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On certain boundedness of fibred Calabi-Yau’s threefolds *

Koji Ohno
Department of Mathematics Graduate School of Science
Osaka University

Abstract

In this report, the Euler characteristic formula for projective logarithmic minimal degen-
erations of surfaces with Kodaira dimension zero over a 1-dimensional complex disk is given
under a reasonable assumption and as its application, the singularity of logarithmic minimal
degenerations are determined in the abelian or hyperelliptic case. By globalizing this local anal-
ysis of singular fibres via generalized canonical bundle formulae due to Fujino-Mori, we bound
the number of singular fibres of abelian fibred Calabi-Yau threefolds from above, which was
previously done by Oguiso in the potentially good reduction case.
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1 Introduction

Based on the 2-dimensional minimal model theory, Kodaira classified the singular fibres of degenera-
tions of elliptic curves ( [19], Theorem 6.2 ). It is quite natural that many people have been interested
in the degenerations of surfaces with Kodaira dimension zero as a next problem. The first effort be-
gan by his student ITitaka and Ueno who studied the first kind degeneration ( i.e., degeneration with
the finite monodromy ) of abelian surfaces with a principal polarization ( [42] and [43] ) while in
that time, 3-dimensional minimal model theory had not been known. After Kulikov succeeded to
construct the minimal models of degenerations of algebraic K3 surfaces in the analytic category from
semistable degenerations and to classify their singular fibres ([22]), extension to the case of the other
surfaces with Kodaira dimension zero has been done ( see for example, [33], [26], [38] ). As for the
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non-semistable case, there are works due to Crauder and Morrison who classified triple point free
degeneration ([3], [4]). 3-dimensional minimal model theory in the projective category was estab-
lished by Mori ( [28] ) but we can not start studying the degenerations from minimal models because
of their complexity while it has been known that log minimal models of degenerations of elliptic
curves behaves nicely (see [35], (8.9) Added in Proof.). After the establishment of 3-dimensional log
minimal model theory, we introduced the notion of a logarithmic minimal degeneration in [31] as
a good intermediate model to a minimal model which acts like a “quotient” of minimal semistable
degeneration by the transformation group induced from a semistable reduction. Of course, because
of the non-uniqueness of minimal models, the transformation group does not act holomorphically on
the total space in general.

Definition 1.1 Let f: X — B be a proper connected morphism from a normal Q-factorial variety
defined over the complex number field C' (resp. a normal Q-factorial complex analytic space) X
onto a smooth projective curve (resp. a unit disk D := {z € C;|z| < 1} ) B such that a general
fibre f*(p) (resp. any fibre f*(p) where p is not the origin) is a normal algebraic variety with only
terminal singularity. Let 3 be a set of points in B (resp. the origin 0) such that the fibre f*(p) is
not a normal algebraic variety with only terminal singularity. Put ©, := f*(p)eq and © := 3 5. O,

(1) f:X — Biscalled a minimal fibration (resp. degeneration) if X has only terminal singularity
and Ky is f-nef (i.e., The intersection number of Kx and any complete curve contained in a
fibre of f is non-negative).

(2) f: X — B is called a logarithmic minimal (or abbreviated, log minimal) fibration (resp.
degeneration) if (X, ©) is divisorially log terminal and Kx + © is f-nef.

(3) f : X — B is called a strictly logarithmic minimal (or abbreviated, strictly log minimal)
fibration (resp. degeneration) if (X, ©) is log canonical with Kx, © being both f-nef.

Remark 1.1 We note that any fibrations (resp. degenerations) of algebraic surfaces with Kodaira
dimension zero over a smooth projective curve (resp. 1l-dimensional unit disk) B are birationally
(resp. bimeromorphically) equivalent over B to a projective log minimal fibration (resp. degenera-
tion) and also to a projective strictly log minimal fibration (resp. degeneration). In fact, firstly we
can take a birational (resp. bimeromorphic) model g : Y — B, where g is a relatively projective
connected morphism from a smooth variety (resp. complex analytic space) Y such that for any
singular fibre of g, its support has only simple normal crossing singularity with each component
smooth by the Hironaka’s theorem ([12]). Let ¥ C B be a set of all the points such that g is not
smooth over p € B (resp. the origin 0). By the existence theorem of log minimal models established
in [37], [16], Theorem 2, [21], Theorem 1.4, we can run the log minimal program with respect to
Ky + 3 ex 9% (P)rea starting from Y to get a log minimal model f : X — B which is a log minimal
fibration (resp. degenerations) in the sense of Definition 1.1. Here we note that by the Base Point
Free Theorem in [29], we infer that Ky + O ~Q f*D for some Q-divisor D on B. By applying the
log minimal program with respect to Kx starting from X, we obtain a model f*: X* — B which
obviously turns out to be a strictly log minimal fibration (resp. degenerations).

Definition 1.2 Let G be a finite group and p : G — GL(3,C) be a faithful representation. Let
C?/(G, p) denote the quotient of C* by the action of G’ defined by p. We assume that the quotient
map C® — C?/(G, p) is étale in codimension one. A pair (X, D) which consists of a normal complex
analytic space X and a reduced divisor D on X is said to have singularity of type Vi(G,p) (resp.
Vo(G, p) ) at p € X if there exists an analytic isomorphism ¢ : (X,p) — (C*/(G, p),0) between
germs and a hypersurface H in C* defined by the equation z = 0 (resp. zy = 0), where z, y and 2



are semi-invariant coordinates of C* at 0 such that D = o*(H/(G, p)). In particular, if G is cyclic
with a generator o € G and (p(0)*z, p(0)*y, p(0)*2) = (¢, by, (°2), where a, b, ¢ € Z and ( is
a primitive r-th root of unity for some coordinate z, y and z of C® at 0, we shall use the notation
Vi(r;a,b,c) (resp. Va(r;a,b,c) ) instead of Vi(G, p) (resp. Va(G,p) ).

Remark 1.2 We note that if (X, D) has singularity of type Vi(G, p) at p, the local fundamental
group at p of the singularity of X is isomorphic to GG by its definition.

Let f : X — D be a log minimal degeneration and let © = Y, ©; be the irreducible decomposition
and put A; := Diffg, (0 — ©;) for any i. For p € X, let d(p) be the number of irreducible components
of © passing through p € X. Then the followings hold.

(a) For any ¢, ©; is normal, A; is a standard boundary and (©;,4;) is log terminal (see [37],
Lemma 3.6, (3.2.3) and Corollary 3.10).

(b) dp) <3.

(c) If d(p) = 2, (X,0) has singularity of type Va(r;a,b,1) at p, where r € N, a,b € Z and
(r,a,b) =1 (see [2], Theorem 16.15.2).

(d) Ifd(p) =3,p€ © C X is analytically isomorphic to the germ of the origin 0 € {(z,y, 2); zyz =
0} C C? (see [2], Theorem 16.15.1).

(e) For any i and p € ©;\ Supp 4, if ©; is smooth at p, then X is smooth at p (see [37], Corollary
3.7).

One of the aims of this paper is to give the following Euler characteristic formula for log minimal
degenerations with Ky 4+ © being Cartier. We note here that the study of log minimal degenerations
of surfaces with Kodaira dimension zero reduces to this case by taking the log canonical cover with
respect to Kx + O globally (see §6).

