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Abstract. For bounded Lebesgue measurable functions a, 8 on the unit circle,
Sop = aPy+BP_ is called a singular integral operator, where P, is an analytic projection
and P_ is a co-analytic projection. We study one-weighted norm inequalities of S, 3 on
L*(W). We introduce a class HS, of weights with r = la — B|/|la = Bl in order to
characterize those weights. For example, we show that S, is bounded with respect to a
weight W if and only if W belongs to HS, or |o — S|{W = 0. If r is a nonzero constant,
then HS, is just a well known class of weights due to Helson and Szegb. Moreover we
study the Koosis type problem of two weights of S, 5 and get very simple necessary and
sufficient conditions for such weights.



§1. Introduction

Let m denote the normalized Lebesgue measure on the unit circle T'. Let A be
the disc algebra, that is, A is the algebra of all continuous functions on T whose negative
Fourier coefficients are zero. For 0 < p < oo, the Hardy space H? is the closure of A in
L? = LP(m), and H* is the weak*-closure of A in L® = L®(m). A function @ in H*
is an inner function if |Q| = 1 a.e.. A function h is an outer function if there exists
a real function ¢ in L' and a real constant c such that h = e**#+ic where { denotes the
harmonic conjugate function of ¢ with #(0) = 0. Let Ao be the subspace of all functions
in A whose mean value is zero, and let Ay be the subspace of all complex conjugates of
functions in Ag. Let S be the singular integral operator defined by

sfe)==[ 1&g,

w1 Tz —(

the integral being a Cauchy principal value. If f is in L', then Sf(() exists for almost
everywhere ¢ on T, and Sf(() is a measurable function. We shall define the analytic
projection P, and co-analytic projection P_ by

Py =(I+5)/2,P.=(I-5)/2,
Where I denotes the identity operator. Then
(P = P)f(Q) = 8£(¢) = if(©)+ [_fdm.

For functions a and § in L*,

a—pf a+p
5 I

Sa,ﬁ=aP++ﬂP_= 2

S+
is called & singular integral operator (cf.[3]). For a nonnegative function W in L', put
L(W) = L*(Wdm) and ||fllw = { [ _|fPWdm}/.

In this paper, we consider the Helson-Szegd type problem of one weight of S4 5. We treat
the one-weighted norm inequalities as the following :

|Sasfllw < Cllfllw
and

|Sapfllw 2 €llfllw



where C and ¢ are positive constants. The first one-weighted inequality was studied by
H.Helson and G.Szegd [4] when @ = 1 and f =0 or o = 1 and B8 = —1. Then they
introduced a class HS of weights which satisfy such an inequality. In §3 of this paper,
we show that the first one-weighted inequality is true for some positive constant C if and
only if the weight W belongs to a class HS, of weights with r = | — B|/}lee — Blloo Or if
o — B|W = 0. HS, contains HS and if r is 2 positive constant, then HS, = HS [see
§2]. In §2, we study the relation between HS, and the (A;,) condition which is called the
weighted (A;) condition. The (Az) condition was introduced by M.Rosenblum in his study
“of the weighted continuity for the Poisson transform, and then used by B.Muckenhoupt
(before [5]) for the maximal function. R.A.Hunt, B.Muckenhoupt and R.L.Wheeden [5]
showed that HS consists of weights which satisfy the (A;) condition. T.Nakazi and
T.Yamamoto [8], and T.Yamamoto [12] studied the first one-weighted inequality for C =
1. They gave necessary and sufficient conditions that are more complicated than HS,. A
class of weights was introduced in [12]. Our class HS; is larger and more simple than that.
The second one-weighted inequality was studied by R.Rochberg [10] when the weight W
is in HS. T.Yamamoto [11] and T.Nakazi [7] studied it in some special cases. In 84 of
this paper, we give a simple necessary and sufficient condition for the second one-weighted
inequality for some positive constant ¢, when ess. inf o — 8] > 0.

