where A(z) = vo(2) for 2,01 < z < ap and B(2) = vo(2) for 2,a0 < z < 0.
The value D(k) is the area enclosed by y = k and y = vp(z) with &y < 2 < 0.
Let T' > 0 be the number defined by

_ 20 _ _1 E(1 = cos(pa Pocy
T= 2a(po)c 2a(po)c {u(l (koa)) + 2 : } )

We set
h(t) = D™1(2a(po)ct) for0<t<T,

so that A(0) = vo(ao), A(T) = 0,h'(t) > 0 for 0 < t < T'. We then set
a(t)=A7'(h()) 0<t<T,
B(t)=B7'(h(t)) 0<t<T,
So that
' o0) =0, a(T)=a1, B(0)=fo, A(T)=0.

As in the proof of Lemma one can prove that 2x/v -periodic (in space)
function » defined by

r uo(z) -7/v < e < aft),
ug(a(t)) +po(z — a(t))  aft) <z < B(t),
u(t,z) = § wo(z) At) <z < -B(1),
un(—a(t)) +po(z +at) —B() < = < —a(t),
\ uo(2) —aft)<e<~wfv
for 0 <t < T,

w(t,z2) =u(T,2) fort>T

is the generalized solution of (2.14) in @ = (0,00) x R with initial data
ug(z) = psin(ve). Note that u(t,z) becomes a stationary solution in a finite
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time. If |po]| > pv, initial data ug(z) itself is the stationary solutions (If
—pv < po < 0, then the solution is given by u(t,—z + = /v), where u is the
solution of (2.14) with po replaced by —pp). If po = 0, many quantities in the

definition of u are explicitly computable. For example ag = —7/(21),a; =
—=x /v so that

A7 (n) = —{azcsin(n/p) + x} /v,
B~ () = axcsin(n/p)/v,
'vo(ao) = —H,

where arcsin is the principal value of the inverse of sin. We then calculate
] ' »
o) = [ {B7n) - A7)}
— .
k _
= l‘/ {2 arcsin (2) + 1r} dn
vJ_, ©
= % {2 [k arcsin (%) + 4 u? - kz] + xk} .
In particular D(0) = 2p/v, so that

p 1

~ va(0)’

In this case (T,z) =0 so u(t,2) =0 for t > T.

$3. Main Theorems.
We state our comparison and existence results for the equation (E).

3.1. Comparison Theorem. Assume conditions (F1) and (F2). Assume
(F3) if F depends on the time variable t. Let v and v be a sub-, and super-
solution of (E), respectively, where Q is a bounded open interval. If u* < v,
on the parabolic boundary 8,Q(= [0,T) x QU {0} x ) of Q, then v* < v,
in Q.

3.2. Comparison Theorem for periodic functions. Assume conditions
(F1) and (F2). Assume (F3) if F depends on t. Let u and v be a sub-, and
supersolution of (E) in (0,T) x R, respectively. Suppose that u and v are
periodic in the spatial variable ¢ with period w. If u* < v, on {0} xR, then
v* <, in (0,T) x R.
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3.3 Perron type Existence Theorem. Assume conditions (F1) and (F2).
Let u~ and u* be a sub-, and supersolution of (E) in @ = (0,T) x Q,
where ) is an open interval, respectively. Suppose that v~ < u* in Q and
(ut)* < 400 and (u~)s > —00 in [0,T) x Q. Then there exists a generalized
solution u of (E) satisfying v~ <u<ut in Q.

3.4. Perron type Existence Theorem for periodic functions. Assume
conditions (F1) and (F2). Let v~ and u* be a sub-, and supersolution of
(E) in (0,T) x R, respectively. Suppose that v~ < ut in (0,T) x R and
(u*)* < 400 and (v~)s > —o0 in [0,T) x R. Suppose that u~ and u*
are periodic in the spatial variable 2 with period w. Then there exists a
generalized solution u of (E) such that v~ < u < »* in (0,T) x R and that
u is periodic in # with period w.

3.5. Existence Theorem for periodic initial data. Assume conditions
(F1) and (F2). Assume (F3) if F depends on t. Suppose that uo € C(R) is
periodic with period w. Then there exists a unique function u € C([0,T) xR.)
that satisfies

(i) u is a generalized solution of (E) in (0,T) x R,
(i) u(0,2) =up(2z) forz€R,
(iid) u(t,z +w) =u(t,z) for(¢,z) €[0,T) x R.

In particular, if T is arbitrary, then u can be extended globally in time.

3.6. Existence Theorem for the Dirichlet problem. Assume condi-
tions (F1) and (F2). Assume (F3) if F depends on t. Let Q be a bounded
open interval. Assume also that F(t,p, X) = —F(t,p,—X). Suppose that
ug € C(Q) satisfies ug = 0 on Q. Then there is a unique generalized solution
u € C([0,T) x Q) of (E) with u(0,z) = uo(z) and w = 0 on 99.

3.7. Remark on the Dirichlet problem. Theorem 3.6 applies to
(3.1) e — aluy)Aw(n) =0

but it does’not apply to

(3.2) wt — a(u)(Aw(u) = C) = 0

even if C is a (nonzero) constant. This is not a technical restriction. In
fact, even for smooth W with W" > 0 a local solution to (3.2) may break
down at the boundary 9 in the sense that the gradient on 99 blows up
in a finite time. This phenomena is sometimes called the boundary detach-
ment phenomena (see e.g. [KK]). To solve this problem globally in time
we interpret the Dirichlet condition in the viscosity sense as in [KK]. We do
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not pursue this problem in this paper. Qur global solution in Theorem 3.6
actually attains zero on 92 for all time so it should not apply to (3.2).

Theorem 3.6 follows from Theorem 3.5. Indeed, we may assume Q =
(0, —w/2). We extend initial data g in (—w/2, 0] so that ug(z) = —ug(—2)
for z € (—w@/2,0). We extend ug in R so that it is periodic in z with
period @. Since up = 0 on 8N, our extended up is continuous. Applying
Theorem 3.5 to get a unique generalized solution » € C([0,T) x R) of (E)
with %(0, 2) = uo(2) and u(t,z+w) = u(t,2). By the symmetry assumptions
on F, we see that v(t,z) = —u(t, —2) solves (E). By Theorem 3.2 we have
u = v which implies u is odd in #. In particular v = 0 at 2 = 0. A similar
argument shows that u = 0 at ¢ = w/2. We thus observe that u satisfies
the Dirichlet condition. Since u solves (E) in (0,7) x R it also solves (E)
in (0,T) x Q (Proposition 6.19). This property is not trivial and it will be
proved in § 6. The proof of Theorem 3.6 is now complete.

3.8. Remark on other boundary value prbblems. Theorem 3.5 also
applies to solve the homogeneous Neumann problem if F and W satisfy

F(tiva) = F(t’ —D, ‘X)i W(p) = W(—p)

provided that we appropriately define generalized solution of (E) with the
Neumann condition u, = 0 on 8Q. This assertion applies to both (3.1) and
(3.2) provided that a(p) = a(—p) and W(p) = W(—p). We shall discuss the
" Neumann problem in one of our forthcoming papers.

3.9. Regularity. We wonder whether or not a solution in our Existence
Theorem 3.5 is regular if initial data is regular. As observed in §2 even if
initial data is smooth, the solution may not be C? in space. However, it is
Lipschitz in space. A pricise form is presented below. A similar property is
proved in [FG] for their solution to (1.1).

3.10. Lipschitz Preserving Theorem. Assume that the same hypotheses
of Theorem 3.5 concerning F and uo and let u be the solution with initial
data ug. Let v; be either +1 or —1 for i = 1,2 and let L be a positive
constant. If

Vl'uo(z) S l/]_'uo(z + Vzh) + Llhl
forallh > 0,z € R,
nu(t,z) < nu(t,z + vph) + Ljh|

forallh > 0,zR,0 <t < T. In particular, ifuo is Lipschitz with constant L
ie. ,
[uo(z) — uo(y)| < L|z — 9]



25

for all 2,y € R, then
|lu(t, z) — u(t,y)| < L|z ~ y|
forallz,ye R,0<t < T. '

Proof. This is an easy corollary of the Comparison Theorem 3.2 since F is
independent of v and 2 so that u(z + v;h) % L|h| os a solution of (E) (cf.
[GGIS, Corollary 2.11}, [G, Theorem 3.6]). If 1y = 1, we compare u with
v(t,z) = u(t,2 + v3h) + L|h|. Since both u and v are solution of (E), by
Theorem 3.2 we have u(t,z) < v(t,z). Similarly if 1; = —1, we compare
with v(¢,2) = u(t,z + v3h) — L|h| to get u > v. O

In § 4 we prepare the key maximum principle. In § 5 we introduce convo-
lutions with faceted functions. In § 6 we give several equivalent definitions
of solutions. In § 7 we prove Theorems 3.1 and 3.2 based on the results in §
4 - § 6. In § 8 we prove Theorems 3.3 and 3.4. In the last section we prove
Theorem 3.5 based on Theorems 3.2 and 3.4.

We are forced to assume that uniform continuity (F3) of F if F depends
on ¢t in Comparison Theorems. We believe this restriction comes from the
method. (In the proofin § 7 we have no estimates of the length of facets of
test functions from below when parameter moves.)

$§4. Maximum Principle. _

In this section we derive various maximum principles for faceted functions,
which is the key tool to prove our Comparison Theorem.

A classical maximum principle says:

4.1. Proposition (Maximum Principle for C? functions I). Let Q be
a domain in R™. If a fanction f € C*(R) takes a local maximum over Q at
&, then V f(2) = 0 and the Hessian Hessf(2) < 0.

As an easy application we get:

4.2. Proposition (Maximum Principle for C? functions II). Let 0
be an open interval. Let £,§ be in Q. Suppose that fanctions fi, f € C*(Q)
and 0 € C*(R) satisfy

fi(z) + fa(y) < 0(z - y) for all z and y € Q,
fi(2) + f2(9) = 6(2 - §)
Then
1(E)+ (@) <0.

This type of maximum principle for semicontinuous functions is a key tool
to establish comparison theorem for viscosity solutions of degenerate elliptic

and parabolic PDE’s [CIL]; see § G in § 7.
We extend this type of the maximum principle for faceted functions.
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4.3. Theorem (Maximum Principle for faceted functions). Let Q be
an open interval. Let fy, fa(€ C(R)) be faceted at 2, and §, respectively, with
slope 0 in Q. Suppose that 2,3 € Q and 2—§ € I, where I is a closed interval
containing 0 (I may be a singleton). Suppose that 6y € C(R.) satisfies

00 =0 in I,
{00 > 0 otherwise.

If functions f; and f, satisfy

fi(z)+ f2(y) <6(z—y) forallz and y € Q,
F1(2) + f2(9) = 60( - §),

then
X(fl’é) X(fhg) <0
L(fu,8)  L(f2,9) =~

This is not difficult to prove directly. We give maximum principle for
faceted functions depending on time, which generalizes Theorem 4.3; see Re-
mark 4.10. Its corollary will be applied in the proof of Comparison Theorem,
where we need to estimate ’time derivative’ of functions although they are
not differentiable.

4.4. Notation. We use following conventions of notation in this section.
(i) For (£1,#1),(2,%2) € (0,T) x R, let u; : (0,T) x R — R be a uppersemi-
continuous function (j = 1, 2) such that

+

uj(tj,-) € C(R) for each t; € (0,T),
u;(f;,-) is faceted at &; in R with slope 0,
L(vj(;,"),8) < oo, forj=1,2.

The faceted region R(u;(f;,-),#;) is denoted by [a;,b;],7 = 1,2.
(ii) Let 6 : [0, 00) — [0,00) be a continuous function such that

{ @ =0in [0,06] with some o >0,
6>0 otherwise.

(iii) S € C((0,T) = (0,T)).

(,iv) f?(tnfh,tz, 22) = u1(t1, 21) +ua(ta, 22) — 0(|21 — 22 — ) — S(21,¢5) with
q=21 —23.

(v) For j = 1,2 we set j' = {1,2} \ {;j}.
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4.5. Theorem (Maximum Principle for faceted functions with the
time direction). Suppose that (f1,%1,%3,23) € (0,T) x R x (0,T) x R is a
maximizer of © over (0,T) xR x (0,T) x R, with § = &; — #,.

(i) It holds that ‘

x(uifn, ) 1) | x(ualla, ) #)
L(uy(f1,7),281)  L(us(fs,-), 23) <0.

(ii) For j = 1,2, let (I;) denote the inequality

(Z;) ui(tj, 2;) — uj (€5, ;) < S(t,ta)ly,, =, — S, t)-

Then |
(I1) holds for all (0,T) x [az + g, bz + ],

(I2) holds for all (0,T) x [a1 — §,b1 — g].

Moreover if @; > @;1, then x—(u;(£;,"),2;) = —1 and there exists § > 0 such
that
(I;) holds for all (0,T) x [a; — &, a;),

and if b; < b;, then x4 (u;(£;,+),#;) = —1 and there exists § > 0 such that
(Z;) holds for all (0,T) x (b;,b; + 6],

where . _
[G1,01] = [a1,b1],  [G2,b2] = [z + G, b2 +g].

4.6. Corollary. Assume the same hypotheses of Theorem 4.5. Let Q be an
open interval. Suppose that [i;,b1],[d3,b;] C R, and &; € [3;,b;] forj = 1,2,
where

[61,81] = [a1,b1) N [az + G b3 + G,  [G2,B2] = [a1 — 6,1 — §] N [az, ba).
Then there exist uppersemicontinuous functions v; and v; : (0,T) x 2 —» R
such that

v;(t;,-) € C(RQ) for each t; € (0,T),
. vj(£;,) is faceted at &; in Q with slope 0 in 0,
@) u; < v in (0,T) x Q,
vi(f, %) = u;(§;,8;), forj=1,2,
(i) { R(v1(f1, ) #1) = [41, 51} R(vy(f2,°), 82) = [, B1),
L(vi(t1,°), 81) = L(va(ta, ), 82),
@) el d) + x(va(da, ), 82) 0.
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(iv) Let (I}) denote the inequality

(Z}) v(tj 25) — v (5, 8;) < S(t1,ta)ly,, =, — S(En,t2)
Then
(4.1) (I}) holds for all (0,T) x [4;,5;] for j = 1,2.

Moreover if x_(v;(£;,"),3;) = —1 then there exists § > 0 such that
(4.2) (I;) holds for all (0,T) x [&; — §,3;)

and if x4 (v;(f;,+),2;) = —1 then there exis.ts 8 > 0 such that
(4.3) ) La1ds for all (0,T) x (b;,b; + ).

We shall prove Theorem 4.5 and Corollary 4.6 in several steps.

4.7. Lemuma. Assume the same hypotheses of Theorem 4.5. Then

(1) (1) holds for all (t1,21) € (0,T) x [az + g, b2 + §].
(11) (Iz) holds for all (tz, 232) € (0, T) X [a1 - §g,b — é].

Proof. By assumptions of the theorem, we have
(4.4)
ug(ty, 21) + ua(ta, 22) — (|21 — 22 — §l) — S(t1,12)

S ul(f1,£1) + uz({z,éz) - S(f]_,fz) for (t1,21),(t2,22) € (O,T) x R.
We take t; = {; and 25 = 2; — § for 2; € [az + §,bs + §] in (4.4) to get

uy(t1, 21) + ua(fa, 21 — §) — S(t1,£2) < wa(fy, 1) + ua(fs, 22) — S(i1,12)
for (tl,zl) € (O,T) X [az + q, bz + ﬁ]

Since 2, — § € [az, ba], we have uz(f3, 21 — §) = ua(f2,£;), which implies (i).
Similarly, we get (ii) by plugging t; = t1,2; = 25+ for 2, € R(u1(t1,°), &1)—
§. O

4.8. Lemma. Assume the same hypotheses of Theorem 4.5.
(i) If &; > &;:, then x—(u;j(%;,), #;) = —1 and there exists § > 0 such that

(I;) holds for all (t;,z;) € (0,T) x [a; — §,4a;).
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(ii) It b; < b;:, then x4 (uj(f;,-),2;) = —1 and there exists § > 0 such that

(I;) holds for all (¢;,2;) € (0,T) x (b;,b; + 6]

Proof. We only prove case (i), since the proof of (ii) is similar. By Lemma
4.7, |

(I;) holds for all (¢;,2;) € (0,T) x [aj — (—1) g,b;e — (—=1)/§], for j =1,2.

Since [a'i' - (‘l)jé»bi' - (_l)jé] » [ai' - (_l)jé: a’.‘i) = [aJ' - 6’“’1') with
§=d; -,

(I;) holds for all (t;,2;) € (0,T) x [aj — 6, a;).
It remains to prove that x_(u;({;,),%;) = —1. Plugging ¢; = £; into (I;),

we have
u;(t,-,z,-) < u,-(t,-,é,') for all z; € [a,- - 5,0,').

Since R(u;(£;,), #;) = [a;,b;], there exists 7 > 0 such that
uj(E,2;) < uj(f;, ;) for all &; € [a; -, q;),
which implies x_(u;(¢;,-),2;) = —-1. O

4.9. Lemma. Assume the same hypotheses of Theorem 4.5. Let o > 0 be
as in §4.4(ii).
(i) Suppose @, = &, then x_(u;(£;,-),2;) = —1 and

(Z;) holds for all (t;,2;) € (0,T) x [aj —0,a;) forj=1,2.
(ii) Suppose by = b,, then x+(u;(£;,+), 2;) = —1 holds and
(I;) holds for all (¢;,2;) € (0,T) x (b;,b; +0]  forj=1,2.
Proof. We only give the proof of (i) here, since the proof of (ii) is parallel.

