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ANALYSIS OF A FAMILY OF STRONGLY
COMMUTING SELF-ADJOINT OPERATORS WITH
APPLICATIONS TO PERTURBED DIRAC OPERATORS

sk
NORIO TOMINAGA

Asahikawa National College of Technology, Asahikawa 071, Japan

ABSTRACT. It is shown that a class of unitary transformations of the canonical momentum
operator in a direct sum of L?(R?) is given by a class of operator-valued Lorentz trans-
formations of perturbed canonical momentum operators. As an application, analysis of the
quantum theory of spin—,-;— charged particles in an external electromagnetic field is given.

I. INTRODUCTION

In [A-T], we have developed an operator theory concerning a family of strongly com-
muting self-adjoint operators in L%(R?) which are associated with some objects in the
d-dimentional Minkowski space M?. We have constructed a class of self-adjoint operators
in L2(R?) (Section V of [A-T]) which may be regarded as perturbed d’Alembertians in
the sense of unitary groups and whose unitary groups have integral-kernel representations
in explicit forms. We have applied the theory to the external field problem of a charged
spinless particle. Moreover, we clarified algebraic-analytic structures of the proper-time
method which Schwinger had presented ([Sch]) for a class of vector potentials.

The construction of a class of strongly commuting self-adjiont operators on L?(RY) in
[A-T] can be extended to the case of @™ L?(R?) (m = 2,3,---). In this paper, we do it
and show that results of [A-T] can be generahzed We apply the obtained results to the
external field problem of a charged spln-— particle.

We use the same symbols as in [A-T]. We denote a vectorin M4 as ¢ = (2% 2!, ..., 2971
= (m")z= and the metric tensor of M* by ¢g = (Guv)p,v=0, ,d—1

The indefinite inner product of M? is given by

d—1
zy = guaty’ =2y’ = aiyl,
j=1

We obey the Einstein’s rule as to summation. We write zz = 22.

We define

$u=guuxua p=0,1,---,d-1

Then we can write zy = z#y,.
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Let 8, be the generalized partial differential operator in z* acting in L*(R%) and p, =
10,. We set p=(pg,- -+ ,pd—1)

It is known that a Green’s function S(z, y) for a relativistic spin-1 charged particle with
charge e in an electromagnetic field satisfies

(Y*(pu — €A,) + m)S(z,y) = §(z — y), (1.1)

where m > 0 is the mass of the particle, A = (4o, - - ,Ag—1) is the vector potential of the
electromagnetic field and y#’s are matrices satisfying the following relations:

APy APyt = 2gh (v =0,1,--- ,d—1). (1.2)

The operator v#(p, — eA,) + m is called a Dirac operator.
We can see that, formally ,

(Y*(pp — eAy) + m)(—7"(p» —ed,) + m)

= —(pu — eAu)(p" — ed¥) + %Uuqu +m?, (1.3)
where _ |
0
Tpy = 5[’7;“71/]’ F# = auAu - auAp. (14)
and [, ] is the commutator:

[A,B]:= AB — BA.
Thus if S1(z,y) is a Green's function of the operator (1.3), then

S(zyy) = (=" (pp — edy) +m)Si(z,y) (1.5)

is a Green’s function of the Dirac operator. Considering the first term of (1.3) as a
perturbed d’Alembertian, Vaidya and Hott ([V-H]) reduced the problem of finding S(z,y)
to the problem of the spinless case in [V-S-H] and they calculated algebraically a Green'’s
function satisfying (1.1) for a special class of vector potentials by using the above idea.

In this paper, we extend results of operator calculus in [A-T] to a direct sum of L*(R%)
(Section II) and give more general results (Section III). ,

In [A-T], we showed that an operator-valued Lorentz transformation of a perturbed
momentum operator is unitarily equivalent to p on a dence domain. In the case of the
direct sum of L?(R?%), we can obtain a unitary equivalence between p and an operator-
valued Lorentz transformation of a more generally perturbed momentum operator, that
is, a momentum operator perturbed by a matrix operator.

We can compute the integral kernels of the unitary groups generated by d’Alembertians
perturbed by the matrix operator (Section IV).

In the last section, we apply the results in Sections III and IV to the external field
problem. We compute a Green’s function for a spin--;- charged particle.



II. OPERATOR CALCULUS IN THE MINKOWSKI SPACE
We introduce a subset of M¢ x M¢
M? = {(a,b) e M? x M? | a # 0,b # 0,ab = 0}. (2.1)
Let (a,b) € Mo. We introduce a partial differential operator p, on @™ L?(R4)
Pu: ("/’1(3‘), "ty ¢m($)) = (plﬂ)bl(w), v 'pu"l’m(x))' (22)
Its domain D(p,) is the following. (We denote operator domain by D(-).)
D(p,) = @ D(py).

We define a multiplication operator x, on @™ L?(R)
xu: (@), hm(@)) = (tha(a), - youbm(z)) (2.3)
D(x,) = P " D(z,)

Two operators p, and x,, are self-adjoint .
We introduce two operators a*x, and b*p, on @™ L?}(R?) :

atx, = (Pa(z), - ¥m(2)) = (a'zu9a(2), - s 0Pz, Pm(2)), (24)

0¢py i (a(2), -+ s ¥m(2)) = (B*putha(2), - -+, b Putbm(2)), (2.5)
with ‘

D(a"xu) = €D D(az), D(az) = { € L*(R%) | azy) € L*(R%))
D(#pa) = D D), Dlop) = (¥ € LRY | [ p(E)de < o0)

where $(£) := (2r)~ d/zf ¥(z)e**dz is the Fourier transform of ¢ with ¢z (éz is the
Minkowski inner product of ¢ and z.). For convenience, we denote a*x x by ax and b*p,
by bp.

We have for all (Y1, ,¥m) € B™ LARY)

eisax(¢1(w), e '¢m(x)) — (cisaz,‘/Jl(x)’ RN eisaz¢m($)) (26)

P (a(2),  Ym(2)) = (Y1(z — tb), -+, Ym(z — 1B)) (2.7)
where s,t € R. ‘
Two (not necessarily bounded) self-adjoint operators A and B in a Hilbert space -are
said to strongly commute if their spectral projections commute.
The following characterization is well known. (See, [R-S1),Theorem VIIL.13.)



Lemma 2.1. Let A and B be self-adjoint operators on a Hilbert space. Then the following
(1)-(3) are equivalent.

(1) A and B strongly commute.

(2) For all s,t € R, 'e'tAe"’B = giBeita,

(3) For allt € R, e*4B C Be't4,

We can easily show that e**** and e***P commute. Hence, by Lemma 2.1, we have the
following lemma.

Lemma 2.2. ax and bp strongly commute.