In this paper, we consider the Koosis type problem of two weights, that is,
given a nonnegative function W in I find necessary and sufficient conditions on W such
that there exists a nonnegative and nonzero function U satisfying one of the following
two-weighted norm inequalities :

a6 fllv < Ifllw
and

Sapfllw 2 [l fllu-
The first two-weighted inequality was studied by P.Koosis [6] when a =1 and § =0 or
o =1 and 8 = —1. He showed that there exists a nonzero function U if and only if W1

belongs to L*. In §3, we can show that this type theorem is true for functions o and 3
in L°°. The second two-weighted inequality has never been studied before. In §4, we give
a very simple necessary and sufficient condition for that there exists a nonzero function
U for the second one. There is a different problem, that is, given nonnegative function
W and U in L! find necessary and sufficient conditions on W and U such that one of the
two-weighted norm inequalities above holds. This problem was solved in the particular
case of & = 1 and 8 = —1 by Cotlar and Sadosky using their lifting theorem. Since this
problem becomes very complicated in the general case of a, B € L*, we do not consider
this problem. In this paper, the Cotlar-Sadosky lifting theorem [1] is essential and is used
several times.



§2. Weighted Helson-Szegé or (A;) condition

In this section, we define a class HS, of weights which is called a weighted
Helson-Szegd class, and a class A;, of weights which satisfy the weighted (Az) condition.
We will show A;, D HS,. The weighted Helson-Szegé class will be used later. Let r be
a function in L® with 0 <r <1.

W € HS, if and only if W = e**?

where u and v are real functions in L* with |v| < 7/2, and there exists a finite constant
v > 0 such that

r?e* < ycosv and e™* < ycosv.
W € A,, if and only if there exists a finite constant y > 0 such that W~! € L' and
rgﬁ/(a)u//:l(a) <y (a€D).

D denotes the open unit disc and V is the harmonic:extension to D of a function V
in I'. W € HS if and only if W = €**? where u and v are real functions in L*° with
lvlloo < 7/2(seed]). W € HS, if and only if W = ¢**” where u and v are real functions
in L' with |v| < %, and there exists a finite constant v > 0 such that

2< e +e* < vycosv.

Hence, if r = 1 then HS, = HS and A;, = A;. The set A, is the well known class of
weights which satisfy the (A;) condition and HS = A,(see [5, Theorem 2]).

Theorem 1. Let r and r’ be functions in L® with0 <r<land 0 <r' < 1.

(1) A, D HS, D HS. In particular, if W € HS, then both r?W and W'
belong to L. ;

(2) If r/r' is bounded, then HS,» C HS, and hence if both r/r’ and r'/r are
bounded, then HS,» = HS,.

(3) If 7! is bounded, then Ay, = A; = HS = HS,.

(4) Ifr =0, then Ao, N L' = HS, N L.

(5) If r=2 ¢ | JL?, then HS, # HS and hence Ay, # As.

p>1
(6) W € HS, if and only if there exists a nonzero function V' € L' and a real

constant ¢ such that

:ly—r2W <V <AW and (V+¢)? <AVW

for some positive constant «.

Proof. (1) If W = e**?, u € L™ and ||v]|c < 7/2, then cosv > § > 0 for
some constant 6, e* € L and e™* € L. Hence there exists a finite constant ¥ > 1 such
that



r2e* < ycosv and e * < ycosv.

Thereforé HS, D HS. W € HS,, then W = e**?,r?e* < ycosv,e™ < ycosv and
~ > 1. Hence

r*W < ~ve? cosv and Wt < ye?cosw.

