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Hilbert Schemes and Simple Singularities A, and D,

YUKARI ITO aND IKU NAKAMURA

ABSTRACT. For any finite subgroup G of SL(2,C) of order n, we consider a certain subscheme
Hilb%(A?) of Hilb™(A?) consisting of G-invariant 0-dimensional subschemes of length n. We
prove without using the classification of finite subgroups in SL(2,C) that Hilb®(A?) is a
minimal resolution of a simple singularity A%2/G in the canonical manner. Any point of the
exceptional set is a G-invariant 0-dimensional subscheme of A% with support the origin, to
which we associate the ideal sheaf I defining the subscheme. A minimal G-submodule of I’
generating the O,2-module I is a one dimensional trivial G-module plus one or two nontrivial
mutually distinct irreducible G-modules. This gives a bijective correpondence between the
set of all the irreducible components of the exceptional set and the set of all the equivalence
classes of irreducible G-modules, which turns out to be the (classical) McKay correspondence.

Introduction. It is well known that to finite subgroups of SL(2,C), there correspond
certain hypersurface singularities as the quotients of a complex affine plane A? by the finite
groups. These singularities are called simple singularities, Kleinian singularities, rational
double points or ADE. In the present article we study the simple singularities and their
resolutions (of singularities) from a purely algebro-geometric point of view.

Let S™(A?) (~ Chow"(A?)) be the n-th symmetric product of A%, that is by definition,
the quotient of the product of n-copies of A2 by the natural action of the symmetry
group S, of n letters. Let Hilb™(A?) be the Hilbert scheme of A? parametrizing all the
0-dimensional subschemes of length n. By [Beauville|[Fogarty] Hilb"(A?) is a crepant
resolution of S™(A?) with a holomorphic symplectic structure.

Let G be an arbitrary finite subgroup of SL(2,C). The group G operates on A? so that
it operates upon both Hilb™(A?) and S™(A?) canonically. Now we consider the particular
case where n is equal to the order of G. Then it is easy to see that the G-fixed point
set S"(A%)% in S™(A?) is isomorphic to the quotient space A?/G. The G-fixed point set
Hilb™(A?)C in Hilb"(A?) is always nonsingular, but a priori can be disconnected. There
is however a unique irreducible component of Hilb”(A%)¢ dominating S®(A2)%, which we
denote by Hilb®(A?). (See Corollary 5.5 and the remark to it.) Since Hilb®(A?) inherits
a holomorphic symplectic structure from Hilb™(A?), Hilb®(A?) is a crepant (or minimal)
resolution of an affine normal surface A%2/G with an isolated singularity (Theorem 1.3).

The purpose of the present article is to study the structure of Hile(Az) in detail in the
cases A, and D, using the symmetric tensor or homogeneous polynomial representations
of G. The cases Eg,E7 and Eg will be studied in "the second half” [N1] of the article.

The first author is a JSPS Research Fellow and partially supported by the Fujukai Foudation and JAMS.
The second author is partially supported by the Grant-in-aid (No. 06452001) for Scientific Research, the
Ministry of Education.

Typeset by ApS-TEX



2 Yukari ITO and ITku NAKAMURA

Let m (resp. mg) be the maximal ideal of the origin of A? (resp. S := A?/G) and
let n = mg®,2. Any point p of the exceptional set E of Hilb®(A?) is a G-invariant
0-dimensional subscheme Z of A? with support the origin, to which we associate a G-
invariant ideal subsheaf I of m defining Z. As is easily shown, I contains n (Corollary
2.3). Let V(I) := I/(mI 4+ n). The finite G-module V(I) is isomorphic to a minimal
G-submodule of I/n generating the Oy2-module I/n.

If p is a smooth point of the exceptional set E, V(I) is a nontrivial irreducible G-module.
Meanwhile if p is a singular point of E, then V(I) is a sum of two mutually distinct
nontrivial irreducible G-modules. For any equivalence class of a nontrivial irreducible
G-module p we define a subset E(p) of E consisting of all I € Hilb®(A?) such that V(I)
contains p as a G-submodule. We will see that E(p) is naturally identified with the set of all
nontrivial proper G-silbmodules of p®2, which is isomorphic to a smooth rational curve by
Schur’s lemma (Theorems 3.5 and 3.6). The map p — E(p) gives a bijective correpondence
(Theorem 3.1) between the set Irr(G) of all the equivalence classes of irreducible G-modules
and the set Irr( E) of all the irreducible components of E, which turns out to be the classical
McKay correpondence [McKay]. We will also give an explanation as to why the tensoring
process by the natural representation enters the McKay correpondence. (See the paragraph
5.8 for instance.) An outline of the story is given in the paragraph 5.8. In addition to
the McKay correspondence, the most remarkable is that there are two kinds of dualities

'(Theorems 3.2, 3.3, 3.5) in the G-module decomposition of the algebra m/n called the
coalgebra of the group G. It is the second duality that explain the naturality of tensoring
process by the natural representation in the McKay correspondence. See also [IN2].

We remark that our results of the present article are true as well in any characteristic
if the groud field k is algebraically closed and if the order of G and the characteristic of k
are coprime.

The paper is organized as follows. In section one we prove that Hile(Az) is a crepant
(or minimal) resolution of A?2/G. In section 2 we give some preparatory lemmas from
representations of finite groups. In section 3 we formulate our main theorem and relevant
theorems we prove in the present article and [N1]. We will give a complete description of
the ideals corresponding to the points of the exceptional set E. In sections 4 and 5 we
study Hilb®(A?) and prove the main theorem in the cases A, and D,. The cases Eg,E7
and Eg will be discussed in [N1].

1. The Crepant (Minimal) Resolution

Lemma 1.1. Let G be a finite group in GL(2,C), Hilb"(A2?)¢ the subset of Hilb"(A?)
consisting of all the points fixed by any element of G. Then Hilb"(A\.z)G is nonsingular.

Proof. By [Fogarty] Hilb™(A?) is nonsmgular Let p be a point in H1lbn(A2)G Then the
action of G on Hilb"(A?) at p is linearlized.

ThIS is shown as follows. Let m be the maximal ideal of Ow,. Then G operates on
m/m? in the natural manner. Let B be a finite subset of m whose natural images in m/ m?
generate m/m2. Since G is finite, the set B* := {g(a);g € G,a € B} is also finite. Let U
be a linear subspace of m spannned by B*, which is obviously finite dimensional. By the
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definition the linear space U is G-invariant and the natural homomorphism 7 : U — m/m?
is G-equivariant. Since any representation of the finite group G is completely reducible,
there exists a G-equivariant linear subspace V of U such that U = V @ Ker 7. It follows
that V ~ m/m2. This shows that the action of G is linearized by a basis of V.

Therefore the fixed locus Hilb®(A2)€ at p is a linear subspace of W with regards to the
basis of V. Hence it is nonsingular. q.e.d.

Lemma 1.2. Let G be a finite subgroup in SL(2,C), n the order of G and S™(A?)® the
subset of S™(A?) consisting of all the points of S™(A?) fixed by any element of G. Then
S™(A%)G ~ AZ/G.

Proof. Let q (# 0) € A%. The point ¢ is fixed by no element of G except the identity.
Therefore the set G - q := {g(q);g € G} determines a point in S™(A2)¢. Conversely
any point of S*(A?)C is an unordered set T of n points in A%, If ¥ contains a point g
different from the origin, the above argument shows that ¥ contains the set G - q. Since
|IZ| =n = |G|, we have T =G - q.

We see that G-q = G-q' for a pair of points q (# 0) and q' (# 0) if and only if q' € G-q.
Therefore we have the isomorphism S™(A? \ {0})¢ ~ (A?\ {0})/G, which extends to a
finite morphism of S®(A%)¢ onto A?/G naturally. It follows from Zariski main theorem
that S"(A?)¢ ~ A?/G because A?/G is normal. q.e.d.

