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ANTICANONICAL DIVISORS OF A MODULI SPACE
OF PARABOLIC VECTOR BUNDLES OF HALF
WEIGHT ON P!

TAKESHI ABE

ABSTRACT. This is a revised version of my preprint Kyoto-Math
2002-11, on which I talked at Hodge theory and algebraic geometry
workshop held at Hokkaido Univ., Oct. 2002. I am grateful to the
organizers.

1. INTRODUCTION

Let My [resp. M| be a coarse moduli space of rank 2 semistable
vector bundles of even [resp. odd] degree with fixed determinant on a
smooth projective curve X. The Picard group is infinite cyclic . Let L
be the ample generator. The dimension of a vector space H°(M;, L™)
(¢ = 0,1) is given by the Verlinde formula. For small m > 0, the mean-
ing of this dimension can be explained in the framework of algebraic
geometry. For example, we have

dim H(M,, L) = 29,
where ¢ is the genus of X. On the otherhand, we have
dim H°(Jac(X), 0(20)) = 2¢.

In fact we have a natural isomorphism between these two vector spaces
(See [1]). In [2], the meaning of the two equations

dim H°(M,, L?) = 2971(29 + 1)
dimH'(M,, L) = 2971(29 — 1)

are clarified. The above dimensions are the number of even or odd theta
characterictics on X. Beauville associated to an even [resp. odd] theta
characterictic x a divisor D, on My [resp. M| that can be described
from a moduli-theoretic viewpoint, and proved that they form a basis of
H%(M,, L?) [resp. H*(M;, L)]. In [13], two vector spaces H*(M,, L*)
and HY(M, L?) are considered.

The purpose of this paper is to carry out a similar study for a moduli

space MPM(IF’l; I) of rank 2 semistable parabolic vector bundles with
half weights of degree zero on P!

Department of Mathematics, Faculty of Science, Kyoto University,
Kyoto, 606-8502, Japan
email:abeken@kusm.kyoto-u.ac.jp.
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To be more precise, by Verlinde formula, we have

2g+1
. o/ 7Par i, 1 o 2 +1
dimH' (M (P ’])’KMP“"(PI;I)) =—
for I = {z1,..., %9542}, and
29 _
. o 7Par i, 1 - 2 1
dimH' (M (P 1), Kipw(IP>1 1)) ol
for I = {x1,..., %9541} Let us consider the case when |/] is even. Let

C' be the hyperelliptic curve whose branch locus is I. By a result of
Bhosle in [4], MPM(]P’l; I) is isomorphic to a moduli space Mg%l of
rank 2 semistable vector bundles endowed with an involution action
with trivial determinat. On MZL}’I;, we shall find as many effective an-
ticanonical divisors as the dimension of HO(M " (PY; ), K%PGT(PI‘I))
that are described moduli theoretically, and shall prove that they form
a basis of HO(W’C%, e ) (Theorem3.4). In Section 4, we investi-
gate a relation between these divisors and those divisors constructed
by Beauville (Theorem4.1, 4.2). It would be desirable that the divisors

constructed on M?ﬁ; in Section 3 are defined set-theoretically. So we
shall prove the reducedness of these divisors in Section 5.

Notation. e Otherwise mentioned, all schemes are of finite type
over C.

o If a group G =< glg? = e >~ Z/27 acts on a coherent sheaf
F on a scheme X, F* [resp. F~| stands for the g-invariant
[resp. (—g)-invariant] subsheaf of F. For a vector space V
acted on by G, we define V* and V'~ similarly. x(F)" means
S (—1)H (X, F)*.

o If F is a locally free sheaf, End°(FE) is a sheaf of traceless endo-
morphisms.

e Otherwise mentioned, px, py, pz etc. stand for projections to
the factors X, Y, Z etc..

2. PRELIMINARIES

Let X be an smooth irreducible projective curve over C and I a
non-empty finite set of points of X. Let E be a vector bundle on X.
Definition 2.1. A parabolic structure on F is giving, at each point
x € I, a filtration E, = F1(E), D -+ D Fo(g)(E) D F,,(5)+1(E£) =0
and a sequence of real numbers, called parabolic weights, 0 < a;(z) <

- < @y, (p)(x) < 1. The parabolic degree of F, denoted by pardeg(F£),
is defined by

pardeg(E) := deg F + Z Z a;(x <d1mF (E); —dim Fz’—i-l(E)m)

zel =1
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2.2. Let E’ be a subbundle of a parabolic vector bundle . We can
equip E’ with the canonical parabolic structure: the filtration of E’
consists of the distinct ones of {E; OFZ-(E)I}, and the parabolic weight
aj(z) of B’ is given by a(x) = ai(x), where i is the biggest integer
satisfying Fj(E'), = E. N Fi(E),.
Definition 2.3. A parabolic vector bundle F is said to be semistable
[resp. stable] if for any subbundle E’ of F with 0 < rankE’ < rankF,
we have

pardegE’ - pardegEl

rankE’ — rankF

where E' is equipped with the canonical parabolic structure.

