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On certain boundedness of fibred Calabi-Yau’s threefolds ∗

Koji Ohno
Department of Mathematics Graduate School of Science

Osaka University

Abstract

In this report, the Euler characteristic formula for projective logarithmic minimal degen-
erations of surfaces with Kodaira dimension zero over a 1-dimensional complex disk is given
under a reasonable assumption and as its application, the singularity of logarithmic minimal
degenerations are determined in the abelian or hyperelliptic case. By globalizing this local anal-
ysis of singular fibres via generalized canonical bundle formulae due to Fujino-Mori, we bound
the number of singular fibres of abelian fibred Calabi-Yau threefolds from above, which was
previously done by Oguiso in the potentially good reduction case.

Contents

1 Introduction 1

2 The Euler characteristic formula 7

3 Types of degenerations of algebraic surfaces with Kodaira dimension zero 8

4 Canonical bundle formulae 10
4.1 Review on Fujino-Mori’s canonical bundle formula . . . . . . . . . . . . . . . . . . . . 10
4.2 Canonical Bundle Formulae and Log Minimal Models . . . . . . . . . . . . . . . . . . 11
4.3 Abelian Fibred Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

5 Bounding the number of singular fibres of Abelian Fibered Calabi Yau threefolds 18

1 Introduction

Based on the 2-dimensional minimal model theory, Kodaira classified the singular fibres of degenera-
tions of elliptic curves ( [19], Theorem 6.2 ). It is quite natural that many people have been interested
in the degenerations of surfaces with Kodaira dimension zero as a next problem. The first effort be-
gan by his student Iitaka and Ueno who studied the first kind degeneration ( i.e., degeneration with
the finite monodromy ) of abelian surfaces with a principal polarization ( [42] and [43] ) while in
that time, 3-dimensional minimal model theory had not been known. After Kulikov succeeded to
construct the minimal models of degenerations of algebraic K3 surfaces in the analytic category from
semistable degenerations and to classify their singular fibres ([22]), extension to the case of the other
surfaces with Kodaira dimension zero has been done ( see for example, [33], [26], [38] ). As for the

∗This is a resume of [32]
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non-semistable case, there are works due to Crauder and Morrison who classified triple point free
degeneration ([3], [4]). 3-dimensional minimal model theory in the projective category was estab-
lished by Mori ( [28] ) but we can not start studying the degenerations from minimal models because
of their complexity while it has been known that log minimal models of degenerations of elliptic
curves behaves nicely (see [35], (8.9) Added in Proof.). After the establishment of 3-dimensional log
minimal model theory, we introduced the notion of a logarithmic minimal degeneration in [31] as
a good intermediate model to a minimal model which acts like a “quotient” of minimal semistable
degeneration by the transformation group induced from a semistable reduction. Of course, because
of the non-uniqueness of minimal models, the transformation group does not act holomorphically on
the total space in general.

Definition 1.1 Let f : X → B be a proper connected morphism from a normal Q-factorial variety
defined over the complex number field C (resp. a normal Q-factorial complex analytic space) X
onto a smooth projective curve (resp. a unit disk D := {z ∈ C; |z| < 1} ) B such that a general
fibre f ∗(p) (resp. any fibre f ∗(p) where p is not the origin) is a normal algebraic variety with only
terminal singularity. Let Σ be a set of points in B (resp. the origin 0) such that the fibre f ∗(p) is
not a normal algebraic variety with only terminal singularity. Put Θp := f ∗(p)red and Θ :=

∑
p∈Σ Θp.

(1) f : X → B is called a minimal fibration (resp. degeneration) if X has only terminal singularity
and KX is f -nef (i.e., The intersection number of KX and any complete curve contained in a
fibre of f is non-negative).

(2) f : X → B is called a logarithmic minimal (or abbreviated, log minimal) fibration (resp.
degeneration) if (X, Θ) is divisorially log terminal and KX + Θ is f -nef.

(3) f : X → B is called a strictly logarithmic minimal (or abbreviated, strictly log minimal)
fibration (resp. degeneration) if (X, Θ) is log canonical with KX , Θ being both f -nef.

Remark 1.1 We note that any fibrations (resp. degenerations) of algebraic surfaces with Kodaira
dimension zero over a smooth projective curve (resp. 1-dimensional unit disk) B are birationally
(resp. bimeromorphically) equivalent over B to a projective log minimal fibration (resp. degenera-
tion) and also to a projective strictly log minimal fibration (resp. degeneration). In fact, firstly we
can take a birational (resp. bimeromorphic) model g : Y → B, where g is a relatively projective
connected morphism from a smooth variety (resp. complex analytic space) Y such that for any
singular fibre of g, its support has only simple normal crossing singularity with each component
smooth by the Hironaka’s theorem ([12]). Let Σ ⊂ B be a set of all the points such that g is not
smooth over p ∈ B (resp. the origin 0). By the existence theorem of log minimal models established
in [37], [16], Theorem 2, [21], Theorem 1.4, we can run the log minimal program with respect to
KY +

∑
p∈Σ g∗(p)red starting from Y to get a log minimal model f : X → B which is a log minimal

fibration (resp. degenerations) in the sense of Definition 1.1. Here we note that by the Base Point
Free Theorem in [29], we infer that KX + Θ ∼Q f ∗D for some Q-divisor D on B. By applying the

log minimal program with respect to KX starting from X, we obtain a model f s : Xs → B which
obviously turns out to be a strictly log minimal fibration (resp. degenerations).

Definition 1.2 Let G be a finite group and ρ : G → GL(3,C) be a faithful representation. Let
C3/(G, ρ) denote the quotient of C3 by the action of G defined by ρ. We assume that the quotient
map C3 → C3/(G, ρ) is étale in codimension one. A pair (X, D) which consists of a normal complex
analytic space X and a reduced divisor D on X is said to have singularity of type V1(G, ρ) (resp.
V2(G, ρ) ) at p ∈ X if there exists an analytic isomorphism ϕ : (X, p) → (C3/(G, ρ), 0) between
germs and a hypersurface H in C3 defined by the equation z = 0 (resp. xy = 0), where x, y and z
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are semi-invariant coordinates of C3 at 0 such that D = ϕ∗(H/(G, ρ)). In particular, if G is cyclic
with a generator σ ∈ G and (ρ(σ)∗x, ρ(σ)∗y, ρ(σ)∗z) = (ζax, ζby, ζcz), where a, b, c ∈ Z and ζ is
a primitive r-th root of unity for some coordinate x, y and z of C3 at 0, we shall use the notation
V1(r; a, b, c) ( resp. V2(r; a, b, c) ) instead of V1(G, ρ) ( resp. V2(G, ρ) ).

Remark 1.2 We note that if (X, D) has singularity of type Vi(G, ρ) at p, the local fundamental
group at p of the singularity of X is isomorphic to G by its definition.

Let f : X → D be a log minimal degeneration and let Θ =
∑

i Θi be the irreducible decomposition
and put ∆i := DiffΘi

(Θ−Θi) for any i. For p ∈ X, let d(p) be the number of irreducible components
of Θ passing through p ∈ X. Then the followings hold.

(a) For any i, Θi is normal, ∆i is a standard boundary and (Θi, ∆i) is log terminal (see [37],
Lemma 3.6, (3.2.3) and Corollary 3.10).

(b) d(p) ≤ 3.

(c) If d(p) = 2, (X, Θ) has singularity of type V2(r; a, b, 1) at p, where r ∈ N , a, b ∈ Z and
(r, a, b) = 1 (see [2], Theorem 16.15.2).

(d) If d(p) = 3, p ∈ Θ ⊂ X is analytically isomorphic to the germ of the origin 0 ∈ {(x, y, z); xyz =
0} ⊂ C3 (see [2], Theorem 16.15.1).

(e) For any i and p ∈ Θi \Supp ∆i, if Θi is smooth at p, then X is smooth at p (see [37], Corollary
3.7).

One of the aims of this paper is to give the following Euler characteristic formula for log minimal
degenerations with KX +Θ being Cartier. We note here that the study of log minimal degenerations
of surfaces with Kodaira dimension zero reduces to this case by taking the log canonical cover with
respect to KX + Θ globally (see §6).

Theorem 1.1 Let f : X → D be a projective log minimal degeneration of surfaces with Kodaira
dimension zero such that KX + Θ is Cartier. Let f ∗(0) =

∑
i miΘi be the irreducible decomposition.