Theorem 1.1 Let f : X — D be a projective log minimal degeneration of surfaces with Kodaira
dimension zero such that Kx + © is Cartier. Let f*(0) = >, m;O; be the irreducible decomposition.
Then for t € D* .= D\ {0}, the following formula holds.

etop(Xi) = D_milegr (0 \ Ai) + Y- 9,(X,65)),

PEON\A;
where X, := f*(t), €1, (©i \ As) is the orbifold Euler number of ©;\ A; and 0,(X, ©;) is the invariant

of the singularity of the pair (X, 0;) at p € ©;\ A; which is well defined and can be calculated explicitly
as explained in the next section.

The above formula turns out to be quite useful for further study of degenerations. In fact, we
apply the following corollary to the study on non-semistable degenerations of abelian or hyperelliptic
surfaces.

Corollary 1.1 Let notation and assumptions be as in Theorem 1.1. Assume that ey (X;) = 0 for
t € D*. Then, for any i, we have e 1,(0; \ A;) = 0 and for any p € ©; \ A, (X,0) has only
singularity of type Vi(r;a,—a, 1) at p, where (r,a) = 1.

Based on the result of Corollary 1.1, we get the following theorem.



Theorem 1.2 Let f : X — D be a projective log minimal degeneration of abelian or hyperelliptic
surfaces, not neccesarily assuming that Kx + © is Cartier. Then the possible singularities of (X, ©)
at p € X are the following three types :

(0) X is smooth at p € X and © has only normal crossing singularity at p,

(1) (X,0) has singularity of type Va(r;a,b,1) at p, where r € N, a,b € Z and (r,a,b) = 1.

(2) (X,0) has singularity of type V1(G, p) at p.

More precisely, if f is of type 11, we have r =2,3,4 or 6 in (1), and G ~ Z/nZ or Z/2Z & Z/nZ,

where n = 2,3,4 or 6 in (2). The dual graph of © is a linear chain or a cycle. Moreover, there
exists a projective bimeromorphic morphism 1 : X — X over D such that for the induced projective
degeneration f* : X® — D, we have Kxs ~Q 0 and f**(0) = mO*® for some m € N, where
©° := 1,0. The possible types of singularity of (X*,©%) and the dual graph of the support of the
singular fibre are the same as ones of (X, 0) ( but the components of the singular fiber may become
non-normal ). If f is of type 111, we have r = 2 in (1), and (2) is reduced to the following three types.

(I11-2.1) (X,0©) has singularity of type Vi(r;a,—a,1) at p, where r = 2,3,4 or 6, a € Z and
(r,a) =1,

(I11-2.2) (X, ©) has singularity of type V1(2;1,0,1) at p,
(ITI-2.3) (X, ©) has singularity of type Vi(G, p) at p, where G ~ Z [2Z & Z /2Z and letting {o, T}

denote a set of generators,
0
0

01
plo)y=1 0 -1 0 |, p(r)=|1 0
00 —1

In particular, if f is of type 111, then X has only canonical quotient singularity.
For the definition of types I, IT and III, see Definition 3.3.

Problem 1.1 Let f : X — D a projective log minimal degeneration of abelian or hyperelliptic
surfaces of type III. Applying the log minimal program to f with respect to Kx, we see that there
exists a projective bimeromorphic map ¢ : X— — X* over D such that for the induced projective
degeneration f*: X* — D, we have K ~qQ 0 and f**(0) = mO? for some m € N, where ©° := 1,0
and that X*® has only canonical singularity but the possible types of singularity of (X*, ©%) may differ
from the ones of (X, ©). So determination of the types of singularity of (X*®, ©%) remains to be done.

Refining a canonical bundle formula in [8] by the Log Minimal Model Program, we obtain the
following theorem as an application of Theorem 1.2. [8].

Theorem 1.3 (Theorem 5.1) The number of singular fibres of abelian fibred Calabi Yau threefolds
over a smooth rational curves are bounded from above not depending on relative polarizations.

Remark 1.3 (1) The number of singular fibres and the bounding problem of Euler numbers are
closely related to each other. [13] asserts the boundedness of Euler numbers of fibred Calabi-Yau
threefolds, but unfortunately, [13] contains a several crucial gaps. In fact, one of the aims of this
paper is to remedy the results in [13]. For example, the crucial Lemma 4 in [13] has a counter-
example as follows. Let f : X — D be a projective connected morphism from a complex manifold
X onto a 1-dimensional complex disk D. Assume that f, := f|;-1(p+) is a smooth family of abelian
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varieties, where D* := D\ {0}. Assume moreover f does not admit any sections. According to [44],
there exists a projective morphism f° : X® — D from a complex manifold X° onto D such that
o= 1Y s-1(p+) 18 a basic polarized bundle associated with f., that is, the pairs of period maps and
the monodromies associated with f, and f? are equivalent. But f and f® are not bimeromorphically
equivalent because f° admits a section while f does not. By the same reason, the assertion in §3,
Step 1 in [13] saying that ©' : X’ — Y” is birational to the pull back of ¢’ : Fr» — I\ D" is incorrect.

(2) Moreover, fixing the degrees of direct image sheaves of relative dualizing sheaves as in [13]
gives no condition on the number of singular fibres. For example, for any given integer g, there exists
a elliptic surface f, : X, — B over a projective line B such that deg f,.O(Kx,/B) = 0 and f; has
2g+ 2 singular fibres. These can be constructed by taking quotients of products of elliptic curves and
hyperelliptic curves by involutions which are products of translations by torsion point of order two
and canonical involutions of hyperelliptic curves. These are not the counter-example of boundedness
of Euler numbers of fibred Calabi-Yau threefolds, but at least one has to care about the number of
singular fibres which contribute to the Euler numbers. It seems that there is no argument like that
in [13].

(3) As for independence of boudedness on the relative polarizations, [13] seems to be using the
fact that abelian varieties defined over an algebraically closed field are isogeneous to a principally
polarized abelian varieties. The problem is to bound the degree of the neccesay base change but the
argument [13], pp.150, Corollary does not seem to be successful (It seems that pr in the proof is just
the isomorphism). Instead, we used the Zarhin’s trick in our argument.

Notation and Conventions

Let X be a normal variety defined over an algebraically closed field k (if the characteristic of k
is not zero, we assume the existence of a embedded resolution). An elements of Weil X ® Q is
called a Q-divisor. Q-divisor D has the unique irreducible decomposition D = Y p(multp D)T", where
multrD € @ and the summation is taken over all the prime divisors I' on X. Q-divisor A is called
a Q-boundary if multrA € [0, 1] N Q for any prime divisor I'. Q-divisor D is said to be Q-Cartier if
rD € Div X for some r € Q. X is said to be Q-Gorenstein if a canonical divisor Ky is Q-Cartier.
X is said to be Q-factorial if any Weil divisor on X is Q-Cartier. A pair (X, A) which consists of a
normal variety X and Q-boundary A on X is called a normal log variety. For a normal log variety
(X, A), aresolution p: Y — X is called a log resolution of (X, A) if each component of the support
of u; ' A+3",c; E; are smooth and cross normally, where {E; };c7 is a set of all the exceptional divisors
of u. Assume that Kx + A is Q-Cartier. The log discrepancy a;(E;; X, A) € Q of E; with respect to
(X, A) is defined by

(B X, A) = multp,(Ky + 4, ' A+ B — " (Kx + A) € Q
iel
and the discrepancy a(FE;; X, A) € Q is defined by a(FE;; X, A) := a;(E;; X, A) + 1. The closure of
u(E;) C X is called a center of E; at X which is denoted by Centery (E;). The above definitions of
discrepancies, a log discrepancies and centers are known to be well-defined and depend only on the
rank one discrete valuation of the function field of X associated with F;’s. E;’s are called a exceptional
divisors of the function field of X and it has its meaning saying discrepancies, a log discrepancies and
centers of exceptional divisors of the function field of X. A normal log variety (X, A) is said to be
terminal (resp. canonical, resp. purely log terminal) if a(E; X, A) > 0 (resp. a(FE; X, A) > 0, resp.
a;(Es; X, A) > 0) for any log resolution p and any ¢ € I. For some log resolution p, if a;(F;; X, A) > 0
for any ¢ € I, (X, A) is said to be log terminal, moreover if the exceptional loci of y is purely one



codimensional, (X, A) is said to be divisorially log terminal. We shall say that X has only terminal
(resp. canonical, resp. log terminal) singularity if (X,0) is terminal (resp. canonical, resp. log
terminal) as usual (see [21] or [37] and see also [14], §1 for the treatment in the complex analytic
case ).