[resp.<],

2.4. In this paper, we are concerned with only rank 2 parabolic bundles

of parabolic weights (0, 1) at ecach z € I. Let MP‘”(X; I) [resp.MT(X; 1))
be the coarse moduli space of semistable [resp. stable] rank 2 parabolic
vector bundles with trivial determinant of parabolic weights (0,1) at
each point x € 1

2.5. Given a family of parabolic rank 2 vector bundles with trivial
determinant of weight (0, %) at each point x € [ parametrized by a
scheme S, i.e. a rank 2 vector bundle £ on S x X such that det £ is a
pull-back of a line bundle on S and a surjection & |gx.,3— Q, for each
x € I, where Q, is a line bundle on S x{z} such that, for any s € S, & |,
is parabolic vector bundle of parabolic weight (0, %) at each point x € I,
we denote the line bundle (det Rpg.€)?®@(det Rps.&')?@(det & [sx 4
y4=9)=l by Z¢. where g is the genus of X and ¥ is a point of X and
& =Ker(€ — ®rerQlsxia})-

In [14] Pauly proved the following theorem.

——Par

Theorem 2.6. There exists a unique line bundle = on M~ (X; 1)
such that for any family of semistable rank 2 parabolic vector bun-
dles € with trivial determinant of weight (0, %) at each point x € I
parametrized by apscheme S, = ~ Z¢, where f is the natural mor-

phism f: S — M "~ (X;I). Moreover = is ample.

Proposition 2.7. Let = be as above. Then Z|prar(x,1) KX/}PM(X;I).
Proof. Recall that M (X; ) is constructed as a geometric quotient
of a smooth variety R® by a PG L-action, where R® is an open sub-
scheme of a P! x - - - x P-bundle over an open subset of a quot scheme.
Note that the quotient map 7 : R® — MP (X ;1) is a principal PG L-
bundle. In order to prove the proposition, we have to prove that
W*KX/}PM (XD and Z¢ are isomorphic as PG L-linearized line bundles on
R?, where & is the universal parabolic bundle on R®* x X. By Lemmag.2
of [5], it suffices to prove that W*KXJPM( x:1) and Zg¢ are isomorphic
as line bundles. Since T Tyrar(x;y ~ R'p.End’(E' C &), where
End° (& C &) is a sheaf of traceless endomorphism preserving £ :=
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Ker(€ — @,e1Q|rex{s}), we need to prove that det R'p,End° (&' C
E) ~ (det R'p.&)7% @ (det R'p.£)~2 @ (det Egxiyy) 3971 where
p is the projection R* x C' — R*. A calculation using Riemann-
Roch theorem implies that det R'p,End®(E’ C €) and (det R'p,.£") % ®
(det R'p.E) ™% @ (det &|sxgyy)* 971 are isomorphic modulo torsion.
Using Theorem?.3 of [5], we know det R'p.End°(E’' C £) also descends

——Par

to M (X;I). Therefore the proof will be completed if we prove

——Par

Pic(M" 7 (X; 1)) is torsion-free. This follows from the next lemma. O

——Par

Lemma 2.8. Pic(M ~ (X;1)) is torsion-free.

Proof. Since ﬂpar(X ; I) is a GIT quotient of a smooth variety, it has

rational singularities by [10]. On top of that, the canonical divisor of

MPM(X ; I) is Cartier, hence it has canonical singularities by Corol-

. 1 . i Par .
lary5.24 of [9]. Since KMP‘”(X;I) is ample, we have H'(M" " (X; 1), Oxzror
0 for any ¢ > 0 by Theoreml1-2-5 in [8]. Given a finite étale mor-

——Par

phism f : Y — M "~ (X;I), we also have H(Y,Oy) = 0 for any

i > 0. Since 1 = HY(Y,0y) = x(Oy) = deng(OmPW(X.I)) =
——Par

deg f dim HY(M (X;I),OﬂPa'r(X;I)) = deg f, f is an isomorphism.

———Par

This proves the torsion-freeness of Pic(M™  (X;1)). O

(X;I))

Remark 2.9. Lemma2.8 also follows from the description of the Picard
group of a moduli stack of quasi-parabolic bundles given in [11].

2.10. From now on throughout this paper, we treat the case when X =
P!. When I = {x1,..., 29542}, put B:=1. When I = {x1,..., 29541},
put B := I U {29,120}, where z9,49 is a point of X —I. Let 7 : C —
X = P! be the hyperelliptic curve of genus g whose branch points are
B. Let i : C'— C be the involution and put {¢;} := 7~ '(x;). These
notations are used throughout this paper.

Definition 2.11. An involutional vector bundle on C'is a vector bundle
F on C endowed with an i-action ,i.e., an isomorphism « : i*F — F
such that « o 7*« is the identity. An involutional vector bundle F' is
said to be involutionally semistable [resp. involutionally stable] if for
any i-invariant subbundle G with 0 < rankG < rankF' the inequality
deg G/rankG < deg F/rankF [resp. degG/rankG < deg F/rankF' ]
holds.

Remark 2.12. An involutional vector bundle is involutionally semistable
if and only if it is semistable as a vector bundle.

2.13. When I is even, we denote by ﬂ?/% [resp. Mg%?l] the coarse
moduli space of rank 2 involutionally semistable [resp. involutionally
stable] involutional vector bundles on C' with trivial determinant such
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that the eigen values of the ¢-action on the fiber over ¢; are 1 and —1
for 1 <j <29+ 2. ‘

When [ is odd, we denote by Mg%l [resp. M1 ] the coarse moduli
space of rank 2 involutionally semistable [resp. involutionally stable]
involutional vector bundles on C' with determinant O(cy442) such that
the eigen values of the ¢-action on the fiber over ¢; are 1 and —1 for
1 <j <2941, and 1 with multiplicity two for j = 2¢g + 2 and when
g is odd, and —1 with multiplicity two for j = 2g + 2 and when g is
even.