Put f = "%, then both f and f~! belongs to H? for some p < 1 because ||v||eo < 7/2.
Hence for any a € D

r2W(a) < vRef(a) < 7|f(a)|
and

W=1(a) < vRef(a) < 7lf(a)]-

This implies that W € Az, and Ay, 2 HS,. (2) Ifr < Cr' for some positive constant
C and W € HS, and W = €**¥ with 4/ > 1, then r2e* < (Cr')’e* < C?*y'cosv and
e~* < 4'cosv. This implies that W € HS, and HS. C HS,. (3) follows trivially from
(2). (4) When r =0, W € A,, if and only if W' € L', and W € HS, if and only if
W = e*+¥ and e < ycosv. FV = W1 € L}, then V +iV = e and |jv|lo < 7/2

for some real constant c. Hence V = e ¥cosv. If W is in L!, then u = —c — log(cosv)
belongs to L', W = e**? and e™* = e°cosv. (5) Suppose r~* ¢ |JL?. When logr € L,
p>1
if W = r—2, then we can write W = e*t? where v = 0, u = —2logr € L', r?e* = cosv
and e* < cosv. Hence W € HS,. If HS, = HS, then r~2 ¢ HS and hence r~2 € UL”.
p>1

This contradicts the hypothesis on r. When logr ¢ L', there exists r’ such that r <r' <
1, logr' € L* but (')~ ¢ | JL?. By (1) and (2), HS, 2 HSy 2 HS. If HS, = HS,
p>1

then HS.. = HS and hence (r')~2 € HS. This contradicts that (r')~2 & (JL?. Thus

p>1
HS, #+ HS.
(6) If W € HS,, then by the proof of (1) there exists a function f in H? with
Ref € L! such that

r*W < yRef and W~! < qRef™%.

If we put V = Ref, then Ref~! = V/{V?+ (V + ¢)?} for some real constant c. Hence
r?W <~V and

vV
W1y ——7F——<4qV"!
_7V2+(V+c)2 =7

and (V +¢)> < V2 + (V +¢)* < AVW. Conversely if -}Y-T‘ZW <V <qW and (V +¢)? <

YVW, then r2W < AV and V2 +(V +¢)? < 29VW. Hence W™ < 29V/{V? + (V +¢)%}.
If f =V +i(V+c), then f = e’**~* for some real constant s where |v| £ /2, and hence

6



r?W < ye***cosv and W1 < 2ve~(#+9) cos v.
Put e* = We™?, then W € HS,.

(6) of Theorem 1 with r = 1 implies a result of V.F.Gaposkin (cf.[4]). That
is, W € HS if and only if there exists a nonzero function V € L' and a real constant c
such that

:ly—WSVS'yWa,nd (V +c)? <HV?

for some positive constant ¥ > 1. Hence W € HS if and only if there is a bounded
function u; and a real constant ¢ such that ’

V4l <V,

where V = e~ W. We could not show that ¢ = 0. We can ask two natural questions.
Is the converse of (3) of Theorem 1 true ? Is (4) of Theorem 1 true in general 7 The
structure of HS, is not simple. We define two more simple classes B? and B} of weights.
Put

Bl ={W >0; W = WoWy,logW € L',r*W, € L®,W5' € L=, W, = ¢
and |v| < 7/2 — ¢ for some € > 0} and

B! = {W > 0; W = W,Wy,logW € L' r?W, € L*°,Wg' € L* Wl-e
and |v| < 7/2}. Then B! D HS, 2 B? D HS. There exists v such that |v| < 5 and

e~? ¢ IL'. Suppose W = WyW; = 1 x €?, then W € B! and W~! ¢ L'. This and (1)
of Theorem 1 implies that W ¢ H.S,. Hence BIDH S, for arbitrary r. If W = r~2 with

r=2 ¢ | JL?, then W € BY and W ¢ HS. Hence BODHS for some r. If r~! € L™, then
p>1