In this paper, we shall use the following notation:

v: XY — X : The normalization of a scheme X.

Diffrv (A) @ Q-divisor which is called Shokurov’s different satisfying
V' (Kx + T+ A) = Kpv + Diffre (elta),

where I' is a reduced divisor on a normal variety X and I' + A is a Q-boundary on X such
that Kx + '+ A is Q-Cartier. (see [37], §3, [2], §16).

AY : Q-divisor on Y satisfying Ky +AY = f*(Kx+A), where f : Y — X is a birational morphism
between normal varieties and A is a Q-boundary on X such that Kx + A is Q-Cartier.

ind,(D) : The smallest positive integer r such that rD is Cartier on the germ of X at p, where D
is a Q-Cartier Q-divisor on a normal variety or a normal complex analytic space X.

Ind(D) : The smallest positive integer r such that rD ~ 0, where D is a Q-Cartier Q-divisor on
a normal variety X such that D ~Q 0.

Excf : Exceptional loci of a birational morphism f : X — Y between varieties X and Y, that is,
loci of points in X in a neighbourhood of which f is not isomorphic.

~ : Linear equivalence.

~Q Q-linear equivalence.

[A] : Round up of a Q-divisor A.

|A] : Round down of a Q-divisor A.
{A} : Fractional part of the boundary A.
Ctop - Topological Euler characteristic.

Card § : Cardinality of a set S.

For a normal complete surface S with at worst Du Val singularities, we shall write

Sing S =Y v(T)7,
T

where v(7) denotes the number of singular points on S of type 7. For a quasi projective complex
surface S with only quotient singularity, recall that the orbifold euler number e, 1,(S) € Q of S is

defined by
1

Cardmg,,”’

€orb () = 6top(S) ->(

peES

where g, denotes the local fundamental group of S at p € S (see [15], page 233 or [23], Definition
10.7).

Acknowledgment. The author would like to express his deep gratitude to organizers for giving me
the opportunity to talk on this subject at the symposium “Hodge Theory and Algebraic geometry,
2002”7 at Hokkaido University.



2 The Euler characteristic formula

Firstly, let us recall the following result due to Crauder and Morrison.

Proposition 2.1 ([3], Proposition (A.1)) Let X be a smooth 3-fold and let D be a complete
effective divisor on X whose support has only simple normal crossing singularities. Then the following
holds.

Zsz OD ZszS Zml KX)

where D = %", m;D; is the zrreduczble decomposztwn.

Let (X, p) be a germ of 3-dimensional terminal singularity at p whose index r is equal to or greater
than 2. Take a Du Val element S € | — K x| passing through p, where we say that S € | — Kx|is a Du
Val element, if S is a reduced normal Q-Cartier divisor on X passing through p such that S has a Du
Val singularity at p. The canonical cover 7 : X — X with respect to Kx induces a covering of Du
Val singularities 7 : S := 7~1(S) — S. There is a coordinate system x, y and z of C* which are semi-
invariant under the action of the Galois group Gal (S/S) such that j := 7 '(p) € S is analytically
isomorphic to the germ of the origin of the hypersurface defined by a equation f(z,y,z) = 0. Let
o be a generator of Gal (5/S) and let ¢ be a primitive 1-th root of unity. The actions of o are
completely classified into the following 6 types (see [36]).

(1) peSisof type A,_y and p € S is of type Ay (n > 1). f = xy+ 2" 0%z = %z, 0¥y = (%
and 0%z = z, where (r,a) = 1.

(2) pe Sisof type Agy_o and p € Sis of type Dopiq (n>2). r =4, f = 22 +42+ 221 0%z = (x,
o*y = 3y and o*z = (2.

(3) p € Sisof type Ay,_y and p € S is of type Do (n>2). r =2, f = a2 +192 + 22, 0%z = ,
oc*y=—yand c*z = —z.

(4) p e Sisof type Dy and p € S is of type Fg. 7 =3, f = a®> + > + 23, 0%z = x, o™y = Cy and
oz = (2.

(5) peSisof type D,y and p € S is of type Dy, 7 =2, f = 22 + 9?2+ 2", 0"z = —x, o'y = —y

and c*z = 2.

(6) peSisof type Egand p € Sis of type Fr. r =2, f = a2 +y3 + 24, 0"z = —z, 0"y = y and
0¥z = —z.

Definition 2.1 For p € S C X as above, we define the rational number ¢,(X,S) € Q as follows:

0 Case p € X Gorenstein,
n{r —(1/r)} Case (1),
32n+3)/4  Case (2),

p(X,8):=4¢3 Case (3),
16/3 Case (4),
3n/2 Case (b),
9/2 Case (6).

Definition 2.2 Let p € S C X be as above. we define the rational number 6,(X, S) € Q as follows:
1
0p(X, ) = €,(5) — (X, 95) € Q,

o(8)

where e,(S) is the Euler number of the inverse image of p by the morphism induced by the minimal
resolution and o,(.5) is the order of the local fundamental group of S at p.

7



If the index of X at p is equal to or greater than 2, we obtain the following table.

Table I

[eo(S) | 0p(8) | (X,5) | 0p(X, 5)
(1) | rn rn n{r—(1/r)} (n®—1)/rn
(2) | 2n+2| 8n—4 | 3(2n+3)/4 n(n—1)/(2n —1)
(3) | n+3 an 3 (4n* —1)/4n
@7 21 16/3 13/3
(5) | 2n+1| 8(n—1) 3n/2 (4n? +4n —9)/8(n — 1)
ORE 43 9/2 167/48

Proposition 2.2 §,(X,5) > 0. 6,(X,S) = 0 if and only if (X,5) has only singularity of type
Vi(r;a, —a, 1) at p, where (r,a) = 1.

Recall the following:

Theorem 2.1 ([36], Theorem 9.1 (I)) Let X be a projective surface with at worst Du Val singu-
larities and let D be a Weil divisor on X. Then

X(Ox(D)) = X(Ox) + 5D(D ~ Kx) + 3~ (D

peX

where c,(D) is the rational number which depends only on the local analytic type of p € X and
Ox(D).

Using Theorem 2.1, we get the following:

Proposition 2.3 Let X be a normal Q-Gorenstein 3-fold and D be an effective complete Cartier
divisor on X such that the log 3-fold (X, Dyeq) is divisorially log terminal and that X is smooth
outside the support of D. Assume that Kx + D,eq is Cartier and each irreducible component of D is
algebraic and Q-Cartier. Then the following formula holds :

x(Op) Zsz Op,) Zm,D?) ZszQ

ZmZZCpXD)

peD?
where D =Y, m;D; is the irreducible decomposition and D? = D; \ Uj;D

Theorem 1.1 can be proved using Proposition 2.3.