Then for t ∈ D∗ := D \ {0}, the following formula holds.

etop(Xt) =
∑

mi(eorb(Θi \∆i) +
∑

p∈Θi\∆i

δp(X, Θi)),

where Xt := f ∗(t), eorb(Θi\∆i) is the orbifold Euler number of Θi\∆i and δp(X, Θi) is the invariant
of the singularity of the pair (X, Θi) at p ∈ Θi\∆i which is well defined and can be calculated explicitly
as explained in the next section.

The above formula turns out to be quite useful for further study of degenerations. In fact, we
apply the following corollary to the study on non-semistable degenerations of abelian or hyperelliptic
surfaces.

Corollary 1.1 Let notation and assumptions be as in Theorem 1.1. Assume that etop(Xt) = 0 for

t ∈ D∗. Then, for any i, we have eorb(Θi \ ∆i) = 0 and for any p ∈ Θi \ ∆i, (X, Θ) has only
singularity of type V1(r; a,−a, 1) at p, where (r, a) = 1.

Based on the result of Corollary 1.1, we get the following theorem.
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Theorem 1.2 Let f : X → D be a projective log minimal degeneration of abelian or hyperelliptic
surfaces, not neccesarily assuming that KX + Θ is Cartier. Then the possible singularities of (X, Θ)
at p ∈ X are the following three types :

(0) X is smooth at p ∈ X and Θ has only normal crossing singularity at p,

(1) (X, Θ) has singularity of type V2(r; a, b, 1) at p, where r ∈ N , a, b ∈ Z and (r, a, b) = 1.

(2) (X, Θ) has singularity of type V1(G, ρ) at p.

More precisely, if f is of type II, we have r = 2, 3, 4 or 6 in (1), and G ' Z/nZ or Z/2Z ⊕Z/nZ,
where n = 2, 3, 4 or 6 in (2). The dual graph of Θ is a linear chain or a cycle. Moreover, there
exists a projective bimeromorphic morphism ψ : X → Xs over D such that for the induced projective
degeneration f s : Xs → D, we have KXs ∼Q 0 and f s∗(0) = mΘs for some m ∈ N , where

Θs := ψ∗Θ. The possible types of singularity of (Xs, Θs) and the dual graph of the support of the
singular fibre are the same as ones of (X, Θ) ( but the components of the singular fiber may become
non-normal ). If f is of type III, we have r = 2 in (1), and (2) is reduced to the following three types.

(III-2.1) (X, Θ) has singularity of type V1(r; a,−a, 1) at p, where r = 2, 3, 4 or 6, a ∈ Z and
(r, a) = 1,

(III-2.2) (X, Θ) has singularity of type V1(2; 1, 0, 1) at p,

(III-2.3) (X, Θ) has singularity of type V1(G, ρ) at p, where G ' Z/2Z ⊕Z/2Z and letting {σ, τ}
denote a set of generators,

ρ(σ) =



−1 0 0
0 −1 0
0 0 −1


 , ρ(τ) =




0 1 0
1 0 0
0 0 −1


 .

In particular, if f is of type III, then X has only canonical quotient singularity.

For the definition of types I, II and III, see Definition 3.3.

Problem 1.1 Let f : X → D a projective log minimal degeneration of abelian or hyperelliptic
surfaces of type III. Applying the log minimal program to f with respect to KX , we see that there
exists a projective bimeromorphic map ψ : X− → Xs over D such that for the induced projective
degeneration f s : Xs → D, we have KXs ∼Q 0 and f s∗(0) = mΘs for some m ∈ N , where Θs := ψ∗Θ
and that Xs has only canonical singularity but the possible types of singularity of (Xs, Θs) may differ
from the ones of (X, Θ). So determination of the types of singularity of (Xs, Θs) remains to be done.

Refining a canonical bundle formula in [8] by the Log Minimal Model Program, we obtain the
following theorem as an application of Theorem 1.2. [8].

Theorem 1.3 (Theorem 5.1) The number of singular fibres of abelian fibred Calabi Yau threefolds
over a smooth rational curves are bounded from above not depending on relative polarizations.

Remark 1.3 (1) The number of singular fibres and the bounding problem of Euler numbers are
closely related to each other. [13] asserts the boundedness of Euler numbers of fibred Calabi-Yau
threefolds, but unfortunately, [13] contains a several crucial gaps. In fact, one of the aims of this
paper is to remedy the results in [13]. For example, the crucial Lemma 4 in [13] has a counter-
example as follows. Let f : X → D be a projective connected morphism from a complex manifold
X onto a 1-dimensional complex disk D. Assume that f◦ := f |f−1(D∗) is a smooth family of abelian
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varieties, where D∗ := D \ {0}. Assume moreover f does not admit any sections. According to [44],
there exists a projective morphism f b : Xb → D from a complex manifold Xb onto D such that
f b
◦ := f b|fb−1(D∗) is a basic polarized bundle associated with f◦, that is, the pairs of period maps and

the monodromies associated with f◦ and f b
◦ are equivalent. But f and f b are not bimeromorphically

equivalent because f b admits a section while f does not. By the same reason, the assertion in §3,
Step 1 in [13] saying that π′ : X ′ → Y ′ is birational to the pull back of g′ : FΓ′ → Γ′ \D∧ is incorrect.

(2) Moreover, fixing the degrees of direct image sheaves of relative dualizing sheaves as in [13]
gives no condition on the number of singular fibres. For example, for any given integer g, there exists
a elliptic surface fg : Xg → B over a projective line B such that deg fg∗O(KXg/B) = 0 and fg has
2g+2 singular fibres. These can be constructed by taking quotients of products of elliptic curves and
hyperelliptic curves by involutions which are products of translations by torsion point of order two
and canonical involutions of hyperelliptic curves. These are not the counter-example of boundedness
of Euler numbers of fibred Calabi-Yau threefolds, but at least one has to care about the number of
singular fibres which contribute to the Euler numbers. It seems that there is no argument like that
in [13].

(3) As for independence of boudedness on the relative polarizations, [13] seems to be using the
fact that abelian varieties defined over an algebraically closed field are isogeneous to a principally
polarized abelian varieties. The problem is to bound the degree of the neccesay base change but the
argument [13], pp.150, Corollary does not seem to be successful (It seems that pΓ in the proof is just
the isomorphism). Instead, we used the Zarhin’s trick in our argument.

Notation and Conventions

Let X be a normal variety defined over an algebraically closed field k (if the characteristic of k
is not zero, we assume the existence of a embedded resolution). An elements of Weil X ⊗ Q is
called a Q-divisor. Q-divisor D has the unique irreducible decomposition D =

∑
Γ(multΓD)Γ, where

multΓD ∈ Q and the summation is taken over all the prime divisors Γ on X. Q-divisor ∆ is called
a Q-boundary if multΓ∆ ∈ [0, 1] ∩Q for any prime divisor Γ. Q-divisor D is said to be Q-Cartier if
rD ∈ Div X for some r ∈ Q. X is said to be Q-Gorenstein if a canonical divisor KX is Q-Cartier.
X is said to be Q-factorial if any Weil divisor on X is Q-Cartier. A pair (X, ∆) which consists of a
normal variety X and Q-boundary ∆ on X is called a normal log variety. For a normal log variety
(X, ∆), a resolution µ : Y → X is called a log resolution of (X, ∆) if each component of the support
of µ−1

∗ ∆+
∑

i∈I Ei are smooth and cross normally, where {Ei}i∈I is a set of all the exceptional divisors
of µ. Assume that KX + ∆ is Q-Cartier. The log discrepancy al(Ei; X, ∆) ∈ Q of Ei with respect to
(X, ∆) is defined by

al(Ei; X, ∆) := multEi
(KY + µ−1

∗ ∆ +
∑

i∈I

Ei − µ∗(KX + ∆)) ∈ Q

and the discrepancy a(Ei; X, ∆) ∈ Q is defined by a(Ei; X, ∆) := al(Ei; X, ∆) + 1. The closure of
µ(Ei) ⊂ X is called a center of Ei at X which is denoted by CenterX(Ei). The above definitions of
discrepancies, a log discrepancies and centers are known to be well-defined and depend only on the
rank one discrete valuation of the function field of X associated with Ei’s. Ei’s are called a exceptional
divisors of the function field of X and it has its meaning saying discrepancies, a log discrepancies and
centers of exceptional divisors of the function field of X. A normal log variety (X, ∆) is said to be
terminal (resp. canonical, resp. purely log terminal) if a(Ei; X, ∆) > 0 (resp. a(Ei; X, ∆) ≥ 0, resp.
al(Ei; X, ∆) > 0) for any log resolution µ and any i ∈ I. For some log resolution µ, if al(Ei; X, ∆) > 0
for any i ∈ I, (X, ∆) is said to be log terminal, moreover if the exceptional loci of µ is purely one
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codimensional, (X, ∆) is said to be divisorially log terminal. We shall say that X has only terminal
(resp. canonical, resp. log terminal) singularity if (X, 0) is terminal (resp. canonical, resp. log
terminal) as usual (see [21] or [37] and see also [14], §1 for the treatment in the complex analytic
case ).