HS, = B° = HS. 1t is very nice if HS, = B} for arbltrary r. Unfortunately it is easy to
see that it is not true. In fact, if W € B? then by definition W~ belongs to L? for some
p > 1. Then the following characterization of W with W-! € L' shows that HS, # B?
for some r > 0. Both W and W~! belong to L! and W > 0 if and only if there exists a
nonzero r such that W € HS, N L' if and only if W € HSy, N L'. Suppose W > 0 and
W, W-! ¢ L. Let k = W= 4+4(W~1)", then k is an outer function, since Rek > 0. Since
k7 < W,k lisin H'. Let V = Re(k 1), then there exists a real constant ¢ such that
V + ¢ = Im(k™!). Hence, ~

W—2
W-2 + (W—1)~2W =VW
and
” 2 _ m(k=1)12 (W)~
(V+e)f = {Im(k™)}" = (W2 + (W-1)~2}2
! =VW.

<
= W (W
By (6) of Theorem 1, W € HS, N L', where

7



w2 :
r= \/W‘2 T >0 a.e.

Conversely, if W € HS, N L', then by (1) of Theorem 1, W, W~ € L'. Then we can
choose r such that r > 0 a.e.. Now it is easy to see that W € LP and W~ € L? for
some p > 1 and W > 0 if and only if there exists r such that 7 > 0 a.e., W€ BN L
for some p > 1, since if W € B! and 0 < & < 1 then W!~* € BY.

The following two lemmas will be used in §3. The first one was used by the
second author in [11] and its proof is clear.

Lemma 1. Let u,v and r be real functions. Then |1 — e™*~*|* < 1 —r? if and
only if r2e* + e < 2cosv.

Lemma 2. Let u,v and r be real functions, and 0 <r < 1.
r2e* < ycosv and e * < ycosv
for some constant v > 0 if and only if there exists a constant € > 0 such that
|1 —ee~v"®|2 < 1 — (er)2

Proof. If r2¢* < ycosv and e < 4 cosv for some v > 0, then

1
—3r2e“+l°g'y < cosv and e~(#t1987) < cosw.
Y

Put ¢ = 1/, then
(er)?ev 187 4 e~ (u+lo8) < 2 cosv.

By Lemma 1, |1 —ee™* %2 < 1— (er)?. Conversely, if [1 - ge”¥"?|2 < 1 — (er)?, then by
Lemma 1

(e7)%e® + e7* < 2cosv and s = u — loge.

Hence (er)?e® < 2cosv and e™* < 2cosv. Therefore if ¥ = 2/¢, then r2e* < ycosv and
e ™ < vycosv.



§3. Bounded singular integral operators

In this section, the first one-weighted norm inequality of Helson-Szeg type
and the first two-weighted norm inequality of Koosis type are studied.

Theorem 2. Suppose a, 8 are in L*® and W is a nonnegative function in L.
Then

ISasfllw < Cliflw  (F € A+ A)

for some positive constant C if and only if @ — 8 # 0 and W belongs to HS, with
r = |a— B|/|le = Blls, or jo — fIW = 0.

Proof. ||Sapllw < oo if and only if ||Sa-pollw < oo because Sapf = (a —
B)P.f+Bf (feA+ Ap). We shall prove that ||Sa—gollw < oo if and only if o — B#0
and W € HS, with r = |a — B|/|la = Bl or | — B|W = 0. Suppose ||Sa—pollw < o0
and C > ||Sa_pollw. Then, for fi € Aand f, € Ay

(e = B) fillly < C?|lfr+ falliv-
Let Wy = (C? — |a — B|) )W, Wy = W3 = C*W, then

‘/T{lfllzwl + | f2|*Wa + 2Re(f1faWs)}dm > 0.

By the Cotlar-Sadosky lifting theorem [1], there exists a k in H* such that [W5 — k|* <
W,W, and hence |C?W — k|* < C*(C? — |a — B]*)W?. Suppose |a — B|W # 0. Then
0 < |k| < 2C*W and hence logW € L'. Then

2
=

A2
ko =B
c*Ww 2

- C

Put ' = |a — B|/C and e~*~* = k/C*W where u and v are real functions, u € L', |v| £
7/2, then 0 < r' <1 and

Il _ e-u—iv|2 S 1— (TI)2.