By assumption of Theorem 4.5, we have inequality (4.4). Plugging t; = {;:
and zj: = ajs in (4.4), we have

45, 25) — 0(|2; — aj]) — S(t1,ta)ly, =i, < ui(E), ;) — S(E1, )
for (t;,2;) €(0,T) x R,
~ since & = &;. For z; € [a; — 0,a; + o], we have 8(|2; — a;|) = 0, which
implies
(I;) holds for all (¢;,2;) € (0,T) x [a; — 7,a;).
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Plugging ¢; = i; in (I;), we have
uj(5,2;) < ui(f;,2;) for all 2; € [a; — 0,a;),

which implies x_(u;(¢j,:),2;) =-1. O

Proof of Theorem {.5. By Lemmas 4.8 and 4.9, there exist j and k € {1,2}
such that

x-(uj(£j,), 25) = =1 and x4 (ua(f,"), &) = -1,

which implies
x(u1(t1, ), 1) + x(u2(22,), £2) < 0.

For (X('ul({l, '),51),x(uz({z, )y #2)) = (-1,-1), (-1,0), (0,0) and (0,-1),
validity of inequality in (i) is trivial. We shall check (i) when

(X(ul({l’ ')’ 1), X(uz({z, ), &2)) = (—1’ 1).

Since Lemmas 4.8 and 4.9 imply

R(ui(£1,-), #1) C R(ua(fa,-),22) + 4,

we have
L(ul(tl, '), él) Z L(uz(tm ')a ii\32),

which implies (i). When (x(u1(f1,°), 1), x(ua(f2, ), 82)) = (1, -1), we can
prove similarly.
~ The property (ii) is given by Lemmas 4.7, 4.8 and 4.9. O

4.10. Remark. Even if ¢ = 0 in Notation 4.4(ii) assertions of Lemma 4.7
and 4.8 are still valid. If @, = @;, then setting ¢; = fj, 23 = 21 — g in (4.4)
we have

X—(ui(t}a')’ 2)=-1

for j = 1 or 2. (However, the assertion for (I;) in Lemma 4.9 may not be
true.)

We observe that the proof of Theorem 4.5(i) is still valid even if o = 0.
By this remark, we note that Theorem 4.3 follows from Theorem 4.5(i) by
setting

uj(t,2) = fi(2), S(t1,t2) =0, & =4, =9
with a choice of § in Notation 4.4(ii) such that

6(]z — g|) > 6o(2), for z € R.
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Proof of Corollary {.6. We use the notation of Theorem 4.5. Define functions
fi,+ and f; _ € C(Q) for j = 1,2 satisfying (A) and (B).
(A) ¥ &;0 = @; then f;_ = 0= fjs_ in Q, and if &;: < &; then

fj'.— >0in (aj'ga'j))
_=01n and : -
fJ, {f’-:,_ =01n Q\(aj’vai)'

(B) If b; = b;s then f;,4 =0 = fj» 4 in 0, and if b; < b;s then

fir+ > 0in (b;,5;
b;

i+ =0i d
fi+=0in Q an { fe = 0in O\(

),
7‘1;1")'
Setting

vi(t,2) = uj(t,2) + f;,—(2) + f;,+(2) for (t,2) €Q andi=1,2,

we see (i), (ii) and (iii) hold.
Since [d;,b;] C [a;0 — (—1)/§,b;0 — (—1)/ §], we get (4.1) by Theorem 4.5
(ii). By the definition of v; and ,,

{&,-' <@ i x-(vi(fj,), &) = -1,
<bi i xa(v(fy,),8) =1,

which implies (4.2) and (4.3). O

§5. Convolutions.
To regularize semicontinuous functions it is convenient to use sup- and
inf- convolutions of functions. A typical way to regularize is to consider a

sup-convolution
(=, ) = sup{f(¢) — |= ~ £|*/A}
EER

for an (uppersemicontinuous) function f, where A is a small positive pa-
rameter [CIL]. However, this type of convolution is not convenient for our
purpose. We consider a sup-convolution with a faceted function replacing
|2 — €]2/A. The goal of this section is to study such sup-convolutions. A new
feature of our sup-convolution is that if f takes a local maximum at # then
its sup-convolution is faceted near 2.

Let ¢ be a function from R x(0, 1] to [0, 00). We often assume the following
conditions on ¢. '
(#0) For each A,0 < A < 1,¢(+,A) is Lipschitz on every bounded set in
R. : o
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(31) (€, A) is evenin &, ice., §(€,A) = §(—E, ).
(22) #(¢, ) is nonincreasing in A for all £.
(23) elir::’lo #(€,1) = oo and ¢(€, A) is nondecreasing in £ > 0, for 0 < A <

1

(34) lim (¢, 3) = oo unless ¢ # 0 and (0, 1) =0,0 <A< 1

(®5) Let o = sup{|£];#(£,A) =0}. Thenfor 0 <A < 1,05 > 0 (0 is
nondecreasing in A and lﬁ% ox = 0 if we assume ($2) and ($4)).

Let f be a function on R with values in [—00,00). Then

(5.1) (=) = sup{(¢) — ¢(£ — =, A)}
(R

is called a sup-convolution of f by ¢. Our assumptions in ($0)-($4) are
rather standard. For example

#(z,2) = |2|*/A

satisfies (20)-(24). However it does not satisfy (25), where ¢(£,1) = 0 is
assumed to be faceted at { = 0 with slope zero. Instead of this choice of ¢
we often use

(5.2) Iz, ) = Ad(z/]),
with

(z—-1)* for =2>1,

dz)=¢ 0 for |2| <1,

(z+1)® for =< -1.
Clearly, (20)-(2®5) are fulfilled for ¢ = 9. We recall fundamental properties
of f* in (5.1) which are familiar when ¢ = |2|2/) [LL]. i ¢ = ||*/A, f* is
often used in functional analysis and is called the Yosida approximation of f.

Another choice of ¢ (which does not satisfy (£5)) was used in [IR] to study
singular Hamilton-Jacobi equations.

5.1. Lemma. Assume ($0)-(24) for ¢. Let f(Z —oo) be a function on R
with values in [—oc0, 00) and assume that f is bounded from above on every
bounded set in R and that -

(5.3) IElli—IPco max(f(£),0)/¢(é —2,1) =0 foreach z € R.

Let f* be a sup-convolution of f by ¢. Then
(i) f* is Lipschitz on every bounded set in R.
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(i) fA>F*>fforA>p>0and !\11% fMz) = f*(2) for each z € R.

(iii) Let B and B' be bounded open sets in R with B C B'. Then for each
Ko > 0 there is Ag(Kp) > 0 such that

sup sup H(¢,2,A) < —Kqo for A< Ao(Kp)
2cB {€B'

with H(¢, =, A) = f(¢) — ¢(¢ — =, A)
(a) Ifinfz f* > —oo0, then for A < Ay = Ao(max(0, —infz f*)) we have

f*(z) = sup H(¢,2,\) for z€B.
¢eB!

(b) If & is & maximizer of f over B', i.e. f(2) = maxp: f, then f(z) <

f(2) for = € B provided that
A< X = do(max(0, —£(3)).

Proof. The proof is standard. We give it for completeness.

We may assume that f is uppersemicontinuous by replacing f by f* in
(5.1) since the value f*(z) in (5.1) is unchanged with this replacement.

By (22) we have f*(z) > f#(z) for A > p. By ¢(0,A) = 0 of ($4) we

have
() 2 f(2) — d(z — 2,) = f(=).
Let p > 0 be any number with

p>p=sup{o;f(z)=—-oc0 for |z2| <o}
Then there is p' > p such that

(54) fx(z) = sup H(ﬁ’z)A) = sup {f(s)—(}s(f_z,/\)}, lz] <p0 <AL
l€1<e’! 1€1<e

Indeed, by (5.3) there is pg > p such that
1
F) < 5¢(€—2,1) for [¢| 2 po, |2|<p
so that if || < p then

(55)  £(€)—9(E—2,2) < 39— 2,1) ~ $(6 — 2,1) = ~24(¢ — 2, 1)
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by ($2). Since there is 2/, |2'| < p such that f(z') > —o0,

(5.6) (2) > f(') — ¢(=' —2,2) -
> f(=') - sup $(2' —y,A)=M for |z|<p

with some constant M independent of z. By (#3) one can take p' > pg so
large that

1
—5#(—21) <M for [¢[2/, p2|el.
By (5.5) and (5.6) this implies
(=) > f(6) —¢(§ —=2,2) for [¢|>p' and p>|e|.
We have thus proved (5.4).
Since f is bounded from above on |2| < p', the supremum of (5.4) is finite,

so that f2(z) is finite. For each p > p we shall prove that f* is Lipschitz in
|z| < p. By (5.4) for each € > 0 there is &, |€o| < p’ such that

(=) < f(ko) — $€o — 2,2) + .

For y, |y| < p we have

(=) = FA(¥) < £(&) — d(éo — =, 2) + e = {£(é0) — (&0 — v, A)}
< ¢(€o — ¥, 2) — d(éo — 2,A) +e.

Since ¢(£, A) is Lipschitz for |¢| < p + p' by (80), we have
)= @) < Lz -yl +e
with some L > 0. Sending € | 0 and interchanging the role of z,y we have
@) - PEI< I~y for |zl <p, lol <p.

We shall show that

(5.7) lim f*(2) = f(2).

Alo

Since f is uppersemicontinuous, for each € > 0 there is § such that

(5.8) F<flz)+e for [{—2|<6
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We take p > |z| and p' as in (5.4). Then by the monotonicity of (£3) we
have

(5.9) sup{f(£) — ¢({ —z,A); 1¢] < ', |€ — 2| > 6}
< |es|l?;' F(€) — ¢(6,A).

By (24) for each K > 0 there is small Ag > 0 such that the right hand side
of (5.9) is dominated by —K for |A| < Ag. Applying (5.8) and (5.9) to (5.4)
yields ,

)< mu(,efg})q(f(ﬁ) — ¢(¢ — 2,1)),—K)
< max(f(z) +¢,—K)

if A < Ag. Take K large such that —K < f(z) and fix Ag. Then f(z) <
f(2) + € for A < Aq. Since f < f*, this implies (5.7).

It remains to prove (iii). We take p(> p) such that {z € R;|z| < p}
contains B. By the proof of (5.4) it suffices to prove that for p' > p

(5.10) sup sup{H (¢, =, A); €] < ¢, € ¢ B'} < Ko
s€B

for sufficiently small ), A < Ao(Ko)(< 1). Let d > 0 be the distance from B
to 8B'. Then by ($3) with ($1) we have

H(¢ 2,A) = f(§) - ¢(§ — 2,0) < f(§) — (d,A) for £¢ B',z€ B.

Since f is bounded from above on {¢ € R;|¢| < p'}, from (24) it now follows
(5.10) with A < Ag(Kp) provided that Ag(Kp) is taken so that

sup f(£) + Ko < ¢(d, Ao(Ko))-
[¢1<p!

If Ko = max(—infz £,0) , then f2(2z) > f(z) > ~Koforz € B. fA < A, =
Ao(Ko) with this Kp, then (5.10) yields

(=) > sup{H(¢,2,2), £ ¢ B, |¢|<p'} for 2€B,
so that

f(2) = sup{H(¢, =, A); €/ <P’} by (5.4)
= sup{H(f,z,/\);Kl < P'a ¢ € B}
=sup{H(¢,2,));¢ € B} for z¢€ B.
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This completes the proof of (a). If Ko = max(0,—f(2)) then for A € A} =
Ao(Ko) we have, by (5.4) and (5.10),

fl(z) = max(:;g. H(¢,=,]), sup{H (¢, 2, A€ ¢ B¢ < r'})
< max(f(2) — 0,—Ko) < f(£) for =z € B.

The proof of (b) is now complete.

5.2. Remark. (i) Assertion of Lemma 5.1 is still valid even if R is replaced
by a normed space which may have infinite dimensions provided that ¢(¢)
is replaced by ¢(]¢|). The proof presented here does not depend on locally
compactness of R so it applies to this case with trivial modifications.

(ii) The symmetry assumption (#1) is just for convenience and it may be
removed if ($3) is replaced by

im ¢(£,1) =00, and

[€]—o0

#(€,)) and ¢(—£,A) are nondecreasing in £ > 0.

(iii) So far the property (25) is not invoked. It is essentially used to prove
the following Theorem which is our main result in this section.

5.3. Theorem (Convolution with faceted functions). Assume ($0)-
(®5) for ¢. Assume the same hypotheses of Lemma 5.1 concerning f. Assume
that f takes local maximum at Z and that f is not a constant function. Let
f* be a sup-convolution of f by ¢ defined by (5.1). Then there is small
A]_;O < Al S 1 such that for A S Al,

(i) f* is faceted at 2 in R with slope gero and f*(2) = f(2);

(ii) £ is an interior point of the faceted region R(f*,2).

We set

a = sup{z; f(y) = f(&) for all
b= sup{z; f(y) < f(2) forall

Note that b > z if f takes a local maximum at Z and that a < oo since f is
not a constant. The next Lemma is a key step to prove Theorem 5.3.

2}

g2<y<
2<y<z}2a)

<y
<y

5.4. Lemma. Assume the same hypotheses of Theorem 5.3 concerning f
and ¢.

(i) Assume that a = b(> 2). Then, for sufficiently small A, say A < Ag, f is
nondecreasing on [£,b], and there is 2,2 < 2} < b— o such that

A2)=f(8) for 2, 2<e<e),
(2)> f(&8) for =, 2)<z<b
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with o as in ($5).

(ii) Assume that b > a(> £). Assume that f is nppersem1cont1nuous Tben
for sufficiently small A, say A < A3, there are y} and y3 with y2 > y1 > 2
and that

fMe)=f(8) for = 2<2<y}

() < f(8) for 2, 33 <z<4}.
Proof of Theorem 5.3 admitting Lemma 5.{. We may assume that f is up-
persemicontinuous. Lemma 5.4 gives a behavior of f* for z > #; a behavior
of f* for 2 < # is obtained by Lemma 5.4 by replacing z by —z. Since f*
is continuous, the behavior of f* so far obtained yields Theorem 5.3. We re-

mark that Lemma 5.4 determines the value of transition numbers. It asserts
that

x+(f8)=1 if a=b and x4(f8)=-1 if a<b O

The results in Lemma 5.4 are easy to imagine since ¢ is faceted. However,
the proof is not trivial although it relies only on elementary facts. Especially,
the proof of part (ii) is complicated since we are forced to handle the case
when f oscillates so that it takes the value f(2) infinitely many times on the
interval [a, b].

Proof of Lemma 5.4. Since f takes its local maximum at &, there is § > 0
such that

F) < f(2) for §|¢-2|<6.
Let 2o be a point such that 2 < 2o < b. We apply Lemma 5.1 (iii) with

B = (5’ 20): B' = (‘iE -6, b)) Ko = ma‘x(o’ _f(i))
to get

(5.11) sup H(é,2,\) < —Ko < f(2) for 2, 2<2<=z
{gB’

with H(¢,2,A) = f(¢) — #(€ — 2, ), and
(5.12) P(e) < F(38) for 2, <2<z
if A< Ay = Ao(Ko) which also depends on 2z9. We also apply Lemma 5.1(iii)

with
B=(%b), B=(2-46, b+6), Ko = max(0, — inf5 f*)
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to get
(5.13) f(z) =sup{H({,2,A);2 -6 <E<b+6} for =, E<e<b

provided that A < Aj = Ao(Ko) which is well-defined if Ky < oo.
(i) Since a = b, we see f(z) = f(2) for z, 2 < z < b. This implies

inf{f*(2); & < 2 < b} = £(3) > —co.

If A < Ap then (5.13) is valid. Since f(¢) < f(2) for £,2 -6 < ¢ < b and
@ > 0 with ¢(0) = 0, we see

H(&'z’A)=f(£)_¢(£—zaA) Sf(z)-—qS(z-——z, A)
<f)=0 for § é-6<f<e

for 2,2 < z < b. Applying this to (5.13) we get
(5;13') A z) =sup{H(£,2,)); 2 <E<b+8} for 2,2<2<b

for A < A} since fA(z) > f(2) > H(¢,2,)) for €, € —6 < £ < 2. Since
&(&, ) is nondecreasing in £ > 0, one observes that

H(E,2,)) = £(€) - $(E — 2, A) < F(€) — d(€—u, A)

forz <2< y<band y <. Since

sup{H(£,2,A);2 < € <y} < f(2) = f(v) < (),

(5.13') now yields fA(z) < fA(y) for A < Aj and 2 < 2 < y < b. We have
thus proved the monotonicity: f2(z) < f*(y), €<z <y<bfor A< A,

Let z¢ be fixed with 2 < 29 < b, and set A; = min(Aj, Ay) so that A < A,
implies (5.12). Since f < f* by Lemma 5.1 (i) and @ = b the estimate (5.12)
yields

(5.14) Az)=f(8) for 2<e<ze,A< A

By definition of b there is a sequence §; > b, £; | bsuch that f(§;) > f(2).
By definition of f* we see

A (=) 2 f(&) — ¢(& — =, A).

Assume that b > z > b—o. Then for sufficiently large j the sequence &;(| b)
satisfies {; — z < . We now invoke (®5) to get

#(&; — =, A) =0 for sufficiently large j.
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This is the only part ($5) is invoked in (i). We fix such j and observe that

() 2 £(&) — #(&; — 2,2) = £(&) > £(2).
In other words |
(5.15) A (2)> f(8) for =2, b—0oy<z<b
Since f* is continuous by Lemma 5.1 (i) and f* is nondecreasing in [2, 8],
the existence of 2, in (i) follows from (5.14) and (5.15). The proof of (i) is
now complete.

(ii) We take z¢ with a < 29 < b and fix Aj in (5.11) and (5.12). Since f is
0
uppersemicontinuous, the set

U = (a,20)\{2; f(=) = f(2)}
is an open set i.e., U is a disjoint union of countably many open intervals

{0;}52,. We set
Wi = {j;10;] > 201},

where |O;| is the length of O;. This set is at most finite. Let A4 be taken so
that '
203, < max|0;],
which implies that W) is nonempty for A < A\;y. We set
23 =inf{z € 0;;j € Wi }.
Since W, is finite there is a unique jo € Wy with z}\ = inf O;,. We then set
23 = sup 0;,(< zo).