In this paper, we shall use the following notation:

ν : Xν → X : The normalization of a scheme X.

DiffΓν (∆) : Q-divisor which is called Shokurov’s different satisfying

ν∗(KX + Γ + ∆) = KΓν + DiffΓν (elta),

where Γ is a reduced divisor on a normal variety X and Γ + ∆ is a Q-boundary on X such
that KX + Γ + ∆ is Q-Cartier. (see [37], §3, [2], §16).

∆Y : Q-divisor on Y satisfying KY +∆Y = f ∗(KX +∆), where f : Y → X is a birational morphism
between normal varieties and ∆ is a Q-boundary on X such that KX + ∆ is Q-Cartier.

indp(D) : The smallest positive integer r such that rD is Cartier on the germ of X at p, where D
is a Q-Cartier Q-divisor on a normal variety or a normal complex analytic space X.

Ind(D) : The smallest positive integer r such that rD ∼ 0, where D is a Q-Cartier Q-divisor on
a normal variety X such that D ∼Q 0.

Excf : Exceptional loci of a birational morphism f : X → Y between varieties X and Y , that is,
loci of points in X in a neighbourhood of which f is not isomorphic.

∼ : Linear equivalence.

∼Q : Q-linear equivalence.

d∆e : Round up of a Q-divisor ∆.

b∆c : Round down of a Q-divisor ∆.

{∆} : Fractional part of the boundary ∆.

etop : Topological Euler characteristic.

Card S : Cardinality of a set S.

For a normal complete surface S with at worst Du Val singularities, we shall write

Sing S =
∑

T
ν(T )T ,

where ν(T ) denotes the number of singular points on S of type T . For a quasi projective complex
surface S with only quotient singularity, recall that the orbifold euler number eorb(S) ∈ Q of S is
defined by

eorb(S) := etop(S)− ∑

p∈S

(1− 1

CardπS,p

),

where πS,p denotes the local fundamental group of S at p ∈ S (see [15], page 233 or [23], Definition
10.7).

Acknowledgment. The author would like to express his deep gratitude to organizers for giving me
the opportunity to talk on this subject at the symposium “Hodge Theory and Algebraic geometry,
2002” at Hokkaido University.
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2 The Euler characteristic formula

Firstly, let us recall the following result due to Crauder and Morrison.

Proposition 2.1 ([3], Proposition (A.1)) Let X be a smooth 3-fold and let D be a complete
effective divisor on X whose support has only simple normal crossing singularities. Then the following
holds.

χ(OD) =
∑

i

miχ(ODi
) +

1

6
(D3 −∑

i

miD
3
i ) +

1

4
(D2 −∑

i

miD
2
i )KX ,

where D =
∑

i miDi is the irreducible decomposition.

Let (X, p) be a germ of 3-dimensional terminal singularity at p whose index r is equal to or greater
than 2. Take a Du Val element S ∈ |−KX | passing through p, where we say that S ∈ |−KX | is a Du
Val element, if S is a reduced normal Q-Cartier divisor on X passing through p such that S has a Du
Val singularity at p. The canonical cover π : X̃ → X with respect to KX induces a covering of Du
Val singularities π : S̃ := π−1(S) → S. There is a coordinate system x, y and z of C3 which are semi-
invariant under the action of the Galois group Gal (S̃/S) such that p̃ := π−1(p) ∈ S̃ is analytically
isomorphic to the germ of the origin of the hypersurface defined by a equation f(x, y, z) = 0. Let
σ be a generator of Gal (S̃/S) and let ζ be a primitive r-th root of unity. The actions of σ are
completely classified into the following 6 types (see [36]).

(1) p̃ ∈ S̃ is of type An−1 and p ∈ S is of type Arn−1 (n ≥ 1). f = xy + zn,σ∗x = ζax, σ∗y = ζ−ay
and σ∗z = z, where (r, a) = 1.

(2) p̃ ∈ S̃ is of type A2n−2 and p ∈ S is of type D2n+1 (n ≥ 2). r = 4, f = x2 +y2 +z2n−1, σ∗x = ζx,
σ∗y = ζ3y and σ∗z = ζ2z.

(3) p̃ ∈ S̃ is of type A2n−1 and p ∈ S is of type Dn+2 (n ≥ 2). r = 2, f = x2 + y2 + z2n, σ∗x = x,
σ∗y = −y and σ∗z = −z.

(4) p̃ ∈ S̃ is of type D4 and p ∈ S is of type E6. r = 3, f = x2 + y3 + z3, σ∗x = x, σ∗y = ζy and
σ∗z = ζ2z.

(5) p̃ ∈ S̃ is of type Dn+1 and p ∈ S is of type D2n. r = 2, f = x2 + y2z + zn, σ∗x = −x, σ∗y = −y
and σ∗z = z.

(6) p̃ ∈ S̃ is of type E6 and p ∈ S is of type E7. r = 2, f = x2 + y3 + z4, σ∗x = −x, σ∗y = y and
σ∗z = −z.

Definition 2.1 For p ∈ S ⊂ X as above, we define the rational number cp(X, S) ∈ Q as follows:

cp(X, S) :=





0 Case p ∈ X Gorenstein,
n{r − (1/r)} Case (1),
3(2n + 3)/4 Case (2),
3 Case (3),
16/3 Case (4),
3n/2 Case (5),
9/2 Case (6).

Definition 2.2 Let p ∈ S ⊂ X be as above. we define the rational number δp(X, S) ∈ Q as follows:

δp(X, S) := ep(S)− 1

op(S)
− cp(X,S) ∈ Q,

where ep(S) is the Euler number of the inverse image of p by the morphism induced by the minimal
resolution and op(S) is the order of the local fundamental group of S at p.
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If the index of X at p is equal to or greater than 2, we obtain the following table.

Table I
ep(S) op(S) cp(X, S) δp(X, S)

(1) rn rn n{r − (1/r)} (n2 − 1)/rn
(2) 2n + 2 8n− 4 3(2n + 3)/4 n(n− 1)/(2n− 1)
(3) n + 3 4n 3 (4n2 − 1)/4n
(4) 7 24 16/3 13/8
(5) 2n + 1 8(n− 1) 3n/2 (4n2 + 4n− 9)/8(n− 1)
(6) 8 48 9/2 167/48

Proposition 2.2 δp(X,S) ≥ 0. δp(X, S) = 0 if and only if (X, S) has only singularity of type
V1(r; a,−a, 1) at p, where (r, a) = 1.

Recall the following:

Theorem 2.1 ([36], Theorem 9.1 (I)) Let X be a projective surface with at worst Du Val singu-
larities and let D be a Weil divisor on X. Then

χ(OX(D)) = χ(OX) +
1

2
D(D −KX) +

∑

p∈X

cp(D),

where cp(D) is the rational number which depends only on the local analytic type of p ∈ X and
OX(D).

Using Theorem 2.1, we get the following:

Proposition 2.3 Let X be a normal Q-Gorenstein 3-fold and D be an effective complete Cartier
divisor on X such that the log 3-fold (X, Dred) is divisorially log terminal and that X is smooth
outside the support of D. Assume that KX + Dred is Cartier and each irreducible component of D is
algebraic and Q-Cartier. Then the following formula holds :

χ(OD) =
∑

i

miχ(ODi
) +

1

6
(D3 −∑

i

miD
3
i ) +

1

4
(D2 −∑

i

miD
2
i )KX

− 1

12

∑

i

mi

∑

p∈Do
i

cp(X, Di),

where D =
∑

i miDi is the irreducible decomposition and Do
i := Di \ ∪j 6=iDj.

Theorem 1.1 can be proved using Proposition 2.3.

3 Types of degenerations of algebraic surfaces with Kodaira

dimension zero

Definition 3.1 (Minimal Semistable Degeneration) A minimal model X → D obtained from a
projective semistable degeneration of surfaces with non-negative Kodaira dimension g : Y → D
by applying the Minimal Model Program is called a projective minimal semistable degeneration of
surfaces.
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A projective log minimal degeneration of Kodaira dimension zero is related to a minimal semistable
degeneration as in the following way.