Let (B, {E,, = F\(E)s, D F3(E),,}) be an element of M (P'; I).
When |I|is even [resp. odd], put £ := Ker(x *E—>692g+2 F\(E)y; [ F2(E)e;)
resp. E = Ker(r*E — @29+1 F\(E),;/F2(E) j)], where the mor-
phism 7E — Fi(E),,/Fy(E )JC] is given by mE — mE ® C., ~
E®C., — Fi(E),/F2(E),;. We endow E with the natural i-action.

Then by Propositionl.2 of [4], we obtain an isomorphism between
Par iNVO

M (P T) and My, taking (B, {E,, = F\(E)., D F(E),,}) to

E® Oc((g + 1)C29+2), where OC((g + 1)c29+2) is given the natural
i-action.

———Par

3. A BASIS OF ANTICANONICAL SECTIONS

In the rest of this paper, we assume that g > 2 mainly because we
want the codimension of the locus of non-stable bundles in the moduli
to be greater than one.

3.1. In Section 2, we saw that, for [ = {z1,..., 29542} or {z1,..., 22941},
Par

M (P4 1) and Migfﬁl are isomorphic. Since codim(mpw(]P’l; I\
MPar (P 1) ﬂpar(Pl; I)) > 2, Proposition2.7 implies that the canon-
ical divisor of MPM(IP’l; I) is a Cartier divisor and that = ~ KJPW

We have isomorphisms of vector spaces

(BLI)

——tnvo 1 ) Par

~ 0A L. -1
H(Moj, Kg) = BT B D), K

~ HM (P 1),=).

)

By Verlinde formula (cf.[3]), the dimension of these vector spaces is

29+1 . . 2g, . . . . . .
2L f |1 s even, and 25 if |[\ is odd. Our goal in this section is
Zn'UO

to find a basis of H*(M,, /PL) 7,%0 ). We define §¢¥°" and S°% to be

Mcpt

the sets given by
S = {(U,\) € 2t 20) 7| 42U 43X = 4g — 2}

and
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odd . __ {c1,-.c2g41} ’Ql‘ <g-1
S '_{(QM)GQ X Z AU +3N=4g—4 [

3.2. Let F be a family of involutionally vector bundles on C' param-
eterized by an irreducible scheme S. If x(Flxc)t = 0 for any
s € S and H(C, Fl{spxc)™ = 0 for general s € S, then we can con-
struct an effective divisor denoted by Div(R'pg.(F)") whose support
is {s € S|H°(C, Flisixc)t # 0}: for any s € S we can find a resolution

0— Og" ), OF™ — R'ps.(F)T — 0 in a neighborhood U of s,
then on U Div(R'ps.(F)™) is defined by the equation det(p;;) = 0.

Recall that M?;’]P?l is constructed as a geometric quotient of a smooth
irreducible variety Z by an action of a reductive algebraic group G of
the form GL(ay) x GL(ay)/{(tld,tld)|t € G}, where Z is an open
subscheme of an equivariant quot scheme with trivial determinant.
Let Ozxc(—N) ® V. — Q — 0 be the universal quotient, where
Ozxc(—N) ® V and Q have an i-action. For (2, ) in S or §°44,
we have the divisor Div(R'pz.(End®(Q) ® pO(A + Acagi2))™) on Z
by 3.2. By construction, it is G-invariant, hence it is a pullback of a

invo

T o
divisor, say D@[,)\), on Mg

; ; ) o ~ -1
Lemma 3.3. We have an isomorphism OMgz/vPol (Dign)) = KM?/UIPOl.

Proof. We have to prove that the two line bundles det (R'pz,.End°(Q)™)
and Oz (Div(R'pz.(End°(Q) ® ptO(A + Acggy2))T)) are isomorphic as
G-linearized line bundles. We can check that

Oz (Div(R'pz.(End’(Q) ® poOR + Azgi2)) ™))
-1
~ det (R'pz.End°(Q)") @ @c;en (det SndO(Q)|gX{cj}>

N>

® (det (End*(Q)l} (0, ) © et (End(Q)l ey ))

1
as G-linearized line bundles. Since ®,ex (det End®(Q)| ., {cj}> ®

(det <8nd°(Q) }x{@g”}) ® det <5ndo(Q)Ex{%+2}>> *is trivial as a
G-linearized line bundle, the lemma is proved.

——Par

Since Mlg/v]; ~ M " (X;I) and KMP”(X;I) ,

Proposition2.7, Kmic%ol is also a Cartier divisor. Since codim (M, P\

is a Cartier divisor by

invo tnvo

P /Pl,./\/lC/Pl) = 2, Diy,) extends uniquely to an effective divisor,

——invo

denoted by Dgx), on M¢ pi. Now we can state the main theorem of
this section.
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Theorem 3.4. If|I| is even [resp. odd ], { D Faxeseven [1esp.{ D) faunesedd]

is a basis of H° (Wg/ﬁ, KLW,O ).
c/pl
We give a proof only for the case when |I| is even. The following
lemmas in this section are valid only for this case. The proof of the
case when |/] is odd is similar.
We follow closely the proof given in [2]

3.5. Let F be a family of involutionally stable involutional vector
bundles with trivial determinant on C' parameterized by a scheme
by S. Then we have a natural map ¢ : S — icnflp?l. We have
X(End®(F(s1xc) @ O(A+ Acggi2))™ = 0 for any s € S and any (A, \) €
Sever. Assume that S is irreducible and that H(End®(F|syxc) @O (A+
Aeog42))T = 0 for general s € S. By the construction of D(g ), we have
Div(R'pg.(End®(F) @ O(A+ Acagy2))t) = ¢* Dy as effective divisors
on S.