Theorem 1.3. Let G be a finite subgroup in SL(2,C), n the order of G. Then there is
a unique irreducible component Hilb®(A?) of Hilb"(A?)¢ dominating A?/G, which is a
crepant (or equivalently a minimal) resolution of A%/G.

Proof. We have a natural morphism 7 of Hilb®(A?) onto S™(A?)¢ defined by #(Z) =
supp(Z) (with due multiplicities) for a 0-dimensional subscheme Z of AZ.

Any point of S"(A2)G \ {0} is a G-orbit of a point p(# 0) € A?. It determines a
G-invariant reduced 0-dimensional subscheme. It follows that Hile(Az) is birationally
equivalent to S"(A2)C, so that it is a resolution of S™(A%)C.

By [Fujiki, Proposition 2.6], Hile(Az) inherits canonically a holomorphic symplectic
structure from Hilb(A2). Since dim Hilb®(A?) = dim A?/G = 2, this implies that the
dualising sheaf of Hile(A2) is trivial. This completes the proof. O

Lemma 1.4. Let m be the maximal ideal of Oa2 0 and Z € Hilb"(A?) with supp(Z) the
origin. Let I := Iz be the ideal defining Z. Then m™ C I.

Proof. We consider a descending chain of ideals m D I +m? > --- D I+ m"™*! D I. Since
RO(m/I) = h%(O2/I) — 1 = n — 1, there exists the least positive integer ¥ < n such that
I+mkF =T+mrt! Let M := I+ mF/I. Then we see that mM = I + m*+1/I = M,
whence M = 0 by Nakayama’s lemma. It follows that m* C I, a fortiori, m* C I. O

Remark. In what follows we identify a subscheme Z and the ideal Iz, so that we consider
Iz € Hilb"(A?) if no confusion is possible.

2. G-modules.
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Lemma 2.1. Let G be a finite group of GL(n,C). Let S be a connected scheme, T an
ideal of Opnxs with Oanxs/I flat over S and I, := T @ Opnx{s). Suppose that we are
given a regu]a.r action of G on Opnxs. If dim supp(Oanx(s)/Z,) = 0 for any s € S, then
Oan x{s}/Zs is independent of s as G-modules.

Proof. Smce dim supp(Oanx{s}/Zs) = 0, B (Oanxys}/Ts) = 0. Hence h°(Opnx(s}/Ts) is
constant on S. Therefore the sheaf Opn x5/7 is a locally free Og-module of finite rank. By
the assumption, G operates upon the vector space Oanx{s}/Zs, depending on s regularly.
Let A(g,z) := det(z - id —T(g)) be the characteristic polynomial of the action T(g) of
g € G on Opnxs/I. The coefficients of A(g,z) are fixed (or rather universal) symmetric
polynomials of eigenvalues of T(g). Since all the eigenvalues of T(g) are roots of unity,
it follows that the coefficients of A(g,z) are constant on S. In particular the character
TrT(g) is independent of s € S. Since any representation of a finite group is uniquely

determined by its character, the representation of G on Opnx{s}/Zs is independent of
se€S. O

Corollary 2.2. Let G be a finite subgroup of SL(2,C), I an ideal of Op2 with I €
Hilb®(A?). Then as G-modules Opz/I ~C[G] ~ ¥ ,(deg p)p, the group algebra.

Corollary 2.3. Let I be an ideal of Oy with I € Hilb®(A?). Any G-invariant function
vanishing at the origin is contained in I.

Proof. Op2/I ~ C[G] by Corollary 2.2. Any G-submodule of Oy2/I is viewed as a G-
submodule by the complete reducibility of G-modules. This implies that Oa2/I has a
unique trivial G-submodule spanned by constant fucntions of A?. It follows that any
G-invariant function vanishing at the origin is contained in I. O

3. Main Theorem.

Any finite subgroup of SL(2,C) is, up to conjugacy, one of the following subgroups by
[Klein]

type G order h
Apn  Zp4y  cyclic n+1 n+1
D, D,-2 Dbinary dihedral 4(n—-2) 2n-2
Eg T binary tetrahedral 24 12
E, O binary octahedral 48 18

Eg I binary icosahedral 120 30

where h is the Coxeter number of the corresponding root system.

Let G be a finite subgroup of SL(2,C), Irr(G) the set of all nontrivial irreducible G-
modules, and Irrg(G) the union of Irr(G) and the trivial one dimensional G-module.

Let V(p) € Irr(G) be a G-module, p the corresponding homomorphism of G into
GL(V(p)). If no confusion is possible we consider V(p) € Irr(G) or p € Irr(G) inter-
changeably.
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Let X = X¢ := Hilb%(A?), S = Sg := A?/G, m (resp. mg) the maximal ideal of X
(resp. S) at the origin and n := mgQy:. Let 7 : X — S be the natural morphism and E
the exceptional set of 7. Let Irr(E) be the set of irreducible components of E. Any I € X
contained in F is a G-invariant ideal of Qg2 which contains n by Lemma 2.2.

First we define »
Definition. V(I) :=I/(mI+n).
Definition. For any p,p', and p" € Irr(G) we define

E(p):= {I € Hilb%(A?); V(I) contains a G-module V(p)}
P(p, ') = {I € Hilb°(A%); V(1) contains a G-module V(p) & V(e')}
Qp, 0, p") := {I € Hilb%(A?); V(I) contains a G-module V(p) ® V(p') ® V(p")} .

Remark. If p # p', then P(p,p') = E(p) N E(p'). Note that p = p' is possible.

Definition. Two irreducible G-modules p and p’ are (McKay-) adjacent if p ® ppat O p'
or vice versa.

Definition. The McKay graph I‘(Irr(G)) of Irr(G) is defined to be a graph whose vertices
are Irr(G) Two vertices p and p' of I'(Irr(G)) are connected by a single edge if and only
if p and p' are adjacent.

Then our main theorem is stated as follows.

Theorem 3.1. Let G be a finite subgroup of SL(2,C). Then

(1) the map p — E(p) is a bijective correspondence between Irr(G) a.nd Irr(E),

(2) E(p) is a smooth rational curve for any p € Irt(G) with E(p)? =

(3) P(p,p') # 0 if and only if p and p' are adjacent. In this case P(p, p ) is a (reduced)
single point, where E(p) and E(p') intersect transversally.

(4) P(p,p) = Q(p,p',p") =0 for any p,p' p" € Irr(G).

By Theorem 3.1 (3) we see that if p # p', then E(p)E(p') = 1 or 0if p and p' are adjacent
or otherwise. Therefore I'(Irr(G)) is the same as I'(Irr(E)), the dual graph I'(Irr(E)) of
E, in other words, the Dynkin diagram of Sg. Let h (=: 2h) be the Coxeter number of
I(Irr( E)).

We define nonnegative integers d(p) for any p € Irr(G) as follows.

If G is cyclic, then we define e(x*) = k, d(x*) = |21 — k| where x is a generator of
the character group of G. Though the deﬁmtlon of e(p) and d(p) depends on the choice
of the generator x, the definition of the pair (A — d(p),k + d(p)) = (e(p),n + 1 — e(p)) is
independent of the choice. If G is not cyclic, then I'(Irr(G)) is star-shape with a unique
- center. For any p € Irr(G), we define d(p) to be the distance from the vertex p to the
center, where d(p) = 0 for the center p. It is evident that d(p) = d(p') =1 if p and
p' € Irr(G) are adjecent.