Lemma 3.1 Let f : X → D be a projective log minimal degeneration of surfaces with non-negative
Kodaira dimension. Then there exists a finite covering τ : Dσ → D, a projective minimal semistable
degeneration fσ : Xσ → Dσ which is bimeromorphically equivalent to X ×D Dσ over Dσ and a
generically finite morphism π : Xσ → X such that f ◦ π = τ ◦ fσ and KXσ + Θσ = π∗(KX + Θ),
where Θσ := fσ∗(0).

Xσ π−−−→ Xyfσ

yf
Dσ τ−−−→ D

Let (S, ∆) be a projective log surface with a standard boundary defined over an algebraically
closed field k. Assume that (S, ∆) is log terminal and KS + ∆ is numerically trivial. (S, ∆) can be
roughly classified into the following three types.

I : b∆c = 0,

II : b∆c 6= 0 and bDiffb∆cν (∆− b∆c)c = 0,

III : b∆c 6= 0 and bDiffb∆cν (∆− b∆c)c 6= 0,

where ν denotes the normalization map ν : b∆cν → b∆c.

Definition 3.2 Log surfaces (S, ∆) with the above conditions are said to be of type I, II and III
respectively.

Definition 3.3 A log minimal degeneration f : X → D of surfaces of Kodaira dimension zero is
said to be of type I (resp. of type II, resp. of type III), if there exists an irreducible component Θi of
Θ such that (Θi, DiffΘi

(Θ−Θi)) is of type I (resp. of type II, resp. of type III).

For a projective log minimal degenerations of surfaces of Kodaira dimension zero f : X → D,
take a projective minimal semistable degeneration fσ : Xσ → Dσ obtained from f as in Lemma 3.1.
Then the following holds.

Proposition 3.1 f is of type I ( resp. of type II, resp. of type III ) if and only if fσ is of type I (
resp. of type II, resp. of type III ). Moreover two projective log minimal degenerations fj : Xj → D
(j = 1, 2) which are bimeromorphically equivalent to each other over D have exactly the same types as
each other, i.e., types I, II and III are bimeromorphic notion which are independent from the choice
of log minimal models.

Remark 3.1 From Proposition 3.1, for a projective log minimal degenerations of surfaces of Kodaira
dimension zero f : X → D, we can see that if f is of type I (resp. of type II, resp. of type III), then
for any irreducible component Θi of Θ, (Θi, DiffΘi

(Θ − Θi)) is of type I (resp. of type II, resp. of
type III).
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4 Canonical bundle formulae

4.1 Review on Fujino-Mori’s canonical bundle formula

Let f : X → B be a morphism from a normal projective variety X with dim X = m + d onto a
smooth projective variety B of dimension d defined over the complex number field. Assume that X
has only canonical singularities and that a general fibre F of f is an irreducible variety with Kodaira
dimension zero. Let b be the smallest positive integer such that the b-th plurigenera of F is not zero.
According to [8], there exists a Q-divisor LX/B on B such that there exists a OB-algebra isomorphism

⊕i≥0OB(biLX/Bc) ' ⊕i≥0f∗OX(ibKX)∗∗,

where ∗∗ denotes the double dual. LX/B is well defined in the sense that LX/B is unique modulo linear
equivalence1 . Mori also defined a Q-divisor Lss

X/B on B as a “moduli contribution” to a canonical
bundle formula as follows.

Proposition 4.1 ([8], Corollary 2.5) There exists a Q-divisor Lss
X/B(≤ LX/B) such that

(i) τ ∗Lss
X/B ≤ LX′/B′ for any finite surjective morphism τ : B′ → B from an irreducible smooth

projective variety B′, and that

(ii) τ ∗Lss
X/B = LX′/B′ at p′ ∈ B′ if X ×B B′ has a semistable resolution over a neighbourhood of

p′ ∈ B′ or f ′∗(p′) has only canonical singularities,

where f ′ : X ′ → B′ is a fibration by taking a non-singular model of the second projection X ×B

B′ → B′.

Remark 4.1 Since LX/B and Lss
X/B(≤ LX/B) depend only on the birational equivalence class of X

over B, we can define these Q-divisors even if the singularity of X is worse than canonical by passing
to a non-singular model.

Let π : F̃ → F be a proper surjective morphism from a smooth variety F̃ obtained by taking b-th
root of the unique element of |bKF | and desingularization. Put N(x) := L.C.M.{n ∈ N |ϕ(n) ≤ x},
where ϕ denotes the Euler’s function. Let Bm be the m-th Betti number of F̃ . The following theorem
says, coefficients appearing in canonical bundle formulae can be well controlled. From what follows,
B(1) denotes the set of all the codimension one point of B.

Theorem 4.1 ([8], Proposition 2.8 and Theorem 3.1) (1) N(Bm)Lss
X/B is a Weil divisor.

(2) Assume that NLss
X/B is a Weil divisor. Then we have bKX = f ∗(bKB +Lss

X/B +
∑

p∈B(1) spp)+E,
where sp ∈ Q and E is an effective Q-divisor such that

(i) for each point p ∈ B(1), there exist positive integers up, vp such that 0 < vp ≤ bN and

sp =
bNup − vp

Nup

,

(ii) sp = 0 if the geometric fibre of f over p has only canonical singularity or if f : X → B
has a semistable resolution in a neighbourhood of p, and

(iii) f∗OX(bnEc) = OB for any n ∈ N .

1 Any two Q-divisors D1 and D2 on a variety are said to be linearly equivalent to each other if D1−D2 is a principal
divisor.
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4.2 Canonical Bundle Formulae and Log Minimal Models

Lemma 4.1 Let f : X → B be a proper morphism from a normal variety X onto a smooth irreducible
projective curve B defined over the complex number field whose general fibre F of f is a normal variety
with only canonical singularity whose Kodaira dimension is zero. Let b be the smallest positive integer
such that the b-th plurigenera of F is not zero as in the previous section. Let Σ ⊂ B be a finite set
of points which consists of all the points p ∈ B, such that f ∗(p) is not a normal variety with only
canonical singularity. Assume that (X, Θ) is log canonical where Θ := (f ∗Σ)red. Then there exists
d ∈ N , such that

f∗OX(n(KX + Θ)) = OB(n(KB + (1/b)Lss
X/B + Σ))

for any n ∈ dN .

Remark 4.2 Let f s : Xs → B be a strictly log minimal fibration ( or degeneration ) of surfaces with
Kodaira dimension zero projective over B as in Definition 1.1. Since KXs is numerically trivial over B,
there exists a positive integer `p ∈ N such that f s∗(p) = `pΘ

s
p for any p ∈ B, where Θs

p := f s∗(p)red.
Let µ : Y → Xs be a minimal model over Xs, that is, µ is a projective birational morphism from a
normal Q-factorial Y with only terminal singularity to Xs such that KY is µ-nef. By running the
minimal model program over B starting from the induced morphism g := f s ◦ µ : Y → B, we obtain
a minimal fibration h : Z → B and a dominating rational map λ : Y− → Z over B. Since Xs has
only log terminal singularity, there exists an effective Q-divisor ∆ with b∆c = 0 on Y such that

KY + ∆ = µ∗KXs .

Since KY + ∆, KZ + λ∗∆ and KZ are all numerically trivial over B, there exists a non-negative
rational number µp ∈ Q such that

λ∗∆p = µph
∗(p), (4.1)

where ∆p denotes the restriction of ∆ in a neighbourhood of the fibre over p ∈ B. When B is
complete, a canonical bundle formula can be calculated by using Lemma 4.1 as follows

KZ = h∗(KB +
1

b
Lss

Z/B +
∑

p∈B

(
`p − 1

`p

− µp)p). (4.2)

Define sp ∈ Q by

sp := b(
`p − 1

`p

− µp).

We can check Mori’s estimate of sp in Theorem 4.1 as in the following way. Firstly, we note that we
may assume that there exists a prime µ-exceptional divisor over p ∈ B such that E ⊂ Supp ∆ and
λ∗E 6= 0, since otherwise, µp = 0 and hence sp = (`p − 1)/`p. Put

Ip := Min{n ∈ N |n(KXs + Θs
p) is Cartier in a neighbourhood of the fibre f s∗(p)}.

Since (Xs, Θs) is log canonical, we have

0 ≤ Ipal(E; Xs, Θs
p) = Ip(a(E; Xs)−multEµ∗Θs

p + 1)ınZ.

Thus if we put v′p := Ip(−a(E; Xs) + multEµ∗Θs
p), we have v′p ∈ N and 0 < v′p ≤ Ip. Put

u′p := `pmultEµ∗Θs
p = multEg∗(p) ∈ N .