" We shall prove that if A < As with Ag = min(As, AY) then

(5.16) ()= f(8) for z,2<z<2}+oa,

(5.17) (2) < f(2) for 2,2} +or<z<2—o0,.

Note that 2} + ox < 23 — o since |0j,| > 20;.
By definition of W), for 2,2 < 2 < 2} +0, thereis §,2—~0) < & < z+03,

such that
f(é) = £(2)
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which yields

(=) > f(&o) — ¢(&0 — =,2)
=f(2)-0 by (®5).

The property (5.16) now follows from (5.12).
It remains to prove (5.17). Assume that z fulfills 2} + 0y <z < 21 — 0
and A < A;. By definition of O;, it follows that

(5.18) H(é,2,A) = F(€) ~ (€ —=2,A) < f(8) -0 for ¢,27 << 23

Since A < As < AU, (5.11) yields

(5.19) sup{H(6,2,0),6 <46 or £ B} <f(%)

By definition of § and bif € [# — 6,b] then £(¢) < (&) so that

H(¢,2,A) < f(2) - ¢(¢ — 2, A).

If ¢ is outside (2}, 22), then ¢(£ — 2, A) > 0 so that

(5.20) H(E,2,A) < f(8) for £€[2—6B\(24,22).

Since f is uppersemicontinuous, (5.18) and (5.20) implies
sup{H({,2,2); 2 -6 <€ <b} < f(8).

This together with (5.19) yields

fA(2) = sup H(¢,2,2) < f(2)
¢eR

for 2, zA+a'A <z<zA—0',\ O
In §7 we use a sup-convolution of a function by ¥ defined in (5.2). There
is an advantage to use this special 9 since it fulfills a composition rule

(5.21)  fP(2)=9(z, A—=PB) for 0<B <A with f(z)=73(z,N).

We conclude this section to prove a more general composition rule which
includes (5.21) as a special case. For p > 0 and A > 0 let ¥(z, p,A) be of the
form .
(2=p)2/%; 2>p,
Hz,p,A) = ¢ 0; l2| < p,
(z+p)2%/X; z2< —p.
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5.5. Lemma(Composition). (i) For0 < a<p,0 <8< ],

¥z, p—a, A-p) = ?gg{ﬂ(& pA) =€ -2, a, B)} for zcR.

(ii) For 0 < a;, 0 < Bi(i = 1,2) with oy + a3 < p, B1 + B2 < A we have

He—y, p— (a1 +az), A= (B1+52))
=S‘;PS1;P{19(€ — 1 pA) = — 2, a1, B1)—F(n—y, a3, B3)}

for z,y€R.

Proof. (i) By an elementary calculus one can evaluate the maximum of the
right hand side to get the desired identity. We give a noncomputational proof
for completeness.

We set

H(fa z) = ﬂ(ﬁ) P A) _ﬂ(ﬁ_ z, a, ﬂ), .f(z) =£SEIR?.H(£, 2’)

by suppressing parameters.
(a) If |2| < p— a, then f(z) = 0. Indeed, from A > B, p > a it follows that

19(6 -2z, a ﬂ) > 19(6 -2 « A) 2> 0(6’ P A)
which yields H(f, z) < 0 for all £ € R. Since H(¢,2) > H(é,z) >0, we
now obtain f(z) =0=19(z, p—a, A —B) for |2| < p — a.
(b)If 2 > p— «, then
(5.22) f(z) = sup{H(¢, 2); £ >z +a}.
Indeed, for &, [£| < z + a, we see
H(¢, z) =9(¢, py \)—0 < Hz+a, p, A)-¥(z+a—z, a,f) = H(z+a, z).
For { < —(z2 + «) we see

H(, 2)=9(¢, p, ) =Sz —§, o, B)
< 19(_6, P A) - 19("’6 -2, a ﬂ) = H("'f’ 2)

since z—§ > —{ —z > a. We thus obtain (5.22). An elementary observation
shows

(-p)? (E—z—a), (€-p)? ((-—2-a)?
2 A S A 5
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since 2 + a > p, A > B. Since

for {£>2+aq,

(€-p) ({—2-0)?
H(f’ a’) = Y - B
from (5.22) it now follows that
I (o) M (Gl el ) s
f() = sup{™=—5 5 4
—__—sgg{%—-—-(ﬂ-:ﬁi)—}, z=z—(p—a).

Since B < A, the last supremum is attained only at 79 = Az/(A — B) we see
—z)? 2

B A-B

This shows f(z) = ¥(z, p—a, A—p) for z > p—a. The proof for z < —(p—a)

is the same so is omitted.
(ii) Using (i) twice we obtain the desired identity.

_m_ (@
f(z)—A 2

§6. Equivalent definitions of solutions.

To show comparison theorem (and existence theorem) it is convenient to
introduce other versions of definitions of solutions. In our original definition
our test function 4 is admissible on whole @ = (0,T) x 2. However, it turns
out that we only need some admissibility of 9 near the point (£, %) € Q such
that

max(u® - 9) = (v~ v)({, 2).

To be precise we introduce several notions of admissible functions. In this
section 2 is assumed to be a (possibly unbounded) open interval.

6.1. Definition (Locally admissible functions). Let (£,2) be a point in
Q. A function ¢ € C(Q) is locally admissible near (£,%) in Q if there is a
rectangular neighborhood @ C @ of (£, ) such that the restriction 4| golv

on Q belongs to A,,(Q). Since Q is rectangular, it is of form
Q=Jx0
with open intervals J and .

By definition if § = ¥,(£,2) € P then ¥({,-) is faceted at & in  with
slope 3.
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Our assumption 9|4 € Ap(Q) implies that ¥(f, Vg € CA(D). In particu-
laz, the faceted region R(%({,-),#) should be contained in 2.

6.2. Semijets. We recall definition of parabolic semi jets in [CIL]. Let ¢ be
a function on Q and (£,2) € Q. The set of parabolic semijets is of the form

P3+¢(£’ g)={(rnpX)ER xR xR;
olt,2) — plE,8) < (¢ 1) + ple — €) + 3 X(z — &)
+ollt—il+le—2f) as (te)— ({8
The set Py~ ¢(f, ) is defined by
Py olh,8) = ~(PEH(—o))(E,8).

We often write P* instead of ’Pé’i.

If p(%,-) is faceted at &, P is not enough to discuss behavior of  near the
faceted region R(p(f,- ), £). We are interested in defining upper time deriva-
tive on the faceted region. For this purpose we introduce semineighborhoods
of faceted region depending on the local behavior of ¢(%, -).

6.3. Semineighborhoods. Let f € C(2) be faceted at zo with slope py.
Let 64 and é_ be (small) positive numbers. Let R(f,zo) denote the faceted
region of f containing zo. We set

Ni(f, 20; 6+)={2 € Q;. sup R(f,20) < z < sup R(f,20) + 64},
N_(f, z0; 6-)={c € Q; inf R (f, 20) — 5~ < z <inf R(f, 20)}.

Our semineighborhood depends on x+(f, zo).
(1) X x+(f, 20) = x-(f, 20) = —1 we set:

N7 (f,20; 64,6-) = R(f,20) U N4 (f,20; 64) UN-(f; =0 8-).
(1) I x + (f,20) = 1 and x — (f, 20) = —1 we set
N7U(f, =05 64, 6-) = R(f, 20) UN-(f, 20; 6-).
(iif) If x4(f, 20) = —1 and x_(f, zo) =1 we set
N=Y(=o; 64, 6_) = R(f,20) U N4 (f, 20; 6+)
(iv) I x4(f, o) =X (f, 20) = 1, we set

ﬁ_l(f’ 2o; 64, 6-) = R(f,20).
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The set Nt1(f, zo; 6., 6_) is defined by
ﬁ+1(f’ zo; 6+, 6—)=ﬁ_1(—f’ 2o; 64, 6-).

In other words, N+! is defined in the same way by interchanging 1 and —1 in
(i)-(iv). We often suppress 6 and §_ of N*! and simply write by N*(f, zo).

6.4. Upper time derivatives. A function w : [0,00) — [0, 0) is called
modulus if w is a nondecreasing continuous function with w(0) = 0. For a
function ¢ on @ we define

TS ¢(f,2) = {r € R; there are a modulus w and three positive numbers

6, 84, 6 such that

p(t,2) — o(f,8) < 7(t — ) + p(z — &) + w(lt — &)t — ]
for (t,2) € (-6, £+6) x N~(p(L,-),2,64,6-)}

provided that ¢({,) is P-faceted at & € Q with slope p in 0. If o(f,-) is not
P-faceted at #, we set T (£, 2) = 0. The set Ty p({, £) is defined by

Ty pli,2) = ~(T7 py(— )G, 3)

The set T is roughly the set of upper time derivatives which are uniform
near the faceted region since error term w(|t — f])|t — {] is independent of =
at least on the faceted region.

6.5. Definition (Admissible super functions). Let ¢ : Q = (0,T) xQ —
R be an upper semicontinuous function. Let (f,2) be a point in Q. Assume
that ¢(t,-) € C(R) for t near {. We say ¢ is an (infinitesimally) admissible
super function at (f,2) in Q if one of following conditions holds.

(A) The function o(f,-) is P-faceted at # in Q and 2 € int R(p({,-), 2), i.
e., & is an interior point of the faceted region of ¢(,-) containing . The set
T ¢(£, £) is nonempty.

(B) There is (7,2, X) € P*o(f,2) with p ¢ P.

(C) The function ¢(f,-) is P-faceted at £ in Q but 2 € dR(p(f,-),2). The
function ¢ is locally admissible near (f,£) in Q.

We say ¢ is an admissible sub function at (£,2) in Q if —¢p is an admissible
super function with P replaced by —P. If ¢ is locally admissible near (£, &)
in Q, it is easy to check (A), (B) or (C) so that ¢ is an admissible super
function at (£, %) in Q.
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6.8. Definition (Subsolution —infinitesimal version). A real valued
function % on Q is a subsolution in infinitesimal sense of (E) if v* < 0o in
[0,T) x  and the following conditions are fulfilled. For each (£, ) let ¢ be
an admissible super function at (£, &) in @ such that (2.2) holds. Then
(@) 7+ F(, va(f,8), Aw(e(, ), 2)) <0

for all T € T (i, £) if (A) in §6.5 holds;
(i) 7+ F(, p, W"(p)X) <0

for all (1,p,X) € Ptop({, 2) if (B) in §6.5 holds and
(iii) (2.2) is valid with % = ¢ if (C) in §6.5 holds.

The definition of supersolution is given by replacing u*(< o) by u.(>
—o0), max by min, super function by sub function, 7 by 75, P* by P~
and the inequalities in (i)(ii) and (2.2) by the opposite one. We note that if
Fi 1s continuous and W" is continuous near p, then P+ may be replaced by
'PQ the closure of P+ = 'P2 't in the sense of semijets [CIL]:

?:)'-Fgo(t“, 2) = {(r,p,X); there are sequences 2z, — &, t, — {,
Ta 7T, Xy = X satisfying  ¢(ta,2.) — o(t, 2),

(Tn1pn’Xn) (S Pz'+ﬂo(tn’ zn)’ (tn" 2.,,) € Q}'

6.7. Definition (Subsolution —local version). A real valued function u
on Q is a subsolution in local sense of (E) if 4* < oo in [0,T) x Q and (2.1)
holds for all (£,2) € Q and for all ¥(€ C(Q)) which is locally admissible
near (t #) in Q and fulfills (2.2). The definition of supersolution is given by
replacing u* by %,, max and min and the inequality (2.1) by the opposite
one as before.

" Our main goal in this section is to show that Definitions 6.6, 6.7 are
equivalent to Definition 2.6.

6.8. Theorem (Local version v.s. original global version). A real
valued function on Q) is a subsolution (resp. supersolution) of (E) if and only
if it is a subsolution (resp. supersolution) in local sense of (E).

6.9. Theorem (Local version v.s. infinitesimal version). Assume
that (F1) holds. A real valued function on Q is a subsolution (resp. su-
persolution) in local sense of (E) if and only if it is a subsolution (resp.
supersolution) in infinitesimal sense of (E).

6.10. Remark. At the first glance our definition of admissible super function
is rather strange. In the definition of 7 we are tempting to replace N-1
by R(e(f,-), ). However, if we do so, then subsolution might not be a
subsolution in infinitesimal sense. We are also tempting to replace N—!
by N+1 U N~1, a neighborhood of R(p(f,:), ). This modification is good
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to prove Theorem 6.9. However, test functions constructed in the proof of
Comparison Theorem (§7) might not be admissible under this modification.
Note that §7 is the only place the infinitesimal version of definition is invoked.
In §7 there is no situation that 2 is a boundary point of R(¢({, ), ) so the
definition of local version at such 2 is inherited in Definitions 6.5 and 6.6.

A. Preliminary Lemmas. _
To prove Theorems 6.8 and 6.9 we prepare several lemmas.

6.11. Extension Lemma. Let I be an open interval in (0,T) and J be an
bounded open interval in . Assume that ¢ € C(Q)}(Q = (0,T) x Q) fulfills
plrxs € Ap(I x J).

Let I} and J; be open intervals such that I, C I and J; C J. Then there is
a function ¥ € Ap(Q) such that

p<y in Q and =9 in I, xJ;.

Proof. Step 1. We shall prove: I and Jj (with k = 2,3) be open intervals
such that

IhChyys and TycI (k=1,2),
JuCJhs1 and JsCJ (k=1,2).

Then there are nonnegative functions f, € C(Q) and g; € C(0,T) such that

szO in Jz, ngO in Iz,
- p(t2) < fa(2) + 92(t),  (t2) € Z = Q\(Is x J5).

Indeed, we take d € C1(Q) that satisfies
(a) d=01in Js
(b) d’' > 0 in the right of Js; d' < 0 in the left of Js
(¢) d(2) — +oo as z tends to the boundary of Q.
We set

J(r)={=z € Q; d(=) < »}

to see J(0) = Js and U, >0 J(r) = Q. Similarly, we take d € C'(0,T) that
satisfies (a), (b), (c) with Js and Q replaced by I3 and (0,T), respectively.
We also set : _

I(»)={t€(0,T); d(z) < r}

and

h(r) = max{max(¢(t,2), 0), (,2) € Z, (t,2) € T(;j x 3—(;7}
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Since I(r) x J(r) is compact and ¢ is continuous k is continuous in [0, c0).
There are nonnegative function f; € C(Q) and g; € C(0,T) such that

f2(2) = h(d(2)) for =z e Q\Js,

=0 for z € J,,
g2(t) = h(d(t)) for tc (0, )\ ILs,
=0 for tel,.

By definition

olt, ) < h(max(d(z), ()
< max(fa(z), g2(t))
< fale) +oa(t) for (2)€Z

since both f; and g; are nonnegative. This completes the proof of Step 1.
Step 2. Since p|rxg € Ap(I x J), thereis f; € C3(J) and g; € C*(I) such
that

p(t,2) = fi(z) + o1(t) in IxJ.
Let € C(2) and p € C(0,T) satisfy

0<6<1,0=1inJs, 6 =0in a neighborhood of Q\J,
0<p<1, p=1in I3, p=0in a neighborhood of (0,T)\I.

Then, it is easy to see that fs =0 f1+f, € C(R) and g5 = p g1 +g2 € C(0,T)
fulfills '

fs=finJ;, gs =g in Iz,
p(t,z) < fs(z) +93(t)’ (t,2) €Q,

where f; and g, are extended by zero outside J and I respectively.

Step 3. To complete the proof it suffices to find g € C*(0,T) and f € C(Q)
such that g > g5 on (0,7) with g = g5 in I, and that f > f5 on Q with
f = fsin Jy. Since gg € C(0,T) fulfills g3 = gy in I, so that g3 is C* in a
neighborhood of Ty, it is easy to find such a function g. If J;\J1 is contained
in one faceted region of f; we take a nonnegative C? function o supported
in J,\J; such that (f; +o)' does not belong to P at the boundary of some
neighborhood J' of J; in J; and that f; + o|s, € C%(J;). Replacing f; by
fs + o we may assume that f5 € C() fulfills

fs€CL(J;) and fi(z)gP forall =edJ'.

The proof is now éomplete, if we admit the next lemma, which yields a

desired f.
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6.12. C? extension Lemma. Let J', J, and Q be (possibly unbounded)
open intervals such that T c Ja, J2 C Q. Assume that fo € C(R) satisfies

folz, €C:(J;) and fy(z) g P forall =€ 8J'.

Then there is a function f € C3(Q) such that f > f, in Q and that f = f,
in J'. If fi! > 0in J, f can be taken so that " > 0 in Q.

Proof. For sufficiently small open neighborhood J" of T in J; there is fo €
C?(Q) such that fo = foin 7 and fo < o in Q and that Fo|s» € C2(J")
since fj(z) ¢ P near 8J'. So we may assume fy € C?(Q2) by replacing J; by
J". We then apply the next elementary but important lemma on intervals
Q\J' = (¥,a') U (a,d) and obtain a function f on Q\J' with f(*)(a') =
£37(a'), f¥)(a) = £5"(a) (k=0,1,2), f € CH(Q\T) and f > fo on Q\J".
If we set f = fo on T, so that f € C3(Q), then f > foin Q and f = f in
J'. If f§ > 0on J; our f satisfies f > 0 in Q as noted in the next lemma.
Thus the proof of Lemma 6.12 is complete by admitting the next lemma.

6.13. Lemma. Assume that a < b < oo. For fy € C?[a,b) we assume that
fi(a) & P. Then there is f € C%[a,b) N C%(a,b) such that f = foat z =a
up to second derivatives, i.e. f*)(a) = f{*(a) (k =0,1,2) and that fo < f
in [a,b). Iffgz)(a) > 0, then f can be taken so that f'' > 0 on [a,b). The
same assertion holds if we replace [a,b) by (b,a] if —c0o < b < a.