For any positive integer m let Sy, := S (pnat) be the symmetric m-tensors by ppas, that
is, the space of homogeneous polynomials of degree m. We call a G-submodule W of m/n
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homogeneous of degree m if it is generated by homogeneous polynomials of the same degree
m. m/n is decomposed into irreducible homogeneous G-modules because n is generated
by homogeneous polynomials. If W is a direct sum of homogeneous G-submodules, then
we denote the homogeneous part of W of degree m by S,,(W). For any G-module W
in some Sp,(m/n), we denote by S; - W a G-submodule of Sp,4;(m/n) generated by the
products of Sj(m/n) and W. We denote by W(p] the p-factor of W, that is, the sum of all
the copies of p in W. We denote by [W : p] the multiplicity of p € Irr(G) in a G-module
W. We define

Definition.

SMcKay(m/n) = Z Shd(p)(m/n) o]
pEIrr(G)

Theorem 3.2. Let G be any finite subgroup of SL(2,C) and 2h the Coxeter number of
G. Then as G-modules, we have

(1) m/n - EpEIrr(G) 2(deg P)P,
(2) SMcKa,y(m/n) Epelrr(G) 2p,
(3) Sp_p(m/n) ~ S p(m/n) for any k, Sk(m/n) =0 for k > 2h,

See [IN2] for Theorem 3.2. The duality (3) in the above theorem is sharpened as follows.
It is this form of the duality that we need for the explanation of the McKay observation.

Theorem 3.3. (. Dualzty) Assume that G is cyclic. Then for any p € Irr(G') there ex-
ists a unique pair VI )(p) and V., _ e(p)(p) of irreducible homogeneous G-submodules of

Se(p)(m/n)[p] and Sn+1_e(p)(m/n)[ ) respectively with the following properties.
(l) Ve-{p)(p) n+1—e(p)(p) -_ ,0
(2) If p and p' are adjacent with e(p) = e(p') + 1, then e(p)(p) {5V e(p N4 ) }Hel
and V| n+1—e(p’ )(P ) {Sl n+1 e(p)(p)}[p ]:

Theorem 3.4. (Duality) Assume that G is not cyclic. Let 2h be the Coxeter number of
S. Let Viga(p)(P) := Shra(p)(m/n)lp] for any p € Irr(G). Then the following are true.

(1) Via(p(P) = Vagap(p) = p® or p if d(p) = 0 resp. d(p) > 1.

(2) Ifpand are adiacent with d(p') = d(p)+1 2 2, Vi_as(p) = {51 Vi-ai(#}]
and Vi1 4,0 (0") = {51 * Vit (P)}HP'l,

(3) If d(p) = O, then there exists p; € Irr(G) (i = 1,2,3) adjacent to p such that

{S1-Vi_ l(pz)}[p]’“pfor any i, Vi(p) = {51- Va- 1(pz)}[p]+{51 Vi—1(p;i)}p] (¢ # j) and
Vh+1(p1) = {5 - Vh(p)}[Pz]

The exceptional sets of Hile(AZ) are described in the following theorems.

Theorem 3.5. Assume that G is cyclic. Then
(1) I e E(p)\ Up:P(p,p ) if and only if V(I) is a nonzero irreducible G-submodule
(~ p) of V:('p)(p) OV, e(p)(p) different from V )(p) and V., _ e(p)(p)

(2) I€P(p,p')#0 withe(p)=e(p')+1 1fand only if V(I) = e(,,)(P)GB n+1_e(,,f)(P’)-
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Theorem 3.6. Assume that G is not cyclic.

(1) Assume d(p) > 1.

(1.1) I € E(p)\UpP(p,p') if and only if V(I) is a nonzero irreducible G-submodule
(= p) of Vi_a)(P) @ Viga(p)(p) different from Vj_y.,y(p) and Vi 4(,)(p)-

(1.2) Let p and p' be an adjacent pair with d(p') = d(p) + 1. Then I € P(p,p') if and
only if V(I) = Vi_4()(P) @ Vata(p)(P') (= W(p,0")).

(2) Assume d(p) =0.

(2.1) I€ E(p)\UyP(p,p') if and only if V(I) is a nonzero irreducible G-module (=~ p)
contained in V5 _q(,)(p) ® Viya(s)(p) different from {Sy - V3_,(p")}[p] for any p' € Irr(G)
adjacent to p.

(2.2) I€ P(p,p')# 0 if and only if V(I) = {S1- Vi_1(p') el © Vit1(p') (=: W(p, 0')).

Remark. Theorem 3.3-3.6 are proved in the present article for a binary dihedral group,
and in the second part [N1] for the remaining cases binary tetra, octa and icosahedral
groups.

Remark. One can recover I from V(I) by defining I = V/(I)Oy2 + n.

Remark. By Theorems 3.5 and 3.6, the curve E(p) is identified with P(p & p) ~ P!, the
projective space of nontrivial propér G-submodules p in p @ p.

Remark. The relations in Theorem 3.4 (1.2) or (2.2) as well as the following observation
explain why tensoring by the natural representation comes in the McKay correspondence.
See also [IN2]. We observe

W(p,0') = Vicae)(P) © Viray(p)  (dlp) 2 1,d(p") = d(p) + 1)
= {81 - Vica(o)(P)}P) @ Vayaey(p')
= Vi—a(p)(P) ® {51 Vigan) (P)}P']

W(p,p") = {51+ Va-1(P)}pl ® Viq1(p')  (d(p) =0,d(p) =1)
= {S1 - Vic1(P)}el ® {51 - Vi (p)}P']

4. A,.

4.1. Character table ' Let m be the maximal ideal of 0,2 at the origin. Let (z,y) be a
system of coordinates of A%, G a cyclic group of order n + 1 and o a generator of G. Let
¢ be a primitive (n 4+ 1)-th root of unity. We define the action of the generator ¢ upon C?
by (z,y) ~ (z,y) - g = (¢x,e7'y). The simple singularity of type A, is the quotient of A2
by the cyclic group G.

We recall the character table of G and relevant invariants.

The Coxeter number of A, is equal to n + 1.

P o d h-—d

i n+l-i (1<i<n)

Let ms be the maximal ideal of Sg at the origin and n := mgO,2.
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Lemma 4.2. Hile(Az) is the union of the following G-invariant ideals of colength n +1;

(%)= H mp = (2™ — g™t gy — ab,y" ! — b7
peT

I(pi : @) := (piz’ — qiy™+ ™

e
,zy, iyt

where ¥ is a G-invariant subset of A? disjoint from the origin with p := (a,b) € I,
p 7& (0’0)’ 1< ? <n and [Pi,%‘] € P!,

Proof. Let I € Hilb%(A?) with I C m. Then by Corollary 2.2 O2/I ~ C[G] ~ & ,p; as
G-modules. n C I by Corollary 2.3. Let N := m/n and M := I/n. N is generated by z!
and y? (1 <1,7 < n). Let N[p;] be the p;-part of N. Then N[p;] =~ p®? and it is spanned
by z* and y"*t1~*. By Theorem 3.3 M[p;] =~ {C[G] & po}[pi] =~ pi (Vi # 0).

It follows that there exists ¢ such that u := p;z* — ¢;y"t1~* € M for some [p;, ¢;] € P*.
If pigi # 0, then M = (u) + n/n and I = (u,zy,z*,y"+27%),

Assume that M contains none of p;z* —g;4™1~* with p;q; # 0. It follows from M][p] ~ p
(p # po) that M is spanned by z* and y"t2~%, Hence I = (z*,y" %"}, zy). O

Remark. As we see in the proof of Corollary 4.4, Hilb®(A?) is the disjoint union of the
subsets in Lemma 4.2 except that I;(0: 1) = I;4;(1:0).