3 Types of degenerations of algebraic surfaces with Kodaira
dimension zero

Definition 3.1 (Minimal Semistable Degeneration) A minimal model X — D obtained from a
projective semistable degeneration of surfaces with non-negative Kodaira dimension g : ¥ — D
by applying the Minimal Model Program is called a projective minimal semistable degeneration of
surfaces.



A projective log minimal degeneration of Kodaira dimension zero is related to a minimal semistable
degeneration as in the following way.

Lemma 3.1 Let f : X — D be a projective log minimal degeneration of surfaces with non-negative
Kodaira dimension. Then there exists a finite covering T : D7 — D, a projective minimal semistable
degeneration f7 : X% — D which is bimeromorphically equivalent to X xp D7 over D’ and a
generically finite morphism © : X% — X such that fom = 7o f7 and Kxo + 07 = m*(Kx + 0),
where ©7 := f7%(0).

X X5 X
| il
D —— D
Let (S,A) be a projective log surface with a standard boundary defined over an algebraically
closed field k. Assume that (S, A) is log terminal and Kg + A is numerically trivial. (S, A) can be
roughly classified into the following three types.

I:|A]=0,

I : [A] #0 and [Diffja (A — |A])] =0,

IIT : [A] #£0 and [Diffa e (A — [A])] #£0,

where v denotes the normalization map v : |[A]” — |A].

Definition 3.2 Log surfaces (S, A) with the above conditions are said to be of type I, I and III
respectively.

Definition 3.3 A log minimal degeneration f : X — D of surfaces of Kodaira dimension zero is
said to be of type I (resp. of type 11, resp. of type I11), if there exists an irreducible component ©; of
© such that (0;, Diffg, (0 — ©;)) is of type I (resp. of type II, resp. of type III).

For a projective log minimal degenerations of surfaces of Kodaira dimension zero f : X — D,
take a projective minimal semistable degeneration f? : X? — D7 obtained from f as in Lemma 3.1.
Then the following holds.

Proposition 3.1 f is of type I ( resp. of type 11, resp. of type 111 ) if and only if f7 is of type I (
resp. of type 11, resp. of type 111 ). Moreover two projective log minimal degenerations f; : X; — D
(7 = 1,2) which are bimeromorphically equivalent to each other over D have exactly the same types as
each other, i.e., types 1, 11 and 111 are bimeromorphic notion which are independent from the choice
of log minimal models.

Remark 3.1 From Proposition 3.1, for a projective log minimal degenerations of surfaces of Kodaira
dimension zero f : X — D, we can see that if f is of type I (resp. of type II, resp. of type III), then
for any irreducible component ©; of ©, (0;, Diffg,(© — ©;)) is of type I (resp. of type II, resp. of
type III).



4 Canonical bundle formulae

4.1 Review on Fujino-Mori’s canonical bundle formula

Let f : X — B be a morphism from a normal projective variety X with dim X = m 4+ d onto a
smooth projective variety B of dimension d defined over the complex number field. Assume that X
has only canonical singularities and that a general fibre F' of f is an irreducible variety with Kodaira
dimension zero. Let b be the smallest positive integer such that the b-th plurigenera of F' is not zero.
According to [8], there exists a Q-divisor Lx,p on B such that there exists a Og-algebra isomorphism

®i>00p([1Lx/B]) ~ ®i>0 [ Ox(IbKx)™,

where *x denotes the double dual. Ly, p is well defined in the sense that Lx/,p is unique modulo linear
equivalence! . Mori also defined a Q-divisor Lf;?/ g on B as a “moduli contribution” to a canonical
bundle formula as follows.

Proposition 4.1 ([8], Corollary 2.5) There exists a Q-divisor LY, 5(< Lx;p) such that

@i Y8 < Lxyp for any finite surjective morphism 7 : B" — B from an irreducible smooth
projective variety B', and that

(ii) T'LY)p = Lxyp at p' € B' if X xp B’ has a semistable resolution over a neighbourhood of
p € B or f*(p') has only canonical singularities,

where f': X' — B’ is a fibration by taking a non-singular model of the second projection X Xpg
B — B.

Remark 4.1 Since Lx/p and L% y 5(< Lx/p) depend only on the birational equivalence class of X
over B, we can define these Q-divisors even if the singularity of X is worse than canonical by passing
to a non-singular model.

Let 7 : F — F be a proper surjective morphism from a smooth variety F obtained by taking b-th
root of the unique element of |[bKr| and desingularization. Put N(z) := L.C.M.{n € N|p(n) < z},
where ¢ denotes the Euler’s function. Let By, be the m-th Betti number of F. The following theorem
says, coefficients appearing in canonical bundle formulae can be well controlled. From what follows,
BW denotes the set of all the codimension one point of B.

Theorem 4.1 ([8], Proposition 2.8 and Theorem 3.1) (1) N(B,)LY p is a Weil divisor.

(2) Assume that NLY p is a Weil divisor. Then we have bKx = f*(bKp+ L%, 5+ X pepm $pp) + E,
where s, € Q and E is an effective Q-divisor such that

(i) for each point p € BW | there exist positive integers Up, Up such that 0 < v, < DN and

_ bNu, —v,

s
P Nu

P

ii) s, = 0 uf the geometric fibre of f over p has only canonical singularity or if f : X — B
P
has a semistable resolution in a neighbourhood of p, and

(iii) f.Ox(|nE]) = Op for anyn € N.

L Any two Q-divisors D, and Dy on a variety are said to be linearly equivalent to each other if Dy — Ds is a principal
divisor.
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4.2 Canonical Bundle Formulae and Log Minimal Models

Lemma 4.1 Let f : X — B be a proper morphism from a normal variety X onto a smooth irreducible
projective curve B defined over the complex number field whose general fibre F of f is a normal variety
with only canonical singularity whose Kodaira dimension is zero. Let b be the smallest positive integer
such that the b-th plurigenera of F' is not zero as in the previous section. Let X C B be a finite set
of points which consists of all the points p € B, such that f*(p) is not a normal variety with only
canonical singularity. Assume that (X,0) is log canonical where © := (f*¥)ea. Then there exists
d € N, such that
[:Ox(n(Kx + ©)) = Op(n(Kp + (1/0)L%)5 + X))

for any n € dNN.

Remark 4.2 Let f°: X° — B be a strictly log minimal fibration ( or degeneration ) of surfaces with
Kodaira dimension zero projective over B as in Definition 1.1. Since K xs is numerically trivial over B,
there exists a positive integer £, € IN such that f**(p) = £,0; for any p € B, where ©7 := f*(p)ycd-
Let p: Y — X° be a minimal model over X?*, that is, p is a projective birational morphism from a
normal Q-factorial Y with only terminal singularity to X?® such that Ky is p-nef. By running the
minimal model program over B starting from the induced morphism ¢ := f*opu: Y — B, we obtain
a minimal fibration h : Z — B and a dominating rational map \ : Y— — Z over B. Since X* has
only log terminal singularity, there exists an effective Q-divisor A with |[A| =0 on Y such that

Since Ky + A, Kz + A\,A and K are all numerically trivial over B, there exists a non-negative
rational number p, € @ such that
My = pph*(p), (4.1)

where A, denotes the restriction of A in a neighbourhood of the fibre over p € B. When B is
complete, a canonical bundle formula can be calculated by using Lemma 4.1 as follows
1 l,—1
Ky =h*(Kp+ SL%s + > ”é

pEB P

— fip)p)- (4.2)

Define s, € Q by

— Hp)-

We can check Mori’s estimate of s, in Theorem 4.1 as in the following way. Firstly, we note that we
may assume that there exists a prime p-exceptional divisor over p € B such that £ C Supp A and
ME # 0, since otherwise, u, = 0 and hence s, = (¢, — 1)/¢,. Put

I, ;== Min{n € N|n(Kxs + ©;) is Cartier in a neighbourhood of the fibre f*(p)}.
Since (X*®, ©%) is log canonical, we have
0 < La(E; X*,0;) = L(a(E; X*) — multpu*©; + 1)inZ.
Thus if we put v, := [,(—a(£; X*) + multpp*0;), we have v), € N and 0 < v, < I,. Put
uy, == Lymultpp*©, = multpg®(p) € N.