Let P be a Poincaré line bundle on Jac(C') xC'. Since P& (1x1)*P has
a natural i-action, it is a family of rank 2 involutional vector bundles
with trivial determinant on C' parameterized by Jac(C').

Lemma 3.6. (i) P@®i*P is involutionally semistable for any P €
Jac(C)
(ii) For P € Jac(C), P@®i* P is not involutionally stable if and only
if P € Jac(C)[2], where Jac(C)[2] is the subgroup of Jac(C)
consisting of 2-torsion points.

Proof. (i) is obvious by Remark2.12. If P € Jac(C)[2], P and i*P
are isomorphic. We can find an isomorphism « : P — ¢*P such that
the composite of o and i*« : i*P — ¢*i*P ~ P is the identity. Then
(1,) : P — P@i*P is an i-invariant line subbundle. Since deg P = 0,
P @& i*P is not involutionally stable. Conversely, if P & ¢*P is not
involutionally stable, we can find an i-invariant line subbundle A of
P @ i*P with deg A = 0. Since A ~i*A, A € Jac(C)[2]. The inclusion
A «— P@i*P gives rise to an isomorphism A = P or A = i*P. Hence
P € Jac(C)[2]. O

3.7. By Lemmad.6, P & ¢*P gives rise to the natural morphism ¢ :

——invo

JaC(C) — Mc/ﬂml

Lemma 3.8. Take (2, \) € SV,
(i) If |A| # g+ 1, then HY(C,End®(L®i*L) @ O(A+ Acggra))t # 0
for any L € Jac(C).
(ii) If |A] = g+ 1, then HY(C,End° (L@ i*L) @ O(A+ Acggi2))T =0
for general L € Jac(C) and ©* D resyys) = 2jacl (0O, where
© is the theta divisor on Jac(C)9™! and 23, : Jac(C) — Jac(C')
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is given by L — L% and Tigy) : Jac(C) — Jac(C)! is given
by L — L@ O(A+ Acagia).

Proof. For E = L @ i*L, where L € Jac(C) and E is endowed with
the natural i-action, End°(E) is isomorphic to Oc @ ((L™' ® i*L) @
(i*L7'® L)), where i acts on O¢ by (—1) multiplication and on (L' ®
FL)y® (L@ L) by it (L'®@i* L)@ ("L L)~ (L' @ L)@
(L1 @ q*p) Sttchthebctos 7 -1 @ *1) @ (i*L~! @ L). Hence we have
HO(C,End°(L @& i*L) @ O(A + Acggy2))T = HY(C,O(A + Acggra))” @
HY(C,i* L' @ L@ O(A+ Acagya)). If |A| < g+ 1, then degi* L' @ L®
O(A + Acggra) > g — 1, hence HY(C,i* L' @ L @ O(™A + Acagy2)) # 0.
Since dim H(C, O(A + Acagy2))” = max{=22,0}, if [A| > g+ 1 then
dim HO(C, O(A + Aczg42))~ # 0. These prove (i).

If || = g+1, then dim H*(C, O(A+Acgg42))” = 0 and HY(C,* L' ®
LRO(A+ Acagy2)) = 0 for general L € Jac(C) because degi*L '@ L®
O(A+ Acggy2) = g — 1. This implies the former statement of (ii). Since
we are assuming that g > 2, in order to prove the latter statement
of (ii), it suffices to see that ¢*Digrcyys) = 2Jacl (o) © over Jac(C) \
Jac(C)[2]. Over Jac(C) \ Jac(C)[2], P @ i*P gives a family of involu-
tionally stable involutional vector bundles, hence we have ¢*Dg\) =
DiV(RlpJaC(C)\JaC(C)[Q] (End°(P @ i*P) @ ptOA + )\02g+2))+) by 3.5.
As above R'Djaciopgaco)p (€ nd®(P @ i*P) @ pOA + Acgge2))t =~
R'pyaccngac)z) (*P1 @ P @ prO(A + Acagy2)). The latter statement
follows from this. U

We define the set 7 by

¢l i .
T := {Q: ; {Cl, NP ,ng+2} |¢|7AIS¢GVGH }

Since O(€ — |€|cggy2) € Jac(C)[2] for any € € T, from this we
can construct an étale double cover 7y : C¢ — C. Moreover, since
O(€—|€|cgg+2) has the natural i-action, we get an involution i¢ : C¢ —
C¢ such that mgoig = iome. By he : C¢ — C¢/ie we mean the quotient
of C¢ by this involution. There is a unique map qg : C¢/ie — P! such
that gg 0 he = 7 o mg.
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CE& /

CQ/ZQ
de
c—1! - C
\ /
Pl
The branch locus of g¢ is p(€) and the genus of C¢/ig is U — 1. Put
{cf, ] = 7y (¢;). For N € Jac(Cg/ig), the line bundle hy(N) ®

O(— Zaﬁ@ ]@) on C¢ has the natural ig-action, which induces an i-
action on 7. (hg(N) ® O(= X, 4o %)) ® 02518 ¢s.5). Note that
det <7T¢*<h:;:<N) ®O0(= > ¢e §)) ® O(MC%H)) ~ O¢ and the
eigen values of the i-action on the fiber of 7, (hy(N)®O(— chgée cf))@

2g+2—|@
O(g—’_THCQQ+2) over every c¢; are 1 and —1.