Proof. Since the proof is the same for b > a we may assume a < b. We may
assume a = 0 by a translation. We may assume f3(0) = 0 by adding — f3(0)=
to f and replacing P by P — f;(0).

We may also assume that there is ; > 0 such that fy(z) ¢ Pfor0 <z <
z; and that f§ > 0 on [21,b) with fj(z1) = 0. Indeed, if f'(0) > 0, we take
o € C[0,b) such that o > f§/ in [0,b), o(0) = £¢'(0) and o > 0. We then set

Folz) = (1) + | "y [z ota),

so that Fy > fo, Fo > 0 on [0,b) with £#(0) = 75(0) (k = 1, 2). In this case
z, is chosen to be equal to zero and " > 0 on [0,b). If fi'(0) < 0, for each
€ > 0 we take o € C[0,b) such that ¢ > fy' in [0,), o(0) = fg/(0)(< 0), ¢ >0
in [¢,b), o < 0 in [0,¢) and that o is increasing in z. Let f be defined as
in the preceding formula of f, but with this new o. It turns out that if
€ > 0 is sufficiently small, then for 5 = inf{:f_:,(z); 0 < z < b= Fole)) we
have [5,0] N P = 0. Moreover, there is z; > € such that fo(2;) = 0. Since
7:,' = o > 0 on [e,b), this fo(> fo) has the required property of fo in this
paragraph with fgk)(O) = -j-'gk)(O) (k=1,2).
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It is easy to construct h € C'[z;,b) such that

h>f(=0), A" >0 on [z,b),

h=f, near z=2; with 2>2,

and that {z € (21,b); h'(z) = p} is either the empty set or a nontrivial
closed interval for each p € P since f; is nondecreasing on [21,6) We then
set

f(2) = fo(z1) + /z h(z)dz for 2, 21 <2<b

= fo(z) for 2z, 0<z< 2.

By the choice of h this f is in C2(0,5) and f > fo in [0,B). Since f = fi
near = 0 (even if ; = 0) the conditions on derivatives are clearly satisfied.

B. Proof of Theorem 6.8. Since @ € Ap(Q) implies that ¢ is locally
admissible near any (£, £) in Q, the ‘if’ part is trivial. We then prove the ‘only
if’ part. Since the proof for a supersolution parallels that for a subsolution,
we present the proof for a subsolution.

Let u be a subsolution of (E). For (£,2) € Q let ¢ € C(Q) be locally
admissible near (£,2) in Q with

max(s” — p) =»(u‘ - o), %).

Case 1. o(i,) is P faceted at . By definition there are bounded open in-
tervals I and J such that £ € I C (0,T), R(p(f,+), 2) C J C Q and that
plr+s € Ap(I x J) Let I; and J; be open intervals such that I; C I and
J1 C J and that { € I; and R(¢({,+), 2) C J;. By Extension Lemma 6.11
there is ¥ € Ap(Q) such that p < Yin Q and ¢ = ¥ in I; x J5. We thus

observe that )
maxq(v® — ¥) = (v* — ¥)(t, &).

Since u is a subsolution, we see
'ﬁzt + F(i\’ ";an AW(¢({: ')» 5) < 0

with ¢ = e(t, 8), Vs = ¥»(f,2). Since ¢ = ¥ in Ty x J; and J; contains
the faceted region R(p(f,-), &), this inequality is still valid if we replace ¥
by ¢. We thus obtain (2.1) for ¢ which we want to prove.
Case 2. po(i,2) ¢ P.

The proof parallels Case 1 if we replace R(p(%,+), ) as a single point {#}.
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C. Proof of Theorem 6.9. If p is locally admissible near (%, 2) in Q, then
¢ is an admissible super function at (,) in Q so the ‘if’ part is trivial. We
then prove the ‘only if’ part. Since the proof for a supersolution parallels
that for a subsolution, we present the proof for a subsolution.

Let  be a subsolutmn in local sense of (E). For (f,2) € Q let go be an
admissible super function at (f,2) in Q with

max(u® —¢) = («* - ¢)(f, é)-

We shall construct a good locally admissible function % such that (i, ) =
?({) £), ¥ >¢in Q.

Case 1. ¢(f,-) is P-faceted at 2 in Q and 2 € int R(p({,-), #).

Step 1. By (A) of §6.5 there is 7 € T35 ¢({,£). By definition there are a
'modulus w and three positive numbers 6,6, ,8_ such that

p(t,2) — p(f, ) < 7(t ~ )+ p(2 — &) + w(|t — )|t — ]

for all (£,2) € Q(6,64,6-) = (E— 6, £+ 8) x N-1(p(f,"), 4,64,6_), where
P = pa(f,2) € P. As is well known there is § € C*(R) such that §(0) =
6'(0) = 0 and

w(lt — )|t — 2] < o(Jt —£]).
Although it is elementary but we present a general form of this fact.

6.14. Lemma. Let w be a modulus. Then there is § € C*[0,0) such that
6(9)(0) = 0 and 6U)(2) > 0 for 2 > 0 with 0 < j < k and w(|p|)|e|* < 6(|p|)
for all p € R.. In particular for a given 2o € R™, G(z) = 0(|z — zo]|) is C*
as a function of 2z € R™.

Proof of Lemma 6.14. This is a simple extension of [CEL, Lemma 1.4]. We

set
2t

0;(t) = 0;-1(s)ds, j > 1, 0p=w for t>0,
t

so that 8; € C7[0, co) with 8()(0) = 0 for 0 < i < j. Since §; is nondecreasmg
we have

0;(t) >t 0;_1(t) for t>0

so that 6;(t) > t/w(t), we thus observe that § = 6 has all desired properties;
C* property of G at z = z follows from 0()(0) =0for 0 < j<k. O
By our choice of § we have

(6.1) ¢(t,2) - p(f,8) <p(z— &) +g(t) with g(t) =r(t — 1)+ (|t )
for all (¢,z) € Q(6,8+,5-).
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Step 2. We shall prove: For sufficiently small £ > 0 there is §; € c(@) with
J= {z, dist(z, R(go(t *), 8)) < £} such that

(i) & is faceted at 2 in J with R(¢;,2) D R(p(f,-), 2) and & = ¢(f,-) in
R(p(E,"), 8);

(11) X+(£¢vz) X+(P(t )’ z), X- (6112)"'x (So(t )’ z)v

(iii) o(t,2) < &(z) + g(t) for (t,2) € T x J with some neighborhood I of i.

This is the essential part of the proof, which shows that our choice of N1
in the definition of 77 is suitable. Let [b_,b,] denote R(¢(f,-), &). On
(b-,b4) we set & = ga(t *). We extend & on [b_ — £,by + £ in the following
way. Since the extension on [b_ — ¢, b_] parallels that on [by, by + £] we
only show the way to extend ¢, on [by + £]. If x.(¢(f,), 8) =1 we take |

&u(z) = sup{ep(t, z) — g(t); |t — ] < 6/2}
for by <z<by+¢

where £ < 6. Since p(t,-) is continuous, £ is lowersemicontinuous. Since
pis uppersemlcontmuous, the supremum is attained. Thus we see that §¢ is
now continuous in [by, by + £]. Since (6.1) holds for (¢,2) € [{ — §/2, { +

/2] x [b-, b],
p(t, by) — g(t) < p(by — &) + ¢(£, 2) = p(i,b,)

for t € [f — 6/2, £+ §/2]. This implies £(b;) < ¢(f, by). Since & (by) >
@(£, by) is trivial, we have

£l(b+) = ‘P(f’ b+)’

which yields the continuity of & at z = by. By definition &(z) > go(t z)
so that £ is a restriction on [b_, by + £] of some faceted function £ with
x+(€, &) = 1. Since x4 (¢, £) is independent of £ we safely write X+(&, 2)
which is consistent with our original x (if ¢, is faceted at 2). By definition
it is clear

o(t,2) < &ulz) +9(t) on [{—6/2, {+6/2] x[b_, by +4.
Assume now that x(¢(f,), ) = —1. For sufficiently small £ > 0 we have
p(d, by +1) < p(i, ) + p(z — 2).

Since ¢ is uppersemicontinuous, there is a small o > 0 ({+0 < 64, 0 <
L, o < §/2) such that

S"(tv z) < 99({’ £) +p(z - &)
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for |2 — (by + £)| < o, |t — ] < 0. We take a continuous function ¢,(z) for
|2 — (b4 + ¢)| < o such that

p(t,2) < &u(2) < p(f,8) +p(z—2), |2 — (b4 +O)| <o

and that
b(z) =o(f,2)+p(z—2) at 2=b,+L+o.

If we set
(z) = p({,8) +p(z —8) for by <z2<by+l-0o

then £ is continuous in [by, by + £] with X+(£t, &) = —1. Note that (6.1)
hold for

eefb, by +684), It —fl <§ since x4(¢(i,-), &) =—
This yields h
o(t,2) < &(z)+g(t) for by <z<by+L—o, |t—1i| <é.
For 2z, by +{— o <z < by + £ by the choice by £, we have
e(t,2) < &(z) for |t—1i|<o.

Thus (iii) holds for |t —{| < o, = € [b_, by +{]. Extending & on [b_, b_ — ]
in the same way we obtain §; satisfying (i), (ii), (iii) of this step.

Step 3. We shall prove: There is f; € C3(J) N C(7) such that

(i) f is faceted at 2 in J with R(f;,2) C R(&,2);

(ii) f. = & on R(f,2) and f; > & on J\R(f, 3);

(iii) x+(fe,8) = x4+ (&, ), x-(f1,2) = x- (60, 8);

(iv) dist (R(fe,2), OR(é,2)) < L

It is not difficult to choose such f; if C%(J) is replaced by C?(J). Indeed we
have the next approximation lemma.

6.15. Lemma. Let £ € C(J) be faceted at & in J where J is an open
interval. For each £' > 0 there is f € C?(J) such that

(i) f is faceted at & in J with R(f,2) C R(¢,2);

(ii) f = € on R(f,2) and f > £ on J\R(f, 2);

(iii) x+(f,8) = x+(¢,£), respectively;

(iv) dist (R(f,2), OR(¢,2)) < £';

(v)f<£+l'1'n.7 :
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(vi) R(f,5) = R(¢,3) if x(£,2) = -

To prove Step 3 we apply this lemma with £ = £, ¢ = £, where ¢ is con-
tmuously extended in some neighborhood J of J and we denote f by ft
Since f, € C?(J) is faceted at 2, there is a neighborhood J; of R(f,, &)
such that f,|s, € C’P(Jz) with Fy(z) ¢ P for z € J2\R(f,, &). We take a
neighborhood J' of R(f,,2) in J, and apply Lemma 6.12 with f, = fl and
obtain f € C3(J) which we denote by f;. Since f; = f, in J' and f, > f, in
J our f; satisfies all properties (i)-(iv) of this step.

Step 4. By Step 2 we observe that

p(t,z) < fi(z) +g(t), (t,z) €T x J.

We extend ¥,(¢,2) = fi(2) + g(t) outside T x J so that ¢, € C(Q) and
¢ < ¥ in Q. This is possible since ¢ is uppersemicontinuous (cf. Lemma
6. 18) Since f, € C%(J) we have ¢£II><J € AP(I x J), so that 9, is locally
admissible near (£,2) in Q. Since ¥,(f,2) = ¢({,2) and ¢ < ¥, and since ¢
is a test function of u at (£,2) we have

méxx(u" — ) = (v* — ¥)(E, 2).
Since u is a subsolution in local sense of (E),

(6.2) g'(&) + F(, fi(8), Aw(f, 2)) <0.
Note that by Step 2 and 3 x(f,2) = x(¢(¢,), &) and

|L(fla i) - L(‘P({! ')’ £)|
< |L(f228) = L(&, 8)| + | L&, 8) — L(p(E, ), &)
<20+ 20 =44
This implies
Aw(f1,2) = Aw(p(i, "), &)

as £ — 0 since f;(2) = p. By the continuity (F1) of F we send £ — 0 in (6.2)
to get
T+ F(t,p, Aw(e(t, ), €)) <0

~ since g'(f) = 7. We have thus proved (i) in §6.6 for Case 1.

Case 2. There is (1,p, X) € P (£, 2) with p ¢ P.
By definition of P* there is a modulus w such that

olt,2) = 9(6,) < 7(t ~ ) + plz — 8) + 7 X (z — &)
+w(|t -t + ]z —2*)t-{|+|2-%*) in Q.
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The last term is dominated by

20(2ft -t -1 if |t—1] > e - 2P,
2w(2lz — &|*)|e —&)* i |t—1i <|e—3?

SO

w(lt — & + |2 ~ &°)(|t — | + |= - &[*)

< wi(lt it - 8+ wa(la - &Dle — 87
with another modulus w;(p) = 2w(2p),wa(p) = 2w(2p?). By Lemma 6.14
there are 6; € C[0, ), 8; € C?[0, 00) such that 8;(0) = 6{(0) = 0, 6;(0) =
65(0) = 65(0) = 0 and that

wi(lt — &It — €] < 01t - 7)),
wa(|z — &|)|z — &|* < 6(|z — &]).

We have thus observed
plt,2) — pld, ) < r(t 1) + plz — &) + 3X (2 - #)?
+0:(jt i) +82(]2 - &) in Q.

We then set

£(2) = o(d,8) + (e — 8) + 3 X(z — )" + b2(J2 — &),

g(t) = r(t — &) + 6:(t - £]), $(t,2) = f(=) +9(2)
so that f € C*(R), g € C*(R) and

‘P({)é) = ¢({’£)’ p<¢¥ in Q.

This yields X
max(u” —9) = (&" ~ $)(,3),

since ¢ is a test function of u at (f,2). By definition of f and g we have
r=g'(d), p=f'(8) ¢ P, X = f"(8).

Since p ¢ P, f € C*(R) and g € C*(R), ¥ is locally admissible near (£, ) in
Q. Since u is a subsolution in local sense of (E) we have

T+ P(f,p, W"(p)X) <0
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which prove (ii) in §6.6 for Case 2.

Case 3. p(i,-) is P-faceted at & in Q but & € OR(p({,"), 2).

In this case ¢ is locally admissible near (£,£) in Q by (C) of §6.5. Since u is
a subsolution in local sense of (E) it is clear (iii) of §6.6 holds. The proof of
Theorem 6.9 is now complete. [

6.16. Remark. We do not use degenerate ellipticity (F2) and (F3) in prov-
ing Theorem 6.8 and 6.9. We are forced to use approximation argument so
the continuity (F1) is invoked. In Theorem 6.8 we do not need even (F1); all
we need is that F is a function from [0,7) x R x R to R.

6.17. Remark (Definition of solutions). In Definition 6.7 for local ver-
sion our test function ¢ at (£, &) is assumed to be in C(Q) It turns out that
we may weaken this requirement so that ¢ € C(Q') is locally admissible at
(£,2) in Q', where Q' is some rectangular nelghborhood of ({,2) in Q and

that R
ma‘.x(u‘ - 9) = (v* —9¥)(4,2).

To see this let Q be a rectangular neighborhood of (£, 2) in Q' with 9|5 €
Ap(Q) It suffices to prove that there is 9 € C(Q) that satisfies

() ¥=9¢inQ,

(i) ¥ < ¥ in Q',

(i) max(u® - 9) = max(u® — ¥).

We may assume tha.t 't maxq: (u* — ¢) = 0 and u* < ¥ near 8Q'. We may
also assume 9 € C(Q) by taking @' a little bit smaller. Our desired ¥ is
constructed by using the next lemma.

6.18. Lemma. Let w be an uppersemicontinnous fanction in Q\Q' with
values in [—00,00). Let ¢ € C(8Q') satisfy w < ¥ on 8Q'. Then there is

¥ € C(Q\Q') that satisfies w < ¥ in Q\Q' and ¥ = on 6Q'.
Proof. As in the proof of Lemma 6.11 we take d and d and define J* = J(r)

and I" = I(r) so that I° x J° = Q' and that Upsol” =(0,T), U,50J" = Q.
We set
h(r) = max{w(t,2), (¢,2) € Q\Q', (t,z) €T x T }.

Since I’ x J  is compact and w is uppersemicontinuous with w < oo on Q
we see h is uppersemicontinuous in [0, 00). Since h is nondecreasing, there is
a continuous function h > k with A(0) = h(0). We then set

Yo(t, 2) = h(max(d(z), d(t)) for (t,2) € Q\@',

so that w < o in Q\Q'. Since supyg. w < 9, we modify 9o near Q' to
obtain 9 satisfying ¥ > win Q\Q' and % =9 on 6Q'. O
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From Remark 6.17 (with Theorem 6.8) it easily follows that a restriction
of subsolution is a subsolution.

6.19. Proposition (Restrictions). Let u be a subsolution (supersolution)
of (E) in Q. Let Qo = Iy x Jo be an open rectangular set in Qo. Then u|g,
is a subsolution (supersolution) of (E) in Qo.

6.20. Proposition. Let {Q,}2; be a sequence of rectangular domain
exhausting Q, i.e. @, C Q,41 and U2 ,Q, = Q. For a fanction u on Q
assume that u is a subsolution (supersolution) of (E) on each Q,. Then u
is a subsolution (supersolution) in Q provided that u* < co(u, > —o0) on
[0,T) x Q.

Tha last statement trivially follows from definition of a subsolution in §2.

§7. Proof of Comparison Theorems. :

The basic strategy is in finding suitable test functions of u and v to obtain
a contradiction by assuming that the conclusion u* < v, were false. We use
the method developed in [CGG] and [Go]. However, for example if « and
v are faceted at the points which we are interested, the standard maximum
principle [CIL] does not apply. We apply our maximum principle to overcome
this difficulty. Unfortunately, u and v are not necessarily faceted, so we need
to use sup-convolution to regularize these functions. Such regularization is
used in proving the standard maximum principle; however, the convolution
is different from the usual one.