Then we have 1, = —a(E; X*)/u;, and s, = b(Iu;, —v,)/I,u;,. So the estimation of s, reduces to the
estimation of I, in our case. By passing to a divisorially log terminal model of (X*, ©°) and using
Proposition 4.2 below and [41], Proof of Theorem 2.1, we get 1,|N(21).
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Consider the following conditions assuming dim X > 2.
(M1) Ais a standard Q-boundary.
(M2) (X,A) is divisorially log terminal.

(M2)* (M2)* (X,A) is divisorially log terminal and {A} = 0 or (M2)? (X,A) is purely log
terminal.

(M3) There exists an irreducible component I' of |A] passing through p € X such that Kx + 1T is
Q-Cartier.

Remark 4.3 (M2)* is a slightly stronger condition than (M2).
Proposition 4.2 Assume the conditions (M1), (M2) and (M3). Then
indp(KX + A) = indp(Kp + lefp(A - F))

Remark 4.4 We should note that £, € N and p, € Q depends on the choice of strictly log minimal
model. For example, consider a degeneration of elliptic curve whose singular fibre is of type ,,I;.
Obviously, the minimal model is a strictly log minimal model in this case and we obtain ¢, = m
and g, = 0. But blowing up the node of the singular fibre and blowing down the exceptional
divisor we obtain another strictly log minimal model. When we use this model, we get ¢, = 2m and

pp = 1/(2m).
To avoid this indeterminacy, we shall introduce the notion of moderate log canonical singularity.

Definition 4.1 Let (X, A) be a normal log variety and let A’ be a boundary on X such that A" < A.
Assume that (X, A) is log canonical and that Kx + A’ is Q-Cartier. (X, A) is said to be moderately

log canonical with respect Kx + A’ if for any exceptional prime divisor F of the function field of X
with a;(E; X, A) = 0, the inequality a;(E; X, A’) > 1 holds.

Remark 4.5 If X is Q-Gorenstein and (X, A) is divisorially log terminal, then (X, A) is moderately
log canonical with respect to Kx by [40], Divisorial Log Terminal Theorem. Thus it is easy to see
that for a strictly log minimal fibration (or degeneration) f*: X* — B constructed in such a way as
explained in Remark 1.1, (X*, ©%) is moderate with respect to Ky, where ©° := 3 .5 ©5.

Lemma 4.2 Let ff : X7 — B (i = 1,2) be two strictly log minimal fibration (or degeneration) of
surfaces with Kodaira dimension zero which are birationally equivalent to each other over B and let
I$) be a positive integer such that f£*(p) = (V05 , where ©F = f*(p)oq fori=1,2. Assume that
(X5,03,) is moderately log canonical with respect to Kxs. Then €9 < (@), Moreover, if (X3,05,)
is also moderately log canonical with respect to Kx;, then fi : Xi — B and f; : X5 — B are

1somorphic in codimension one to each other over a neighbourhood of p € B and E§,1> = KI(,Q).

Proof. Take a desingularization a; : W — X7 of X7 and let w : W — B be the induced morphism.
Let G% be a a;-exceptional effective Q-divisor defined by G := Ky + 05, — o (Kxs +65,). We
note that GV — G € w*(Div(B) ® Q) by their definitions. Since G is effective and Supp G does
not contain the support of the fibre w*(p) entirely for i = 1,2, we have GV = G®). If we assume
that any ay-exceptional divisor contained in a fibre w™!(p) is ap-exceptional, then we have E;l) = 61(72)
obviously, so we may assume that there exists a aj-exceptional prime divisor £ C w™!(p) which is

not ap-exceptional. If we assume that a;(E; X7, 05 ) > 0, then E' C Supp G = Supp G, which
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is a contradiction. Thus we have a;(E; X7,0; ) = 0 and hence a(£; X7) > 0 by the assumption.
Therefore we deduce that

(2 = multgw* (p) = (PmultpaO; , = (0 (a(E; X7) +1) > (9.

The last assertion also follows from the above argument. [ ]

Proposition 4.3 (c.f. [20], Theorem 4.9) Let ff: X7 — B (i = 1,2) be two strictly log minimal
fibration (or degeneration) of surfaces with Kodaira dimension zero projective over B which are
birationally equivalent to each other over B. Assume that (X7, 07 ) is moderately log canonical with
respect to Kxs for v = 1,2. Then f{ : X§ — B and f5 : X — B are connected by a sequence of
log flops over a neighbourhood of p € B, that is, there exist birational morphisms between normal
threefolds over a neighbourhood of p € B which are isomorphic in codimension one:

X=X 570 _x® L, z0. 0 x—. X3,
where X®) is Q-factorial for k=0,1,...n.

Proof. Take a relatively ample effective divisor H on X3 over B and let H' be the strict transform
of H on Xj. Applying the log minimal model program on X7 over B with respect to Kx: + eH’,
where ¢ is sufficiently small positive rational number, we may assume at first that H' is f-nef since
contraction morphisms appearing in the log minimal model program do not contract divisors. By
the Base Point Free Theorem ([29]), some multiple of H’ defines a birational morphism v : X7 — X3
over B which is isomorphic in codimension one. Since X7 and X7 are both Q-factorial, v is an
isomorphism and thus we get the assertion. [ ]

Definition 4.2 Let f*: X®* — B be a strictly log minimal fibration (or degeneration) of surfaces
with Kodaira dimension zero projective over B such that (X*,©;) is moderately log canonical with
respect to Kxs and let £, € N and p, € Q be as defined in Remark 4.2. We define (; € N, u; € Q
and s; € Q as £} =y, i = p,, and

-1
5, = b(pT — i)

p

Proposition 4.3 give the following:

Corollary 4.1 (5 € N and yi;; € Q are birational (or bimeromorphic) invariants of germs of singular
fibres over p € B and hence so is s,

Example 4.1 For degenerations of elliptic curves, one can define invariants £3, y5 and s;in the same
way and it can be checked that 7 coincides with the multiplicty if the singular fibre is of type ,,I; or
otherwise, with the order of the semisimple part of the monodromy group around the singular fibre.
We can also obtain the following well known table:

Table V
\ mlp \ I; \ I1 \ I | III \HI* vV \IV*
Z;; m 2 6 6 4 4 3 3
1y, 0 0 [2/3, 0 |1/2] 0 [1/3| O
S (m-1)/m | 1/2 | 1/6 | 5/6 | 1/4 | 3/4|1/3|2/3

Here we are using the Kodaira’s notation ([19]). See also [10].
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Lemma 4.3 s; =0 if and only if £; = 1.