Then we have µp = −a(E; Xs)/u′p and sp = b(Ipu
′
p− v′p)/Ipu

′
p. So the estimation of sp reduces to the

estimation of Ip in our case. By passing to a divisorially log terminal model of (Xs, Θs) and using
Proposition 4.2 below and [41], Proof of Theorem 2.1, we get Ip|N(21).
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Consider the following conditions assuming dim X ≥ 2.

(M1) ∆ is a standard Q-boundary.

(M2) (X, ∆) is divisorially log terminal.

(M2)∗ (M2)α (X, ∆) is divisorially log terminal and {∆} = 0 or (M2)β (X, ∆) is purely log
terminal.

(M3) There exists an irreducible component Γ of b∆c passing through p ∈ X such that KX + Γ is
Q-Cartier.

Remark 4.3 (M2)∗ is a slightly stronger condition than (M2).

Proposition 4.2 Assume the conditions (M1), (M2) and (M3). Then

indp(KX + ∆) = indp(KΓ + DiffΓ(∆− Γ)).

Remark 4.4 We should note that `p ∈ N and µp ∈ Q depends on the choice of strictly log minimal
model. For example, consider a degeneration of elliptic curve whose singular fibre is of type mI1.
Obviously, the minimal model is a strictly log minimal model in this case and we obtain `p = m
and µp = 0. But blowing up the node of the singular fibre and blowing down the exceptional
divisor we obtain another strictly log minimal model. When we use this model, we get `p = 2m and
µp = 1/(2m).

To avoid this indeterminacy, we shall introduce the notion of moderate log canonical singularity.

Definition 4.1 Let (X, ∆) be a normal log variety and let ∆′ be a boundary on X such that ∆′ ≤ ∆.
Assume that (X, ∆) is log canonical and that KX + ∆′ is Q-Cartier. (X, ∆) is said to be moderately
log canonical with respect KX + ∆′ if for any exceptional prime divisor E of the function field of X
with al(E; X, ∆) = 0, the inequality al(E; X, ∆′) > 1 holds.

Remark 4.5 If X is Q-Gorenstein and (X, ∆) is divisorially log terminal, then (X, ∆) is moderately
log canonical with respect to KX by [40], Divisorial Log Terminal Theorem. Thus it is easy to see
that for a strictly log minimal fibration (or degeneration) f s : Xs → B constructed in such a way as
explained in Remark 1.1, (Xs, Θs) is moderate with respect to KXs , where Θs :=

∑
p∈Σ Θs

p.

Lemma 4.2 Let f s
i : Xs

i → B (i = 1, 2) be two strictly log minimal fibration (or degeneration) of
surfaces with Kodaira dimension zero which are birationally equivalent to each other over B and let
l(i)p be a positive integer such that f s∗

i (p) = `(i)
p Θs

i,p, where Θs
i,p := f s∗

i (p)red for i = 1, 2. Assume that

(Xs
1 , Θ

s
1,p) is moderately log canonical with respect to KXs

1
. Then `(1)

p ≤ `(2)
p . Moreover, if (Xs

2 , Θ
s
2,p)

is also moderately log canonical with respect to KXs
2
, then f s

1 : Xs
1 → B and f s

2 : Xs
2 → B are

isomorphic in codimension one to each other over a neighbourhood of p ∈ B and `(1)
p = `(2)

p .

Proof. Take a desingularization αi : W → Xs
i of Xs

i and let ω : W → B be the induced morphism.
Let G(i) be a αi-exceptional effective Q-divisor defined by G(i) := KW + Θs

i,W − α∗i (KXs
i
+ Θs

i,p). We

note that G(1)−G(2) ∈ ω∗(Div(B)⊗Q) by their definitions. Since G(i) is effective and Supp G(i) does
not contain the support of the fibre ω∗(p) entirely for i = 1, 2, we have G(1) = G(2). If we assume
that any α1-exceptional divisor contained in a fibre ω−1(p) is α2-exceptional, then we have `(1)

p = `(2)
p

obviously, so we may assume that there exists a α1-exceptional prime divisor E ⊂ ω−1(p) which is
not α2-exceptional. If we assume that al(E; Xs

1 , Θ
s
i,p) > 0, then E ⊂ Supp G(1) = Supp G(2), which
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is a contradiction. Thus we have al(E; Xs
1 , Θ

s
i,p) = 0 and hence a(E; Xs

1) > 0 by the assumption.
Therefore we deduce that

`(2)
p = multEω∗(p) = `(1)

p multEα∗1Θ
s
1,p = `(1)

p (a(E; Xs
1) + 1) > `(1)

p .

The last assertion also follows from the above argument.

Proposition 4.3 (c.f. [20], Theorem 4.9) Let f s
i : Xs

i → B (i = 1, 2) be two strictly log minimal
fibration (or degeneration) of surfaces with Kodaira dimension zero projective over B which are
birationally equivalent to each other over B. Assume that (Xs

i , Θ
s
i,p) is moderately log canonical with

respect to KXs
i

for i = 1, 2. Then f s
1 : Xs

1 → B and f s
2 : Xs

2 → B are connected by a sequence of
log flops over a neighbourhood of p ∈ B, that is, there exist birational morphisms between normal
threefolds over a neighbourhood of p ∈ B which are isomorphic in codimension one:

Xs
1 := X(0) → Z(0) ← X(1) → Z(1) · · · ← X(n) =: Xs

2 ,

where X(k) is Q-factorial for k = 0, 1, . . . n.

Proof. Take a relatively ample effective divisor H on Xs
2 over B and let H ′ be the strict transform

of H on Xs
1 . Applying the log minimal model program on Xs

1 over B with respect to KXs
1

+ εH ′,
where ε is sufficiently small positive rational number, we may assume at first that H ′ is f s

1 -nef since
contraction morphisms appearing in the log minimal model program do not contract divisors. By
the Base Point Free Theorem ([29]), some multiple of H ′ defines a birational morphism γ : Xs

1 → Xs
2

over B which is isomorphic in codimension one. Since Xs
1 and Xs

1 are both Q-factorial, γ is an
isomorphism and thus we get the assertion.

Definition 4.2 Let f s : Xs → B be a strictly log minimal fibration (or degeneration) of surfaces
with Kodaira dimension zero projective over B such that (Xs, Θs

p) is moderately log canonical with
respect to KXs and let `p ∈ N and µp ∈ Q be as defined in Remark 4.2. We define `∗p ∈ N , µ∗p ∈ Q
and s∗p ∈ Q as `∗p := `p, µ∗p := µp and

s∗p := b(
`∗p − 1

`∗p
− µ∗p).

Proposition 4.3 give the following:

Corollary 4.1 `∗p ∈ N and µ∗p ∈ Q are birational (or bimeromorphic) invariants of germs of singular
fibres over p ∈ B and hence so is s∗p.

Example 4.1 For degenerations of elliptic curves, one can define invariants `∗p, µ∗p and s∗pin the same
way and it can be checked that `∗p coincides with the multiplicty if the singular fibre is of type mIb or
otherwise, with the order of the semisimple part of the monodromy group around the singular fibre.
We can also obtain the following well known table:

Table V
mIb I∗b II II∗ III III∗ IV IV∗

`∗p m 2 6 6 4 4 3 3

µ∗p 0 0 2/3 0 1/2 0 1/3 0

s∗p (m-1)/m 1/2 1/6 5/6 1/4 3/4 1/3 2/3

Here we are using the Kodaira’s notation ([19]). See also [10].
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Lemma 4.3 s∗p = 0 if and only if `∗p = 1.

Proof. Firstly, assume that `∗p = 1, then we have obviously s∗p = 0 since s∗p ≥ 0 and µ∗p ≥ 0. Sec-
ondarily, assume that s∗p = 0. Let f s : Xs → B be a strictly log minimal fibration (or degeneration)
of surfaces with Kodaira dimension zero projective over B such that (Xs, Θs

p) is moderately log
canonical with respect to KXs . We may assume that the singularity of Xs is worse than canonical
and let µ : Y → Xs and E be as in Remark 4.2. Then from the assumption, we have

s∗p = b(
`∗p − 1

`∗p
+

a(E; Xs)

l∗pmultEµ∗Θs
p

) = 0,

hence a(E; Xs, Θ∗
p) = 1 − l∗pmultEµ∗Θs

p. Since a(E; Xs, Θ∗
p) ≥ 0 and l∗pmultEµ∗Θs

p ∈ N , we have
a(E; Xs, Θ∗

p) = 0. From the definition of moderately log canonical singularity, we have a(E; Xs) > 0
and hence µ∗p < 0, which is a contradiction.