Let B,eal(Rd) be the set of real-valued Borel measurable functions on R which are
almost everywhere finite with respect to the d-dimentional Lebesgue measure. Let Eqx(-)
and Epp(-) be the spectral measures of ax and bp, respectively. Then there exists a unique
two-dimentional spectral measure E,x pp(-) such that Eox pp(B1 X B2) = Eux(B1)Esp(Bz),
(By and B, are Borel sets in R.)

Let u € Breal(Rd) By functional calculus, we can define a self-adjoint operator

u(ax, bp) on @™ L*(R?) by

u{ax, bp) := /Rd u(A1, A2)dEqx pp(A1, A2).
We have for all (11, ,¥m) € @™ L2 (R?)

u(ax,bp)($1(2z), - ,¥m(2)) = (u(az, bp)is (), - , u(az, bp)Pm(z))

Definition. Let Ny = {0,1,2,---} . For r'€ Ny , we define the following sets of functions
(¢f. Section II of [A-T}).

(1) Let real(Rd) be the set of r times continuously differentiable real-valued functions
on R%,

(2) Let B7(R?) be the set of bounded functions u such that u € C7 ;(R%) and the
partial derivatives of u of order j (j = 0,1,---,r) is bounded on R?.

(3) A real-valued function u = u(a1, z7) on R2 is in the set B"*° (r € Ny) if u(:,z;) €
’:B’(Rd) for almost everywhere z, and the function & u(zy,z5) := 87 /8ziu(zq, 2)
is bounded on R? for all j = 0,---,r ; u € B if the function @(zy,z7) :=

u(zg,21) is in B> . We write 5] u(wl,xz) = 33/6x2u(m1, T7)

We denote by C§°(R?) the set of infinitely differentiable functions on R? with compact
support. We denote by L>(R¢?) the set of essentially bounded Borel measurable functions
on R4, The subset of real-valued functlons in L*°(R?) is denoted by L=, (R?).

real



Lemma 2.3.
Let u € BY°(R?) Then, for each p =0,1,--- ,d — 1, u(ax, bp) leaves D(p,) invariant
and

[Pus u(ax, )] = ia,dyu(ax, bp) | (28)

on D(p,) . '
If u € B°1(R?), then, u(ax,bp) leaves D(x,) invariant and

(X, u(ax, bp)] = —ib,0yu(ax, bp)
on D(x,) . |

Proof. We have only to show that (2.8) applied to each component of any vector in D(p )
holds. This follows from Lemmas 2.3 and 2.4 in [A-T]. ¢

By functional caluculus, we get a unitary operator e?**(2%:bP) (¢ ¢ R):

eitu(ax,bp) (¢1(x), e ,¢m($)) — (eitu(az,bp)¢1($), cen ,eitu(az,bp)¢m(x))

We denote (¥1(z),- - ,¥m(z)) by ¥(z).
We say that a function u € Brea(R?) is in the set €"(R?) if u(-,z5) € C7(R) for
almost everywhere z, € R and there exists a sequence {ux} (ux € B"*°(R?)) such that

sup |8 ug(zy, z2)| < Cl6iu(z1,25)] (Cisa constant), (2.9)
E>1
klim Fug(zy,z2) = afu(wl,xg) (2.10)

forj=0,---,r.

Theorem 2.4. Let u € €' (R?) and 9 € D(p,) N D(dyu(ax,bp)) . Then for each p =
0,1,--+,d—1, emiulex,bp)y) ¢ D(p,), and

eiu(ax,bp)p”e—iu(aX,bp)¢ — [pﬂ + a,,@lu(ax, bp)]¢, (211)

where

D(p,) N D(Byu(ax, bp)) = €D D(pu) N D(d;u(az, bp)).

Proof. In the same way as in the proof of Theorem 2.5 of [A-T), for each component %; of
%, we can show that the following equation holds,
eiu(a:,bp)pueiu(ax,bp)¢j = [p, + a,0,u(az, bp)v; (j=1,---,m). (2.12)

To prove (2.12), for u € €'(R), we first show that for u € BL=(R), (2.12) holds.
Then, using the fact that for all u € €!(R) there exists a sequence {uy}x (ur € BL°(R))
convergeing to u and satisfying (2.9) and (2.10), we obtain the result. ¢



Theorem 2.5. Let u € B2°(R?). Then, for each p = 0,1,--- ,d — 1, e~"*(a%:P) Jeayes
D(p,?) = @™ D(p,?) invariant and the following equations holds on D(p,?):

eiu(ax,bp)pie—iu(ax,bp)'/) — [pﬂ + a,ﬁlu(ax, bp)]21/) (2.13)

Proof. Let ¢, ¥ € D(p%) , by Theorem 2.4, we have

(Pi‘ﬁ’ e—iu(ax,bp)¢) = (p#¢, pue—iu(ax,bp)¢)
= (Pud, ¢ PP)p,gh) + (pud, e (PP, 8 u(ax, bp))
Since pu¥ € D(p,) , we obtain e"*(%bP)p ¢ € D(p,). Using that u(ax,bp) and

d1u(ax, bp) commute and 8 u € B1°(R?), we obtain e~**(%:¥P) g, 5, u(ax, bp}tp € D(p,).
Hence e™**(*:!P)¢p ¢ D(p2). Using (2.11), we have (2.13).

Now let

Dm — —p2 = 6060 - 6131 —rr = ad_lad—l, (2'14)

D(Dm) = @mﬂZ;ZD(Pu2)1
where '
a]¢ = (aﬂbl(x)’ ,aj'(»bm(x))- (2.15)

The operator[],, is a free d‘Alembertian on ™ L2(R*). Since it is essentially self-adjoint,
we denote its closure by Hy. For u € €'(R?), we define

O = ~[p + adyu(ax, bp)]?
: d—1
= [Bp — 1apO1u(ax, bp))? — Z[a,- —ia;6;u(ax, bp))?, (2.16)

=1

D@n,u) = D", Dl(pa + audsu(ax, bo)).

Using Theorem 2.5, we obtain the following theorem.

Theorem 2.6. Let u € B2°°(R?) Then,[pm,u is essentially self-adjoint on D(1 »), and
the following equation holds:

eiu(a,x,bp)I_Ioe—iu(ax,bp) - Dm

su”

6



Let M3*(R) be the set of d x d real anti-symmetric matrices. For f € M3*(R) and
q € M? we define the following operator

| Qu(x) = fun(x’ — q°). (217)
That is,

Qu®) : ($1(2); - ¥m(2)) = (fun(2” — ¢ W1 (), -, Fur(3” — ¢")pm(2)).