Proof.  Firstly, assume that £; = 1, then we have obviously s; = 0 since s; > 0 and p;, > 0. Sec-
ondarily, assume that s; = 0. Let f*: X* — B be a strictly log minimal fibration (or degeneration)
of surfaces with Kodaira dimension zero projective over B such that (X* ©;) is moderately log
canonical with respect to Kxs. We may assume that the singularity of X* is worse than canonical
and let ©: Y — X?® and E be as in Remark 4.2. Then from the assumption, we have

=1 a(E; X#)

e Lymultpp*©3

sy =b( ) =0,

hence a(E; X*,0;) = 1 — Imultpu*©;. Since a(E; X°,05) > 0 and [multpu*®, € N, we have
a(E; X*,05) = 0. From the definition of moderately log canonical singularity, we have a(£; X*) > 0
and hence p; < 0, which is a contradiction. [ ]

Lemma 4.4 Let f* : X° — B be a strictly log minimal fibration (or degeneration) of surfaces
with Kodaira dimension zero projective over B. Then p, = 0 if and only if X*® has only canonical
singularity over a neighbourhood of p € B.

Proof. We shall use notation in Remark 4.2. Assume that p, = 0 and that singularity of X* is
worse than canonical over a neighbourhood of p € B. Let W be a resolution of the graph of A
and let o : W — Y and 3 : W — Z be projections. Since 3,A" = \,A = 0 over p € B, we
have Ky + A" = o*(Ky + A) = 3*Kz over p € B. Since Z has only terminal singularity by its
construction, we obtain —AY > 0, which is absurd. [

Lemma 4.5 Let f* : X® — D be a strictly log minimal degeneration of surfaces with Kodaira
dimension zero projective over a unit complex disk D with the origin p :==0 € D and let 7 : D—D
be a cyclic covering from another unit disk D with the order t, which is étale over D* := D \ {p}.
Let f: X — D be a relatively minimal degeneration which is bzmemmorphzc to X* xp D — D over
D. Then f* (p) is reduced and (X, f*(p p)) is log canonical and in particular s5 = 0, where p := 0 € D.

Proof. Let X' be a Q-factorization of (X* xp D)” (see [14], §6, page 120). Then, as in the same
way as in the proof of Lemma 3.1, we see that the induced degeneration f' : X’ — D is strictly
log minimal, projective over D and that f’ (p) is reduced, which imply that X' has only canonical
singularity. Let X be a minimal model over X', then the induced degeneration f X — D turns
out to be a minimal degeneration projective over D and it is easily seen that f*( p) is reduced and
(X, f*(p)) is log canonical . Since minimal models are unique up to flops, we get the first assertion.
As for the last assertion, we only have to check that (X, f*(p)) is moderately log canonical with
respect to K ¢, but which is trivial. [

The degree of the moduli contribution to a canonical bundle formula can be calculated in a certain
condition.

Proposition 4.4 Let f : X — B be a proper surjective morphism from a normal algebraic three-
folds X with only canonical singularity onto a smooth projective curve B whose general fibre is a
surface with Kodaira dimension zero. Assume that s, = 0 for any p € B. Then deg LY =

deg f.Ox (bKx/p).

Proof. Let f°: X® — B be a strictly log minimal model of f such that (X*,©;) is moderately log
canonical with respect to Kxs for any p € B. By Lemma 4.3, we have {; =1 and hence u; = 0 for
any p € B, from which we infer that f**(p) is reduced and that X* has only canonical singularity
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by Lemma 4.4. By the argument in [27], proof of Definition-Theorem (1.11), there exists a Cartier
divisor 0 € DivB such that bKxs,p ~ f**0. Thus we have

f*OX(be/B) = f:OXs(bKXS/B) ~ OB(5>

On the other hand, since bKxs,p ~Q [ LY p, we have degd = deg LY. 5 = deg LY 5. Thus we
get the assertion. [ ]

Lemma 4.6 Let f : X — B be a proper surjective morphism from a normal algebraic threefolds
X onto a smooth projective curve B whose general fibre is a surface with Kodaira dimension zero.
Assume that B ~ P'. Then there exists a Kummer covering m : B' — B from a smooth projective
curve B" with Gal (B'/B) ~ @yepZ /{3 Z such that s;, =0 for any p' € B’ for the second projection
pe: (X xp B — B

Proof. The assertion follows from Lemma 4.5 using the argument in [30], §4, page 112. |

Definition 4.3 Let f : X — B be a proper surjective morphism from a normal algebraic threefolds
X onto B =~ P! whose general fibre is a surface with Kodaira dimension zero. Let C; be the set of
all the pair (B, 7) which consists of a smooth projective curve B’ and a finite surjective morphism
7 : B' — B such that s} = 0 for any p’ € B’ for the second projection p, : (X xp B')” — B'. For f,
we define a positive integer d(f) € N as d(f) := Min{degn|(B’,7) € Cs}.

Definition 4.4 Let CY% be the set of all the triple (X, f, B) where X is a normal projective threefold
X with only canonical singularity whose canonical divisor Kx is numerically trivial and f: X — B
is a projective connected morphism onto B ~ P*.

The following conjecture is important for the bounding problem of Calabi-Yau threefolds.
Conjecture 4.1 There exists d € N such that d(f) < d for any (X, f, B) € CV%.

By Lemma 4.6, Conjecture 4.1 reduces to the following:
Conjecture 4.2 There exists £ € N such that [[,cp (5 < ¢ for all (X, f, B) € CV}.

The following proposition is an important step toward Conjecture 4.2, which can be deduced from
Theorem 4.1.

Proposition 4.5 There exists a finite subset S C Q and a positive integer v such that for all
(X, f,B) € CY%, {silp € B} C S and Card {p € B|s} > 0} < v.

By Proposition 4.5, Conjecture 4.2 reduces to the following conjecture on degenerations:

Conjecture 4.3 Put ¢, := p, 07, There exists a finite subset C C @ such that for any degeneration
of algebraic surfaces with Kodaira dimension zero over a one-dimensional complex disk, ¢, € C.

Remark 4.6 As we have seen in Example 4.1, for any degenerations of elliptic curves, we have
¢, € {0,1,2,4}. One can state the analogue of conjecture 4.3 in higher dimensional cases using
the conjectural higher dimensional Log Minimal Model Program. In this case, the problem involves
another problem such as the boundedness of varieties with Kodaira dimension zero.
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4.3 Abelian Fibred Case

In this section, we prove the following theorem and apply this to Conjecture 4.1 in abelian fibred
cases.

Theorem 4.2 For any degeneration of abelian surfaces over a one-dimensional complex disk, all the
possible values of the invariant w, for the singular fibres can be listed in Table VI and VII except the
case iy = 0. In particular,we have

i€ {0,1/5,1/4,1/3,2/5,1/2,2/3,1,3/2,2,3,4,5,6}.

Definition 4.5 Let cy3B ab be the set of all the triple (X, f, B) where X is a normal projective
threefold X with only canonical singularity whose canonical divisor Ky is numerically trivial and
f: X — B is a projective connected morphism onto B ~ P! whose geometric generic fibre is an
abelian surface.

By Theorem 4.2, we can give a positive answer to Conjecture 4.1 using the argument in the
previous section.

Corollary 4.2 There exists d € N such that d(f) < d for any (X, f, B) € Cy:; ab-

For the proof of Theorem 4.2, we need the following:

Lemma 4.7 Let f : X — D be a log minimal Type 11 degeneration of abelian surfaces. Then local
fundamental groups of X at any point in X is cyclic. The same holds also for a strictly log minimal
model f°: X% — D obtained by applying the log minimal model program on f with respect to Kx.