Lemma 4.4 Let f s : Xs → B be a strictly log minimal fibration (or degeneration) of surfaces
with Kodaira dimension zero projective over B. Then µp = 0 if and only if Xs has only canonical
singularity over a neighbourhood of p ∈ B.

Proof. We shall use notation in Remark 4.2. Assume that µp = 0 and that singularity of Xs is
worse than canonical over a neighbourhood of p ∈ B. Let W be a resolution of the graph of λ
and let α : W → Y and β : W → Z be projections. Since β∗∆W = λ∗∆ = 0 over p ∈ B, we
have KW + ∆W = α∗(KY + ∆) = β∗KZ over p ∈ B. Since Z has only terminal singularity by its
construction, we obtain −∆W ≥ 0, which is absurd.

Lemma 4.5 Let f s : Xs → D be a strictly log minimal degeneration of surfaces with Kodaira
dimension zero projective over a unit complex disk D with the origin p := 0 ∈ D and let π : D̃ → D
be a cyclic covering from another unit disk D̃ with the order `p which is étale over D∗ := D \ {p}.
Let f̃ : X̃ → D̃ be a relatively minimal degeneration which is bimeromorphic to Xs ×D D̃ → D̃ over
D̃. Then f̃ ∗(p̃) is reduced and (X̃, f̃ ∗(p̃)) is log canonical and in particular s∗p̃ = 0, where p̃ := 0 ∈ D̃.

Proof. Let X̃ ′ be a Q-factorization of (Xs ×D D̃)ν (see [14], §6, page 120). Then, as in the same
way as in the proof of Lemma 3.1, we see that the induced degeneration f̃ ′ : X̃ ′ → D̃ is strictly
log minimal, projective over D̃ and that f ′(p̃) is reduced, which imply that X̃ ′ has only canonical
singularity. Let X̃ be a minimal model over X̃ ′, then the induced degeneration f̃ : X̃ → D̃ turns
out to be a minimal degeneration projective over D̃ and it is easily seen that f̃ ∗(p̃) is reduced and
(X̃, f̃ ∗(p̃)) is log canonical . Since minimal models are unique up to flops, we get the first assertion.
As for the last assertion, we only have to check that (X̃, f̃ ∗(p̃)) is moderately log canonical with
respect to KX̃ , but which is trivial.

The degree of the moduli contribution to a canonical bundle formula can be calculated in a certain
condition.

Proposition 4.4 Let f : X → B be a proper surjective morphism from a normal algebraic three-
folds X with only canonical singularity onto a smooth projective curve B whose general fibre is a
surface with Kodaira dimension zero. Assume that s∗p = 0 for any p ∈ B. Then deg Lss

X/B =
deg f∗OX(bKX/B).

Proof. Let f s : Xs → B be a strictly log minimal model of f such that (Xs, Θs
p) is moderately log

canonical with respect to KXs for any p ∈ B. By Lemma 4.3, we have `∗p = 1 and hence µ∗p = 0 for
any p ∈ B, from which we infer that f s∗(p) is reduced and that Xs has only canonical singularity
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by Lemma 4.4. By the argument in [27], proof of Definition-Theorem (1.11), there exists a Cartier
divisor δ ∈ DivB such that bKXs/B ∼ f s∗δ. Thus we have

f∗OX(bKX/B) = f s
∗OXs(bKXs/B) ' OB(δ).

On the other hand, since bKXs/B ∼Q f s∗Lss
Xs/B, we have deg δ = deg Lss

Xs/B = deg Lss
X/B. Thus we

get the assertion.

Lemma 4.6 Let f : X → B be a proper surjective morphism from a normal algebraic threefolds
X onto a smooth projective curve B whose general fibre is a surface with Kodaira dimension zero.
Assume that B ' P 1. Then there exists a Kummer covering π : B′ → B from a smooth projective
curve B′ with Gal (B′/B) ' ⊕p∈BZ/`∗pZ such that s∗p′ = 0 for any p′ ∈ B′ for the second projection
p2 : (X ×B B′)ν → B′

Proof. The assertion follows from Lemma 4.5 using the argument in [30], §4, page 112.

Definition 4.3 Let f : X → B be a proper surjective morphism from a normal algebraic threefolds
X onto B ' P 1 whose general fibre is a surface with Kodaira dimension zero. Let Cf be the set of
all the pair (B′, π) which consists of a smooth projective curve B′ and a finite surjective morphism
π : B′ → B such that s∗p′ = 0 for any p′ ∈ B′ for the second projection p2 : (X ×B B′)ν → B′. For f ,
we define a positive integer d(f) ∈ N as d(f) := Min{deg π|(B′, π) ∈ Cf}.

Definition 4.4 Let CY3
B be the set of all the triple (X, f, B) where X is a normal projective threefold

X with only canonical singularity whose canonical divisor KX is numerically trivial and f : X → B
is a projective connected morphism onto B ' P 1.

The following conjecture is important for the bounding problem of Calabi-Yau threefolds.

Conjecture 4.1 There exists d ∈ N such that d(f) ≤ d for any (X, f,B) ∈ CY3
B.

By Lemma 4.6, Conjecture 4.1 reduces to the following:

Conjecture 4.2 There exists ` ∈ N such that
∏

p∈B `∗p ≤ ` for all (X, f, B) ∈ CY3
B.

The following proposition is an important step toward Conjecture 4.2, which can be deduced from
Theorem 4.1.

Proposition 4.5 There exists a finite subset S ⊂ Q and a positive integer ν such that for all
(X, f, B) ∈ CY3

B, {s∗p|p ∈ B} ⊂ S and Card {p ∈ B|s∗p > 0} ≤ ν.

By Proposition 4.5, Conjecture 4.2 reduces to the following conjecture on degenerations:

Conjecture 4.3 Put c∗p := µ∗p`
∗
p. There exists a finite subset C ⊂ Q such that for any degeneration

of algebraic surfaces with Kodaira dimension zero over a one-dimensional complex disk, c∗p ∈ C.

Remark 4.6 As we have seen in Example 4.1, for any degenerations of elliptic curves, we have
c∗p ∈ {0, 1, 2, 4}. One can state the analogue of conjecture 4.3 in higher dimensional cases using
the conjectural higher dimensional Log Minimal Model Program. In this case, the problem involves
another problem such as the boundedness of varieties with Kodaira dimension zero.
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4.3 Abelian Fibred Case

In this section, we prove the following theorem and apply this to Conjecture 4.1 in abelian fibred
cases.

Theorem 4.2 For any degeneration of abelian surfaces over a one-dimensional complex disk, all the
possible values of the invariant µ∗p for the singular fibres can be listed in Table VI and VII except the
case µ∗p = 0. In particular,we have

c∗p ∈ {0, 1/5, 1/4, 1/3, 2/5, 1/2, 2/3, 1, 3/2, 2, 3, 4, 5, 6}.

Definition 4.5 Let CY3
B,ab be the set of all the triple (X, f, B) where X is a normal projective

threefold X with only canonical singularity whose canonical divisor KX is numerically trivial and
f : X → B is a projective connected morphism onto B ' P 1 whose geometric generic fibre is an
abelian surface.

By Theorem 4.2, we can give a positive answer to Conjecture 4.1 using the argument in the
previous section.

Corollary 4.2 There exists d ∈ N such that d(f) ≤ d for any (X, f, B) ∈ CY3
B,ab.

For the proof of Theorem 4.2, we need the following:

Lemma 4.7 Let f : X → D be a log minimal Type II degeneration of abelian surfaces. Then local
fundamental groups of X at any point in X is cyclic. The same holds also for a strictly log minimal
model f s : Xs → D obtained by applying the log minimal model program on f with respect to KX .

Proof. We use notation in Lemma 3.1. Since Xσ is smooth and the support of the singular fibre fσ

has only normal crossing singularity with all of the components being relatively elliptic ruled surfaces,
Galois group G := Gal (Dσ/D) acts biregulary on Xσ and π : Xσ → X factors into π = π1 ◦ π2

where π1 : Xσ/G → X is a bimeromorphic morphism and π2 : Xσ → Xσ/G is the quotient map. Let
{Ej|j ∈ J} be the set of all the π1-exceptional divisors. Since both of Xσ/G and X are Q-factorial,
we have Exc π1 = ∪j∈JEj, hence π1 induces an isomorphism Xσ/G\∪j∈JEj → X \∪j∈JCenterX(Ej).
So we only have to check that CenterX(Ej) is contained in a double curve of Θ for any j ∈ J but which
is immediate by [40], Divisorial Log Terminal Theorem, since we have al(Ej; X, Θ) = 0 obviously.
Thus we get the assertion.