. Theorem 4.3. Let a and b be the parameters of A? on which the group G acts by
g9(a,b) = (ea,eb). Let S:= A?/G, S the toric minimal resolution of S and U; the affine
charts of S defined by

A?/G ~ Spec C[a™*!, ab, "]
Ui :=Spec C[s;,t;]] (1<:<n+1)

where we denote s; 1= a'/b" 7% and t; := b™*t2~7/q~! under the usual notaion of
torus embeddings. Then the isomorphism of S with Hilb®(A?) is given by (the morphism
defined by the universal property of Hilb™(A?) from) two-dimensional flat families of zero-
dimensional subschemes defined by the following G-invariant ideals of Os (1 < i < n+1);

Ii(Si,ti) = (xi — siyn+1—i,my _ Siti,yn+2-—i _ ti.’l,'i_l),

Proof. First we note Z;(s;,0) = I;(1: s;). If ¢ > 2, then Z;(0,¢;) = Li—1(¢; : 1).

If ab = s;t; # 0, we see Z;(si,t;) = (2™ — a™t!, 2y — ab,y™t! — b711). In fact, let
p = (a,b) # (0,0) € A2 and T := {p-g;g € G}. 1t is clear that Z;(s;,t;) C m, so that
Zi(si,t;) C Iy by the G-invariance of Z;(s;,t;). Since the colengths of Z;(s;,t;) and Ix in
Op:2 are equal to n + 1, Z;(s;, t;) = Iy = (2™ — ™! 2y — ab,y™+1 — b)),

By the universality of Hilb™(A?) and by Lemma 4.2, we have a finite birational morphism
of S onto Hilb%(A2). It follows from Lemma 2.1 and Zariski’s main theorem that S ~
Hilb®(A?). This completes the proof. O
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Corollary 4.4. The exceptional set of the morphism = : Hilb®(A?) — A?/G consists of
a chain of n rational curves intersecting trasnversally.

Proof. We define a subset E; of Grass := Grass(m/J + m"*!,n) > Grass(2n,n) by E; =
{Ii(pi : ¢:); [pi, ai] € P'} ~ P* where Li(p; : ¢:) := Li(pi : ¢:)/n. _

_ We show that E; and E;; intersect transversally in Grass at a point p; := [;(0:1) =
Ii+1(1: 0). In fact, we see

f’(pl : q:) = (C(p,x’ —_ qiyn+1—i) + Cxl'l'l + Wz
Lia(pitr : giv1) = Cpip12™ — qipay™ ™) + Cy" 170 + W

Whe.re Wi = @;; b2 i (C$.j O Dicita Cy? -Ina down-to-earijh term, with the coefficients
of y*, y**1,z"* and z™*1*, the subspaces I;(p; : ¢;)/W; and I;11(Pit1 : giv1)/W; of m/W;
are expressed as 2 X 4 matrices

- 4 0 0 )

Li(pi + 4:)/ Wi = (Z()) 10 %)
_ . 0 i i 0
Liv1(pits ¢ git1)/ Wi = (0 p(-)i-1 q(-)*-l 1)

It is easy to see using this expression that E; and E;;; intersect transversally at a point
p;. It remains to prove that the algebraic structure of E; and the intersection are the same
as those induced from the strucuture of Hilb®(A2?). We define a G-invariant ideal T of
Op2xg by T = (V + 1) Op2x g where V is the universal subbundle of ng:ss of rank n over
Grass(2n,n). '

The coherent sheaf Op2xg/Z is Oyzx p-flat (in fact, locally free) because supp(Oy2 /1)
is O-dimensional and dim(Oy2/Z;)) is constant. Thus we have a flat family of zero-
dimensional subschemes in Hilb®(A2?) defined by G-invariant ideals 7 parametrized by
the chain E := Ey + - - + E, of rational curves. By the universality of Hilb™(A?) we have
an injective morphism of E into Hile(A2). It follows that the algebraic structure of E;
and the intersection are the same as those induced from Hilb™(A?). Therefore by Lemma
4.2 the exceptional set of 7 is E. 0O

4.5. Proof of Theorems 3.1, 3.2, 3.3 and 3.5 — A, case

First we prove uniqueness of Vji(p). Since S; = p; ® pn, we have unique choices
Vit (p1) = Si[p1] and V" (pr) = Si[px]. Then we have

Vit (pi) = {S1- Vi (pi-1)}pil
Vari—i(pat1-i) = {S1 - V_i(pn—i)[pn+1-i]-

In fact, since Sy - pi = pi+1 D pi—1, we have V{*’(pi) ~ p; and Vn—-i-l—i.(pn'i'l"i) ™~ Prt1-i
by the induction hypothesis. This proves uniqueness. ‘

We easily see that V" (p;) and Vai1-i(pi) are spanned respectively by z* and y
if 1 < ¢ < n. The assertions in Theorems 3.3 and 3.5 are clear from the above. If

n+l—i
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I € E(p;) \ UP(pi, pix+1), then V(I) ~ p; and I = I;(1: s) for some s # 0, which proves

(3) of Thoerem 3.2. If I € P(pi,pi-1), then by Theorem 4.3 we have I = I;(1 : 0) and

V() =Vt(p:) ® Vn__,_z_,(p,..l) This completes the proof of Theorems 3.2, 3.3 and 3.5.
Theorem 3.1 for G cyclic is now clear. It suffices to note E(p;) =

5. D5 and D,,.
5.1. Binary dihedral group. Let G be a subgroup of SL(2, C) of order 4n—8 generated

by two elements ¢ and 7;
R 0 ;= 0, 1
—\0, 1) “\-1, 0

where ¢ is a primitive £ := (2n — 4)-th root of unity. Then we have

o =1, r=10"?=7% ror =071

The group G is called a binary dihedral group D,_;. G operates upon A2 from the
right by (z,y) + (z,y)g (¢ € G). The ring of all G-invarinat polynomials is generated by
zt + v, zy(z® — y%) and 2242

By Theorem 2.4, the surface Xg := Hilb%(A?) is a minimal resolution of a singular
affine surface Sg := A?/G with a simple singularity of type D,. The purpose of this
section is to give two different descriptions of X . The first one is rather abstract, while
the second is concrete as in Theorem 4.3. As a consequence of the first description of X¢,
the fixed point set Hilb(A?)€ is connected (Corollary 5.5). '

First we give an abstract description of a minimal resolution of Sg := A?/G by using
twice the technique in the case where the group is cyclic.

Let H be the subgroup of G generated by o, Xg := Hile(Az) and Sy := A?/H. Note
that |[H| = £ = 2n — 4. By Theorem 2.4, Xy is a minimal resolution of Sy. In view of
Theorem 4.3 we have a set of affine charts Uy of Xy (1 < k < 2n — 4) defined by

Ur := {Ta(sk, tx) 5 (s, t) € A?}
where s = a®t17% /%=1 ¢, = bk /a’~*. In what follows we view Uy as a toric chart of the
minimal resolution of Sy or as a subset of Hilb”(A?) interchangably.

Lemma 5.2.

(5.2.1) T*Ii(s,t) = Iz,,_g_k((—l)"t, (=1)k-1s)

(52.2) mIn-a(s,t) = In_o((—=1)""1st?, (=1)"t71) if t £ 0
(5.2.3) ™Ii(p:q) = Ln—s—i((—=1)%q : p).

Proof. 1t is easy to see that

T Ik(p, q) = T*(pz" — gy ~F, 3y, ",y )

= (=(=1)%gz®* 4 py*, zy, 241K yF+1)
= Dn—4-k((~1)*¢, p)

where [p : g] € Ey ~ P!, which proves (5.2.3). The rest is proved similarly. O
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Corollary 5.3. We define an involution Hilb(7) of Xy by Hilb(7)(I) := 7*(I). Let
Ex = {Ix(px : & ); [Pr, gx] € P'} and Uy _y := Up—y N Up-1.