By Lemma 2, e*+? belongs to HS,s and hence by (1) of Theorem 1, e~v~? ¢ [}. Therefore
C?We "7 = ke~ is a positive function in H'/? and hence by the Neuwirth-Newman
theorem [9], it is a positive constant C’. Thus W = C'C~2¢**” and W belongs to HS.
Put r = |a — f|/||a — Bles, then by (2) of Theorem 1, W € HS,. For the converse, if
la — B|W = 0, then ||Sa-gollw = 0 and hence we may assume W € HS,. By definition
of HS, and Lemma 2, W = ¢**? and

1 —ee ™2 <1—(er)?



for some positive constant €. If k = eWe "% then k = ee’~" is an outer function and
W — k|? < {1 — (er)?}W2.
This implies k € H*. Let Wy = {1 — (er)*}W, W, = W3 = W, then
| Ws — k[P < Wi Wa.
By the Cotlar-Sadosky lifting theorem [1], for f; € A and f, € Ag

LﬂhVWthm%+iRdﬁﬁwawmzo.
Hence,

ler fulldy < 2 + el
Thus |[Se—pofll < lla — BliZe I f Il

If ess.inf o — 8| > 0 and W # 0 in Theorem 2, then by (3) of Theorem 1,
|Sapllw < oo if and only if W € HS (see[11]). Hence Theorem 2 shows the Helson-Szegé
theorem [4]. The following theorem for & = 1 and 8 = 0 is the Koosis theorem [6].

Theorem 3. Suppose a, B are in L with o — 3 # 0 and W is a nonnegative
function in L!. There exists a nonnegative function U with o — S|U # 0 such that

ISasflle < Ifllw  (f € A+ Ad)

if and only if W~! belongs to L'.

Proof. Suppose |a—B|U # 0 and ||Sasfllv < || filw. Since max{|c|?, |8]*}U <
W, we have {ja — BlU > 0} € {W >0} CT. Put d = (U/W + €)'/? for some
e > 0, then |da — dB|W # 0 and |[Suxasfllw < |Ifllw. By Theorem 2, W € HS, for
r = dja — B|/||d(a = B)||ls- By (1) of Theorem 1, W-! belongs to L'. Conversely, if
W' € L!, by the remark after Theorem 1 there exists v’ with ' > 0 a.e. such that
W € HS,.. Thereexistsd € L suchthatd >0 a.e.and dla—p| < r'. By (2) of Theorem
1, W € HS, with r = d|a — 8|/||d(e = §)||ce- By Theorem 2, Saaasfllw < C|lfllw. Put
U = C~2d?W, then ||Sssfllv < ||fllw and | —B|U # 0, since U > 0 a.e. and a— 3 £ 0.

10



§4. Bounded below singular integral operators

In this section, the second one-weighted norm inequality and the second two-
weighted norm inequality are studied. We could not give a necessary and sufficient condi-
tion for the one-weighted inequality, in general. The second author [11] gave a necessary
and sufficient condition for that S,1s are bounded below with respect to W. When
W € HS, if S, p is bounded below w.r.t.W, then S, g is also bounded below w.rt.W.
Hence his result covers the Rochberg theorem for p = 2. The first author [7] generalized
the above result for arbitrary p,1 < p < co. In fact, Rochberg [10] gave the necessary and
sufficient condition for the invertibility of the Toeplitz operators on weighted H? spaces
for p,1 < p < co. In Theorem 4, HS, D B? (see §2) but unfortunately HS, # B 0 in
general. If r~! is bounded, then HS = BY (see §2).

Lemma 3. Let r be a function in L* with 0 < r < 1 and ess.inf o3| > 0.
The following (1) and (2) are equivalent.