For z = (t,2),2' = (8,9) € @ = (0,T) x Q we set

w(z,2') = u(z) — v(2').
We consider “barrier functions”

¥ (z,2';6,0,7,7') = Be(z — y — ) + S(¢,5;0,7,7'),
Be(z) = 22/67 S(t1 80,7, 7') = Ba(t - 8) + 7/(T - t) + 7'/(T - 8)

for positive parameters ¢,0,7,7' and a real parameter (. The term S is very
large near t =T or s = T while B.,(z —y — () (zesp. B,(t — 8)) is very large
away from z — y = ( (xesp. ¢t = 8) if € (resp. o) is sufficiently small. We
often write ¥,(z,2') and S(¢, 8) instead of writing dependence of all positive
parameters. As usual we shall analyse maximizers of

®.(2,2") = w(z,2') — ¥ (2,2').

In proving the Comparison Theorem we may assume that u and —v are
uppersemicontinuous in Q with value in RU{—oo} by considering »* and v,
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instead of u and v. For this reason we shall always assume this property for
u and v in this section. Since @Q is compact, there is a maximizer (z¢,2¢) in

QxQof§¢ over Q x Q i.e.,
sup &; = sup{®.(z,2');(z,2') € Q x Q} = B (z¢y2¢)-

Before going into the detail we summarize our method. We may assume
that F is continuous up to ¢t = T and v* < v, on §,Q(= 8,Q = [0,T] x 69 x
{0} x Q) by taking T smaller than original T

We first show that $¢ takes a positive maximum only on Q x Q by taking
all parameters sufficiently small. This follows from the order of » and » on_
the parabolic boundary. The argument is standard for ¢ = 0. We state a
quantitative version for later use (cf. §A. Choice of parameters.)

We then classify the situations depending on the derivative of ¥, at a
ma.x:lmlzer of &, (cf §B). To simplify the explanation we consider the case

= {0}. If there is a sequence {; — 0 such that the (spatial) derivative
of ¥, at some maximizer of ®¢, does not equal zero, then the standard
maximum principle [CIL] does apply to get a contradiction. (cf. §G). We
must analyse the remauung case (Case I), i.e., the derivative of ¥, always
equal zero at any maximizer (£, ¢, i, §i¢) for sma,ll ¢, which yields B.(2, —
J¢ — ¢) = 0(cf. §C). This implies that g(¢) = sup ®; is constant for small
¢ (Constancy Lemma 7.5). From this property we see u(fy,-) and —v(so, )
take their local maximums at £y and o respectively (Proposition 7.4).

In general P is not a singleton B.(&; — §; — () is not constant as ¢ — 0.
Fortunately we find some (o (close to zero) such that B!(2, —§; — () is some
constant pg € P for { close to {, (Lemma 7.4). The local behavior of u
and v should be modified as in Proposition 7.4 so several extra efforts are
necessary(cf. §C). :

We continue to discuss the case P = {0}. The constancy of g implies

u(t,z) — v(s,y) — S(t,8) < u(fo, 29) — v(30,50) — S({o, 80)
for t,s € (0,T) and 2 close to y, say |¢ —y| < 6. If u(fo, -) and v(&y, -) are

faceted with slope zero with facet length < §/2 at &, and #jp, respectively,
this mequa.hty with ¢ = o, = §o implies that x, < 0, %, > 0, so that

Xu/Lu - Xv/Lv <0
with

= x(w(fo,"), 20), Lu = L(u(fo,"), %0),
= X(”(EO’ ’)’370)’ L, = L('”(Eo, ')’ 370)
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Applying the infinitesimal version of the definition of solutions, we get from
the above inequality for %, v and S that

Su(fo, 40) + F(fo,0, 7-A4) < 0,
Sa({O’SO) - F(so, 0, %"'A) <0,

where A = W'(+0)—W'(—0). Adding the last two inequalities with x,, /L, —
Xv/Ly < 0 and (F2), we have

!

T
(T - {0)2 (T - 30)2

+ F(fﬂio’ z_uA) - F(iﬂao, %"A) <0

yielding
(v +9)/T?* < w(lfo — 50l)

where w is a modules of continuity of F(t,0,X) in ¢ where uniform continuity
(F3) is invoked if F depends on £. We fix v and 4’ and letting o — 0 so that
£y — 9 — 0(Proposition 7.1). By continuity of C (up to t = T') we end up
with (v +v')/T? < 0, a contradiction(cf. §F).

Unfortunately, v and v are not necessarily faceted so we need to take
sup-convolutions with faceted functions (cf. §D). If u(fp,:) takes a local
maximum at 2p, the sup-convolution u“(fo,~) is faceted in R at 2p as we
observed in section 5. The length of facet may be very long. We should
apply our maximum principle in section 4 to get xu/Ly — Xv/Ly < O(cf.
§E). Moreover, we should be careful about the definition of solutions in the
infinitesimal version as in section 6.

. The proof when u and v are spatially periodic is easier. We shall remark
necessary alternations at the end of this section(cf. §H).

A. Choice of parameters.

7.1. Proposition. Assume that u and —v are uppersemicontinuous in Q
with values in R U {—o0}. Assume that

mqg = sup{u(z) — v(z);z € Q} > 0.
(i)For each mg(0 < my < my) there are vp,v) > 0 such that
sup®; >my forall €>0,0>0,7%>7>0,9>9 >0

and |(] < xo(€) = (e(mo — mp))+/2/2. .
(ii)Let (z¢,2z¢) = (t¢,2¢,8¢,Y¢) be a maximizer of &; over Q x Q. Then,

lte — 8¢l < (Ma)?, |z¢ —ye — (| < (Me)'?
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with _
M = sup{w(z,7'),(z,2') € Q@ x Q}
foralle >0,0>0,%% >v>0,v>7 > 0and ¢ with || < ko(e). In

particular,
Lim |tc —s¢| =0, lim|z¢ —yc|=0.

o—0

(iii) Assume that v < v on 8,Q(= 6,Q) and that Q is a bounded open
interval. Then there are €o,00 such that (z;,2;) is an (interior) point of
QxQforall 0 <e<e€,0<0<0y,0<y<7,0<49 <1} and
|<I < Ko(e)‘

7.2. Remark. Since w is uppersemicontinuous, we may assume in (iii) that
for each { > 0 _ _
w(z,2')<¢ 2€8,Q or 2 €§,Q

for all [z — y| < (Meo)Y/? + ro(eo), |t — 8| < (Moo)!/? with z = (¢t,2),2' =
(8,9). In what follows we shall assume mq > 0 with { = mo/4, m) = mo—§£/2
and fix €o,00,0,7p so that all properties (i)-(iii) and those in Remark 7.2
hold.

Proof of Proposition 7.1. The proof is standard especially for { = 0 e.g.
[GGIS] but we give it for completeness.
(i) For each m, my < m < mg there is a point zg = (o, 2¢) € Q satisfying

mg > u(z0) — v(20) > m.
By definition we see
sup ®; > ®¢(z0,20) > m — (2 /e — S(to, to; o, 1,7').
Take 79, 7g small so that
S(t01t0; ,70,7%) = 70/(T — to) + 70/(T — to) < (m — mg)/2.

If m is close to mg, say mo — m < m — my, then ko(€)? < e(m — m})/2. For
this choice of m, we end up with

sup B¢ > m — (m — mg)/2 — (m —mg)/2 > my

for ¥ < 70,7' < 7§ provided that |¢| < ko(€).

(ii) By sup &, > my > 0 we see w | > ¥, at (z¢,2;). Since w is uppersemi-
continuous, w is bounded on @ x Q, say w < M. The inequality w > ¥, at
(2¢,2;) yields

l2¢ —ye — ¢’ /e< M and |t¢—s¢|’fo <M
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or
e —yel S (M) +¢| and |t - a¢| < (Mo)'/2,

Since M is independent of all parameters ¢,0,v,v' and ¢, this yields (ii).
(iii) We argue by a contradiction. Foreach 0 < 7 < 7,0 < 7' < v} there were
a sequence {(¢;,0;)}§2, with ¢; | 0,07 | 0 such that there is a maximizer

(25,2) € (@ x Q\(Q x Q)

of &¢,(-y5€i,04,7,7') over @ x Q with some (;, |¢;| < xo(¢;). Since @ x q is
compact we may assume z; — Z,z; — Z' for some point %,Z' € Q by taking
a subsequence if necessary. By (ii) we observe that z = 7'.

The condition (zj,2}) ¢ Q x @ implies that either z; € 0,Q or z; €

8,Q since the time component of z; and z] cannot be T because of terms
7/(T —t),4' /(T — &) in the definition of ¥,. Since 8,Q is closed, Z belongs
to 8,Q. Since (z;,2}) = (t;,2;,8;,¥;) is a maximizer of &, (i) implies

Mo

0 < <= <wltji2;,85,9) — B (25 — 3 — G) — S(t1 85505, 7,7')-

By the monotonicity dependence of the parameters ¢, o we see the right hand
side is dominated from above by

w(tjvzj’sjayj) - Be,-o(zj =Y - cJ) - Ba,-o(tj - 8,-)
if j > jo. Since w is uppersemicontinuous, sending j — oo yields
0 < 5* < w(7,2) = u(@) - o(3).

Since Z € 8,Q this contradicts u < v on §,Q.

B. Classification.
We shall divide the situations depending on the value of derivative of ¥,
at a maximizer of $;. Let g denote the maximum value of &, i.e.,

9(¢) = sup &, = sup{®.(z,2');(z,2') € Q x Q}.
Let A(() denote the set of maximizers of $, over Q% Q, ie.,
A(€) ={(2,2") € @ x Q;9(¢) = &¢(2,2')}.
Let B(¢) denote the set of values of derivatives B.(z — y — () at a point of
A(C)v ie., ‘
B({) ={2(z —y—()/&(t, 2, 8,9) € A(()}-
Of course, both .4 and B depend on €,0,7,7 with 0 < € < €,0 < ¢ <

00,0 < v < 7,0 <v' < 9p ; however, we do not write its dependence since
we shall fix these numbers in §B — E. We recall basic properties of A and B.
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7.3. Proposition on maximizers.
(i) The set A(() is a nonempty subset of Q x Q for {,|¢| < ro(e).
(ii) The graph of A (as a set valued function) is compact, i.e.,

graphA = {((, 2,2');(z,2") € A(¢), [¢] < ro(€)}

is compact in [—xqg(€), ko(€)] x Q x Q.
(iii) The graph of B is compact in [—xq(€), ko(€)] x R.

Proof (i) Since w is an uppersemicontinuous function and Q is compact, A(¢)
is nonempty. The assertion that A(() is contained in @ x Q has been proved
in Proposition 7.1 (iv).

(ii) We note that &, is continuous in . Since a supremum of a set of
continuous functions is lowersemicontinuous, g is lowersemicontinuous so that
®;—gis uppersem1contmuous The set of maximizers of  — g in & =
[—ro(€), xo(€)] x @ x Q equals graph 4. Since ®,—gis uppersemlcontmuous
on X, graph A is compact.

(iii) Since graph B is interpreted as the image of graph A of a linear mapping,
graph B should be compact.

The situation is divided into two cases.
Case I. There is ;1 < xo(€) such that B(() is contained in P for all ¢, |¢] < &;.
Case II. The negation of Case I, that is to say, there is a sequence {; — 0
such that B((;) is not contained in P.

We shall study Case I in §C — F. Our maximum principle for faceted
functions will be invoked in §E.

C. Local behaviour of z and v.
_The next lemma is trivial if P is a singleton.

7.4. Lemma. Consider Case I. For 0 < k < Ky there are {p with |{o| <
k,6 > 0 with § + |(o| < k and po € P such that B(() contains py for all ¢
such that |¢ — (o| < §,|¢| < &.

Proof. Since P is discrete and since graph B is closed, for each p € P the
set

Y, ={¢ ¢l < x,p € B(C)}

is closed in [—x, x]. We know that B(() is a nonempty subset of P, that is
to say
[—x,x) = U{Y,;p € P}.

Since P is at most countable, the Baire category theorem [Y. Chapter 0] says
that Y, contains an interior point {, for some pyp € P. O

We shall claim that g({) — po(¢ — (o) is constant on ({o — &, o +&). The next

lemma is general and it does not need assumptions we so far assumed.



62

7.5. Constancy Lemma. Let K be a compact set in RY and let h be a

real valued uppersemicontinuous function on K. Let ¢ be a C? function on
R? with1 < d < N. Let G be a bounded domain in R8. For each ¢ € G we
" assume that there is 8 maximizer (r¢,p¢) € K of

He(r,0) = hirp) — $(r — )
over K such that V¢(r;, — () = 0. Then,
he(C) = sup{H,(,p); (r,p) € K}

is constant on G.

Proof. Clearly, H¢(ry, py) < hy(€) for 7 € G. By definition we have

He(rn,pq) = Hy(ry,p9) + ¢(ry — 1) — (75 — C),

which yields
hg(n) < hg({) + 8(rg — () — $(r4 — 1)
~Since V¢(r, — ) = 0, this yields

1 1
ho(m) S ho(Q)+ 3 [ V20(ry = 1= (¢ = mhdr(c —m)- (¢~ )
Since G is bounded, it follows that

hg(n) — he(¢) < Cly - ¢J?

with C independent of 5, { € G. Changing the role of 5, we end up with

k() — he(¢)] < Cln — ¢

This implies that hy is differentiable on G whose derivative is always zero.
Since G is connected, this means that hy is a constant function on G. O

We shall always use the same &, (o, pp and § as in Lemma 7.4. We apply
Lemma 7.5 with

¢(r) = Be(r) — por, G=((o—6,(0+6), d=1,

h(r,p) = w(t,r +y,38,9) — po(r — {o) — S(t,8),

p=(tsy), N=4,

K= {(f’P);(t’s) € [O’T] X [O’T]: r=2 —y,(z,y) €0 x ﬁ}

to get the constancy of hy(¢) = 9(¢) — po(¢ — Co)-
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7.6. Proposition. The function §(¢) = g({) — po(¢ — o) is constant on
G = (o — 6,0 + §).

- This gives the information of local behavior of w near a maximizer of &,,.

7.7. Proposition. Let (2,2') = (i,2,4,§) be a maximizer of &,,, i.e.,
(2,2") € A(Co) with the property that py = 2(2 — § — (o)/e. Let ug and vo
denote

uo(t,z) = u(t,z) - Pﬂza vO("’y) = v(aiy) - Po(‘y + CO)

Then uo(f, -) and —vo(3, -) take their local maximums at  and § respectively.
More precisely

uo(t,2) < uo(f,8) forall 2, |2—32|<6,2z€0,
vo(8,y) 2 v(5,9) forall y, |y—9|<byeq.
Proof Step 1. . We shall prove: for wo(z,2') = uo(t, 2)—vo(y, 8) let E denote
B(z,2') = wo(z,2') - S(t,3),
where S is the same as in the definition of ¥;. Let E; be

By = sup{E(z,2');z = (t,2) € Q,2' = (s,9) € Q, (=,9) € 5}

with 35 = {(2,y) € 2 x Q|2 —y— o — qo| < 8} with go = & — § — (o. Then
By =8, (,#') - g3/e (= E(z,%')). '

We first observe that

‘I’c(z;z') = wo(2,2') —~ Be(2 —y — {) + po(2 — y — (o) — S(2, ).
For (,|¢ — Co| < & recalling that po = B.(qo) = 2(z¢ — y¢ — ¢)/¢ (independent
of {) with some (¢, 2, 8¢,y¢) € A(() we rearrange
€Be(z—y— () —epo(z —y— (o)
=(z-y=¢)* —epo(z —y—¢) — epo(¢ — o)
=(z-y~{—(2¢ -y — ()
—(2¢ — 9 — O = 2z —yc — (¢ — o)
=(2—y—¢—q0)* — a8 — 2q0(¢ — o)

to obtain

B¢(2,2') = wo(2,2') — Be(2 — y ~ { — q0) — S(t,8) + g3 /€ + po(¢ — o).
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Since Proposition 7.6 implies §(¢{) = g(¢) —po(¢ — o) is constant for | — (o] <
8,
B¢o(2,2") = §(Co) = sup{g(¢); 1€ — ol < 8}
= sup{®¢(z,2') — po(¢ — (o) (2,2') € Q@ x @, |¢ — Go| < 6}
> sup sup{®(t,2,5,9) — po(( - (o)
[¢~¢ol<d
T—-Y—qgo= C,(t,z,a,y) 65 X -Q-}

If 2 — y—qo = (, then we see

B¢(2,2") — po({ — o) = wo(z,2") — Be(0) — S(¢,2) + g3 /¢
’ = BE(z,2') + 2 /e.
We thus obtain
B¢o(£,2') > By + gj /e

Since & — § — qo = (o, we see as above that
Q(o(‘e’i') = E(2, 2') +q3/e,

which proves the last e.qua.lity in step 1. Since (&,§) € Xs, the converse
inequality
$¢,(2,2') < Br+qp /e

holds. The proof of Step 1 is now complete.
Step 2. From Step 1 it follows that

wo(f, z,5,9) — S, 5) < wo(t, 3,3,9) — S(£,3) = E(3,2)
for (2,y) € 5. Setting y = § (resp. z = ) yields

uo(f,2) < uop(f,2) for |e—2| <& and
vo(3,y) > vo(4,9) for |y— 9| <8, respectively.

7.8. Remark. If P consists of only zero point, Lemma 7.4 is trivial with
o = 0,6 = x and po = 0. In this case gop = epg/2 = 0,up = u, and vy = v
so that proof of Proposition 7.7 is simplified. To understand the main idea
of the proof of the Comparison Theorem it is a good idea to consider this
special case.
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7.9. Corollary to Proposition 7.7.
uo(t, 2) — vo(s,y) — S(t, 8) < wo(f, 2) — vo(5,9) — S, 3)
for all (z,y) € Zs,t,8 € [0, T), where
Zs = {(2,) € Wx Tle —y - (6 - )| <5},
S8 =1/(T-t)+ 7' /(T —8)+(t - 8)*/o.
This follows immediately from the St‘ep 1 of the proof of Proposition 7.7.