(5.3.1) Hilb(r)(Uh_p) = Ul_y and Hilb(r)[gr__ : (s,8) = ((—1)"~st2, (~1)"¢1).

(5.3.2) Hilb(7) has exactly two fixed points py := I_5(1: £i"/?) on Xg.
(5.3.3) Hilb(7)(Ex) = Egn-s—i (1< k< 2n—5).

Proof. (5.3.1) is clear from (5.2.1), where U],_, is viewed as a subset of U,—2. The union
Eyg := E; +--- + E3,_5 is the exceptional set of my : Xy — Sy. Since the action of
Hilb(r) on Xy \ Eg is fixed point free, Hilb(7) has exactly two fixed points on X by
(5.2.2). (5.3.3) follows from (5.2.1). O

Lemma 5.4. Let N be the group generated by Hilb(r), and Hilb™ (Xy) the unique ir-
reducible component of the fixed points locus Hilb?*(Xz)N of Hilb?*(Xg) by N which
dominates Xz /N (= S*(Xg)N). Then Hilb™ (Xy) ~ X¢ := Hilb®(A2).

Proof. Hilb(7) operates upon Xy locally near the isolated fixed points px by Hilb(7) :

(ug,vg) — (—uk,—vg) with suitable local coordinates. Therefore Hile(X g) is by The-
orem 2.4 a minimal resolution of Xy /N with trivial dualising sheaf. It follows that
Hilb™ (Xg) is a minimal resolution of A2/G. O

Corollary 5.5. The set of all the fixed pbints HilblGl(A2)G is connected, in particular,
Hilbl®l(A2)C = Hilb%(A2). |

Proof. Since H is cyclic, we see that Hilbl¥ I(AZ)H Hilb? (Az) = Xy by the proof of
Theorem 4.3. Since N is cyclic, we have Hilb(Xg)N = HilbY (Xg). O

Remark. Since Eg (resp. E7) is a cyclic extension of Dy (resp. Ee), we see by the same
argument that Hilb/®!(A2)C is connected at least up to Ey.

Remark. Unfortunately the isomorphism in Lemma 5.4 is not functorial. So Lemma 5.4
appears to be useless for the study of Xg. However once we find an I € Xg, say I =
(2%, zy,y*) € X where |G| = 2¢, we can determine X by deforming I in the direction of
exceptional set because the exceptional set of Xg is connected. Though we give a prior:
the ideals in X¢g = Hile(Az) in the sequel, all of these were found by deformation theory.

5.6. Character table. The Coxeter number 2% of D, is equal to 2n — 2.

Table 5.1

p 1 o T d (h£d)

po 1 1 1 (n—3) -

py 1 1 -1 n—3 (2,£)

pz 2 €+ €1 0 n—4 (3,£-1)

pr 2 14D 0 p_2-k (k+1,£4+1-k)
pn_g 2 €343 0 (n-1,n-1)
Py 1 -1 " 1 (n—2,n)

o1 -1 —n 1 (n—2,n)
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5.7. Symmetric tensors modn. Recall £ := 2n — 4. The space S, of symmetric m-

tensors by pnat := p2, that is the space of homogeneous polynomials of degree m and the
images Sy, of S;; in m/n are decomposed into irreducible G-modules as follows.

Let p1 := pg + p1, pn—1 := ph_y + p,, and pg := p; if k£ = jmod2n — 4. Then we have

po+pst+ps+-+ pm-1+pms1 m=0modd
Sm = P,1+P3+95+"'+Pm—1+pm+1 m = 2mod 4
p2+ps+pe+-+ pm—1+ pmi1 m=1,3mod4

Table 5.2

m S m Sm

0 0 42 0

1 p £+1  po

2 pr+ps £ P+ p3

3 p2+ops £—1  p2+ps

ko pr-1+ prs1 L—k+2 pr_y1+pri1
n—2 pp-s+ph_y+p, n Pr=3 + Pro1 + P
n-—1 2pn—2

By the above table we see that m/n ~ (C[G] © po)®2. This isomorphism is realised by
giving G-submodules 2p} (i = 1,n — 1,n) and 4p; (2 < 7 < n — 2) explicitly as follows.
We define a G-submodule of m/n by Vi(p;) := Si(m/n)[p;], and define V;(p;) to be a
G-submodule of S; such that Vi(p;) ~ Vi(p;), Vi(p;) = Vi(p;)modn. We use Vi(p;)
and V;(p;) without distinction when harmless. We easily see that Vi(p;) = p; except for
(3,7) = (n — 1,n — 2) if it is not zero, while V,_1(pn-2) =~ p&2,. We list up nonzero
G-submodules of m/n.

Table 5.3

Va(p1) = {2y}, Va(ph) = {zf — v*}
Vk I(Pk) = {"L'k 1 k 1} Vk+1(pk) = {xkya xyk}a
'Ve k+1(Pk) — {xe k+1 ye k+1}, Ve-k+3(Pk) — {xe—k+2y’ $y£—k+2}_

n-—3(Pn—2) {wn 37 yn—B} Vn+1(Pn—2) = {mny,wyn}’
Vn—l(Pn—Z) = Vri—l(pn—2) @ Vr:,—l(pn—Z) = {xn—l,yn—l,xn—Zy,xyn—2},
Va—1(pn—2) = {z"71,y"1}, Vil 1(pn—2) = {22y, zy""2}.
Va—2(pp_y) = {e"72 ="y 72}, Va(phoy) = {zy(e™ ™2 +i"y"?))
Va—2(py) = {z" 72 +i"y" %}, Valpn) = {zy(z""% — i"y"~2)}

where 2 < k < n—3. It is easy to see that n is generated by z* +¢*, (2 — e):z:y and z?
We also note that z*2,y%*? € n and that m/n is spanned by z, y, zy, z°, ¥}, z'y and :vy
(2 < ¢ < £) with a unique relation z° + y¢ = 0modn. Hence we easily see that m/n is the
sum of the above Vi(p;). It follows that m/n ~ 33 1 ) 2deg(p)p = (C[G] © po)®2.

5.8. A sketch for Dj. Before entering the general case, we will sketch the case of Djs
without rigorous proofs to facilitate the reader’s understanding. The Coxeter number 2h of
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Ds is equal to 8. The irreducible representations of D5 and the irreducible decompositions
of Si a,ncl Sm are tabulated as follows. The other symbols stand for the same as before.
We note S,, = 0 for m > 8.

Table 5.4 Table 5.5
p deg d 4xd Via(p)  Vata(p) m Sm
1 p2
p 1 2 - - - 2 pitps
pi 1 2 (2,6) zy 28 —y® 3 p2+ph+ ok
P2 2 1 (37 5) x2y’wy2 mS,yS 4 2P3
ps 2 0 (4,4) zt,y*, 2%y, zy® 5 patph+ps
pr 1 1 (8,8) z®—14y® zy(x®+iy®) 6 pl+ps
ps 11 (8,5) 2*+i® azy(=®-wd) T p

It is clear that m/n ~ (C[G] © p0)®? = 2p} + 4ps + 2p3 + 20} + 2pL.