(1) For any enough small positive constant €, there exist an inner function Q
and a real function ¢ in L! such that

af -

of = €2| QeiE and We™ € BC.

(2) There exist an inner function @ and a real function £ in L' such that

— = Qeiz and We™* € BC.
||

Proof. Put e = (af)|af — €*|/|aB|(af — %) and £ =t — 3, then

,3 it ] 7
_ Qez s — echez
Bl
for some real constant ¢ and
aB — & icy il _—is it
—— = Qe e = Qe".
laf — €7
Since We™* Wet)e? and w — 0 as ¢ = 0, for enough small € > 0 it is easy to
g

show that We‘e € B? if and only if We~t € B by definition of BY in §2. These imply
the equivalence of (1 ) and (2).

Theorem 4. Suppose a, 3 are in L* and W is a nonnegative function in L
satistying | — B|W # 0.
(1) If there exists a positive constant § such that

11



ISasfllw > 8l flw  (f € A+ Ad),

then for each positive constant 656 there exist an inner function @ and a real function ¢
in L' such that
aff —€*

— it -t
B — &7 Qe* and We™t € HS,

‘where r = |a — 8|/||a — B, and aB — €2, a and f are invertible in L*.

(2) If for each enough small positive constant & there exist an inner function
Q and a real function ¢ in L' such that
aff — &2

— el -
I—aB———E—Zl_Qe andWetEBS

where r = |a — B|/||@ — Bllcos and & — €%, a and B are invertible in L, then

ISasfllw = 8l fllw  (f € A+ Ao)

for some positive constant 6. B
Proof. (1) Suppose ||Sasflw > 6l|flw (f € A+ Ao). Let Wi = (jal* —
YW, W, = (|B)* — &)W, W5 = (aB — 62)W. Then, for f; € A and f; € Ao,

JAAPW + £ W, + 2Rel fs ;W) dm 2 0.

By the Cotlar-Sadosky lifting theorem (1], Wi > 0,W; > 0, and there exists a k' in
H! such that |W} — K/|2 < W]Wj. Hence, (|laf* — )W = 0,(|18> — )W > 0, and
l(aB — &)W — K2 < (Jo]* — &)(IBI” - §)W?. If k' = 0, then 8%l — PW? < 0.
This contradiction implies k' = 0. Since (Ja|> — §2)(|B]* — 6*) < |aB — 6%|%, we have
0 < |k'| < 2|aB — 6*|W and hence W > 0. Hence |a] 2 6 and |8| > 6. If 0 < e < 4, then

ISasflw 2 elflw (f € A+ Ao).
Let Wi = (le|* — )W, W = (18] — &%), Wa = (aB — e*)W. Then, for fi € A and
f2 € Ao,
/T{|f1|2W1 + | f2|*W2 + 2Re(f12Ws) }dm 2 0.

By the Cotlar-Sadosky lifting theorem [1], there exists a k in H 1 such that |Ws — k|? <
W, W,. Hence,

(@B — )W — k|* < (Jaf* — €)(|18]* — )W,

Since |a] > 6, |8] > 6 and 0 < € < §, we have |aB —€?| > |aB| — €* > 6% — € > 0. Hence
aB—e?, a and B are invertible in L. If k = 0, then €2|a— B]*W? < 0. This contradiction
implies k # 0. Since (Ja|? — €?)(|8* —€?) < |aB — €2[2, we have 0 < |k| < 2|afB — €*|W
and hence log(Jaf — €2|W) € L'. Then
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* _ (P =e)(81 - &)

af - P

1 k
‘  (aB - )W

If e* % = k/(af — €)W and ¢ = e|a — B|/|ap — €*| where u and v are real functions,
then |1 — e™*"]> <1 — ¢*, (aB — e®)W = ke*** and |aff — €*|W = |k|e*. Hence we can
take u,v in L! and |v| < g— By the inner-outer factorization of k, k£ = Qexzp{log |k| +
i(log |k|)~} where @ is an inner function. Put t = —¥ + log |k|, then

aff — € k

- =__eiu=Qleiz
lap — 2| |k

where Q' = Qe for some real constant ¢ and by Lemma 2
laB — e}|Wet = e*t? € HS,.