Proof of Theorem 4.2. If there exists a strictly log minimal model f s : Xs → D of the degeneration
to be considered such that (Xs, Θs) is moderately log canonical with respect to KXs and that Xs

has only canonical singularity, then we have µ∗p = 0 by its definition and there is nothing we have
to prove. In particular, we do not have to care about the Type III degeneration by Theorem 1.2.
Consider a strictly log minimal model f s : Xs → D obtained by applying the log minimal model
program on a type I or II log minimal degeneration f : X → D with respect to KX . Assume that
there exists a point x ∈ Xs such that (Xs, x) is not canonical. By Theorem 1.2, Lemma 4.7 and
[30], Proposition 3.6 and 3.8,types of singularity of (Xs, Θs) at x ∈ Xs are of type V1(r; a0, a1, a2)
with r = 3, 4, 5, 6, 8, 10, 12 or V2(r; a0, a1, a2) with r = 3, 4, 6. In what follows, we use notation in
Remark 4.2. By [36], §4, E corresponds to some primitive vector (1/r)(ka0, ka1, ka2) and we have

a(E; Xs) = (1/r)(ka0 + ka1 + ka2)− 1, multEµ∗Θs = (1/r)ka2,
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hence

µ∗p =
r − (ka0 + ka1 + ka2)

`∗pka2

in the case V1(r; a0, a1, a2). In the same way, we obtain

µ∗p =
r − (ka0 + ka1 + ka2)

`∗p(ka0 + ka1)

in the case V2(r; a0, a1, a2). Determination of possible primitive vectors in the case V1(r; a0, a1, a2)
with r = 5, 8, 10, 12 was essentially done in [30], since degenerations in these cases are Type I in
our terminology which coincides “moderate” in Oguiso’s terminology. When we determine possible
primitive vectors in other cases, we only have to note that

∑2
i=0 kai < r which is obvious restriction

from the assumption and that (r, ka2) = 1 since Sing Xs ⊂ Θs in the case V1(r; a0, a1, a2) and Xs is
smooth at the generic point of double curves in the case V2(r; a0, a1, a2).

Remark 4.7 Theorem 4.2 implies the inequality sp ≥ 1/6 holds for any degeneration of abelian
surfaces which has been obtained in the case of Type I degenerations by Oguiso ([30], Main Theorem).

Table VI, Case V1(r; a0, a1, a2)
primitive vectors µ∗p s∗p divisibility of `∗p

(1) (1/3)(1,0,1) 1/`∗p (`∗p − 2)/`∗p 3|`∗p
(2) (1/4)(1,1,1) 1/`∗p (`∗p − 2)/`∗p 4|`∗p
(3) (1/4)(0,1,1) 2/`∗p (`∗p − 3)/`∗p 4|`∗p
(4) (1/5)(1,2,1) 1/`∗p (`∗p − 2)/`∗p 5|`∗p
(5) (1/6)(3,1,1) 1/`∗p (`∗p − 2)/`∗p 6|`∗p
(6) (1/6)(2,1,1) 2/`∗p (`∗p − 3)/`∗p 6|`∗p
(7) (1/6)(1,1,1) 3/`∗p (`∗p − 4)/`∗p 6|`∗p
(8) (1/6)(1,0,1) 4/`∗p (`∗p − 5)/`∗p 6|`∗p
(9) (1/8)(5,1,1) 1/`∗p (`∗p − 2)/`∗p 8|`∗p
(10) (1/8)(3,1,1) 3/`∗p (`∗p − 4)/`∗p 8|`∗p
(11) (1/8)(3,1,3) 1/(3`∗p) (3`∗p − 4)/(3`∗p) 8|`∗p
(12) (1/10)(7,1,1) 1/`∗p (`∗p − 2)/`∗p 10|`∗p
(13) (1/10)(3,1,1) 5/`∗p (`∗p − 6)/`∗p 10|`∗p
(14) (1/10)(3,1,3) 1/`∗p (`∗p − 2)/`∗p 10|`∗p
(15) (1/12)(7,1,1) 3/`∗p (`∗p − 4)/`∗p 12|`∗p
(16) (1/12)(4,3,1) 4/`∗p (`∗p − 5)/`∗p 12|`∗p
(17) (1/12)(5,1,1) 5/`∗p (`∗p − 6)/`∗p 12|`∗p
(18) (1/12)(3,2,1) 6/`∗p (`∗p − 7)/`∗p 12|`∗p
(19) (1/12)(5,1,5) 1/(5`∗p) (5`∗p − 6)/(5`∗p) 12|`∗p
(20) (1/12)(3,2,5) 2/(5`∗p) (5`∗p − 7)/(5`∗p) 12|`∗p

Table VII, Case V2(r; a0, a1, a2)
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primitive vectors µ∗p s∗p divisibility of `∗p
(21) (1/3)(1,0,1) 1/`∗p (`∗p − 2)/`∗p 3|`∗p
(22) (1/4)(1,0,1) 2/`∗p (`∗p − 3)/`∗p 4|`∗p
(23) (1/4)(1,1,1) 1/(2`∗p) (2`∗p − 3)/(2`∗p) 2|`∗p
(24) (1/6)(1,0,1) 4/`∗p (`∗p − 5)/`∗p 6|`∗p
(25) (1/6)(1,1,1) 3/(2`∗p) (2`∗p − 5)/(2`∗p) 3|`∗p
(26) (1/6)(1,2,1) 2/(3`∗p) (3`∗p − 5)/(3`∗p) 2|`∗p
(27) (1/6)(1,3,1) 1/(4`∗p) (4`∗p − 5)/(4`∗p) 3|`∗p

5 Bounding the number of singular fibres of Abelian Fibered

Calabi Yau threefolds

Let B be a smooth projective irreducible curve defined over the complex number field and let K
denote the rational function field of B.

Definition 5.1 We define the loci of singular fibres Σf , Σϕ as follows.

(1) Let f : X → B is a projective connected morphism from a normal Q-factorial projective
variety X with only canonical singularity onto a B. We define the subset of closed points of
B, Σf by

Σf := {p ∈ B| f is not smooth over a neighbourhood of p }.

(2) Let AK be an abelian variety over K, and let ϕ : A → B be the Néron model of AK . We define
the subset of closed points of B, Σϕ by

Σϕ := {p ∈ B| AK does not have good reduction at p }.

Remark 5.1 Consider two morphisms fi : Xi → B (i = 1, 2) as in Definition 5.1, (1), such that
dim Xi = 3 and the that the geometric generic fiber of fi is an abelian variety for i = 1, 2. Assume
that KXi

is fi-nef for i = 1, 2 and that X1 is birationally equivalent to X2 over B. Then we see
that Σf1 = Σf2 and hence Card Σ1 = Card Σ2, for, as is well known, birationally equivalent minimal
models are connected by a sequence of flops while abelian varieties do not contain rational curves.
Moreover, both of the defintions of (1) and (2) are compatible in the case dim AK = 2, that is, for a
birational model f : X → B of AK such as in Definition 5.1, (1), Σf coincides with Σϕ.

The aim of this section is to prove the following theorem which gives a positive answer to Oguiso’s
question communicated to the author; Are the numbers of singular fibres of abelian fibered Calabi
Yau threefolds are bounded?

Theorem 5.1 There exists s ∈ N , such that for any triple (X, f, B) ∈ CY3
B,ab,

sf := Card Σf ≤ s.

Let f : X → B be a projective connected morphism from a normal Q-factorial projective variety
X with only canonical singularity onto B. Put B◦ := B \Σf and let f◦ : X◦ → B◦ be the restriction
of f to X◦ := f−1(B◦). According to the theory of relative Picard schemes and relative Albanese
maps due to Grothendiek (see [11] and see also [7] working on the analytic category), there exists
the relative Picard schemes Pic (X◦/B◦) → B◦ representing the Picard functor whose connected
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component containing the unit section, denoted by Pic◦(X◦/B◦) → B◦, is a projective abelian scheme.
Moreover, there exists a morphism α : X◦ → Alb1(X◦/B◦) over B◦ where Alb1(X◦/B◦) is B◦-torsor
under the dual projective abelian scheme of Pic◦(X◦/B◦) denoted by Alb0(X◦/B◦) satisfying the
universal mapping property. α is called the relative Albanese map associated with f . If we assume
that the geometric generic fibre of f is an abelian variety, then α is an isomorphism over B◦ by the
universal mapping property.

Definition 5.2 Let Xη be the generic fibre of f . The Néron Model ϕ : A → B of Alb0(Xη) is an
extension of the abelian scheme ϕ◦ : Alb0(X◦/B◦) → B◦. We call ϕ, the Albanese group scheme
associated with f .