Lemma 3.9. The above involutional vector bundle me.(he(N)®O(= -, o¢ §))®

O( 2g+2—|€|

5 C2g+2) 18 1nwolutionally stable.

Proof. Given a line subbundle L C e (hg(N) @ O(— chg_ecjc)) ®

2g+2—|¢€] : * *
O(*5—"c2442), we have a nonzero homomorphism mgL — hg(N) @

O(-2_. e € ])®O(29+2 l¢] (02g+2+62g+2)). Since deg hyx(N)®O(— ch¢€c;ﬁ)®

O(2g+§ le] (CQng? + 029+2)) = 0, we have deg L. < 0, which implies the

semistability of 7, (hg(N) @ O(— Zcﬂ@cjc)) ® O(MCQQH).
Suppose that the above L is i-invariant and of degree zero. Then
there exists a subset U of {cy,...,co42} with |U| even such that L
is isomorphic to O(3_, oy ¢j — |Uczg42) as involutional bundles. Then
he(N)®O (= 32, 4o )OO PLHETZEN (S, Ly ey ) ®00 (= 3 e (€ +
fe
¢
{cag+2}, however, either c or c appears with an odd multiplicity.
This means that the above line bundle cannot be trivial as an involu-
tional bundle. O

)) is a trivial line bundle With a trivial ig-action. For ¢; ¢ (€U

3.10. Let P¢ be a Poincaré line bundle on Jac(C¢/i¢) X Ce/ie. B
Lemma3.9, (1x7¢). ((1 X he) Pe @ pi, O(— D geC J))®p00(w029+2)

is a family of involutionally stable involutional vector bundles with triv-

ial determinant, hence gives rise to a natural map g : Jac(Cg/ic) —
——1Nvo

’Ln/’UE(;l C MC/]P)I
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Lemma 3.11. Take (A, \) € SV
(i) If2)AN¢e|+ X —|€| +2#0, then

HY (C, Ende (m (h;(N) 20(-Y" cf)) ) O + >\629+2)) £0
c;¢¢

for any N € Jac(Cg/ig).
(i) If21 AN+ A —|€| +2=0, then

+
HO (C, End’® (71'@* (h;(N) ® O(— Z Cf)) ) & O(Q[ + )\CQQ+2)> =0
cj¢¢

for general N € Jac(Ce/ic), and we have ¢g(Die, A)) = 2Jac(Ce Jie) (T;‘((w);@@) ,
el

where © s the theta divisor on Jac(Ce/lie)® 2, 2jac(Ce /ie)
Jac(Ce/ie) — Jac(Cg/ic) is defined by L — L2 and Tr (@20

Jac(Ce/ie) — Jac(Ce/ie)'2 2 by L — L@ 7((A, \); €), here
(A1), Q)
= 0 (28, cona helc) + X, cane helel)
+che¢\g[h¢(cg) Z ggug[hG( ) ;‘@ <h¢(62g+2)+h€(62§+2)>>

Proof. On C¢, we have the exact sequence

0= he(N) & O (= Leelef + 1) = Lo ol + 1100+ clira)
= meme (he(N) ® O(= X, g ) = he(N) ® O(= 5, ge §) = 0.
From this, we have the exact sequence on C,
0— O+ T+ (A —[€])cagy2)

= &nd® (s (Pe(N) @ O(= X, 0 5)) ) @ O+ Aczyi)
= es (he(N?) © Q) @ O + Acggia) — 0,

where

Q = Oc¢, (Z ¢ _|_CT€ )+ Z C(ng+2+02g+2)) .

c;eC CJ¢Q
This gives rise to the long exact sequence
0 — H(C, 0 + €+ (A - [€])erya))”

— 1 (C,&nd (me. (HeN) @ O(= 5, 4o 5)) ) @ 0@+ Acnye))
— H (G e (1e(N?) Q) O(A+ Aczgia))*
— H! (C,O+C+ (N— ‘Q:’)ng+2))+ — ...
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Since dim H® (C, O + € + (X — |€])cage2))” = max{0, (2]24 N €| +
A — |€]+2)/2}, we have

+

HO | Coénd® | 7o | he(N) @ O(= ) ") | | @ O+ Aeggsa) | #0
C]'¢€

for any N € Jac(Cg/ic) if 2|ANE|+ A —|€|+2> 0. F2(ANC|+ N —
|€] +2 < 0, applying the above argument to Ko ® O(A + Acggra) ' in
place of O(2+ Acgg12) and using Serre duality, we obtain

+
H' | Coénd® [ 7o | he(N) @ O(= ) " ¢f) | | @ O+ Aeggsa) | #0
cj¢¢
for any N € Jac(C¢/i¢). Since
+
X | End® | me [ he(N) @ O(=D ) | | @ O+ Acggia) | =0,
cj¢e

this proves (1).