We denote Q. (x) by Q.. We can easily show that Q, is essentially self-adjoint on
P CE(RY). Q.. leaves ™ S(R?) invariant, and for p,v=0,1,--- ., d—1,

[pust] = ifuu, pv=0,1,--- ,d';' 1.
For Q, we define an operator Ly as follows,

L; =Q,p", ' (2.18)

m d—1

D(Ly) = @ m D(Q“p“).

o u=0

By the above commutation relations, the equation

quu = Qupu

holds on D(Ly). Hence, Ly is a symmetric operator on @™ L?(R4).
Proposition 2.7. Ly is essentially self-adjoint on @™ CS°(R?).

Proof. Let

o] = /()2 + @)+ + (2412, @ =(a0,- - ,a8"),

d—1
A= —Zpi.

pu=0
Let N be the Hamiltonian of the harmonic oscilator operating on @™ L2(R4);

N: (%1(2), - s ¥m(2)) = (A + |2 )1 (), (= A + |2[)pm(z)),

D(N) = 5 D(A)n D(jz]?).
We can see that N is essentially self-adjoint on @™ C§°(R?). We get for p € @™ CX(RY),

7



ILspl* < Cill(N + D)2, (2.19)

(L%, Ngp) — (N, Lpp)| < Co[|(N + 1) F9p|2. (2.20)

where C; and C; are positive constants. Hence, by Nelson‘s commutator theorem (for
example, see [R-S2], Theorem X.37), we obtain the desired result. ¢

For each a € M¢
fa:={f€M;s(R)|a“fuu=0,V‘_‘O’la"'ad—l}' (221)

Proposition 2.8. Let a € M¢.

(1) If f € F,, then each Q,, and ap strongly commute.
(2) If f € F,, then L strongly commutes with ax and ap.

Proof. Similar to the proof of Proposition 3.2 in [A-T). ¢



JII. LORENTZ TRANSFORMATIONS AND OPERATOR CALCULUS

Let (a,b) € My, f € FoNFy and u € Byea(R?) Then, by Proposition 2.8, u(az, bp) and
L; strongly commute. Putting

DF,: @ ﬂJ v, D(u(az, bp)I;). (3.1)

The following operator

M(u,Ly) = fulax, bp)L 70, (32)

is self-adjoint . For f € M;S(R) a.nd u € L,
operator on the Hilbert space @)% 0 L [@™LA(RY)]

R?), we define the following bounded

e —fu dx,b _ ~ (_1)kfku(ax’ bp)k
. A(f,u) := e~ Tulaxbp) - Z - , | (3.3)
where 3
F= ) up=0,0-1,  fH =" Fr. , (3.4)
Note that each component of (A(f,u)) is given as follows;
> —1kf’°,~u ax,bp)f . .
(A = Yo COVIou@n ) 5y ), (35)
k=0

Lemma 3.1. A(f,u) is a bounded Lorentz transformation on @“_0 e LQ(R‘{)]

Remark. A linear operator T represented as a matrix operator T = (T*#,) on H =
G)u_o M, (each H, is a complex Hilbert space and T*#, is an operator from H, to
H, .) is called an operator-valued Lorentz transformation if

(T)‘u)*g)\pru - Guv
where g = (guv) : H — H is defined by

(9¢)0 = '¢'0’ (g¢)2 = ~¢j (.7 = la ’d_ 1)

To prove Lemma, 3.1, we use the following proposition.

- Proposition 3.2. Let S be a symmetric operator on a Hilbert space K and f € M, Z(R).

If S is bounded, then efS is a bounded operator-valued Lorentz transformation on G}ﬁ_t K.
(For proof, see Proposition 4.4 of [A-TJ.)



Proof of Lemma 3.1. Since u(ax, bp) is a bounded ‘symmetrlc operator on @™ L?(RY),
by Propos1t1on 3.2, e=fu(a%5P) is a bounded operator-valued Lorentz transformation on

D, ®" L2(RY). 0

Lemma 3.3. _
(1) I f € 7, , then ,

' A(f,u)# 0@’ =a*,u=0,1,---,d-1 (3.6)
on @™ LE(RY).

(2) Let v € BLo(R?). Then each component of A(f,u) leaves D(p,)
(A=0,1,---,d — 1) invariant and for all € D(p,),

PAA(f,u)* % = —iaxBu(ax, bp)A(f, u)* £, 1 + A(f, )", prtp. (3.7)

Proof. Similar to the proof of Lemma 5.1 in [A-T]. ¢

Theorem 3.4. Let f € FoNFy andu € BH°(R?). Then for allh € D(N), e~ ™M(nLs)y ¢
D(p,) (v=0,1,--+,d—1) and

eiM(x, L;)pue iM(u, L!)¢ A(f, u)“(p + a"alu(ax bp)Lf)¢ (3.8)

Proof Similar to the proof of Throrem 5.2 in [A-T]. ¢

Let u,v € Brea(R?) and f € F,NF; . Then, by Proposition 2.8, u(ax, bp) and M(v, L )
strongly commute. Thus u(ax,bp) + M(v, L f) is essentially self-adjoint.  We denote its
closure by M(u;v,Ly¢) .

Theorem 3.5. Let u,v € B1*°(R?) and f € F, N F; . Then e~ ™M®¥L1)yh ¢ D(p#) for
allp € D(N) and p =0,1,--- ,d — 1. Moreover,

eMsv L) p=MEnLNY — A(f,0)* {p” + a*(yv(ax, bp)Ly + dyu(ax, bp)}p. (3.9)
Proof. Similar to the proof of Throrem 5.5 in [A-T]. $
For u,v € €}(R?), we define

Hm,fu,0 = =[P + a(01v(ax, bp)i?+ O1u(ax, bp))?
= [0y — 1ao(O1v(ax, bp)Lys + 8;u(ax, bp)]?

- Z_:[a,- —ta;j(01v(ax, bp)Ly + 8yu(ax, bp))?, (3.10)

D, fu,0) = @mﬂz;ZD([p“ + a,(d1v(ax, bp)Ly + 81u(ax, bp)]?).