Let uo = log |aB — €?|, then ug € L™ and We™ = e(v=0)+?  Gince ¢%e* < vy cosv and
e~% < ~ycosv, we have g?e* % < (yell®ll=)cosv and e~(u=%) < (velluoll=) cosv. Hence
We™t € HS,. If r = |a — f|/||e — Bl|so, then both r/q and ¢/r are bounded. Hence by
(2) of Theorem 1, We™t belongs to HS,.

(2) If for each enough small positive constant ¢ there exist an inner function
@ and a real function ¢ in L' such that

a2 )
@_g‘z_n =Qe* and We* € BY,
then by Lemma 3
of

— Qei(°+z) and We™* € B?
||
and £ = t — § where ¢* = (af)|af — €?|/|aB|(af — €*) and c is a real constant. Note
l|s]lcc — O as € — 0 since ess. inf |o3| > 0. By definition of B, Wet = evt% where
Up € Lla “vO“oo < 5,
rle® < qpcosvy and e < 4pcos V.
Since t —£ =3 and ||s]lcc = 0 as e — 0,

Wet = Wele? = euot(vo—9)”

and ||vo — S|l < 7/2. Put uy = ug and v; = vy — s, then for small € > 0

- . )
la,g— €2I _ Qeit and We™t = entt? ¢ BS
ap — €

13



where
rZe®t < 4, cosvy and e < 7. cosvy.

Since v; = vo — s and ||s]jec — 0 as € = 0,7 1s bounded. Put u = u; + logve,v = vy and
p=r1/7e, then ., We™ = e**?, p’e* < cosv and e™ < cos v, and hence

ple* + e < 2cosv.

Put W' = %W/Ia[—? — €2, then |af — |W'e™" = . We™. Put k = (af — e)W'e™ ™,
then k = Qe!*e? ™ is in HP for some p > 0 and by Lemma 1,
2

k :
— ll _ e—u—w|2 < 1— PZ-

1= (aB — e )W'

Hence |k| < CW' for some positive constant C and so k € H'. If we put ¢ = ela —
Bl/le* — apl, then |

g_, lla=Ble ela— Bl _ exclle = Bl
o " Ta—Bl lf—e laB ¢l

and hence there exists ¢ > 0 such that ¢ < p because 7, and ||(ef —¢&?)7"||c are bounded.
Therefore

(@B — )W — k? < |aB — 2*(1 = )W? = (o — )(|BI* — )W*

Since a and B are invertible in L% and ¢ is enough small, we have |a| > € and |8] = ¢, Let
Wy = (Ja? =)W', W, = (|8]>—e*)W' and W5 = (af—e*)W'. Then, |Ws—k|> < W, W,.
By the Cotlar-Sadosky lifting theorem, for f; € A and f2 € Ao,

/T{|f1|2W1 +|f2l? + 2Re(f1faWs)}dm > 0.

Hence ||Saofllwr = ellfllw/(f € A+ Ad) and so ||Sasfllw 2 §]|f|lw for some positive
constant § because W/W',\W'/W € L*.

Corollary. Suppose a, 3 are in L* with ess.inf|a — Bl > 0 and W is a
nonnegative function in L*. Then the following (1) ~ (3) are equivalent.

(1) [Sapfllw = 68llfllw (fEA+ Ay) for some positive constant ¢.