Suppose that 2|2AN €|+ A —|€|+2 = 0. Then H*(C,O0(A+ €+ (A —
€])esg12))* = 0. Since \(O@ + €+ (A — [€)esg2)) = (2RAN ) +
A—1€|+2)/2 =0, H(C,O(A + € + (A — |€])czg42))" also vanishes.
We obtain isomorphisms

HY (C,€nd” (me (He(N) © O~ 5, o)) ) ® O + ACQQH))+

~ H (O, e (h5(N?) ® Q) @ O(A + Acogra)) ™

~ HO (CQ, ha(N®2) © O, (2 Y cenal€H ) T2, el

2 cenaleE+ )+ Do gl — )+ =€) (0 + i) ) )
~ H° (CQ/Z@ N®*® O (2 > escona he(ef) + 2 cane hG(C;G)

5 cerhele) = X gemhe(e) + 259 (he(cS,0) + he(clfn) ) ) )

~— ~—

Jr
Therefore, H° (C, End® (7‘('@* (hz(N) ® O(— ch¢€c¢)>> ® OA + )\CQQ+2)> #*
0 if and only if HY(C¢/ig, N @ 7((2,A\); €)) # 0. This proves that,
set-theoretically, ©&(D(e) = 2ac(cy ie) <T:((Q[,)\);Q‘)®>' The proof that

this holds scheme-theoretically is similar to the counterpart in the proof
of Lemmad.8. U
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Proof of Theorem3.4. Since S| = 3" ock<zenn (91)= 20041

k=g+1(mod 3) k 3

dim H (MZ‘/”@, K;mw ), we have only to prove that D¢ ) are lin-

Meypl
early independent. Suppose that we have

() > a@nDiey =0

(AN)eSeven

for acg ) € C. Pulling back this equation to Jac(C') by ¢ in 3.7, we ob-
tain 3 gy, Ay <2§ac( Tw)@) — 0 by Lemma3.8. {2;%( )T;;@}
are linearly independent by PropositionA.8 of [2]. {O(2 + Acag12) }g1— 1
is a subset of the set of theta characteristics of C' by Lemmad of Chap-
ter VIII of [6]. Thus a@y = 0 if [A] = g+ 1. Fix (g, Ag) € Seven
with [ < g+ 1. We choose an element € € 7 such that 2y C € and
Cogt2 € € and |€] = 2|Ag| + Ag + 2. Pulling back (&) to Jac(C¢/i¢) by
e of 3.10, we obtain

> a@nZaccesio Ti@ne® =0
2|ANE|+A+2=|¢]

k: theta characteristics

by Lemma3.11. For(, A), (2, \') € §V*" such that 2|ANC|+A+2 = |€|
and 2/ N ¢+ N +2 = ||,

T(2,0),€) ® (A N),€) ! = Ocygig (D he(e) = 2 hele)

c;eenA c;een

F (A= N 220 (€U = 2\ (€U he(cS, o) )
Claim. If 7((2p, Xo); €) =~ 7((A, A); €), then (™Ag, Ag) = (A, N).

Proof of Claim. If 7((2p, Xo); €) ~ 7((A, A); €), we have €Ny = ENA
or €NAy = C\ (AU{cag42}). HENAy = CNA, we get A = \g. Hence
|Ap| = |A|. Since Ag = €N Ay = E€NA C A, we have Ay = A. Let
us prove that €N Ay = €\ (A U {cog12}) does not occur. If it did
occur, we have A = —)\g — 2. Since A + Ay = 0(mod4), we obtain a
contradiction. i

Taking account of the above claim and the fact that 7((, \),€) ®
(A, N), €)1 is a 2-torsion point of Jac(Ce/ie), we have agyrg) = 0
again by PropositionA.8 of [2]. For (g, Ag) € S with || > g + 1,
we choose an element € of 7 such that {c,...,c541} \ ™o C € and
Cog+2 € € and |€] =49+ 2 — Ao — 2|Up|. Then a similar argument as
above implies that a(g, x,) = 0.

U
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4. RELATION WITH BEAUVILLE’S BASIS

By Remark2.12; we have a natural homomorphism f : M?Z}; —

——invo

M(2,0¢) when |I| is even, and f : Mepr — M(2,0c¢(cag42)) when
1] is odd, where M(2,0¢) [resp. M(2,Oc(cay12))] is the coarse
moduli space of rank 2 semistable vector bundles with the determi-

nant O¢ [resp. Oc¢(cyg42)]. In this section, we compare the basis
——1iNnvo

{D(QL)\)}(Ql,)\)ESCVCD [resp. {D(Ql,k)}(Q[ )\)ESodd] Of H (Mc/ﬂn, K;“wo ) With

Mcpl

1
the basis {D }/-c :even theta characteristic of C of HO( (2 OC) M(2 o )) [resp.
1

{D }n :odd theta characteristic of C' of HO( (2 OC<C29+2>> KM(2,OC(029+2))>] . Here
D, is the divisor constructed by Beauville in [2]. It is the unique effec-
tive divisor that satisfies the relation 2D, = Div(Rp.(End°®(€) ® pEk))
over the stable locus of the moduli space, where £ is the universal vec-
tor bundle and p is the projection to the moduli space. (See [2] for
details.)

Put

Vi={V c{e,....co01} | V| =g+ 1(mod 2)} .