10



Theorem 3.6. Let u,v € B32(R?) and f € F,NFy . Then, foreach p =0,1,---,d—1,
e~M(¥v.Ly) maps D(N?) into D(p*?) , and, for all§p € D(N?),

eiM(u;v,Lf)(pu?)e—iM(u;v,Lf)'b

= [A(f,v)* {p” + a”(B1v(ax,bp)L; + 8, u(ax, bp)}]*%. (3.11)
In particular, D(N?) C D(Op fuv) and for % € D(N?)
eiM(u;v,L,)Dme—iM(u;v,L;),/, =, fru,v¥- (3.12)

- Proof. Similar to the proof of Throrem 5.10 in [A-T]. $

Let w € Breal(R?) . Then we can define a self-adjoint operator w(ax, bp). Let K is an
m x m Hermitian matrix. We can define a self-adjoint operator Kw(ax, bp) on @™ L*(R?)
by

(Kw(ax,bp)p); = Z Kjrw(az,bp)pr, o€ @L2(Rd)
k=1

Theorem 3.7. Let w € €'(R?) and ¥ € D(p,) N D(81w(ax,bp)). Then, for each p =
0,1,--+,d—1, e7*Kw(axP)yp ¢ D(p,) and

eKulaxtp)p o~iKw@bP)y — p b+ 0, KB w(ax,bp)p.  (3.13)
Proof. The proof of this theorem is similar to that of Theoren 3.4. {

Let u,v,w € Breat(R?) and f € F, N F, . Then, by Proposition 2.8, u(ax, bp) and
M(w;v,Ly) strongly commute. Thus, Ku(ax, bp) + M(w;v,Ly) is essentially self-adjoint.
We denote its closure by M(u, K;w;v,Ly) . That is

M(u, K;w;v,Ly) := Ku(ax, bp) + M(w; v,Ly). (3.14)
In particular, for t € R |

eitM(u,K;w;v,L;) — eitM(w;v,Lf)eitKu(ax,bp) — eit}'\'u(ax,bp)eitM(w;v,L)«)

Theorem 3.8. Let u,v,w € BV*°(R?) and f € F, N Fy . Then
e~iM(u.K5wiv,Ly)y)y ¢ D(p*) for all o € D(N) and 4 =0,1,--- ,d — 1. Moreover,

eiM(u,K;w;v,Lf)pue—iM(u,K;w;v,L)«)’p

= A(f,v)* {p" + a”*(B1v(ax,bp)Ly + 8y w(ax, bp) + K u(ax, bp))}. .19
3.15

11



Proof. On D(N) the following equation holds;

eitM(u,-;v,Lf)eitK'u(ax,b'p) -—itKu(ax,bp)e-—itM(w;v,L;)

phe
— eitM(w;v,L,)[p“ + a“I{al'u(ax, bp)]e—itM(w;v,Lj)

— eAitM(w;‘u,L;)pp‘e—itM(w;'v,l'..f) + auKalu(ax, bp)

Then by Theorem 3.5, we can prove this theorem. ¢

For u,v,w € €1(R?) and an m x m Hermitian matrix K, we define

U, . f,u,00 = =[P + a(0yv(ax, bp)ff_ + & w(ax, bp) + K8 u(ax, bp)))?
= [8y — 1ag(B1v(ax, bp)L; + S1w(ax, bp) + K 8 u(ax, bp)))?
d—1
— ) [8; — ia;(8yv(ax, bp)Ly + Byw(ax, bp) + Kdyu(ax, bp))[?,
j=1 _ (3.16)
D(Dm,l(,f,u,v,w)
m .~ d-—1 -
= @ ﬂu=0D([Pu + au(01v(ax, bp)Ly + d1w(ax, bp) + K u(ax, bp)))?).

Theorem 3.9. Let u,v,w € B>2(R?) and f € F, N Fy . Then, for each
p=0,1,-.,d—1, emMuIGwvLs) mang D(N?) into D(p*?), and for all ¢ € D(N?),

. ez’M(u,K;w;v,L,)(ppZ)e—iM(u,K;w;v,Lf)¢

= [A(f,v)* {p” + a”(O1v(ax, bp)L; + d1w(ax, bp) + K8 u(ax, bp))})%4.
(3.17)

In particular, D(N?) € D(U, k,fuvw) and for ¢ € D(N?)

eiM(u,K;w;’u,L‘f )Dme—iM(u,I(;w;v,L;)¢ — Dm K. fuw w')[’- (318)

The proof of this theorem is similar to that of Theorem 3.6.

Let
AHf(u, .K; w, v) — eiM(u,K;w;v,Lf)Hoc—iM(u,I(;w;v,L)«)

Corollary 3.10. Let u,v,w € B**(R?) and f € F, N F;. Then H(u,K;w,v) is a
self-adjoint extention of U k. f.u,v,w[ D(N2)
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IV. INTEGRAL KERNELS OF THE UNITARY GROUPS
GENERATED BY PERTURBED D’ALEMBERTIANS

Let ¥ € @™ L'(R%) N L2(R?). Then, for each %; € L'(RY) N L2(RY) (j = 1,2, -m),
(o)) = [ Aoy, (4.1)

ete(a)m(d—2)/4

Ay(z,y) = SERATATT

ei(w—y)2/4s, (4.2)

4

where €(s) is the sign function.

Let Nz be the set of null vectors in M¢, that is, each z € A satisfies z2 = 0. Let
Hy(u,v) 1= eMuvLe) g e=iM(uiv,ly) ( M(u;v,Ls) and Hy are M(u;v,Lf) and Hy
respectively in the case of m = 1.) and &, ;(z,y;s) be a function on R? x R? x R\ {0}
defined by

1 —lu(az - 8)—u - 1:’ g v v
@, f(z,y;8) == ﬂ(y” — ¢*)(1 — eIu(ez,(by—bz)/28)~u(ay,(by~bz)/2 )]f),“,(m —¢"). (4.3)

Note that e~l[v(az,(by—bz)/28)—u(ay,(by—b2)/29)lf i5 5 d x d matrix whose components are
operators. Then we have the following theorem. (see Theorem 6.7 of [A-T].)

Theorem 4.1. For each 91, ,%m, u,v € Breat(R?), f € FaNFy, s € R\ {0} and
a,b € Ny, we obtain
(eist(u,v)wj)(x)

- / 1102, (09=b2)/20)~u(av, Gy =b2) 20000 A A (3 Vs(y)dy,  (4.4)
Rd

Let u,v,w € Brea(R2). Now we can write
eisH,(u,K;w‘,v) — ciM(u,K;w;v,Lf)eisHoe—iM(u,K;w;'v,Lf)
— eiM(u,K;u;;v,Lf)eisHoe—iM(u,K;w;v,Lf)e—isHo ei-!Ho_
Since the following equation hold on ™ S(R?),
. eiaHoxue-isHo = xH + 2sp”,
and ax +2sap is essentially self-adjoint on @™ C$°(R?), by functional calculus, we obtain

e'*Hoy(ax, bp)e~**Ho = y(ax + 2sap, bp)

e**Hoy(ax, bp)e Mo = w(ax + 2sap, bp).