(2) There exist a positive constant 655 , an inner function @ and a real function

£ in L! such that
_— )
afze Qe and Wete HS

e —e?
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where a8 — €%, o and f are invertible in L*.
(3) There exist an inner function @ and a real function ¢ in L* such that

9B _ et and Wet € HS
laf|

and both o and 3 are invertible in L. :

Proof. If ess.inf |a—B| > 0 and r = |a— B]/||a— B||, then by (3) of Theorem
1 and the remark in §2, HS, = B? = HS. Hence the equivalence of (1) and (2) follows
from Theorem 4. The equivalence of (2) and (3) follows from Lemma 3.

Theorem 5. Suppose a, B are in L*® with o — § # 0 and W is a nonnegative
function in L!. There exists a nonnegative function U with | — B|U # 0 such that

[1Sasflw 2 Il (f € A+ Ao)

if and only if there exist a real constant ¢ and a real function ¢ in L' such that

et

|ef] |oB|lW

Proof. Suppose ||Sasfllw = |Ifllv (f € A+ Ay). Let Wy = |a*W -U, W, =
|B]*W — U, W3 = afW — U. Then, for f € A and f, € Ao,

e !

JAAPWA+ 1L Wa + 2Re( o Ws)}dm 2 0.

By the Cotlar-Sadosky lifting theorem [1], Wy > 0, W, > 0, and there exists a k in H*
such that |Ws — k|> < W, W,. Hence, |a?W —U >0, |8*W —U > 0, and

(BW —U) — k[ < (|a2W — U)(|BPW = U).
By a calculation,
(JaPW — UY2(|BRW — U)? < |aB|W — U
and hence
|aBW — k| < (|af'W — UYV2(|BPW — U2 + U < |aB|W.

If k =0, then |@fW — U < (|a|*W —U)(|B|*W —U) and hence |a— S|*WU = 0. Hence
la — B|U = 0 on {W > 0}. Since U < min{|e/? |8]*}W, we have U = 0 on {W = 0},
and hence | — B|U = 0. This contradiction implies that k is a nonzero function. Hence
log |BW| € L because |k| < 2|aSW|. There exists an outer function g in H ! such that
|aBW| = |g|. Hence |aBW — k| < |g|. By a lemma of Koosis (cf.[2,p161]) there exists
an outer function f in H? such that
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op
g

_ L
11

gf is an outer function in H' and hence gf = et+il+e) where t = log |gf| and c is a real
constant. Thus

w

aB _ 9f _ i
leBl  lgfl
,and
et et L
W g - el

_ We will show the converse. Put G = e/|aB|W, then G € L'. Put k =
ettile+) (G +1@), then |k| < €'/G = |¢f|W and hence k € H*. Since afi/|af| = e+,

_ _ eti(etd) _ et
Wkl = |cBW- | = [laBW - ——
[ | aﬂ_ G1iC "aﬂl G+iG‘
_ G . G
_ Wll— ~‘= W |
[ G+iC ] ‘G-l—z‘G,

Let U = G?W/(G? + G"), then U > 0 and
|apW — k| = |aBPW(W - U)
We may assume |o| < 1and || < 1. Foral f=fi+fa€ A+ Ay,

[ 1ussPWam— [|P. fI"laB[Udm
= / |F2(jaPW = |o?|BU)dm + / |fa|2|B*Wdm + 2Re / FiFa(aBW — k)dm
> [IAPlaP(W — U)dm + [|l18PWdm ~ 2 [T llaBIW (W - U)?dm
= [UAllal(W = U~ |f|IpIW Y dm 2 0

Similarly,

[ 18t PWdm — [\P-fPlaBUdm

[\AFlafWam+ [1PBEW = |al*|BPU)dm + 2Re [ fufa(ePW = B)dm
[1fsPlaPWam + [1£PIBEW - U)dm ~2 [1f:FllaB W /AW — U)/2dm
0

v 1V

Suppose U’ = |aB|?U/4, then U’ > 0. Since a — B#0,|a—pBlU" #0and
1Sa,sfllw = 1Py fllor + 1 P- fllor 2 1| Fllo-
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