The map from V to the set of theta characteristics of C' that sends V'
to Oc(V + (9 — 1 — |V|)cag42) is a bijection. We have

lg+1- VI

dim O (C, 0(V + (g = 1= [V])ezy 1)) =

Theorem 4.1. Assume that |I| is even. Let k be an even theta char-
acteristic of C, say Oc(V + (g — 1 — |V])cag+2)-

(i) IfHY(C,k) =0, i.e. |V| =g+ 1, then f*D,, = Dy,_2).
(i) IfH°(C, k) # 0, i.e. V| # g+ 1, then f*D, =0.

Theorem 4.2. Assume that |I| is odd. Let k be an odd theta charac-
teristic of C, say Oc(V + (g — 1 —|V|)e2g42)-

(i) If |V| =g — 1, then f*D, = D).
(ii) If |V| # g — 1, then f*D, = 0.

We give a proof only for Theorem4.1.

Proof of Theorem4.1. Suppose that H°(C k) = 0. Then f*(2D,) =
Div (R'p. (End®(£) ® pk)) over Mg, where € is the universal invo-

lutional bundle on 7’”/”151 x C'" and p is the projection mflp?l x C —

invo
C/pt-

Claim. Div (R'p, (End°(€) ® ptk)") = Div (R'p. (End°(€) ® pik) 7).
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Proof of Claim. Grothendieck duality (cf. Chapter VII Theorem3.3 in
[7] says that

RHomo, ., (Rp* (End° (&) ® pik) , OM%;)

c/pl

— Rp, (End°(€) @ pi(r @ K¢)) [1]

is a quasi-isomorphism. Taking cohomologies, we obtain an isomor-
phism

5xt}9M

invo

(Rlp* (End®(E) & pik) , O pypinvo )
c/pl /el
— R'p, (End°(€) @ pi(r™' @ K¢)) .

Since this isomorphism is compatible with the ¢-action, we get an iso-
morphism

Exty <R1p* (End®(E) @ pk) ™, O pqimve )

c/pl
— R'p. (End°(€) @ pi(™' @ KC))+ :

k~'® K¢ and & are isomorphic as line bundles on C, but their i-actions
differ by (—1)-multiplication. Hence

R'p. (End°(&) @ pa(k @ K¢)) ' ~ R'p, (End°(€) @ pik)™ .
This isomorphism and the equality

Div (R'p. (End°(€) ® per)™)
= Div (c‘,'mtl (Rlpk (End°(E) @ pr) ™, O ppinve ))

c/pl

implies the claim. O

This claim implies that
Div (R'p. (End®(€) ® pirk)) = 2Div (R'p. (End®(E) @ pek) ™) .

This proves (i).

Suppose that H°(C, k) # 0. We shall show that H°(C, End®(E)®k) #
0 for any £/ € Mg, Since X (End®(E)®O0c(V+(g—1=|V])cgg42))t =
(—g — 1+ |V|)/2 # 0, either H*(C,E nd°(E) @ Oc(V + (g — 1 —
[V |)eag12)) T or HY(C, End®(E)ROc(V+(g—1—|V|)cag+2)) T is nonzero.
A similar argument as in the proof of the above claim implies that
dim HY(C, End®(E)R0c(V+(g9—1—|V|)cag42)) = dim HY(C, End®(E)®
Oc(V + (g — 1 [V])esgs2) " + H(C,End*(E) @ Oc(V + (g~ 1 —
[VI)eag+2))*. Hence H(C, End*(E) @ Oc(V + (9 — 1 = [V])ezge2)) #
0. U
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5. REDUCEDNESS OF THE DIVISORS Dgy)

In this section, we shall show that the divisors D g ) are reduced.
For a non-negative integer [, let Z; be the closed subset of MZL/U]P% con-

invo

sisting of involutionally stable involutional vector bundle E' € M fid
that satisfies dim HY(End®(E) @ (A 4+ Acygr2))t > 1. We give Z; a
scheme structure as follows. For some open neighborhood U of F € Z,
we can take a resolution of involutional vector bundles 0 — G —
O(—=Ncggi2) @V — End®(E) @ prORA + Acggro) — 0 on U x C,
where £ is the universal involutional vector bundle (strictly speaking,
only End°(€) exists on MZL/”IP% x (), N is a sufficiently large positive
integer and V' is a vector space with an i-action. This resolution gives
rise to a short exact sequence

0— R'p.GT L R'p, (O(=Neaggyn) @ V)T — Rlp, (End®(€) @ prO(A + Acggra))t — 0,
where p is the projection p : U x C — U. By trivializing R'p, G+
and R'p, (O(—Negyy2) ® V)T over an open neighborhood W of E €
/\/lic”f];l, g can be expressed by an rxr matrix {g;;} with g;; € OMZL;)]Pol (W),
where r = rankR'p,G* = rankR!p, (O(—Ncygi2) @ V). The ideal
sheaf of Z; is generated, over W, by all the [ x [ minors of this matrix.
Note that, with this scheme structure, Z; is nothing but DZ’% N
For E € M?;’]Pﬂ, let vy be the map

H (End®(E) © O + Acagy2))” @ HC (End®(E) @ Ko © O+ Aeagra) 1)+
— H (&nd°(E) ® Ke)* |
taking ¢ ® ¥ to [¢,¢] (= ¢poth — 1o ¢).

Proposition 5.1. Assume that |I| is even [resp. odd |. There exists
a closed subset ) of MZ%% of dimension at most |2 [resp.| 1L ]]
such that if E is not in Y then dimKervg < [2 — 21 + 1, where | =

dim HO(C, EndO(E) X O(Q[ + )\ng+2))+.