13



Using the fact that Ly strongly commute with Hy (see Lemma 6.6 in [A-T])
e**Hoy(ax, bp)Lye "o = y(ax + 2sap, bp)Ly
Hence, ‘
e *MoM(u, K;w;v,Ly)e*Ho
= w(ax + 2sap, bp) + Ku(ax + 2sap, bp) + v(ax + 2sap, bp)L;, (4.5)

so that
eisH, (v, Kjw,v) _ eiM(u,I(;w;v,L;)e—i[w(ax+2sa.p,bp)+Ku(ax+2sap,bp)+v(ax+2sap,bp)f;]eisHo

— eiK[u(ax,bp)—u(ax+2sap,bp)] eisH; (w,v) (46)

where
eist(w,v) — ei[w(a.x,bp)—w(ax+23ap,bp)]ei[v(ax,bp)-—v(ax+2sap,bp)f7] eisHo

Thus for all € P™L2(R?),

eist(u,I{;w,v)¢
— eiK[u(ax,bp)—u(ax+2sap,bp)](eiaHf(w,v),l/)I(x)’ e eiaH,(w,v),d)m(x)). (47)

Let A1, , Am(A < -+ £ Ap,) be eigenvalues of the Hermitian matrix K and V be a
unitary matrix satisfying

A1 0
K=V v-L (4.8)
| 0 Am |
We denote the above diagonal matrix by K4.Then
eiK(u.(ax,bp)—u(ax+2.9ap,bp)) — Veil(d(u(ax,bp)-—u(ax+2sap,bp))V—l. (49)
Since
¢1($) ei)\l(u(aa:,bp)—u(a:z+2sap,bp)),l)b](x)
eil&’d(u(ax,bp)—'u.(ax+2.9r;v.p,bp)) . . — .
e it (u(az,bp)~u(ZEFTsaP D) ), (1)

we can write ,
eist(w,v)¢l(x)
eisH;(u,K;w,v),‘/J — Veil(d(u(ax,bp)—u(ax+2sap,bp)) V——l
e"’Hf(w'”)l,bm(x)
/ei)q(u(aa:,bp)—u(az+2sap,bp))(V—leisH;(w,v)¢)l(z)

\ ei)\m(u(az,bP)—u(az+23aP’bl;))(V‘l eist (w,.v)¢)m(m)
( eiA1 (u(a.z,bp)—u(a:c+2-9apybp))eiSHf (w,v) (V_1¢)1 (SC)

\ ei)\m(u(az,bp)—u(m,b;o)) eisH; (w,v)(V—l¢)m(x) (410)
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By Theorem 4.1, if w,v € Breal(R?), f € Fo N F and a,b € Ny, we obtain
(eiSHf(w’v)gﬁ)(l‘)

—_ / ei[w(a:c,(by—b:c)/Zs)—w(ay,(by—b:c)/2a)]+i<I>,,,f (:z:,y;s)As(x’ y)¢(y)dy,
RY

for all ¢ € LY(RY) N Lé(Rd) and s € R\ {0}. Nou we set

k(z,y) = ei[w(az,(by—bx)/2s—w(ay,(by—bz)/2s)]+i4>u.;(z,y;S)As(x’ y). (4.11)
It is easy to show that |k(z,y)| is bounded and for all &, &; € R,
k(z = &1a — &b y) = e (0T en)ZetitaCy=bn)/2e (5 1y (2,4) € R? x R

We set
Fj($1,$2, 973) — i} (u(z1,28) —u(z1+2522,25) (J =1,2,---, m)

Since F; € L*(R?), by Lemma 6.2 of [A-T], we obtain for all ¢ € L*(R?) N L%(R?) and

—az by— bz
2s ' 2s

(Few,ap, pKag)e) = [ Fy(an, 2 (e, ¥)(u)dy,

where Kj is the operator of which kernel is given by k(z,y). Hence
(ei)\j (u(aa:,bp)—u(az+23ap,bp))eiaH;(w,v) ¢J)($)
— / ei)\j [u(az,(by—~bz)/23)—u(ay,(by—bz)/2s))
. R

« eilwlaz,(by—bz)/2s)—w(ay,(by—bz)/28)]+idy, @V A (z, y)d(y)dy. (4.12)
Since obviously V'ltk e "L (RY) N L2(RY) for p € @™ L' (R?) N L*(R?), we obtain
ei)\j (u(a:c,bp)—u(a:c+2.9ap,bp))e:’sH,(w,v)(V—1¢)j(x)
— / ei)\,- [u(az,(by—bz)/23)—u(ay,(by—bz)/23)]
R4 '

% ei[w(ax,(by—ba:)/2.9)-—w(ay,(by-—bz)/2s)]+i<l>.,,f(z,y;s)As(x, y)(V_lt,b)(y)dy.
(4.13)

By the previous arguments, we obtain the following theorem.

Theorem 4.2. Let u,v,w € Breai(R?), f € FaNFy and a,b € Ny. Let K be an m x m-
Hermite matrix and V = (v;;) be a unitary matrix satisfying

A 0
K=V( )V—l,
| 0 Am
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where {A;}i=1,....m(A1 < -+ < \,) are eigenvalues of K. Then for all ¢ € @"L' (RN
L?(R%), and s € R\ {0},

(eist (u,K;w,v)'.b)j(x)

m m
= Z Z 'Ujkm/ eiAk[u(a:c,(by—bz)/2s)—u(ay,(by_bz)/zs)]
Rd

k=1 I=1
x eilw(az,(by=be)/28) —w(ay,(by—b2)/26)|+i%u,1 (2D A (g, y)obi(y)dy, (4.14)

where (eist(u,I(;W,U)¢)j is the J-th compOnent of eist(“vI(;w,u)'/). .
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V. APPLICATION TO THE EXTERNAL FIELD PROBLEM FOR A SPIN-% PARTICLE

In this section, we apply the operator theory in the preceding sections to the external
field problem for a spin-% charged particle.

Let a € My, W € C7,,)(R), ue = uc(t) (¢ is a parameter) be a function in CL
satisfying the following properties.

(1) tu € BYR). ‘

(2) supser [tus(t)] < C (C is a constant independent of ¢).

(8) limeou(t)=1, teR\{0}.

Let K be an m X m Hermitian matrix.

(R)

Let F' = (Fuy)p,v=0,.. ,d—1 be a tensor field on M¢, Physically, F,, is an electromagnetic
field: A vector potential A = (Ag,--+,Ag—1) of the electromagnetic field is a vector field
on M¢? such that

Fuy =0,A, —0,A,. (5.1)
We assume that the vector potential A is the form

Au(z) =Qu(z)W'(az), p=0,---,d—1, (5.2)

where Q,(z) = fuu(z* — ¢*) (¢ € M? is a constant vector) with f € M33(R).
For A,, we define

Au:($1(2)y- s bm(2)) = (Ap(z)ppa(), -, Au(2)bm(2)) (5.3)

on P™ S(R?). We define
| A}, = apuc(ap)A, + %a,‘ue(ap)[l — apu(ap))(az — aq)*W'(az)? (5.4)
and
Ay ($1(2), - dm(2)) = (AL(2)ha(), -+, Ap()Pm(2). (5.5)

For all ) € @™ NI D(A,)] N D((ap)~(az ~ aq)*W'(az)?), we can see that

}%A2¢=Au¢1 p=0,1,---,d-1.