Proof. We use notation in Lemma 3.1. Since X7 is smooth and the support of the singular fibre f”
has only normal crossing singularity with all of the components being relatively elliptic ruled surfaces,
Galois group G := Gal (D?/D) acts biregulary on X7 and 7 : X% — X factors into 7 = 7 o my
where m; : X?/G — X is a bimeromorphic morphism and 7y : X? — X7/G is the quotient map. Let
{E;|7 € J} be the set of all the m-exceptional divisors. Since both of X?/G and X are Q-factorial,
we have Exc m = U Ej;, hence m induces an isomorphism X7 /G\U,c;E; — X \Uje Centerx (E;).
So we only have to check that Center x (£}) is contained in a double curve of © for any j € J but which
is immediate by [40], Divisorial Log Terminal Theorem, since we have ;(E;; X,0) = 0 obviously.
Thus we get the assertion. (]

Proof of Theorem 4.2. If there exists a strictly log minimal model f* : X® — D of the degeneration
to be considered such that (X?*, ©%) is moderately log canonical with respect to Kxs and that X*
has only canonical singularity, then we have p; = 0 by its definition and there is nothing we have
to prove. In particular, we do not have to care about the Type III degeneration by Theorem 1.2.
Consider a strictly log minimal model f* : X* — D obtained by applying the log minimal model
program on a type I or Il log minimal degeneration f : X — D with respect to Kx. Assume that
there exists a point x € X*® such that (X*, x) is not canonical. By Theorem 1.2, Lemma 4.7 and
[30], Proposition 3.6 and 3.8,types of singularity of (X*®,©%) at € X*® are of type Vi(r;ao, a1, az)
with » = 3,4,5,6,8,10,12 or Va(r; agp, a1, as) with r = 3,4,6. In what follows, we use notation in
Remark 4.2. By [36], §4, E corresponds to some primitive vector (1/r)(kag, ka1, kas) and we have

a(E; X®) = (1/r)(kag + kay + kag) — 1, multpu*©® = (1/r)kas,
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hence S
17— (kao + kay + kay)

Crkay

in the case Vi(r;ag, a1, az). In the same way, we obtain

*

Hp

r — (kag + kay + kas)
03 (ka + kar)

*

Hyp =

in the case V(r; ag, a1, as). Determination of possible primitive vectors in the case Vi(r;ag, a1, as)
with » = 5,8,10,12 was essentially done in [30], since degenerations in these cases are Type I in
our terminology which coincides “moderate” in Oguiso’s terminology. When we determine possible
primitive vectors in other cases, we only have to note that 3.7 ; ka; < r which is obvious restriction
from the assumption and that (7, kay) = 1 since Sing X* C ©% in the case V;(r;ag, ay,as) and X? is
smooth at the generic point of double curves in the case V5(r; ag, ai, as). [

Remark 4.7 Theorem 4.2 implies the inequality s, > 1/6 holds for any degeneration of abelian
surfaces which has been obtained in the case of Type I degenerations by Oguiso ([30], Main Theorem).

Table VI, Case Vi (r;ag, a1, as)

‘ primitive vectors ‘ 0 ‘ sy ‘ divisibility of £7
(1) (1/3)(1,0,1) 1/t (L —2)/t 316,
(2) (1/4)(1,1,1) 1/t (6, =2)/t; 416
(3) (1/4)(0,1,1) 2/, (6, —3)/ty 416,
(4) (1/5)(1,2,1) 1/t (6, =2)/t; 5|0,
(5) (1/6)(3,1,1) 1/ (b —2)/6; 6|0,
(6) (1/6)(2,1,1) 2/0 (L —=3)/t 6|¢,
@ | (1/6)(1,1,1) 3/ (¢ — 4]t 610
(8) (1/6)(1,0,1) 4/t (L —=5)/t 6|¢,
9) (1/8)(5,1,1) 1/t (6, =2)/t; 8|4,
(10) (1/8)(3,1,1) 3/¢; (6, —4)/t 80,
(11) (1/8)(3,1,3) 1/(36;) | (36, —4)/(3¢6;) 8|4,
(12) (1/10)(7,1,1) 1/ (6, —2)/ty 10]¢;
(13) (1/10)(3,1,1) 5/ (6, —6)/t; 10|47
(14) [ (1/10)(3,1,3) /0 (¢ —2)]e 10[0;
(15) | (1/12)(7,1,1) 3/ (¢ —4)/ 12[0;
(16) (1/12)(4,3,1) 4/t (6, —5)/t; 12|47
a7 | (1/12)(5,1,1) 5/0; (02— 6)/C 12]¢
(18) | (1/12)(3,2,1) 6/, @ =]t 12[0;
(19) (1/12)(5,1,5) 1/(565) | (505 —6)/(50;) 12|45
(20) (1/12)(3,2,5) 2/(5¢;) | (5L; —7)/(5;) 12|07

Table VII, Case Va(r; ag, a1, as)
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‘ primitive vectors ‘ 0 ‘ S, ‘ divisibility of £7
(21) (1/3)(1,0,1) 1/t (6, —2)/t; 314,
(22) (1/4)(1,0,1) 2/, (6, —3)/ty 416,
(23) (1/4)(1,1,1) 1/(207) | (26 —3)/(245) 2|6,
(24) (1/6)(1,0,1) 4/¢; (6, —5)/ty 6|0,
(25) (1/6)(1,1,1) 3/(26;) | (205 —5)/(2¢5) 314,
(26) (1/6)(1,2,1) 2/(36;) | (3¢5 —5)/(365) 2|65
(27) (1/6)(1,3,1) 1/(407) | (46; —5)/(407) 3|5

5 Bounding the number of singular fibres of Abelian Fibered
Calabi Yau threefolds

Let B be a smooth projective irreducible curve defined over the complex number field and let K
denote the rational function field of B.

Definition 5.1 We define the loci of singular fibres X, 3, as follows.

(1) Let f: X — B is a projective connected morphism from a normal Q-factorial projective
variety X with only canonical singularity onto a B. We define the subset of closed points of
B y by f by
¥ :={p € B| f is not smooth over a neighbourhood of p }.

(2) Let Ak be an abelian variety over K, and let ¢ : A — B be the Néron model of Ax. We define
the subset of closed points of B, ¥, by

Y, := {p € B| Ak does not have good reduction at p }.

Remark 5.1 Consider two morphisms f; : X; — B (i = 1,2) as in Definition 5.1, (1), such that
dim X; = 3 and the that the geometric generic fiber of f; is an abelian variety for ¢ = 1,2. Assume
that Ky, is f;-nef for ¢ = 1,2 and that X; is birationally equivalent to Xy over B. Then we see
that Xf = Xy, and hence Card ¥; = Card X, for, as is well known, birationally equivalent minimal
models are connected by a sequence of flops while abelian varieties do not contain rational curves.
Moreover, both of the defintions of (1) and (2) are compatible in the case dim Ax = 2, that is, for a
birational model f: X — B of Ak such as in Definition 5.1, (1), ¥ coincides with 3.

The aim of this section is to prove the following theorem which gives a positive answer to Oguiso’s
question communicated to the author; Are the numbers of singular fibres of abelian fibered Calabi
Yau threefolds are bounded?

Theorem 5.1 There ezists s € N, such that for any triple (X, f, B) € Cy‘; ab’

sy = Card ¥y < s.

Let f : X — B be a projective connected morphism from a normal Q-factorial projective variety
X with only canonical singularity onto B. Put B, := B\ ¥ ¢ and let f, : Xo — B, be the restriction
of fto X, := f1(B,). According to the theory of relative Picard schemes and relative Albanese
maps due to Grothendiek (see [11] and see also [7] working on the analytic category), there exists
the relative Picard schemes Pic (X,/B,) — B, representing the Picard functor whose connected
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component containing the unit section, denoted by Pic®(X,/B,) — B., is a projective abelian scheme.
Moreover, there exists a morphism « : X, — Alb'(X,/B,) over B, where Alb'(X,/B,) is B.-torsor
under the dual projective abelian scheme of Pic®(X,/B,) denoted by AIb’(X,/B,) satisfying the
universal mapping property. « is called the relative Albanese map associated with f. If we assume
that the geometric generic fibre of f is an abelian variety, then « is an isomorphism over B, by the
universal mapping property.