7.10. Proposition on behaviour away from local maximum. Let
(2,2') = (£,%,4,9),40 and vy be the same as in Proposition 7.7. Let Q =
(a,b). Then, there is 2, € (2,b1) or ¥, € (§,b;) such that

ug(f,z1) < uo(f,2) or wo(3,v1) > vo(,9)

with 71 = & — 9, by = min(b, b+ %), b, = min(d, b — n). The same assertion
is valid if (2,b,) and (§,b;) are replaced by (a1,%) and (a3, %), respectively,
with a; = max(a, a +7), a2 = max(a, a — 7).

Proof. Here Remark 7.2 is explicitly invoked. We may assume § > &. Suppose
that the first assertion were false. Then

ug(f, z) > uo(f,28) forall z,4<z<b+n and
vo(3,y) < vo(2,9) forall y,§<y<bd.

Since up and —vg are uppersemicontinuous on Q,
‘uo({,b - 1]) 2 uo({,é) ~and 'vo(i,b) S 'vo(é‘,ﬁ).
Since gg = & — § — {p we see

’uo(i, b—1n) — vo(3,b) = u({’b —-n) - po(b—17) - v(8,b) + po(b + ¢o)
= u(t,b—n) — v(3,8) + po(§ — & + (o)
= u({’b —n) - ’v(ﬁ,ib) - qg/€°

By Remark 7.2 and Proposition 7.1 (ii) this yields
uo(f,8) — vo(3,§) < uo(f,b— 1) — vo(5,8) < € — g /e = mo /4 — g3 e.

Since &, (f, 2,3, 9) > mo — mo/8 by Proposition 7.1 (i), Step 1 of the proof
of Proposition 7.7 yields

uo({, é") - '00(3!37) > E({aé’ s, 'g) 2> 7m0/8 - qg/e.
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We thus obtain a contradiction:
m0/4 - qg/e 2 uﬂ({’ é) - '0(3, 3}) > 7m0/8 - qg/e' '

The proof of the second assertion is the same so is omitted.

D. Preparation for applying the maximum principle.
We shall fix x in Lemma 7.4, say £ = ;. Key properties of ug and vg are
summarized in Proposition 7.7, Corollary 7.9 and Proposition 7.10.

7.11. Applications of sup-convolutions. Since %y and vp in Proposition

7.7 may not be continuous we regularize by taking sup-convolution introduced
in §5. For p > 0 and A > 0, let (=2, p,A) denote

(z=p)/A  2>p,
19(z,p, A) =< 0 'zl <p
(z+p)%/); e<-—p.

fp= )\(>‘ 0) we simply write it by 9¥(e, p). We consider sup-convoliltions
of up and —vg by 9. For a > 0 let u§ by the sup-convolution of ug in =
direction, i.e.,

ug(t,2) = (uo(t,))* = sup{uo(t,n) — (n - z,a);n € R},

where we use the convention that ug = —oo if 7 is outside €. The inf-
convolution of v is defined by vgg = —(—wg)? for § > 0. Both functions
ug,vog are defined in [0,7] x R.

7.12. Proposition. Let (£,%,3,§),uo and vy be as in Proposition 7.7.
Then there is ag > 0 such that for 0 < a < ap

(i) vg(£,-) and voo(3,") is faceted at & and § in R respectively with slope
gero, and ug (£, 2) = uo(f, ), voa (3, §) = vo(3, 9),

(ii) the point & (resp. ) belongs to the interior of the faceted regiom
R(ug(i, ), £) (resp. R(voa(3,-),9)),

(iii)

y€E {R(ug(f’ ), 2) — 7} N R(voa(4,-),9) C R and
2 € R(u§(f,-),2) N {R(voald,),9) + 7} CQ with 5 =45 —4.

Proof. By Lemma 5.1 convolution u§ is locally Lipschitz continuous in the
space variable. Since uo(f,-) takes its local maximum at #, by Theorem 5.3
on convolution with faceted functions ug(%, ) is faceted at # in R for small «
and that ug(f,-) is constant uo(f,£) around & from a fundamental property
of our sup-convolutions; note that 4o and —vg are bounded from above. This
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proves (i) and (ii) for u§. The proof for vy, is the same by taking ag smaller
if necessary.

It remains to prove (iii). Here we use Proposition 7.10. We again recall a
fundamental property for sup-convolution; if there is b; > 21 > £ such that
uo(f, 21) < uo(f, 8), then

‘ supR(uS(f,-),é) <b

for sufficiently small o (provided that uo(f, ) is uppersemicontinuous which
is fulfilled in our setting). Thus Proposition 7.10 1mph&s the desired inclusion
by taking smaller g if necessary. 0O

In Corollary 7.9 we have

ug(t, 2) — vo(s,y) — S(¢,8) < uo({: 2) —vo(4,9) - S(iv 8)

for all (2,y) € X5, t,8 € [0,T]. We shall derive the similar inequality for uo
and vg,. We introduce a barrier for |2 — y — (2 — §)| > & so that the region
where the inequality is valid contains all z,y € R..

7.13. Proposition. Let ¥ be asin §7.11. Let (t,z,i, 9), %o and vg be as
in Proposition 7.7. .

(1) uo(t,2)—vo(s, y)—S(t,8) -z —y—n,A) < uO(f’ &) — vo(3, ‘,!7) - S(E’ §)

for all (t, s),(k,y) € Q x Q provided that A > 0 is sufficiently small, i.e.
A < Ag for some Ag > 0, where p =2 — .
(i) Let ag be as in Proposition 7.12. Then

ug (8, 2) — voa(,y) <ug(f,2) — voa(d, §) + ¥z — y — 7, 20/2)
+ 5(t, 5) — S(F,3)

for all (t,2),(s,y) € [0,T] x R provided that 0 < & < oy = min(ag, Ao/4).
Proof. (i) Let E; and E, be

E, = sup{E(t,z,s,y);(t,z) € 6’ (3’3’) € av (z’y) € Eb’}a
F;, = suP{E(t’zas’y);(t’z) € 6’ (”y) € -Q-’ (z"y) ¢ 25}

with B = uo(t, z)—vo(s,3)—5(¢, 8) and B = {(2,y) € Qxq; lz2—y—(2-9)| <
§}. Step 1 of Proposition 7.7 yields By = wug(f,2) — vo(3,9) — S(£,8). If
E, < E,;, the inequality in (i) is trivial since 4 > 0. If E; > E;, we take g
satisfying '

19(6, Ao) = Ez - E]_.
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Since ¥(z —y — 1, Ao) > 9(6, Ao) for (2,y) ¢ =5 and since ¥ is monotone in
A, the proof of (i) is complete.
(ii) From (i) it follows that

uo(t,2) — (2 — ,a) — (vo(s,7) + ¥y — §,a))
<uo(f, ) — vo(5,9)
+HE—FG—nA0)~I(z —&,a)— Iy - F,a)
+ S(t, s) — S(£, 5).

Since ug = —vp = +o0o outside (2, taking the supremum of both sides for
z,7 € R we get

ug(t, 2) — v0a(8, ) < wo(,2) — vo(5,9)
+ 9z — y — 1, Ao — 2a) + S(¢, 8) — S(¢, 3)

for all (¢,2),(s,¥) € [0,T] x R. Here we have invoked the composition rule
for sup-convolution (Lemma 5.5 (ii)):

sup{d(z —y — 9, Ao) — ¥z — g,a)— Wy - §,a);,§ € R}
=¥z —y— 9, — 2a).

Since ug(£, 2) = uo(f, 2) and vo4(5,§) = vo(4,9) by Proposition 7.12 (i) and
since Ag — 2a < Ag/2 for a < a3, the proof of (ii) is now complete.

E. Application of the maximum principle.
The function u§ + poz is essentially an admissible super function (of infini-
tesimal version defined in § 6. 5) at (f,2) € Q except that the faceted region
R(u§(%,-), 2) may contain the boundary point of Q. We apply the Maximum
Principle of time direction 4.5 and its Corollary 4.6 to Proposition 7.13 to
get useful admissible super functions.

Here we use the notation N~! of semineighborhood defined in §6.3.

7.14. Proposition. Let (£,%,3,§),uo and vy be as in Proposition 7.7.
There are a (real-valued) uppersemicontinuous function @ and a lowersemi-
continuous function v defined in Q such that
(i) u(t,-) € C(Q),_(a, ) € C(R) for each t,s € (0 T); @(f,-) and »(3,) are
faceted at & and §, respectively, with slope zero in ; u§ < % and voq > v in
Q; (i, 3) = ug(E,3) and 2(3,9) = %0a(4,9).
(i))R(u(t, ), &) = R(u§ (i, "), 8) N {R(voa(3, "), §) + 1},

R(2(3, ),9) = {R(4E(E, ), 8) — 7} O R(voaldr ), 5),

so that L(%u(t,-),2) = L(v(3, ), §), where =& — §.
(m)X(;E({’ ) &) + x(—2(5,-),9) <0.
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(iv)For some N~*(({,-),#) the inequality
i‘-(tv a’) - ;"—({aé) < S(t: 5) - S({’ i‘)

holds for all (¢,2) € (0,T) x N-*((f,),); for some N-1((-7)(3, *),9) the
inequality

2(s,y) — vl 3’37) 2> S({’ 3) = S(t" 3)
holds for all (s,y) € (0,T) x N-1(—u(3,-),§). Here a is chosen so that
a < a3, where a; is as in Proposition 7.13.

Proof. We apply Corollary 4.6 of the maximum principle to Propositions 7.12
and 7.13 so that we find desired 7 and ». Here 1§, and —vp,, correspond
to u1, and uj, of Corollary 4.6, respectively. Note that Proposition 7.12 (iii)
plays an important role to apply Corollary 4.6.

7.15. Proposition. Let U and V denote

U(t’z) = E(tvz)+p03’ V(svy) = —(3vy) +p0(y+€9) for (t,z),(s, y) € Q.

Then U is an admissible super function at (f,) in Q and V is an admissible
sub fanction at (£, ) in Q. Moreover, U(f,) is faceted at & € int R(U(£,), 3)
and TJU(,8) > Si(t,5); V(3,-) is faceted at § € int R(V(3,-),¥) and
Tp V(3,9) > —8,(£,5), where Tgf and Ty are as in §6.4.

Proof. We shall only prove that U is an admissible super function since the
statement for V can be proved similarly. By Proposition 7.14 (i) U is up-
persemicontinuous in Q and U(t,-) € C(R) for each t € (0,T). Moreover
U(f,-) is P-faceted at & in Q with slope po. Since 2 (resp. ) is an interior
point of R(ug(%,-),2) (resp. R(voa(3,"),§)) by Proposition 7.12 (ii), we see,
by Proposition 7.14 (ii), # (resp. §) is an interior point of R(U(Z,"), &) (resp.
R(V(3,-),9)).

It remains to prove that T U(f,2) contains S(Z, 3) as an element. Since
S(t,5) — S(£,8) < 8i(, 8)(t — ) + w(lt — It - 4]
for all t € R with some modulus w, Proposition 7.14 (iv) yields
U(t,z) — U(i,2) < po(z — &) + Se(£, 3)(t — ©) + w(jt — &)t — |

for (t,2) € (0,T) x N-Y(U(4,-), ). This implies that S,(¢,3) € T} U({, ).

F. Completion of the proof for Case 1.
By definition of sub- and supersolutions «* and —v, are uppersemicontinuous
in [0,T) x Q with values in R U {—00}. To show our Comparison Theorem
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it suffices to prove that the restriction of 4* and v, on [0,T") x 0 (denoted
by ' and v' respectively) fulfills v’ < v' on [0,7') x Q for each T* > 0.
Clearly (u')* ~(v')s < u* — v, on [0,T"] x {2, so that u* < v, on 8,Q implies
(#')* < (v')s on

8,Q'=98,Q' =[0,T"] x 8QU {0} x Q.

By writing 7' by T, «' by u, and +' by v we may assume u < v on §,Q and
that 4 and —v are uppersemicontinuous in @ with values RU {~o0}. i F
depends on ¢, by writing 7/ by T' we may assume

(F3’) F is uniformly continuous in [0,T] x [—K, K] x R for each K > 0.

Suppose that the conclusion of the Theorem were false. We may assume
that my satisfies the assumption of Proposition 7.1. We fix €, 0, Y0, 74 as
in Remark 7.2 and assume 0 < € < €9,0 < 0 < 70,0 < 7 < 70,0 < ¥ < 7.
Since Q is compact and 4 and —v are uppersemicontinuous there is always
a maximizer (t;,2¢,8¢,¥) of B over Q x Q in Proposition 7.1.

If we assume Case I, we end up with Propositions 7.12-15. Let pg and
o be as in Lemma 7.4. Let (,2,3,7) be a maximizer of &, with py =
2(2 — § — Co)/e. Let U be as in Proposition 7.15. Then

mgx('u. ~-U)= mg.x(uu -%) < mg.x(uo —ud)

since u§ < % by Proposition 7.14 (i). Note that ug(f,2) = uo(f,2) by
Proposition 7.12 (i) and that ug < u§ by the definition of sup-convolution.
We thus observe

—U)=0.
max(u ~ U)

Similarly, one can prove
mgn('v -V)=0.

Since U is an admissible super function at (£,2) in Q and since u is a sub-
solution we have, by the definition of infinitesimal version 6.6, and Theorems

6.8 and 6.9, R X
St(tv 3) + F(tapm AXU/LU) <0

with xu = x(U(£,-),4), Lv = L(U(£,), &) and A = W'(po +0) — W'(po — 0).
Similarly, )
—S.(t,8) + F(&,po, Axv/Lv) > 0.

with xyv = x(V(4,),9), Lv = L(V(3,+),§). Subtracting the second inequal-
ity from the first yields

7/(T - i)z + 7'/(T - 3)2 + F(f,po, AXU/LU) - F(3aPo, AXV/LV) <0.
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By Proposition 7.14 (i), (iii) we see
xv = x((i, ), 8) < —x(-2(3,),9) = x(2(4,"),§) =xv and
Ly = L(i({’ ), &) = L(2(3,),9) = Lv
which yields
xv/Lv < xv/Lv.
By the monotonicity (F2) of F we now obtain

) Z 5t _7_'3), + F(i, po, A_—’,ff’v-) ~ F(a,po,A%%) <0
This yields

(v +4)/T? < w(ff - ilse),
where w;(t; €) is a modulus of continuity of F(¢,p,X) for |p| < Kand X € R
with K = 2MY?/e'/? provided that |ps] < K; the existence of such a
modulus is guaranteed by (F3'). Indeed since Proposition 7.1 (ii) implies

|Be(z¢ —yc =€) = |2(z¢ —ye =) /el < 2MM2 /2 =K for (,|¢| < Kole),

we have |pg| < K; note that K is independent of parameters ,v,v" other
than € so is wy. By Proposition 7.1 (ii) we have

(v +79)/T?* < wi(lf - 3];€) < wi((Mea)/?;¢)

foralle,o,7,7 with0 < e < €,0 < 0 < 09,0 < 7 < 70,0 < 7' < 7} provided
that Case I holds. As shown in Case II similar inequality (7.3) holds for Case
IT with modulus w;(-,€) independent of 0,7,7'. In both cases if o is taken
small so that

“’i((Mo')l/z) < (7 + 7')/T21 i= 1,2

then we get a contradiction. If F is independent of ¢, (7.1) immediately yields
a contradiction: (y + v')/T? < 0 without using (F3').

G. Case II.

We use the same choice of parameters ¢,v,4' and o as in §F. The proof for
Case II is standard so we outline it. By the assumption of Case II there is
¢; — 0 such that ¥, = 2(z; — y; — (;)/e does not belong to P for some
- maximizer (¢;,2;,5;,y;) of ;. We apply the maximum principle for semi-
continuous functions [CIL] and observe that for each g > 0 there are 2 x 2
symmetric matrices X and Y such that

2 2 =2,+
(‘I’t"I’auX) € JQ u(ti’z.i)»
5 2 —=2,+
(‘I’,,‘I’,, -Y)e JQ (_”)(35’3/5)’

1 X 0 S
~Ganrs (f %) savua
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with A = D?¥,,(t;,2;,8;,y;) i.e., the Hessian of ¥,, where | 4| is the oper-
ator norm of A as a self adjoint operator and I is 4 x 4 matrix; ¥, and \17,, are
the derivative of ¥¢, with respect to ¢t and y at (¢;,2;, 8;,y;), respectively.
Here Jgy 2% denotes the set of second order super jets and 72'+ is the ‘closure’

in the sense of semijets; see [CIL] for definitions. It is not dlﬂicult [OKS] to
derive from first two inclusion that

A a —2'
(‘I’h ¥, Xzz) € ?Q+u(t53 zi)’
A A —-2'_
(""I’M -¥,,Y22) € ,PQ v(85,9;)
where 52:1: denotes the parabolic version of _J-zi; 52:!: is defined in §6.6.
Here X33 (resp. Y3;) denotes the (2, 2) component of X (resp. Y). By a
standard argument our matrix inequality yields X35 < Y33.
Since \I', = —‘Il,, does not belong to P and since u and v are sub- and
supersolution, (by Definition 6.6 and Theorems 6.8 and 6.9) we have
¥, + F(t;, 9., W"(¥,)X2) <0,
- \i’, + F(’J" _‘i"v’W"(_'i'y)Yn) >0,

where X3;(resp. Y32) is the (2,2) component of X (resp. Y). Subtracting
the second from the first yields

(7.2) (T jtj)z + (T —7,8,')2 + F(tj"i’mW"(\i’,)Xn)

— F(8;,%,, W"(¥,)X;2) <0

if we use ng < Y3, (F2) and ¥, = —‘i’,,. Since Proposition 7.1 (ii) yields
that I\i',,l is bounded by K in §F, as in §F this inequality yields

(7.3) (7+7)/T? < wallt; — 8jl;€) < wa((Mo)/2;¢)

with some modulus w, for all ¢,0,7,7' with 0 < € < €,0 < ¢ < 60,0 <
v < 70,0 < 4’ < 73, provided that Case II holds. This is what we would
like to prove. (We did not send {; — 0; the existence of one (; is enough
to get a contradiction.) Note that (7.2) immediately yields a contradiction
(v+49')/T? < 0if F is independent of ¢; we do not invoke (F3'). We have
thus proved our Comparison Theorem.