For W € C2,,, let .
Y(t) =W(t) + (t — ag)W'(2). (5.6)

We take W(t) such that Y (t) is bounded. For A¢ and Y (t), .
Y(ax) : ($1(2), -+ s ¥m(2)) = (Y(az)pa(2), -+ , Y (az)pm(2))
Y'(ax) : (¥1(2),"+ , ¥m(2)) = (Y'(az ) (), Y'(am)zpm(z))
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and .
B := A - z"-KY'(ax)ue(ap). (5.7)

That is, for all ¥ = (P1(z), -+ ,¥m(z)),

By, : (¥1(2),+ ,%m(@)) = (Ax(2)a(@), -, AL(2)bm(2))
- LK(Y'(az)uc(aplps(s), -, Y'(az)u(ap)bm(2)).
For Bj,, we define
o, (e) = p, — BY, (5.8)
D(Io,(¢)) = D(p,) N D(BY).

Let
d*w

2, = {W € B"(R) | (t — aq) i

€ L*(R)},

where r € Nj.
Lemma 5.1. Let W € 20, . Then I1y,(¢) is essentially self-adjoint on @™ Cg°(R?)

Proof. p, is essentially self-adjoint on @P™C(R?). Since, for ¢ > 0, Af and
(au/4)KY'(ax)uc(ap) is bounded , p, — B¢ is essentially self-adjoint on @™ C§(R?).
%

For Y (t), we introduce an operator-valued Lorentz transformation on @d—l D™ L H(RY):

k=0
A(e) 1= fY(@)uc(ap) (5.9)
and set '
IT*(e) := A(e)# IIo"(e€). (5.10)
We define ‘
| ga:={f€fa]f",\f)‘,,=a”a,,, /L,V:O,---,d—-l}. (511)

Lemma 5.2. Let W € 5, a € Ny and f € G,. Then IT#(e) is essential]_}’f self-adjoint on
" Cs°(RY)

Proof. We have for all € @™ CP(R?),

ﬂ“(e)d’ = Pe”‘;b + V€ﬂ¢,

18



where

P =p* + f¥,p"Y(ax)u.(ap) — apuc(ap)W'(ax)Q*
V& = %a"apue(ap)zY'(otx)2 — a*apu(ap)’Y (ax)(ax — aq)W'(ax)

+ %—a"ue(ap)[apue(ap) —1](ax — ap)?W'(ax)2 + i—a“KY'(ax)ue(ap).

P.# is symmetric on @™ C§°(R?) and we have

[IP#y|| < C||((N+1)|] (C: constant), (5.12)
(P, N¢p) — (N, P#4)] < DI|(N +1)"/%|| (D : constant)  (5.13)
for ¥ € @™ C5°(R%). Since N is essentially self-adjoint on @™ Cs°(R?), by Nelson’s
commutator theorem, we obtain that P* is essentially self-adjoint on @™ CP(RY). Tt is

easy to show that u.(ap), apuc(ap) and ¥ (ax) are bounded. Thus V.* is bounded and
self-adjoint. Hence P.* + V.* is essentially self-adjoint on @™ C°(R4). ¢

Let

(t) = / (s — ag®W'(s)%ds (t € R) (5.14)
for W € CL_(R). Put |

real

Y Que . Q®u.

M, = M( 1 ,K; 5 s W ®ue, Ly), (5.15)
Ul K) 1= e™™Me
where M is given by (3.34).
Let
'gg = {f €Ga | fuvar+ foray + fapay, =0, p,v,A=0,---,d— 1}. (5.16)

Theorem 5.3. Let W € W,, a € Ny and f € G°. Assume that (t —aq)W' € L%(R).
Then

U(e; K)p*U(e; K)™! = T (e). (5.17)

Proof. For all p € P™S(RY),

U K)p*U(6 K) 7' = A(e)" {A(S, (Y = W)®ue)” ,p™ — a”ue(ap) W' (ax)Lsep

B aVue(al;)Q’(ax)¢ + %KY'(ax)ue(ap)i,b}- (5.18)

19



Using

A(f;(Y = W)8ue)” \p* = P*® — f*su(ap)(Y(ax) — W(ax))p s

1
+ 50" apuc(ap)*(Y(ax) — W(ax))*y
(5.19)
and
"Lyt = apQ*y — f*,p*(ax — aq)yp,
we obtain )
U(e K)p*U(e; K) ™' = II*(e)p
for € @™ S(R?). By Lemma 5.2, we get the desired result. ¢
Now, as an Hermitian matrix K, we take
K = f,,o", (5.20)
oM = %[7#,7"], (5.21)
where v* (1 = 0,1, -+ ,d—1) are m X m-matrices satisfying the following anti-commutation
relations,
Yy + oyt =2g"7 1 (5.22)
I is the unit matrix. We denote f,,0*” by f-o. We define
H(e; f-0):=U(e; f-o)HoU(e; f-0)™? (5.23)

By Corollary 3.10, we obtain the following result.

Corollary 5.4. Let W € %3, a € Ny and f € G2. Assume that (t — ag)W' € L?(R) and
ue € B2(R). Then H(e; f - o) is a self-adjoint extension of —TIo(e)? [ D(2).

Let W € %3, a € Ny and f € G{. Assume that (¢t — ag)W' € L?(R) and u. € B2(R).
By Theorem 3.9,

Tho(e)* = [A({p — A+ 7(f - )Y "(ax)uc(ap)}]*

= (A, P" ~ A + S( - o)V (ax)uc(ap)}?
d—1 v
= YA {P¥ — A% + 2(f - o) (ax)uc(ap)}?

j=1
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on D(IN?). We ca,n\write
[A(©){p— A + Z(f - )Y (ax)uc(ap)}?

= (AP ~ A + 5(f - )Y (ax)apuc(ap)

= II(e)? + %(f - 0)Y'(ax)apuc(ap), j (5.24)
where .
I(e) = A(e)*,(P* — A®), | (5.25)
‘ d—-1
II(e)* = [A(e)(p — A = [A(e)°, (P* — A™)] - Z[A(e)ju(P" — A7)
Moredver,

fpVY’(ax)apue(ap) = apue(ap)f#,,{2W'(GX) + (ax - a‘q)W”(ax)}
= apuc(ap){(fuv — fuu)W'(ax) + (0, Qu — @, Q. )W"(ax)}.
Since (ax — aq)?p € @™ LA(R?) for all ¢ € D(N?), we get
[Py, au(ax — aq)?*W'(ax)?] = 2a,a,(ax — aq)W'(ax)? + 2a,a,(ax — aq)*W"(ax)
[Py, av(ax — aq)*W'(ax)?] = 2a,a,(ax — aq)W'(ax)? + 2a,a,(ax — aq)*W"(ax).
Hence ' |
[Py, an(ax — aq)*W'(ax)?] = [p,, a,(ax — aq)*W'(ax)?] (5.26)
on D(Nz)..We can see that |
| [Pos Aul = ifu W +i0, Q" (ax)
[p}taAu] = iprW, + iaquW”(aX).
on D(N?). Using the above results, we obtain
[Pu, Afz] - [pﬂ-’Aeu]
= iapue(ap){(fur — fup)W'(ax) + (a,Qu — 0, Qu)W" (ax)}. (5.27)
Thus,