First we consider the case where Z(W) € E(p}) \ P(p}, p2)-
Let Z(W) := WO,2+n for any nonzero G-module W € P(V(p})+Vs(p})) = P({zy, 2% —
y®}) such that W # Vs(p}), i.e. W # {z% — y5}. Then we see that

5 5
IW)/n=W + ZSIW+n/n =W+ Zssz(P'l) +n/n
k=1 k=1

~ W+ p2 + p3 + (P} +p5)+patp2 Z deg (p)p
. p€Irr(G)
Therefore Z(W) € Hilb%(A?). It is clear that V(Z(W)) := Z(W)/mI(W)+n =~ W =~ p}.
It follows that Z(W) € E(p}) \ P(p},p2). Hence we have
1i I(W) = Ve(p) + Sk Va(p
o Jim  TOV) = Va(ph) k; £Va(p1)

= I(Vs(p1) @ S1Va(p1))

= I(Va(p1) @ Va(p2)) € P(p1,p2)

where 57 @ Va(p)) ~ S1Va(p)) =~ Vi(p2) =~ p2. The factor S; ® Vo(p}) ~ p2 among
generators of P(p!, p2) explains the connection between the tensoring process by S; ~ p;
and the intersection of two rational curves E(p}) and E(p;) in the McKay observation.

Next we consider W € P(V3(p2) @ Vs(p2)) with W # Vi(p2), Vs(p2). Then we have

IW)/n:=W+» SiW+nu/n
kE>1

2
=W+ SkVs(p2) + 56+ Sr +n/n
k>1

~ W+ ps+ (0 +05) + (0L +p3) + o2 D deg(p)p-
p€ELrr(G)
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Since Ss = Vi(p}) + S3Va(p2) # SaVa(p2), we have

wlm  I(W) = Ve(ph) + Va(p2) + > SkVa(p2)
3 k>1

=I(Vs(p1) ® V3(p2)) € P(p1,p2)

where we note that Vg(p}) is the unique p;-factor of S1Vs(p2) ~ S1 @ Vs(p2). Thus and
similarly we see

lim ZI(W)= lm ZI(W)e P(p},p2),

W—Ve(p}) W—V3(p2)

Wap! Wep,

lim ZI(W)=V; + S Va
w=Fon (W) = Vs(p2) ; kV3(p2)

= I(Vs(p2) ® 51Va(p2)) € P(p2,p3)

where we note S1V3(p2) ~ {S1 ® Va(p2)}Hps] =~ ps.

Now we consider the case Z(W) € E(p3) \ P(ps,p2) U P(p3,py) U P(ps3, p5). Let Wy :=
S1Va(p2) =~ ps and Wy := S1V3(p}) ~ p3 (k =4,5). We note that W2 = {S1 ® Va(p2)}(ps]
and Wi = {51 ® V3(p})}p3] for k = 4,5. Let W € P(V4(p3)) such that W # Wy. In this
case we see Z(W)/n = W + S5 + Ss + 57 =~ > perer(G) €8 (p)p. Moreover

lim  I(W)=I(Vs(ps) ® Wa) = lim I(W) € P(p2, ps)

W—Vs(p2)
Wepsy Weps
lim I(W)=ZI(Vs(p2) ® Wi) = lim ZI(W) € P(ps, pi)-
W—Vs(p}) W Wi
W:p; Wzps

The above argument explains the connection between the tensoring process by p2 = pnat
and the intersection of two rational curves. The argument also shows that E(p) is naturally
identified with P(V4—a(,)(p) + Va+a(p)(p)), the set of all nontrivial proper G-submodules of
Vi-d(p)(P) + Vata(p)(p) = p®2%, which is isomorphic to P! by Schur’s lemma.

Now we consider the general case. Theorem 3.6 is restated in the following manner.

Theorem 5.9. Let E be the exceptional set of the morphism 7 : X¢ — Sg, Sing(E)
the singular points of E. Let E(p) be an irreducible component of E (p € Irr(G)) and
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E°(p) := E(p) \ Sing(E). Then E°(p) and Sing(E) are given by the following.

E%(py) ={Z(W); W C Va(ph) ® Va(p}), W # 0,Va(p}) }
GRS At ) ICELERE
B (pn—s) = {20); W5 gt oty W70 Vialen) |
E°(pj) = {Z(W); W C Va2(p}) @ Va(p}), W # 0, Va(p}) }
in — P(pll’p2)7 P(Pkapk 1) (2 <k< n_.3)
Sing(E) { P(pn-2,pn_1), P(P+n—2, 28] }
P(p}, p2) = Z(Ve(p}) @ Va(p2)) = E(py) N E(pz)
P(pk; pr+1) = I(Ve—r+1(pr) © Vig2(pr41)) 2 Sk <n—4)
P(pn_.s, pn_z) = I(Vn(Pn—-3) @ V1:,—-1(pn—2))
P(pn-2,p}) = I(S1Va-2(p}) @ Va(p}))

where j =n —1,n.

5.10. Proof of Theorem 5.9-Start. Let C(p}) (resp. C(pk)) be the projective space of
all nonzero G-submodules of Va(p}) & Vi(p}) (¢ = 1) or Vo—a(ph) & Va(pi) (1 = n—1,n)
(resp. Vig1(pr)® Ve—ik+1(pk) (2 £ k < n—2)). It is clear that C(p}) and C(pi) are rational
curves. As we will see in the sequel, they are embedded naturally into Grass(m/n,2¢—2).

THE CASE WHERE Z(W) € E(p}) \ P(pi, p2).

Let Z(W) := WO,z + n for any nonzero G-module W € C(p}) with W # Vi(p}). First
assume W = V3(p}). Then it is easy to see that Z(W)/n contains Vit1(pk), Vi—k+3(pk),
Va_1(pn-2) and Voy1(pn—2) for any 2 < k < n — 3. Similarly Z(W)/n contains V,(p},_;)
and V,(p),) as well as W = Va(p]). It follows

-1 -2
IW)m=W+Y SiVa(py) =W+ SeVa(pl) + Sers
k=1 k=1

In particular, Z(W)/n =~ 3 c1 () deg (p)p. Hence Z(W) € Hilb%(A2). By the above
structure of Z(W)/n, we see that V(Z(W)) := Z(W)/ {mIZ(W) + n} ~ W ~ p}. It follows
that Z(W) € E(p)).

Next we assume W # Va(p}), Ve(py). Then we first see that 3y € I(W) because
iy — (23y — 2tz*+?) = 2tz*+? € n. It follows that Z(W)/n contains Ver1(p2), Vit1(or),
Veek+3(pk); Va1(pr-2)s Vat1(pn=2), Va(ph—1) and Vo(p,) where 3 < k < n — 3. Since
S1 W 4 Vigi(p2) = Va(p2) + Ver1(p2) = p22, Z(W)/n contains 2p, too. It follows that

-2 -3

IW)/n=W+ > SuVa(p}) =W + > SmVa(pl) + Senr

m>0 m=0
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Hence we have Z(W)/n ~ 3 1. () deg (p)p. Therefore (W) € Hilb®(A?). By the above
structure of Z(W)/n, V(Z(W)) =~ W = p}. It follows that Z(W) € E(p}) \ P(p}, p2).

THE CASE WHERE Z(W) € P(p}, p2)-

Let W = W(p},p2) := Va(p}) ® Va(p2). Z(W)/n contains z%y and zy? hence it con-
tains Viy1(pi), Ve—ita(pi), (3 <4 < n—3), Ver1(p2), Vat1(pn=z), Va(ph—1) and Vi(p}).
Similarly Z(W)/n contains V' ;(pn—2). We note that {Z(W)/n}[p}] = W = Vy(p}) =

i{%l 'Vz—ﬁ(Pz)} [Pi] and {Z(W)/n} [p2] = Va(p2) ® Veg1(p2) = S1- Va(pl) ® Verr(p2). Tt
ollows that

£-2 £~3
IW)/a=W+ > SuWa(ps) =W+ > SmVs(p2) + Seqs

m=0 m=0

Hence we have Z(W)/n o 3~ 1., () deg (p)p. Therefore Z(W) € Hilb%(A?). We also see

V(Z(W)) = Vi(p1) ® {S1 - Va(p})} 2] |
= {51 Ve1(p2)} (1] ® Va(p2) ~ p1 @ p2

Therefore Z(W) € P(p}, p2).