Definition 5.2 Let X, be the generic fibre of f. The Néron Model ¢ : A — B of AIb’(X,) is an
extension of the abelian scheme ¢, : AlbO(XO/BO) — B,. We call ¢, the Albanese group scheme
associated with f.

Corollary 5.1 There ezists s € N, such that for any triple (X, f, B) € cy; ab:

5, = Card X, < s,
where ¢ : A — B is the Albanese group scheme associated with f.

Proof. Since A xg B, =~ AlbO(XO/BO), we have X, C ¥y and hence s, < s;. Thus the assertion
follows immediately from Theorem 5.1.
|
The following Lemma can be deduced immediately from the property of torsors.

Lemma 5.1 Let f: X — B be a projective connected morphism from a normal Q-factorial projective
variety X with only canonical singularity onto B whose geometric generic fiber is an abelian variety
and let ¢ : A — B be the Albanese group scheme associated to f.

(1) we have LY, 5 ~Q L/ and

(ii) moreover, if we assume that dim X = 3 and that f : X — B admits an analytic local section
in a neighbourhood of any closed points p € B, then we have Xy = X, and s;(f) = s,(¢),
where s3(f) and s;(p) are the analytic local bimeromorphic invariants s, of the fibres of f and
w over p € B defined in Lemma 4.3 respectively. In particular, the Kodaira dimensions of X

and A are the same.

By Corollary 4.2, there exists d € IN such that d(f) < d for any (X, f, B) € cy; ab and in what

follows, we fix such d € N. Firstly, take any (X, f, B) € Cy% ab- Then there exists a finite surjective
morphism 7 : B’ — B from a projective smooth irreducible curve B’ with deg 7 < d which is étale
over any closed points p € B with s;( f) = 0 and p # p,, where p, is a certain closed point of B
which is not contained in ¥y, such that sy, (f') = 0 for any closed points p’ € B', where f': X" — B’
is a minimal model of py : (X xp B')” — B'. Since the number of closed points of B with s3(f) >0
is bounded by Proposition 4.5, we only have to bound sy := Card X to prove Theorem 5.1. Let
X, be the generic fibre of f’ over the generic point 7’ of B" and let ' : A" — B’ be the Néron model
of AlbO(X;,). Since £;,(f') = 1 for any closed points p’ € B’ by Lemma 4.3, f' : X’ — B’ admits
an analytic local section in a neighbourhood of any closed points p’ € B’, so we only have to bound
5, = Card ¥, by Lemma 5.1. From Proposition 4.4, we see that

deg e det 9,14//3' = deg LY /g = deg LY = (deg7)(deg LY, 5) < 2d,
where ¢’ : B' — A’ is the unit section of ¢'.

Lemma 5.2 ¢ : A — B’ has semi-abelian reduction at all closed points p' € B'.
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Proof. From Proposition 4.4, we see that, for AlbO(Xf?,), the stable height equals to the differential
height, hence by [25], Ch.X, proposition 2.5 (ii), we get the result. [ ]

Let K’ be the rational function field of B’. Define an abelian variety Z’' over K’, by
7' = (AIb°(X],) x g 2 A’ (X)),
where t denotes its dual. Let (' : Z' — B’ be the Néron model of Z'.

Lemma 5.3 Put B, := B'\ X, and let {, : Z — B! denote the restriction of ' to ¢'"*(BY). Then,
(i) Yo =Xy and : 2] — Bl is a principally polarized abelian scheme.
(ii) ¢ : 2" — B’ has semi-abelian reduction at all closed points p' € B’ and

(iii) deg Ci det QlZ’/B’ =38 deg 6'* det Q}4’/B’ S 16d

Proof. Since ¢!, : AIb°(X!/B!) — B! is a projective abelian scheme, there exists a polarization
Moo AIDY(X!/B!) — AIb’(X!/B!)t which is an isogeny over B’. Let ¢ : A" — B’ be the Néron
Model of AIb®(X/,)". Then X, extends to an isogeny A" : A" — A" over B, hence we have Ly = S
and A" — B’ also has semi-abelian reduction at all closed points p’ € B’ (see [1], §7.3, Proposition 6,
Corollary 7 ). Therefore, using [1], §7.4 Proposition 3, we conclude that Z’° = (A”° x5 A"°)* — B’
is a semi-abelian sheme and X = Y./, where Z’°, A and A" denotes connected components of
Z' A" and A" containing their unit respectively. It is well known that (! : Z/ — B! has a principal
polarization and that we have the equality deg (. det QL, /g = 8dege”™ det QL /g (see [6], Ch I, §5,
Lemma 5.5, [25], Ch IX and [45]). n

Let H,, Sp(2g, Z) and I, ,, be the Siegel’s upper half-plane, integral symplectic group of degree 2¢
and the congruence subgroup of level n of Sp(2g, Z) respectively as usual. Forn >3, A,,, := H,/T,,
is known to be smooth quasi projective scheme over the complex number field C. According to [5],
there exists a normal projective variety A7, over C' which contains A, as a open subsheme and
an ample invertible w4 = such that for any g-dimensional principally polarized abelian variety Ag
defined over K with a level n structure, the period map ¢ : B, := B\ ¥, — Ay, associated with
0o + Ao == ¢ Y(B,) — B, extends to a morphism ¢ : B — A, which gives an isomorphism

e* det Qil/B ~ ¢*wax , Where ¢ : A — B is the Néron Model of Ax and e is its unit section. Take

a natural number N = N(g,n) € N depending only on g and n such that w%\’n is very ample. We
may assume that there exists an effective divisor H on Aj , such that Oy (H) ~ w%\[n and that
Al \ Ay, C Supp H. Take any g-dimensional principally polarized abelian variety A defined over

K with a level n structure. Under the assumption that n > 3, its Néron Model ¢ : A — B is known
to have semi-abelian reduction at any closed points of B so we have

Sp C ¢ (Agn \ Agn) C ¢ (Supp H)
and hence,
sy = Card ¥, < deg¢*H = N(g,n)deg dp*wa; = N(g,n)dege" det 9,14/3- (5.3)

If g-dimensional principally polarized abelian variety Ax does not have a level n structure, there
exists an finite extension K’ of K with [K': K| < Card Sp(2¢, Z/nZ) such that Ax = Ax xx K’
has a level n-structure. Let 7 : B’ — B be the finite surjective morphism from the smooth projective
model B’ of K’ and let ¢ : A" — B’ be the Néron Model of Ag:. If we assume that ¢ : A — B
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has semi-abelian reduction at any closed points of B, then we have A" = A xp B’ and hence,
Yy =7 H2,). Thus, by (5.3), we have

Sp < sy < N(g,n)dege™ det Q}L‘,/B, (5.4)
= N(g,n)degTdege” det Q}MB
= N(g,n) Card Sp(2¢g, Z/nZ)dege* det Q,IA/B-

Proof of Theorem 5.1. As we preiviously remarked, we only have to bound s,/. From Lemma 5.3,
we have

S‘P’ = Sy (57)

< N(16,3) Card Sp(32, Z/3Z) deg ¢, det Q% . (5.8)

< 16dN(16,3) Card Sp(32,Z/3Z). (5.9)

Thus we get the assertion. (]
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