2 1 R ; :
T1(e)* + 5(f - )Y"(ax)apuc(ap) = II(e)” — =0**{[p,, AL - [Py, AS]}
=7*(Pu — ALY (Py — A}). (5.28)
Hence, we can write
Io(e)® = Y (pp - AZ)'y"(p,, —A%). (5.29)

Thus we obtain the following result.
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Theorem 5.5. Let W € W3, a € My and f € G. Assume that‘(t —aq)W' € L*(R) and
ue € B2(R). Then the following equation

H(e; f - o) + m® = {y"(p, — A}) + mH{~7"(p, — AL) + m} (5.30)

holds on D(N?). Moreover, H(e;f - 0) + m? is a self-adjoint extention of
{7*(Pu — AL) + mH—7"(Py — AS) + m} [ D).

We have the following intégra,l-kernél representation of H(e; f - o)

Theorem 5.6. Let W € CL(R) and a € Ny, f € F, Assume that f - o is an m x m

real
Hermitian matrix and Ay, , A (A < +++ < A\p,) are eigenvalues of f -0 and V = (vij)

is a unitary matrix satisfying

A1 0
f-cr=V( )V—l.
0 Am

Then, for all € @™ L}(R?) N L%(R?), we have
(IO ) = 3 S utr [ O HEIIA )y, (530
k=1 1=1

ay — azx
2s

- %(y —q) {1 — exp [ue(ay; ax)(W(am) - W(ay))f] } (z —9q),

(¥ (a2) ~ ¥ (@) + sl 2 2)(Qaz) - Ofay)

@f(x,y;s) = —_ue( s

S

, 7 (5.32)
where (ei’H(f;f“’)t,b)j is the j-th component of .
Proof. We have only to take |

u= —-%Q@ue, v=-WQu,,w= —%Y@ue

as u,v,w in Theorem 4.2. $

From the assumption of u.,

lmudt) =ua() =7 (t€R\{0})

Let
“YQ®u_; . QQu_,;

M = M(— 2, K5 —

s Weu_y,Ly) (5.33)

and '
UK)=e"™,
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Lemma 5.7. Let W € 20;. And assume that (t — ag)W' € L*(R) . Then

s—lir.rtl)U(e;K) = U(K),

s— lirr(l)U(e;K)_1 =U(K)™.

Proof. Using general convergence theorem ([R-S1,Theorems VIII.25 and VIIL.21]), we have
only to show that M, converges to M on common core for M, and M.

Let D = @™o D((ap)~T;")]. Then for all 4 € D,

1 1 —_—
Mep = —7Y (ax)uc(ap}p + 5 ax)uc(ap) + ue(ap)W (ax)Ls¥,
1 - 1 _ _ —
My = — 27 (ax)(ap) ™ + 30(ax)(ap) ' + (ap) " W(ax)L7¥.
By functional calculus, lim,_,o M%) = M4 for 4 € D. D is a common core for M. and M.
Thus by [R-S1,Theorem VIIL.25], we can easily show that M, converges to M in strong

resolvent sense. By [R-S1,Theorem VIII.21], this is equivarent to lim,_.q e**Meghp = ei*Myp
for all p € L?(R?) and s € R\ {0}. ¢

By Lemma 5.7, we can show the following Lemma.

Lemma 5.8. Let W € 20;. Assume that (t — aq)W' € L*(R) and f € G°. Let
H(e; K) = U(e; K)HoU(e; K)™,

H(K) = U(K)H,U(K)™". (5.34)

Then H(e; K) converges to H(K) in the strong resolvent sense as € — 0.

Since H(e; K) converges to H(K) in the strong resolvent sense as ¢ — 0, ei*H(&K)
strongly converges to e*H(¥) for s € R\ {0} as € — 0. :

Now we take f-o as an m x m Hermitian matrix K. By Theorem 5.6, if W € CL.(R),
a'€ Ny, f € F, then, for all € @™ L}(R4) N L2(R?), we have

(eI () = 3 vur / Rde""ei’("“’)As(m,y)l/)z(y')dy- ~ (5.35)

k=1 l=1

Since e?*H(5f:9)4p strongly converges to e*H(F9)g for s € R\ {0}, we obtain the following
theorem.
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Theorem 5.9. Let W € real(R) and a € Nd,f € F. Assume that f-o isanm x m
Hermitian matrix and A1, - ,Am (A1 < -++ < Ap) are eigenvalues of f-o and V = (v;5)
is a unitary matrix satisfying

A1 0
f'a=V< )V"l.
. 0 Am

Then, for allp € @™ L1 (R?) N L*(R?), we have

R0 = 3N o [ O, (530)

k=1 I=1

/\ks (Y(ay) — Y(am)) + sQ(ayy) — Q(az)

0*(z,y; S) ay — az @y — az
~ —(y q) {1 — exp [ W(agg W(ax)f] } (z —q),

(5.37)

where (ei’H(‘;f'”)tlJ)j is the j-th component of 9.

We can prove the following theorem.

Theorem 5.10. Let W € 203, a € Ny and f € G). Assume that (t — ag)W' € L*(R) .
Then H(f- a) is a self-adjoint extension of —y*(p,—A,)v"(p,— A v)[ D(n2). In particular,
H(f-0)+m? is a self-adjoint extension of {y*(p, — A,)+m}{—7"(p, — A,)+m} [ D(N2)-

Proof. We showed that H(e; f - 0) = —7*(p, — AS)y”(py — Af) on D(N?). By Lemma
5.8, H(e; f - o) converges to H( f - o) in the strong resolvent sense as € — 0. And

lim H(e; £ o) = —7"(py — Au)y" (v — Au)b

on 1 € D(N?),
For 9 € D(N?) and ¢ € @™ L?(R¢), we have

(H(e; f-0)—2"), (H(e; f-0)—2)"'¢) = (¥,4) (2€C\R).
Since D(N?) C D(IIo(€)?) N D(v*(py — A )7 (P, — A,)), the limit € — 0 gives
(=7*(Pu = A" (P — Av) = 2*Yp, (H(f-0) —2)7 ) = (,4).
Thus, for all n € D(H(S - 7)),
(=7*(Pu — Ap)v"(Pv — ALY, 1) = (%, H(f - o)n).