H. Periodic case, proof of Theorem 3.2.
The method of the proof is essentially the same. Since u and v are w-
periodic in space, we observe that any maximizer (., z¢, 8¢, y,) of &, satisfies
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|2¢ —y¢| < w; we may always assume its existence and that 0 < z; < w,0 <
y¢ < w. The conclusion of Proposition 7.1 and Remark 7.2 is still valid for
such maximizers where  is replaced by R. To define A({) we replace Q by
R. Although graph A is only closed, graph B is still compact as claimed
in Proposition 7.3 since 0 < 2¢,y; < w. The argument in §7.4-§7.9 is still
valid if §2 is replaced by R. Propositions 7.10 and 7.12 (iii) should be altered
because there is no bounda.ry of R. If P does not contain zero so that py # 0,
then the faceted regions R(ug({,-), ) and R('vo,,(a, ),y) has the length less
than w since u§ + poz and vo, + po(y + (o) is periodic in the space variable.
We apply the maximum principle as in Proposition 7.14. Actually, we have
Proposition 7.14 with 2 replaced by

V=E@-wito)U(j-wj+w)

Since Proposition 7.13 does not apply to our setting with 2 = R, the rest of
the proof is the same as §E-§G.

It remains to discuss the case that P contains zero. If pp # 0 in Lemma
7.4, then we argue in the same way. If po = 0, then either L(ug({,),2) < w
or R(ug(f,+),2) = R and the same for vg,(3, ). Unless both

R('”'oa({! )€)=R and R(vo,(3,),9) =R

hold, Proposition 7.14 still applies with Q replaced by Q' by Q'. We thus
assume that both u§(f,-) and vo.(4,-) are constant functions. For each large
£ we consider a nonnegative continuous function f such that f(z) = 0 if and
only if |z| < £/2. We set u(t,z) = u§(t,z) + f(z — £),2(s,9) = vou(s,y) —
f(y— ) and observe that properties (i)(iv) of Proposition 7.14 (with @ = R)
hold; note that since x(%(,),2) > 0 and x(—u(3,-),§) > 0 so (iii) is violated
but N-1(a(f,-), 8) = R((f,-), 2) and N-1(—p(3,),§) = R(2(3,),§) so (iv)
is trivially follows from Proposition 7.13. We also note that L(%(f, '), &) =
L(v(3,-),9) = L. We may apply Proposition 7.15 with U = Tand V = ». As
in §F we end up with

/(T —£)? ++4'/(T - 5)* + F(i,0,Axv/Ly) — F(3,0,Axv/Lv) <0
which yields
(Y+7")/T? < ws(|2A/4] + | — 5]) for large £

since Ly = Ly = L. Here w3 is a modulus of continuity of F(¢,0,X) on
[0,T] x [-1,1]; here we do not invoke (F3'). Sending £ — oo yields

(v +9")/T? < ws(|f - 5)),
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which again leads a contradiction as in §F.
Our argument shows at least formally that the weighted curvature

Aw(w§(E,),8)=0 i L(ug(i,"),2) = co.

§8. Perron type Existence Theorem.

We shall give the proof of Perron type Existence Theorem 3.3 and Theorem
3.4 for periodic functions. Let Q be an open (possibly umbounded) interval
and Q@ =(0,T) x Q.

8.1. Lemma. Assume conditions (F1) and (F2). Let S be a nonempty
family of a subsolution of (E). Let u be a function defined on Q by

u(t, z) = sup{v(t,z);v € S} fbr (t,2) € Q.

Suppose u* < oo in [0,T) x Q, then u is a subsolution of (E).

8.1°. Lemma. Assume conditions (F1) and (F2). Let 5 be a nonempty
family of a supersolution of (E). Let u be a function defined on Q by

u(t, z) = inf{v(t, 2);v € §} for (t,2) € Q.

Suppose u, > —oo in [0,T) x §, then u is a supersolution of (E).

8.2. Lemma. Assume conditions (F1) and (F2). Let h : Q — R be
a supersolution of (E). Let S be the collection of all subsolution v of (E)
withv < h in Q. If v € S is not a supersolution of (E) and v, > —oo in
[0,T) x R, then there are a function w € S and a point (s,y) € Q such that
v(s,3) < w(s,y).

Theorem 3.3 follows from these two lemmas as in [I]. We give its proof for
completeness. :

Proof of Perron type Ezistence Theorems 3.8 and 3.4 admitting Lemmas 8.1
and 8.2.

Let S be {v;v is a subsolution of (E) and v < u* in Q}. Since u~ € §, we
see S # 0. Let u: Q — R be defined by

u(t, z) = sup{v(t,z);v € S} for (t,2) € Q.

By definition u* < (u*)* < coin [0, T) x Q. By Lemma 8.1 u is a subsolution
of (E), so that v € S. Since 4~ € S, we have v~ < v < u* in Q and
—00 < (u~)s < u, in [0,T) x Q.

Suppose that u were not a supersolution of (E). By Lemma 8.2 there would
exist w € S and (s,y) € Q such that u(s,y) < w(s,y). This contradicts the
definition of u. Therefore u is a generalized solution of (E).
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Suppose that « were not w -periodic in z. Then there would exist a point
(to,;20) € (0,T) x R and v € {~1,1} that satisfy

u(to, 20) < u(tg, 2o + vw).

We observe that
v(t,2) = u(t,z + vw)

belongs to S. Indeed, since (E) is invariant under translation in z, v is a
subsolution of (E) in (0,T) x R. The function u* is w -periodic, so v < ut
in (0,T) x R, which yields v € S. By the definition of u the property v € §
implies # > v. This contradicts

u(to, 20) < v(to,20) = u(to,z0 + vw).
We thus conclude u is w -periodic in 2. O

To prove Lemmas 8.1 and 8.2, we extend the method found in [I] to faceted
functions. The basic strategy is to utilize the advantage of our definition of
C} functions. We have arranged that the weighted curvature of a C3 function
at the boundary of a faceted region equals that at an interior point of the
faceted region. Moreover, we have arranged that the weighted curvature of a
C} function at point yi outside the faceted region tends to zero, if the point
y» tends to a point 7 of the boundary of the faceted region as k — +o0, since
the function is C2. These properties will be invoked to estimate the weighted
curvature of a modification of a test function, which we call an upper or a
lower canonical modification defined below.

8.3. Notation of an upper and a lower canonical modification. Let

1 be an open interval with Q; C Q. Let f € C(Q) satisfy fla, € C3(Q,)
‘and f'(2) = 0 with & € Q;. Let ¢ = sup{p € PU {~o};p < 0} and

g2 = inf{p € PU {+o0};p > 0}.

Case(i) (0 ¢ P). Set

#(2) = f(2) + (z — 3)* for z € Q.
There exists an open interval Q; C @, containing # such that
(8.1) . @1/2<(f%)(2) < qz/2 forallz € Q,.

Case(ii) (0 € P). We see that f is P-faceted at & in ;. We denote Q =
(a-,a4) and R(f,&) = [c_,c4]. There exists an open interval Q; = (b_,b,)
such that R(f,2) C 2, C Q; and

f'(2) € (q1/4,0)N(0,q2/4)  for all = € Q,\R(F, 3),

by < ey +(g2/16)'/°,

bo > c. —(—q1/16)Y/3.
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If x+(f,2) =1 (zesp. x—(f,2) = 1), then we set

#(2) = f(é) forz e [évc+]’
f(=) { f(z) +(z —cy)* for 2 € (c4,a4).
reso. FH(z) = 7(2) for = € [c-, &),
( p- f7(2) {f(a:)+(z—c_)4 forzE(a..,c..).)
If x+(f,2) = —1 (zesp. x-(f,&) = —1) then for ¢ € (0, &) we set
(@) for = € [3,e4 + ¢,
fFe(z) =< flz—¢) for z € (c4 + ¢,b4),
f(2) + {f(b+ —€) — f(b4)} forz € (by,ay).
f(2) ‘ for z € [c- — ¢, &),
resp. f7*(2) ={ f(z+¢) for z € (b-,c_ —¢),

F(2) + {f(b- +¢€)— f(b-)} for 2 € (a_,b_].

where o = dist(8Q3, R(f, 2))/2. Here we note that (8.1) holds.

We often suppress e-dependence of f#:¢, even if it depends on €. We call
f# an upper canonical modification of f at & with canonical neighborhood
;. Let —fz be an upper canonical modification of —f at # with canonical
neighborhood 2;, and we call f4 a lower canonical modification of f at &
with canonical neighborhood Q3.

8.4. Proposition. Let Q and Q; be open intervals with Q; C Q. Let
f € C(Q) satisty fla, € C%4(4) and f'(2) = 0 with & € Q.
Suppose that f be an upper canonical modification f#(= f#+°) or a lower

canonical modification fy(= fg.) at & with canonical neighborhood Q; C
Q. Set s and M as: '

{ 1  if f is an upper canonical modification,
8= -
—1 if f is a lower canonical modification,

uo {8 ingn

(8:2) R(f,2) if0eP.

(i) It holds that

(feC(@), fla, € CL(D),

(H)™) (=) = F)(2) forz € M and n =0,1,2,
{ sf>sf in Q\M,

Aw(f,2) = Aw(f,3) if sx(f,8) > 0,
\ sAw(f,2) > sAw(f, 2) if sx(f,8) = ~1.
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(ii) When 0 € P, it holds that

f is P-faceted at & in Q, with slope 0,
x+(f~1£)=x+(f)£)’ X—(f,£)=x-(f,5),
L(f,2) = L(f,&) + {1 — sx(f, &)}e.

(iii) For any ¢, > 0 and €3 > 0, there exists an bpcn interval Q23 such that

M C Qs C Q,,
I(f)’(z)l <& for z € Qg,
|Aw(f,2) — Aw(#,2)| <e; forz € Qs.

Proof of Lemma 8.1.

Step 1. Let (f,2) € Q. Let ¢ € C(f) be locally admissible at (£,4) in Q.
Suppose that
max(u® — ¢) = (" - ¢)(¢, ).

Our goal is to show the inequality :
(8.3) Sot(fa 2) + F(f’ ‘Pm(t.’ z), AW(S’(Ev ),2)) <0

(cf. Theorem 6.8). Without loss of generality we may assume that (u* —
¢)({E, &) = 0, since p(t,2) can be replaced by ¢(t,z) + (u* - ga)(t z). We
may assume that ¢,(f,£) = 0 by Proposition 2.7 with A = ¢o(f, %) and
B = —¢,(i, z)z

Since ¢ is locally admissible at (£,2) in Q, there exists a rectangular
neighborhood Q1 = I x 2, at (£, 2) in Q such that p|g, € Ap(Q1). So there
‘exist f € C3(£) and g € CY(I) such that

p(t,z) = f(z) +g(t) for (t,2) € Qu.
The inequality (8.3) becomes
(8.4) g'()) + F(i,0,Aw(£,4)) <0,

which we should prove.
Let ¢ be a function on @ satisfying

(€ C(Q)a C(f,i) =0, (20 inQ,

(8.5) { {(t,;2) € Qi¢(t,2) = 0}n,Q = 0,
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where 8,Q = [0,T] x 82N {0} x . The function ( is to be determined later.
Setting ¥ = ¢ + { in Q, we see

max(a® - ) = (u* ~ $)(i &),
so that
(u* =)t 2) +{(t,2) = (" —p)(t,2) < (" —p)({,8) =0  for (t,2) € Q,
which implies
(v*-9)<-¢( Q.

By the definition of the uppersemicontinuous envelope, there exists a se-

- quence

{(tx,24)}2, C Q such that (t4,24) — (£,2) as k — o0 and
Jlim (4" = ¥)(t,2) = (a* ~ ¥)(5,8) =0.

By the definition of u, there is a sequence {v;4}§2, C S such that vi(t,25) >
u(tn, 2x) — 1/k. So there is a sequence {(sx,%%)};>; C @ such that

max(vg — %) = (vg — ¥)(sx, %4 )-
Q

These yield

u*(th, 2n) — 1/k — P(ta, 21) < (v, — ¥)(tk, 2x)
< (v = P)(8r, 98) < (u* — ¥) (88, ¥a) < —C(88s w1,

so that limj_, oo {(8%,yx) = 0 since the leftest hand side of the last inequality
converges to 0 as k tends to +c0. So we get limj_, oo (v* — ¥)(84,%%) = 0 and
3,9) € {(t,2) € Q;((t,z) = 0}, where (5,7) = limy_, (84, y4) by taking a
subsequence. Since the zero set of { does not intersect 8pQ, for sufficiently
large k > 0 we have (s, 9%) € Q and

mgx(”; — %) = (vk — ¥)(s5, 2)-
Since vy is a subsolution of (E), we have

(86) "/’t(sln'yh) + F(3h1¢a(3h)'yk)’AW(¢(sk, ')1 yk)) <0

provided that ¥ is locally admissible near (s, ys) (Proposition 6.8).



79

Step 2. Let f# € C(Q) be an upper canonical modification of f at # with
canonical neighborhood Q; C Qy, so that f#|g, € C%4(Q;) by Proposition
8.4 (i). We choose ((t,2) = n(t) + {f#(z) — f(z)} for (t,2) € Q with y(t) =
(t — £)?, so that (8.5) holds since zero set of ¢ is {f} x M from Proposition
8.4(i). Then we observe that 5 ={ and

¥(t,2) = g(t) +n(t) + f#(2)  for (t,2) € Q2 =T x 0,

which belongs to Ap(Q2). Inequality (8.6) becomes

(8.7) g'(sx) +n'(sx) + F(ou, (f*)' (wa), Aw (7%, 3)) < 0.

Case(i) (f is not P-faceted at 2 in Q). By Proposition 8.4 (ii), we see § = &
and (f#)(")(2) = f(*)(2) for n = 0,1,2. Sending k to +oo in inequality
(8.7), we conclude (8.4) since we assumed continuity (F1) and ¥ is the first,
and second continuously differentiable with respect to ¢, and #, respectively.
Case(ii) (f is P-faceted at Z in Q and x(f, 2) > 0). Let I' be an open interval
containing £ with I C I. We see {(t,2) € Q;({(t,2) = 0} = {{} x R({, 3).
(A) Suppose that there exists a sequence {k;}52, such that (si,,ys,) €
I' x R(f,%), so that f# is P-faceted at Yk, in Q; with slope 0. Owing to
the definition of weighted curvature at the boundary of a faceted region,
Aw(f#,m,;) = Aw(f,2) by Proposition 8.4 (i). So (8.7) becomes

g'(sx;) + 7' (8k;) + F(sny, 0, Aw(f#,4)) < 0.

Sending j to +oo, we have (8.4) by continuity assumption (F1).
. (B) Consider the negation of (A): for all k > 0, (s4,w) € {I\I'} x
{Q:2\R(f,2)}. We observe that ¥ € OR(f,2). Setting

M) = W"((Ff*) ()(F#)"(v)  fory €y,

we have Aw(f#,y,) = A(ys) since f# is not P-faceted at y; in Q,. We
see Timio oo #)/ () = 0 = lim . +oo(7%)"(3) by F# € C}(23), 50 that
limg, 400 A(yx) = 0 since W" is bounded on every bounded set in R\P.
Since inequality (8.7) becomes

g'(s1) +1'(8) + F(ax, (£%)' (ws), Mwn)) < 0,

we have

g'(f) + F(£,0,0) < 0

by sending k to infinity. Since assumption x(f,2) > 0 yields Aw(f,2) > 0,
we now get (8.4) by degenerate ellipticity assumption (F2). .
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Case(iii) (f is P-faceted at  in  and x(f,2) = —1). Fix € € (0, &q), where
€o is defined in 8.3. Since (7,7) € {f} x R(f,2) and R(f, %) C int R(f#*,3),
there exists kg > 0 such that (s4,y4) € I x R(f#*,&) for all k > ko. For
(sxy9s) € I x R(f#+,2), (8.7) becomes

g'(sx) +7'(sx) + F(81,0,—A /(L + 2¢)) <0,
v;rhere A = W'(+0) — W'(—0) and L = L(f,#). Taking k to -FOO, we get
g'®) + F(£,0,~A/(L + 2¢)) < 0.
Since the last inequality holds for all ¢ € (0,¢&0), we get (8.4). O
Lemma 8.1’ is proved parallelly as Lemma 8.1.

Proof of Lemma 8.2.

Step 1. Let (,2) € Q and let ¢ € C(R) be locally admissible at (£, %) in Q.
Suppose that
min(v® — ) = (v" ~ ¢)(t, 8).

Without loss of generality we may assume that (v. — )(f,2) = 0 and we
may also assume that ¢, (£, 3) = 0 by Proposition 2.7.
Let { be a function on @ satisfying

{ceC(Q), ((£,2)=0, (>0 inQ,

(8.8 .
(88) ¥ is a locally admissible function at (£,£) in Q,

where ¥ = ¢ — ( in Q. Function { is to be determined later. So we see
min(a" ~ ¥) = (v* ~ $)(52)
and

(8.9) . (<v.—% inQ.

Suppose that by choosing { suitably there exists a rectangular neighborhood
N at (8, 2) in Q satisfying

(8.10)

¢t(th) + F(t7¢z(ta 3)7AW('¢(t’ ')12)) <0 for all (taz) € Nl,
(8.11)

¥|n, € Ap(M1),
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and

(8.12)
NoC N with Ny = {(t,z) € Q; C(t,z) = 0}.