THE CASE WHERE Z(W) € E(pi) \ P(pk+1,0x) (2<k<n-23).

We consider now W € C(pr) = P(px C Vit1(pr) ® Ve—k+1(pr)) with W # Vir1(pr),
Vi—k+1(px). Let Z(W) = WOy2 + n. Hence we may assume that zFtly — ty~F+1 ¢ W
for a nonzero constant ¢. Since zF 3y = z?(gk+ly — tyf—F+1) 4 tz2yf=*+1 and 22y € n,
I(W) contains z**+3y. Similarly since ty—*+2 = —y(zF+tly — tyt—F+1) 4 g%¥+1y2 we have
y!~k*2 ¢ I(W). Hence we see that Z(W)/n contains Vo_iy1(p:) (2 < < k — 1), Vig1(pi)
(E+2 <1< n—3), Viio(o) 21 < n—3), Viy(pnos): Viia(ons)s Veloh)
Va(Pho1) and Vi(p,). Since zy*~*1 € Vy_iya(prt1), we have Voogys(pr) C Z(W)/n
and z¥t2y = g(ghtly — ty?=*+1) 4 tayt~*+1 ¢ T(W)/n. Hence Vigo(pr41) C Z(W)/n if
k <n—4. It follows that

e~k k-1
IW)/n=W+ Z SmVit1(pr) + Z SmVe—k+2(pr-1)

m=1 m=0
-2k 241

=W+ Z S Ver1(pr) + }: Sm

m=1 m=£—k+2

It follows from W = pi that Z(W)/n =~} 1) deg (p)p. Therefore I(W) € Hilb%(A2).
It is easy to see that V(Z(W)) > W ~ pi so that Z(W) € E(px).

THE CASE WHERE Z(W) € P(pk, pr+1)-
Let W = W(p, pr+1) = Ve—k+1(pk) ® Vit (pr+1) (2 <k < n—v4). For k = n—-3'we let
W = W(pn-3,pn-2) = Va(pn-3) ®V;_1(pn-2) . Z(W)/n contains Ve—it1(p:i) (2 < i < k),
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Vig1(pi) (k+1 <4< n—8), Vicigs(p:) (2 < i < n—2), Vil (pn—2) and Va(p}) (i = n—1,n).
Similarly Vi(p1) C Z(W)/n. Hence I(W) € P(p, pr+1) C Hilb®(A?). We also see that

_ | Ve—k+1(pr) © {S1 - Vira(pr)} loxk+1] (2<k<n-4)
V) = o o T b (e
_ { {51+ Ve—r(pr+1)} [ok] © Vit1(pk) = pr @ pr4
{51 Vai(pn—2)} [Pn-3] © V}"1(pn-2) = prn—3 ® pn—2.

THE CASE WHERE I(W) € E(pn-2) \ P(pn-2;Pn-3) U P(pn—2,pf_1) U P(pn2,0l).

Let W € C(pn—2) = P(Vo1(pn-2)) and define Z(W) := WO,z +n. Let Wy = Sy -
Va—2(pn-1), Weo = S1 - Vaa(py,) and Wy = V1 (pn—2). Let H = g"~2 — §»/2yn=2 gpd
G = z""% 4 i"/?y"~%, Then we have W = {cH — tzG,yH + tyG} for some t. Assume
¢t # 0,1,00. Equivalently, W # Wy (A = 0,1,00). Then 2™ € Z(W)/n, so that Vy(p}),
Vimiv1(pi) (2<i<n—-3)and Viigs(p:) (2<i<n— 2) are contained in Z(W)/n. We
also see that zyH € V,(p;,_;) C Z(W)/n and zyG € V,(pl,) C Z(W)/n. It follows that

£+1
IW)n=W+ Y Sm

m=n

Since W =~ pp_5, we have Z(W)/n ~ 2 petre(c) deg (P)p with V(Z(W)) ~ W. It follows
that Z(W) € Hilb%(A2). -

'THE CASE WHERE Z(W) € E(pl,_1) \ P(pn—2,p05_1)-

Let W € C(pp-1) := B(Va—2(p}—1)®Va(pl_1)). Assume W # Vn(pl_;). Then I(W)/n
contains z"y and hence z". It follows that Z(W)/n contains Vi—it+1(pi), Ve—it+a(pi) (2 <
¢t <n—3)and Voy1(pn—2). We also see that Z(W)/n contains 2”1 — i®/2zy"~2 so that
{Z(W)/n} N Vaei(pn—2) = pn—z. Similarly we easily see Vi(p}), Va(pl) C Z(W)/n. It
follows that

2 £4+1
IW)/n=W + Z SmVn-2(P;z—1) + Z Som ,
m=1 m=n+1 .

Since W =~ py,_y, Z(W)/n = 3 1) deg (0)p. Therefore Z(W) € E(p),_;) C Hilb®(A2?)
with V(Z(W)) ~ W.

'THE CASE WHERE Z(W) € P(pp—2,ph_1).

We consider W = W (pn_2, pp1) = 51 - Va—a(Pl—,on—2]®Va(Pa_1) = Wo®Va(py_y).
Then Z(W)/n contains z™ so that Z(W)/n contains Vy(p}), Ve—it1(pi), Ve—ixs(p:) (2 <4 <
n—3), Vag1(pn—2) and V,(p!,). Since W C Z(W)/n, we see Z(W)/n =~ > petrr(c) deg (P)p-
Hence Z(W) € P(pn—2,p,_,) C Hilb%(A?) with V(Z(W)) ~ W.

THE CASE WHERE I(W) € E(p;,)\ P(pn—2,pL) or Z(W) € P(pn—2, p},) is similar to the
above. We omit the details. O

5.11. Limits of Z(W). ,
We consider limits of Z(W') € E(p) when it approaches P(p, p') for p’ adjacent to p.
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We first consider W € C(p}) with W # V(p}). Then by 5.10 we see that Z(W) =
W+ V3(p2) + X m>1 SmVa(p2). Hence we have

lim I(W) = Vi(p1) + Va(p2) + Z SmVs(p2)
W—Vi(p}) m>1

WeC(p))
= I(Ve(p1) ® V3(p2))
= I(W(pll’pZ))

Next we consider W € C(p2) with W # V3(p2), Ve—1(p2). Then by 5.10 we have
I(W) =W + Ve(p1) + X m>o SmVa(ps). Since Vi(ps) C S1V3(p2), we have

lm  Z(W) = V() + Va(oa) + 3 SmVa(pa)

WV
Weoiny | m21
=I(W(p1,p2)) = lim ZI(W)
W—Vy(p})
WeC(p)

Next consider W € C(pr) = P(Ve—k+1(pk) © Vit1(px)) with W # Vipa (o), Ve—r+1(pr)-
By 5.10 we have

IW)=W+ Y SmVisa(prs1) + Y SmVeorr2(pr—1)

m>0 m2>0

lim (W)= Z Sm Ve—k+2(pr—-1) + Z Ska+l(Pk‘)

W= Vetrilee) m>0 m>0
= I(Ve—-k+2(pr-1) ® Vit1(pk))
=I(W(pr-1,pt)) (3<k<n-3)

lim (W) = Z S Ve—r+1(pr) + z Sm Vit2(pr+1)

W—Ve-kta(pr) m>0 m>0

= I(Ve—k+1(pr) @ Vir2(pr+1))
=I(W(pr pr41)) (2<k<n-—4)

Thus for 2 < k < n — 4 we see that

1i (W) =I(W(pk, = li I(W).
W—-'Vzl—I?H(Pk) ( ) ( (Pk Pk+1)) W—'Vk:-n:(l)kﬂ) ( )