Proof. We give a proof for the case when |I| is even. The case when
|I| is odd is very similar.

Suppose that dim Kervg > 12 — 20 + 1. Then we can find a non-zero
element ¢ ® 1 in Kervg.

Claim 5.1.1. Either ¢ or ¢ is of rank one.

Proof of Claimd.1.1. For ¢;, 1 < j < 2g + 1, fix an isomorphism o« :
CZ L E® C., such that a(*(1,0)) is, for the i-action, an eigen vector
with the eigen value 1 and «(*(0, 1)) is an eigen vector with eigen value
—1. With this trivialization, at c¢;, ¢ and 1 are expressed, respectively,
by (24) and (§25,) with b,c € O(A+ Aeygy2)! and a € Ko ®@ O(A+
>\029+2)c_j1 if ¢; € A because ¢ and 9 are traceless and compatible with
the é-action. The relation ¢ot) = 1po¢ implies that (2, ") = (2. ¥).

ac —ac 0O
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Hence either ¢ or 1 is a zero map on the fiber over ¢;. If ¢; ¢ U,
switching the role of O + Acyg12) and Ko ® O(A + Acggia) ', we
know that ¢ or 1 is zero map on the fiber over ¢;. Therefore ¢ o1 is a
zero map on the fiber over ¢; for 1 <Vj < 2g+ 1. If ¢ 09 is injective,
then deg £ 4+ 2(2g — 2) = deg E ® K¢ > deg E 4+ 2(2g + 1), which is a
contradiction. Hence ¢ o 1) is not injective, which implies that either ¢
or v is of rank one. O

Without loss of generality we may assume that ¢ is of rank one. Put
L := Ker¢. Since L is i-invariant, L is isomorphic to O (B + jucoy12), for
some B C {c1,...,C41} and p € Z, as involutional bundles. E/L is
isomorphic to O(B’'—(2g+1+p)cagi2), where B’ := {c1, ..., cog11}\B.

Claim 5.1.2. We have ||+ |B|+p+35—g—1> 0if H(C,0(A +
Acagi2))T = 0. We have |B| — ||+ p—35+9g—1>0if H(C,Kc ®
O(Q[ + /\ng+2)_1)+ =0.

Proof of Claimb.1.2. First note that either H(C, O(2 + Acggi2)) T or
HO(C, Kc@O(A+Acggr2)™t) T is zero because HO(C, O(A+Aeggy2)) ™ =
max{3 + 1,0} and H(C, K¢ ® O(A+ Acagya) ™')™ = max{—3 — 1,0}
If H(C,O(A 4 Acggi2))t = 0, then ¢ induces a non-zero i-equivariant
morphism E/L — L ® O(A + Acggy2) because the composite £/L —
E® O+ Aeggro) — E/L @ O(UA+ Acggra) is zero. This nonzero i-
equivariant morphism corresponds to a non-zero element of HY(C, L ®
(E/L) 'O (A+Ncag2)) T Since HY(C, L&(E /L) @O (UA+Aczgy2)) T =~
HY(C,0(B + % = B + (29 + 1 + 210 + Neggia)t ~ HI(PL O(J] +
B[+ pu+2—g—1)), we have |A] + |[B| +pu+ 3 —g—1 > 0.
Next let us consider the case H(C, Ko ® O + Acggi2)™ )T = 0.
Since ¢ o) = Y o ¢ and L = Ker¢, the restriction of 1) to L fac-
tors through L ® Ko ® O(20 + Acgg12) ™, hence is a zero map because
HO(C, Kc @ O+ Acggi2) )" = 0. This means that L = Kert). Then
a similar argument as above implies that |B|—|A|+x—3+9—1 > 0. O

In order to complete the proof, it suffices to prove that dim H'(C, Hom(FE /L, L))" —
1 < |%22] because H'(C, Hom(E/L, L))* parameterizes extensions of
E/L by L that are compatible with the i-actions. Since H(C, Hom(E /L, L))" ~
HY(C,0(B — B’ + (29 + 1 +2p)eag40)) " = HY(P, O(|B] + p— g — 1)),
dim H'(C, Hom(E /L, L))" = max{g—u—|%|,0}. By the above claim,
dim H'(C, Hom(E /L, L))* < max{|2| + 4 — 1,0} < [1£2]. O

Before stating and proving the main theorem of this section, we recall
an important property of vg.

Proposition 5.2. For E € Z;\ Z; 11, the codimension of the irreducible
component of Z; containing E is greater than or equal to dim Imvg. If
vE 15 injective, Z; is smooth at E and of codimension 2.

This proposition is essentially proved in [12] and we omit the proof.
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Theorem 5.3. All the divisors D) are reduced.

Proof. Note that the closed subset ) of Proposition5.1 is of codimen-
sion greater than one. Therefore we have only to prove that D g y)| Mz \y
P

isreduced. For E € Dg )\, if dim H(C, End®(E)QO(A+Acagi0)) T =
1, then by Proposition5.1 vg is injective, hence D gy is smooth at £ by
Proposition5.2. Therefore if suffices to prove that codim(Z\ Y, M?fﬁl

Y)>2. For E € Zy\ Y, dimImvg > 2] — 1 by Proposition5.1, where
| = dimHY(C,End°(E) @ O(A + Acaygi2))T. By Proposition5.2, the
codimension of Z; at F is greater than or equal to 21 — 1 > 2. O
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