24



Hence by self-adjointness of H(f- ), % € D(H(f-0)) and —v*(p, — A, )7" (Py —

H(f - o). So we get —v*(pu — Au)y"(Py — Ay) D2y C H(f - 0). ¢

Since H(e; f - o) is self-adjoint for € > 0,
[H(e; f-0) +m? £ig]™!,  5>0,

are bounded operators.By functional calculus

o0
H(e; f-o)+m?+ig]™! = }in}) :Fz‘/ eEis(m®in) xisH(e; f-0) g
- )

and

(6, H(e f:0)+m?L£in]~1¢)
= lim :Fz'/ooeiis(mziin)(‘ﬁ, e BT 0) ) g,
] .

6—0
where ¢,9 € @™ L?(R%). We can write

(¢, e:!:isH(e;f-a)¢)

=3 [ eI A )Y T () ) dyda
k=1Y ROxRS j=1 1=1

=Y [ Ao ) (VERREV )uu)dyd,
&

RixR4
so that
(8, [H(e f-0)+m? Lin] " y)
m 0
= lim '—'FZ / / eiia(mziin)e_iet(z’y;s)
=0 kZ_-:l ] R4 xR4

x Ay(2,y)(V*@)e(2)(V*$)k(y)dydzds.

Au)¢ =

(5.38)

(5.39)

Theorem 5.11. Let W € CL,(R) and a € Ny, f € F,. Assume that f - o is an m x m
Hermitian matrix and A1,--+ Ay (A1 < +++ < Am) are eigenvalues of f -0 and V = (vij)

is a unitary matrix satisfying

A1 0\
fv( )V
0 Am
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Then, for all ¢, € @™ L} (R?) N L*(R?), we have
(8, [H(e f-o)+m’ £in]"'¢)

m 0
— 1 . +is(m2+in) —i@f(:c,y;s)
3 ([0

X (V*¢)r(z)(V*4)r(y)dydz. (5.40)

Corollary 5.12. Let W € CL (R) and a € Ny, f '€ F,. Assume that f-o is an m x m
Hermitian matrix and Ay, , Ay (M < ++- < Am) are eigenvalues of f -0 and V = (vij)
is a unitary matrix satisfying

’ Al 0 }
f-a=V( )V—l.
0 Am

Then, for all ¢,% € @™L}(R%) N LA(R?), we have

(6, [H(f-0)+m? £in) ')

m (<]
= lim Z/ (/ eiis(mzii")e—i@k(”’y;’)A,(:c,y)ds)
§—0 1 Rdx R4 §

X (V*¢)r(2))(V*)i(y))dydz. | (5.41)
Let
(D) @)= [ O ()i (5.4

For 6 > 0, we can write for ¢, € L'(R?) n L(R?),

) )
lln‘t e:his(m2:i:in)(¢*’ e:i:visH,:'(f.'-a),‘/))des — / eiiam2(¢*, e:l:isH,:'(f-a)d))des, (543)
=%Jo 0

where (+,)r2 is the inner product of L?(R?).
In particular, if d > 3, using (4.2),

[+ o] o0
/ Iei”(mzi’")(qﬁ*, ei”H'Y(f'”)tp)des < (Constant independent of ) x / |s|=%/%ds
] . é
< ©0.

By the dominated convergence theorem, we have

oo oo
liII%) eiis(mz:l:in)(¢*, eii"H’:’(f'a)lﬁ)des — / eiism2(¢*’ e:i:iaH,,V(fv)d))des. (544)
m § §
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Hence if d > 3, for all ¢, € L*(R%) N L?>(R%), we have

lin}’ ~ eii’(mziin)(‘ﬁ*, eii’H’y(ﬂ”)’ﬁ)des = /oo eii’m2(¢*, eii’H’Y(f'a)ﬁb)des. (5.45)
1% Jo 0

Let _ -
S':llc:,l(qs"zb) = / eiism2(¢*’e:l:isH,:'(f-o).(/,)des (5.46)
0

and let

§
; ] * isHY (f-o
Thsa(8,8) = [ Hm(gr, XM U0y s
oo
. . v
T£,5,2(¢,¢) :=A eizsm2(¢*,ei:aHk ('f'a)'L/))deS.

Then we have

S81(,%) = Tk 51(0,%) + TE 5.5(8,9). (5.47)

It is easy to show that T:'f:’ 5,1(4,%) and T:’g, 5,2(#, ¥) are jointly continuous bilinear functional
on S(R?) x S(R?), so we can see that S’i,l(-, +) are jointly continuous bilinear functionals
on S(R?) x S(R?) . Hence, by the nuclear theorem, there exist unique 5%, € S'(RYxRY)
respectively, such that, for all ¢, € S(R?)

S:IIC:,1(¢ ® '(/)) = gzlf:,l(¢’¢)a (548)

where (6 ® ¥)(z,y) = ¢(z)¥(y).
We can see that for ¢, € @™ L(R?) N L2(R?)

1iII(1)(¢*, [H(f . 0') + m2 + 577]—1'/’) — IIII%)/ e:l:is(m2:|:i17)(¢*’eiiaH(f.a)¢)dS
n— n—0 Jo

— Z((V*¢*)k,6ii3H’Y(f'a)(V*t/))k)L2

k=1
=) Sk (V') ® (V*9)1), (5.49)
k=1
where ¢*(z) = (¢1(z), e m(z))
Let ‘ ~
Sea(@¥) =D S5 (V'é)k ® (V*9)). (5.50)

k=1

S+,1(¢ @ 1) are tempered distributions on R? x R4,
Thus we obtain the following theorem.
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Theorem 5.13. Let d > 3. Let W € ClLa(R) and a € Ny, f € F,. Then there exist
unique Si 1 € [P™ S(R? x R?))', respectively such that

S5:1(4 @) = lim(¢", [H(f-0)+m? £ 7).

for ¢,9 € @™ S(R?). Moreover

)
S:l:,l(¢ ® ¢) = %1_13]\/; e:htsm2(¢*, ein(f‘”)‘l/))dS.

Assume that W is slowly increasing C°°-function. That is, W satisfies

sup |(14]z[*)™'W(z)| < o
Tz€ERC :

for some [ € Ny. Then we can see that St1((=**(—=pp — A,) + m)p @ ¥) (*4* is the
transposed matrix of y*) are jointly continuous bilinear functionals on S(R?%) x S(R?).
By the nuclear theorem, there exist unique S4 € S'(R? x R%) respectively, such that, for

all ¢,9 € ™ S(RY),
S+($ ®%) = Sxa((=1*(~Pu — Au) + P & ¥)

We have
S+((*7*(—Pu — Au) + M) @) = 6(¢ ® )

forallg,p e P™ S (Rd) In this sence, 5S4 (¢®1) are Green’s functions of a Dirac operator
YH(Pp — Ap) +m. ,
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