Corollary 5.1 There exists s ∈ N , such that for any triple (X, f, B) ∈ CY3
B,ab,

sϕ := Card Σϕ ≤ s,

where ϕ : A → B is the Albanese group scheme associated with f .

Proof. Since A×B B◦ ' Alb0(X◦/B◦), we have Σϕ ⊂ Σf and hence sϕ ≤ sf . Thus the assertion
follows immediately from Theorem 5.1.

The following Lemma can be deduced immediately from the property of torsors.

Lemma 5.1 Let f : X → B be a projective connected morphism from a normal Q-factorial projective
variety X with only canonical singularity onto B whose geometric generic fiber is an abelian variety
and let ϕ : A → B be the Albanese group scheme associated to f .

(i) we have Lss
X/B ∼Q Lss

A/B and

(ii) moreover, if we assume that dim X = 3 and that f : X → B admits an analytic local section
in a neighbourhood of any closed points p ∈ B, then we have Σf = Σϕ and s∗p(f) = s∗p(ϕ),
where s∗p(f) and s∗p(ϕ) are the analytic local bimeromorphic invariants s∗p of the fibres of f and
ϕ over p ∈ B defined in Lemma 4.3 respectively. In particular, the Kodaira dimensions of X
and A are the same.

By Corollary 4.2, there exists d ∈ N such that d(f) ≤ d for any (X, f,B) ∈ CY3
B,ab and in what

follows, we fix such d ∈ N . Firstly, take any (X, f,B) ∈ CY3
B,ab. Then there exists a finite surjective

morphism τ : B′ → B from a projective smooth irreducible curve B′ with deg τ ≤ d which is étale
over any closed points p ∈ B with s∗p(f) = 0 and p 6= p◦, where p◦ is a certain closed point of B
which is not contained in Σf , such that s∗p′(f

′) = 0 for any closed points p′ ∈ B′, where f ′ : X ′ → B′

is a minimal model of p2 : (X ×B B′)ν → B′. Since the number of closed points of B with s∗p(f) > 0
is bounded by Proposition 4.5, we only have to bound sf ′ := Card Σf ′ to prove Theorem 5.1. Let
X ′

η′ be the generic fibre of f ′ over the generic point η′ of B′ and let ϕ′ : A′ → B′ be the Néron model

of Alb0(X ′
η′). Since `∗p′(f

′) = 1 for any closed points p′ ∈ B′ by Lemma 4.3, f ′ : X ′ → B′ admits
an analytic local section in a neighbourhood of any closed points p′ ∈ B′, so we only have to bound
sϕ′ := Card Σϕ′ by Lemma 5.1. From Proposition 4.4, we see that

deg e′∗ det Ω1
A′/B′ = deg Lss

A′/B′ = deg Lss
X′/B′ = (deg τ)(deg Lss

X/B) ≤ 2d,

where e′ : B′ → A′ is the unit section of ϕ′.

Lemma 5.2 ϕ′ : A′ → B′ has semi-abelian reduction at all closed points p′ ∈ B′.
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Proof. From Proposition 4.4, we see that, for Alb0(X ′
η′), the stable height equals to the differential

height, hence by [25], Ch.X, proposition 2.5 (ii), we get the result.

Let K ′ be the rational function field of B′. Define an abelian variety Z ′ over K ′, by

Z ′ := (Alb0(X ′
η′)×K′ xAlb0(X ′

η′)
t)4,

where t denotes its dual. Let ζ ′ : Z ′ → B′ be the Néron model of Z ′.

Lemma 5.3 Put B′
◦ := B′ \Σϕ′ and let ζ ′◦ : Z ′

◦ → B′
◦ denote the restriction of ζ ′ to ζ ′−1(B′

◦). Then,

(i) Σζ′ = Σϕ′ and ζ ′◦ : Z ′
◦ → B′

◦ is a principally polarized abelian scheme.

(ii) ζ ′ : Z ′ → B′ has semi-abelian reduction at all closed points p′ ∈ B′ and

(iii) deg ζ ′∗ det Ω1
Z′/B′ = 8 deg e′∗ det Ω1

A′/B′ ≤ 16d

Proof. Since ϕ′◦ : Alb0(X ′
◦/B

′
◦) → B′

◦ is a projective abelian scheme, there exists a polarization
λ′◦ : Alb0(X ′

◦/B
′
◦) → Alb0(X ′

◦/B
′
◦)

t which is an isogeny over B′
◦. Let ϕ′t : A′t → B′ be the Néron

Model of Alb0(X ′
η′)

t. Then λ′◦ extends to an isogeny λ′ : A′ → A′t over B′, hence we have Σϕ′ = Σϕ′t

and A′t → B′ also has semi-abelian reduction at all closed points p′ ∈ B′ (see [1], §7.3, Proposition 6,
Corollary 7 ). Therefore, using [1], §7.4 Proposition 3, we conclude that Z ′◦ = (A′◦ ×B′ A′t◦)4 → B′

is a semi-abelian sheme and Σζ′ = Σϕ′ , where Z ′◦, A′◦ and A′t◦ denotes connected components of
Z ′, A′ and A′t containing their unit respectively. It is well known that ζ ′◦ : Z ′

◦ → B′
◦ has a principal

polarization and that we have the equality deg ζ ′∗ det Ω1
Z′/B′ = 8 deg e′∗ det Ω1

A′/B′ (see [6], Ch I, §5,
Lemma 5.5, [25], Ch IX and [45]).

Let Hg, Sp(2g, Z) and Γg,n be the Siegel’s upper half-plane, integral symplectic group of degree 2g
and the congruence subgroup of level n of Sp(2g, Z) respectively as usual. For n ≥ 3, Ag,n := Hg/Γg,n

is known to be smooth quasi projective scheme over the complex number field C. According to [5],
there exists a normal projective variety A∗

g,n over C which contains Ag,n as a open subsheme and
an ample invertible ωA∗g,n

such that for any g-dimensional principally polarized abelian variety AK

defined over K with a level n structure, the period map φ : B◦ := B \ Σϕ → Ag,n associated with
ϕ◦ : A◦ := ϕ−1(B◦) → B◦ extends to a morphism φ : B → A∗

g,n which gives an isomorphism
e∗ det Ω1

A/B ' φ∗ωA∗g,n
, where ϕ : A → B is the Néron Model of AK and e is its unit section. Take

a natural number N = N(g, n) ∈ N depending only on g and n such that ω⊗N
A∗g,n

is very ample. We

may assume that there exists an effective divisor H on A∗
g,n such that OA∗g,n

(H) ' ω⊗N
A∗g,n

and that

A∗
g,n \Ag,n ⊂ Supp H. Take any g-dimensional principally polarized abelian variety AK defined over

K with a level n structure. Under the assumption that n ≥ 3, its Néron Model ϕ : A → B is known
to have semi-abelian reduction at any closed points of B so we have

Σϕ ⊂ φ−1(A∗
g,n \ Ag,n) ⊂ φ−1(Supp H)

and hence,

sϕ := Card Σϕ ≤ deg φ∗H = N(g, n) deg φ∗ωA∗g,n
= N(g, n) deg e∗ det Ω1

A/B. (5.3)

If g-dimensional principally polarized abelian variety AK does not have a level n structure, there
exists an finite extension K ′ of K with [K ′ : K] ≤ Card Sp(2g, Z/nZ) such that AK′ := AK ×K K ′

has a level n-structure. Let τ : B′ → B be the finite surjective morphism from the smooth projective
model B′ of K ′ and let ϕ′ : A′ → B′ be the Néron Model of AK′ . If we assume that ϕ : A → B
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has semi-abelian reduction at any closed points of B, then we have A′ = A ×B B′ and hence,
Σϕ′ = τ−1(Σϕ). Thus, by (5.3), we have

sϕ ≤ sϕ′ ≤ N(g, n) deg e′∗ det Ω1
A′/B′ (5.4)

= N(g, n) deg τ deg e∗ det Ω1
A/B (5.5)

= N(g, n) Card Sp(2g, Z/nZ) deg e∗ det Ω1
A/B. (5.6)

Proof of Theorem 5.1. As we preiviously remarked, we only have to bound sϕ′ . From Lemma 5.3,
we have

sϕ′ = sζ′ (5.7)

≤ N(16, 3) Card Sp(32,Z/3Z) deg ζ ′∗ det Ω1
Z′/B′ (5.8)

≤ 16dN(16, 3) Card Sp(32,Z/3Z). (5.9)

Thus we get the assertion.
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