Let N; be a rectangular (open) neighborhood at (£, 2) sa.tlsfymg No C N,
and Nz C N;. There exists oy > 0 such that

(8.13) . $+o1<h, inN,.

In fact, from (8.9) and the definition of S, 9 < v, < h, in Q. If there exists
(t1,21) € N3 such that ¥(t1,21) = k.(t1, #1) then locally admissible function
¥ is a test function of h at (t1,21) in Q, which contradicts (8.10). So we
have ¥ < h, in Nj, or there exists o1 > 0 such that (8.13).

Since o3 = inf{((z); 2 € N1\N;} > 0 by the definition of N,, we have

(814) ¢+0’2 < v, in Nl\Nz,
which yields
(8.15) Yv+o<h, in Ny

with & = min(o1, 53). By Propositions 2.7 and 2.8 we conclude that ¢ + o is
a subsolution of (E) in N;.
We define w(t,z) by

w(t, z) = max{¥(t,z) + o, v(¢, 2)} (t,2) € N,
v(tvz) (taz) € Q\Nz
Inequality (8.14) yields
w(t, z) = max{¥(t, zv) +o,v(t,2)}  for (t,z) € N;.

So w is a subsolution of (E) in Ny by Lemma 8.1’
To show w is a subsolution of (E) in Q suppose that 9; € 4p(Q) fulfills

mgx('w — 1) = (w — ¥1)(to,z0) = 0.
We may assume that

(to,zo) € Nz and 1/)1(to,zvo) > 'v(to,zo)
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since otherwise 4 is a test function of v at (¢o,20) so that

(2.1) (¥1)¢(t0, 20) + F(to, (¥1)o(to, 20), Aw(¥1(to, *), 20)) < 0.

We may assume that ¥;(to, ) is faceted at zp with slope (v¥1)s(to,:) € P
and R = R(¥1(%o,), 20) is not included in an interval J; with Ny = J; x I.
Indeed, if not, (2.1°) holds by Proposition 6.19 since w is a subsolution of (E)
in N;. We may also assume that

¢1(t01z) > v(th z) for 2 € RN J;.

Indeed, if not there is 2; € RN J; with ¥1(¢o,21) < v(t0,21). Since v < w <
¥1 in @, we now observe that

mgx('v — 1) = (v — ¥1)(to, 21)

which yields (2.1°) with ¢ replaced by 2;. Since v is a subsolution of (E) in
Q and since 2; € R implies (¥1)2(%0, 20) = (¥1)(to, 1) we now have (2,1°)
without replacing 29 by z;. We may now assume that

P12, 2) > (¢, 2) on Ny,z€e RNJy

by taking I; smaller since v is ippersemicontinuous. We now modify 4 (%o, )
in RN (J1\J3) with N; = J; x I; to get ¥, € Ap(N,) satisfying

max(w — $2) = (w — ¥2)(to, 20),

int R('lﬁz(to,‘),ﬁo) C Nl,

Aw('lﬁz(to, ')’ 30) < AW('¢1(t0a ')’ 20)’

Y1=1%2 inN,.
Since w is a subsolution in Ny (even for new choice of I; by Proposition 6.19)
this yields (2,1’) with 9, replaced by ¥;. By (F2) we now have (2.1°). By

(8.15) we now conclude that w is a subsolution of (E) in Q and w € S.
On the other hand, we have

0= (v, —¥){,&) = lix;:lxl%nf{('v —P)(t,2);(t,2) € Ny, [t —E| < d, |2 — 3| < d},

which implies that there exists (s,y) € N, such that »(s,y) — ¥(s,%) < 0.
We now obtain v(s,y) < w(s,y).

Step 2. We shall prove that there exists ( satisfying (8.8) and N; satisfying
(8.10),(8.11) and (8.12).
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Smce ¢ is locally admissible at (£,2) in Q, there exists a rectangular
neighborhood Q; = I x Q; at (£,2) in Q such that ¢|g, € Ap(Q;). So there
exists f € C3(€) and g € C*(I) such that

p(t,2) = f(z) +9(t)  for (t,2) € Qu.

Let fy € C(9) be a lower canonical modification of f at 2 with canonical
neighborhood Q; C Q;. We chose ((t,2) = 5(t) + {f(2) — fa}(= 0) for
(t,2) € Q with 5(t) = (t — {)?, so that

Y(t,2) = g(t) — n(t) + fe(z) for (t,2) € Ny =1 x Q,.

Proposition 8.4 (i) yields (8.8) and Ny = {{} x M, where M is the same as
(8.2).

Since v is not a supersolution of (E) and v, > —o0 in [0, T) x Q, we have

¥u(t, 8) + F(E,¥a(f, £), Aw ($({, ), 8)) < 0,
g —n'@)+ F(E0,Aw(fy,8)) <0

by the definition of supersolution of local version 6.7 and Theorem 6.8.
Clearly, there exists § > 0 such that

g'(f) — 7€) + F(£,0, Aw (4, 2)) < —6.

For (t,2) € N3 we have

9@) + F(t,(f) (2), Aw (£, )
<{dg'(®t) - ¢'(}) +7'())}
+{F(t,(f4) (2), Aw(fg,2)) — F({,0,Aw(f, 2))}
+{F(@0,Aw(f,2)) - F(t 0, Aw(f4,2))}
- 4.

Let T1,T; and T denote the first, second and third term of the right hand
side of the last inequality. We shall show that there exists an open set N,
such that No C N; C N; and for all (¢,2) € Ny, Ty + T3 + Ts — § < 0 holds.
This now yields

g'(t) + F(t,(f4) (2), Aw(f#,z))'< 0 for (t,2) € Ny,

which equals (8.10).
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By Proposition 8.4(i), we see Aw(fg,2) < Aw(f,2), so that
(8.16) T3 <0

holds by degenerate ellipticity (F2) Since g,n € CY(I), there exists p; €
(0, dist(£, 8I)) such that

(8.17) Ti=g'@t)~g' () +7'(f) <§/2 forallte B, p),

where B(f, p1) denotes an open ball in R with center f and radius p;. From
continuity (F1), there exists p; > 0 such that

(8.18)  |F(t,p,X)— F(£,0,0)] < 8/2  forall,p and X € B(0,p,).
From Proposition 8.4 (iii), there exists a open interval Qg such that

MCQsCQz,

[(F2) (2)| < p2 for z € Qg,
|Aw(fg,2) — Aw(f,2)] < p2 for z € Qs.

We chose Ny = B(f, min(p1, p2)) x Qs, so that (8.11) and (8.12) hold. Then
we get Tp < §/2 for (t,2) € N;. We now have

T1+T+Ts—-6<0 for(t,z)GNl,

so that we conclude (8.10) for (¢,2) € N;. O

§9. Existence Theorem for periodic initial data.
We shall give the proof of Existence Theorem for periodic initial data 3.5.
Throughout this section, let T > 0,5 € (0,T) and Qs = (0,5) x R. We

often use the condition:
(F1) F is continuous in [0, 5] x R x R with values R.
The key tool to prove the Existence Theorem is Comparison Theorem 3.1

and Perron type Existence Theorem 3.4 with the following Lemma:

9.1. Lemma (Existence of super- and subsolution). Assume condi-
tions (F1’) and (F2). Suppose that ug is bounded and uniformly continuous
in R. Then for each S € (0,T) there exists an uppersemicontinuous fanction
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ut(= u*®) (resp. a lowersemicontinuous function v~ (= v~*%)) on Qs such
that ut (resp. u™) is a super- (resp. sub-) solution of (E) in Qs and

ut(0,z) = uo(z) for z € R,
(9-2) { ut(t,2) > uo(z) for (t,2) € Qs.
, v~ (0,2) = up(z) for z € R,
(92 (resp. { v~ (¢, 2) < up(z) for (t,2) € Qs. )

9.2. Remark. If ug is periodic with period w, the lemma holds with extra
property

(9.3) wt(t,z + w) =ut(t,2) for (¢, z) € Qs.
(9.3%) (resp. v~ (t,z+w)=u(t,2) for (t,z) € Qs.)

To prove Lemma 9.1, we extend the method developed in [CGG] and [IS]
to CP functions. We shall prove in several steps.

9.3. Propos:tlon Let M be a positive number. For any 6 there exists
fs(= f¥) € CE(R) such that

fa(O) =0,
f&) al" Z 0 in R,
fs(z) 2 M for 2,|z| > 6.

Proof. We set
(z+1)* for 2 < -1,
Vo(z2) =< 0 for —1<z2<1,
(z—1)* for1< a.

By Lemma 6.12, there exists V; € Ci(R) that
Vi(0)=0 and V>0, ¥, >V, inR.

Clearly there exists k = k(5) € (0,1/2) with kVo(6/k) > M. Setting f5(z) =
le(z/k) for ¢ € R, we see that f; € C2 (R) since fj(z) = V'(a:/k) and
V1 is P-faceted at z/ k in R if and only if f5 is P-faceted at £ in R. Other
properties are easy to prove. O
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9.4. Lemma (Modification of C} functions). Let Q; = (a3,a}),Q; =
(a2,a}) and Qg be (nonempty) open intervals with Qs C Q; and Q; C ;.
Suppose that f € C3(Q) satisfy f' > 0 in Q,. Then there exists V €
C%(9Q,) such that

Vi>0 for £,
V= f for Qs,

Vi(z) q, for z € (ay,as],
z) =
: g, for z € [ay,a}).

with some q and ¢’ ¢ P. In particular, the number of faceted regions of V is
finite.

Proof. We denote Q3 = (as,a3). If there exists an open interval I = (b, bs)

with _
IC (az,as),
f(2)¢P forallzel,
then we set ¢ = f'(b;). Otherwise we have ¢, = f'(z) € P for all z € (a3, as).

In the latter case we choose an open interval I with T C (a2, a3) and choose

g € (sup{g: € PN {-o0};¢2 < a1}, @) _
Parallelly, if there exists an open interval I' = (b}, b}) with

T'c (a3, a3),
fl(z)¢ P forallzel,

then we set ¢’ = f'(b}). Otherwise we have ¢| = f/(2) € P forall z € (a}, da}).
In the latter case we choose an open interval I' with I' C (a}, a}) and choose

q" € (q1,inf{q; € PU{+o0};q; > g1 }).
Let hl € CI(Q]_) with

hi(z) = { Z,

for z € (al,bz),
for z € (b}, a}).

We connect f' and k; in the following way. Let p;, p2 € C1(Q;) satisfy

prt+p2=1 on {}y,
{ 0<pup2<1 on {1,
and
1 for z € I, , >0 for z € (b1,b2),
pi(z) = { 0 frzennn AT { <0 forz € (b),B),
0 for z € T, , <0 for z € (by,b,),
pa(2) = { 1 freca\n, PO { >0 for 2 € (8, 8),
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where we denote I} = (by,b}) and I = (b;,b}), so that I C I.
We set
hy=p1f'+pzhy in
to get
hy = pa(h1 — f')+p1f" >0  in @y,

since ) .
{ hi <f in (by,b,),
hl 2 f' in (blzrbi)-

Thus we get the desired function V € C3(Q;) by setting

V(z) = f(a) + V/‘” ka(y) dy | forz e

with somea € Qg. O

9.5. Lemma. Let M be a positive number.
(i) For any & € (0,1/2) there exists Vs(= VM) € C3(R) such that

V5(0) = 0,
Vs, Vi >0 inR,
Vs> M for z,|z| > 6,
gs, forl1 <z
5,(2) = ! f < _’1
gz, fore <

with some g5(= q}¥) and ¢j(= ¢}™) ¢ P.

(ii) Assume condition (F1’). For each S € (0,T) there exists (large) Bs(=
B}%) > 0 such that Vst € Ap(Qs) is a supersolution of (E) in Qs =
(0,S) x R of the form

Vit(t,2)(=V;""%|os) = Bt + Vs(2)  for(t,2) € Qs and B > B;.

Here we suppress the dependence of M and S in V6+ and B;.

Proof. Tt is clear that Lemmas 9.3 and 9.4 with Q; = R,Q; = (-1,1) and
Qs = (—1/2,1/2) yield the result of (i). Now we give the proof of (ii). We
see V;1M5|o. € Ap(Qs) by the definition.

Since the number of faceted regions of V; is finite, we have

c1 = sup{|Aw(V5,2)|; 2 € R, V{(z) € P} < co.
We also have

cz = sup{|Aw(V3,2)|;2 € R, V{(z) ¢ P} < 0,
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since
sup{|V5'(2)|;]2] < 1} < o0

and
sup{|W"(p)l;as <p< g},p ¢ P} < ©

by the assumption of W. Thus we observe that
sup{|Aw(Vs,z)[;z € R} < c3 < o0

with ¢s = max(cy,c3).
Since condition (F1’) yields

cs = inf{F(t,p, X);t € [0, 5],p € [g5, 4], | X| < es} > —o0,

we have

F(t,Vi(z),Aw(Vs,2)) > cs  for all (t,2) € Qs.

We take B; so that B; > max(—c4,0). Function V5+ is a supersolution of
(E) in Q5. In fact, if ((,2),¥) € Qs x Ap(Qs) satisfies

min(V;* ~ %) = (" ~ ¥)(6,2),
it holds that

$e(E,2) + G, 9 (0, 2)), Aw (9, ), ) = B+ FE, Vi (2), Aw (V3 2))
>2B—-Bs>0

since V5 € C3(R). It is clear that (Vs|gs)s > 0> —c0 in [0,5) x R. O

9.6. Lemma. Suppose that ug is bounded and uniformly continuous in R,
so that for each € € (0,1) there exists § = §(¢) € (0,1/2) satisfying

(9.4) [uo(2) —uo(€)| <e  for|z—¢| < 6.

Let Vi) € C}(R) be as in Lemma 9.5 (i) with M = max,cg uo(z) —
mingeg %o(z). Then we have

uo(e) = inf{Vj(.)(z — €) + uo(¢) + €5 €(0,1), £ € R}.
Proof. Since (9.4) implies

uo(z) < uo(§) +€  for |z — £| < 8(¢)
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and the definition of M implies
ug(2) < uo(€) + M < wo(€) + Vi) (z =€)  for |2 — ¢] > &(¢),
we have
ug(2) < Vio)(2 — £)+uo(§)+¢ forz,£ €R and € €(0,1).
For each z € R and &’ > 0, we Have
Vi(ey(z — €) + uo(€) + € < €' + up(2)

with { = 2 and € = ¢'/2, which yields the results. [J

Proof of Lemma 9.1. Firstly, for each ¢ € (0,1) let V5(,) € C3(R) be the
same as Lemma 9.6. Secondly, for each € € (0,1) and ¢ € R we set

ute(t, 2 6) = Vit bz — €) +uo(é) +¢  for (t,2) € Qs

with B = Bj(,). Then ut*(¢, 2;¢) belongs to Ap(Qs) and is a supersolution
of (E) in Qs by Lemma 9.5 (ii). Lastly, we take

u+(t7z) = inf{u"'"(t,z,{);e € (0’1))£ € R} for (tvz) € _Q—.ST’
then u% is uppersemicontinuous in Qg and

(ut|gs)e > ?éiﬁ'uo(ﬁ) >-c0  for [0,5) x R.

So, Lemma 8.1’ yields that ™ is a supersolution of (E) in Q5. Now we have
(9.2). In fact, Lemma 9.6 implies

ut(0,2) =up(z) forzeR

and
u¥(t,2) > uo(2)  for(t,z) € Qs,

since Bj(,) > 0 and
V}“{‘)(t, 2 —§) > Vse)(z—§) for (t,2) € Qs and ¢ € R.

We can get the lowersemicontinuous function u~ satisfying the desired
property parallelly 0O
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Proof of Remark 9.2. If ug is periodic with period w, function u™* constructed
in the proof of Lemma 9.1 satisfies (9.3), since

u+’.(t1 2+ w;é) = VJ.{.)(t’ z+w—§)+u(f)+e
= Vitoy(tr2 — (6 — @) +wo(¢ —w) + ¢
=ut*(t,2,{ —w). O

Proof of Theorem 38.5.

Stepl (Ezistence on Qs). Since (F1) implies (F1’) for each S € (0,T),
Lemma 9.1 is applicable. For each S € (0,7), let u* ,and u™~, be an upper-,
and a lowersemicontinuous function in Qs obtained in Lemma 9.1, respec-

tively. By Theorem 3.4, there exists a generalized solution @ of (E) in Qs
such that

wm<a<ut in Qs
and
a(t,z + w) = u(t,z) for (t,2) € Qs.
Since ut (resp. u~) is upper- (resp. lower-) semicontinuous in Qg, we

have

—oo<u'_<_ﬁ.gi‘gu+<oo in Qs.

Since u~(0,2) = u*(0,2) = up(z) in R, we have
#,(0,2) = 2*(0,2) = up(2¢) in R.
Theorem 3.2 yields
| @ <4, inQs, thatis,in Os,

which implies that @* is continuous in Q5. We set 45 = @* in [0,5). Then
u® is a generalized solution of (E) in Qs and «¥ € C([0, 5) x R) satisfies

25(0,2) = uo(2) for 2 € R,

(9.5) w(t,2 +w) =uS(t,z)  for (t,2) €[0,5) x R.

Step2 (Uniqueness on Qs). Let v° € C([0,5) x R) satisfy (9.5) replacing u°
to v°, such that v* is a generalized solution of (E) in Qs. Theorem 3.2 yields
that «° = v% in [0, S) x R, which implies the uniqueness of «¥ in [0, S) x R.

Step3 (Unique ezistence on (0,T) x R). 1 0 < § < §' < T, Proposition
6.19 implies that 5’|, is a generalized solution of (E) in Qs. By Step 2



91

for t € (0,T), it is possible to define u from {u5;0 < S < T} uniquely as
follows:

u(t,z) =w’(t,2)  with § € (¢,T).

From Proposition 6.20 we see that uisa generalized solution of (E) in (0, T") x
R. It is easy to see that other properties hold. O
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