Similarly for W € C(pp—2) with W # Wy (A = 0,1, 00) we have

I(W) = W + z SmVn(Pn—3) + Z SmVn(Pg‘) = W =+ Z Sm-

m2>0 m>0 m2n
j=n=1,n
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Hence we see

Sim ZW) =3 SuValpn-s) + D SmWi

m>0 m2>0
=Z(W1 © Va(pn-3))

VV].EnWo I(W) Wo + Z SmVn(Pn—3) + Z van(p:z-—l)
m>0 m2>0

= Z SmWo + Z SmVn(P;z—l)
m>0 m2>0
=I(Wo & Va(ppn-1))

because V,(pn—3) C S1W, + n. Consequently

im (W) =Va(pn-s)+ > SmVat1(pn-st)+ 3. SmVii(pn—2)
W—Va(pn-3) m>0 m>0

= Z SmVn(Pn—3)+ Z SmWI

m>0 m>0
= I(Va(pn—s) ® W) = Jimm I(W)

m  I(W)=Va(pno1) + D SmVa2(ph-1)

W—V,(p!
—Vn(Pos m>1

=I(Va(pi_y) ® $1 Va—2(Pn-1))
= ZVa(Fer) € W0) = i T(W)

The limit when W approaches W, is similar. -
Thus we have proved the following

Lemma 5.12. The limit of (W) is Z(W(p, p')) when I(W) € E(p) approaches P(p, p')
for p' adjacent to p.

See Theorem 3.6 for the definition of Z(W(p, p')). See also Theorem 5.9.

In order to cornplete the proofs of Theorem 3.1 for G = D,,_, and Theorem 5.9 we need
also prove

Lemma 5.13. E(p) and E(p') intersects at P(p, p') transversally if p and p' are adjacent.

Proof. By the proof of Theorem 1.3 X¢g = H1le(A2) is smooth and the tangent space
Tin(Xe) at [I] is given by the G-invariant subspace Homyo,, (I Oz /1€ of Tin(Hilb™(A?))
=~ Homo,,(I,04:/I) where n = |G|. Assume that p and p' are adjacent with d(p') =

d(p) + 1. Let W(p,p") = Vi_a(5)(P) ® Vi_a(pr)(p')- Then Z(W(p,p'")) € P(p, p'). We will
prove the following formula

Tin(Xg) ~ Homo,, (I, 0p2/I) =~ HomG(sz—d(p)\(p)’ Vita(p)(P)
@ Homa(Vy4a(o)(P')s Va-a(y(0"))
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where I = Z(W(p, p')). First assume p = p2 and p' = p}. Then
Homo,, (I, 0a2 /)¢ C Homg(Ve(p}), Va(p})) ® Homa(Va(pz), Va(p2) ® Ve-1(p2))

Let ¢ be any element of Homo,,(I,0p2/1 )C. Since any G-isomorphism ¢o of V3(p3)
onto Vi(p2) is given by ¢o(z?y) = z, do(zy®) = —y. Therefore we may assume ¢ =
cpo mod Vy_1(p2) for some constant ¢. Since ¢ defines an Oy2- homomorphism, we have
yd(z2y) = zé(zy?), so that 2czy = 0 in O,2/I. It follows that ¢ = 0, and ¢(V3(ps)) C
Vi—1(p2). Thus the proof of the formula for I = Z(W(p}, p2)) is complete.

Now we consider the general case. By 5.10 we see that {m/I}[p] contains V; 4, (p)
as a nontrivial factor, while {m/I}[o’] contains V;_4,)(p') similarly. Moreover by the
proof in 5.10 we see-that either of the linear subspaces Homg(V;—4(,)(P), Vita()(0))
and Homag(Vi44¢p)(P')s Vi—a(p)(p')) yield nontrivial deformations of the ideal I inside the
exceptional set E. Since dim Tj5j(Xg) = 2 by Theorem 1.3, these linear subspaces span
Tin(Xg). Hence we have

Tin(Xe) ~ Homa(Vi_4(5) () Vatacey(P))
® Home(Vipaer)(0)s Vi—a(o ()
Tin(E(p)) = Homa(Vi—_a()(#), Vata(p) (P))
Tin(E(p")) ~ Homa(Viyacy (0", Vieaen(P))s

This completes the proof of Lemma 5.13 for p,p' # pn—2. The cases p = pp,_3 are
proved similarly. O

Lemma 5.14. Let E*(p) be the closure in E of the set {Z(W);W € C(p), W # Virq(p)}
Then E*(p) is a smooth rational curve.

Remark. We will see E(p) = E*(p) in 5.15.

Proof. By Lemma 5.13 E*(p) is smooth at Z(W(p,p')) for p' adjacent to p. It remains
to prove the assertion elesewhere on E*(p). Let C%(p) := {W € C(p); W # Vi14(,)} and
I := I(W) for W € C°p). Since we have a flat family of ideals Z(W), W € C%(p), we
have a natural morphism : : C%(p) — Hilb®(A?), so that we have a natural homomorphism
(di)s : Tiw)(C(p)) = T4 I](Hile(Az)). Equivalently there is a homomorpism

(de)x : Hom(W, Vi_a)(p) + Vira(s)(p)/W) — Homo,, (I, 042 /1)

Let ¢ € Tiw)(C(p)). Then (di).(¢)(I) C m/I because C(p) C E. Recall {m/I}[po] =0 by
Corollary 2.2. Hence (dt)«(¢)(n) = 0. Since I/n is generated by W by 5.10, (d¢)«(¢) is
induced from ¢ by extending it to @Sz W as an Oj2-homomorphism. Note that we have
Vi—a(0)(P) + Vita(n(p)/W C m/I. It follows that (di). is injective and that C%p) is
immersed at Z(W). The same argument applies as well when W = V; 4, if there is no
adjacent p' with d(p') > d(p). Hence E*(p) is a smooth rational curve. 0

5.15. Proof of Theorem 3.1 for G =D,,_, and Theorem 5.9 - Completion. Let E
be the exceptional set of w, and E* the union of all E*(p) (p € Irr(G)). Since E*(p) C E(p)
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by 5.10, E* is a subset of E. Since 7 is a birational morphism, F is connected and it is
set-theoretically the total fiber 771(0) over the singular point 0 € Sg. Hence in particular
P(p,p') C E for anyp,p’. By Lemma 5.12, E* is connected because the (McKay) graph
I'(Irr(G)) of Irr(G) is connected. By Lemma 5.14 E* is smooth except at Z(W(p, p')).
By Lemma 5.13 E* has two smooth irreducible components E*(p) and E*(p') meeting
transversally at Z(W(p, p')). It follows that E* is a connected component of E. Hence
E* = E. 1t follows that E(p) = E*(p) (Vp € Irr(G)), P(p,p') = {Z(W(p,p'))} for p,p’'
adjacent, and P(p,p') = ¢ otherwise. Similarly Q(p, o', p") = ¢. Thus Theorem 5.9 and
Theorem 3.1 is proved.

5.16. Conclusion. The proof of Theorems 3.1 and 5.9 prove also Theorems 3.2, 3.4 and
3.6 automatically. Since any subscheme in Hilb®(A2?) with support outside the exceptional
set E is a G-orbit of distinct |G| points in A2 \ {0}, the defining ideal I of it is given by
using G-invariant functions as follows

I= (F((I),y) - F(a’b)7G($7 y) - G(a1 b),H(:L',y) - H(aab))a

where F(z,y) = zf + ¢, G(z,y) = zy(z* + y%), H(z,y) = 2*y? and (a,b) # (0,0). Thus
we obtain a complete description of the ideals in Hile(Az).
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