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Weak coupling limit with a removal of an ultraviolet
cut-off for a Hamiltonian of particles interacting with a
massive scalar field

Fumio HIROSHIMA
Department of Mathematics, Faculty of Science, Hokkaido University
Sapporo 060 Japan

Abstract

This paper presents a rigorous derivation of an N-body Schrodinger Hamiltonian
from taking a weak coupling limit of a renormalized Hamiltonian describing an interac-
tion of N-spineless particles and a massive scalar field at the same time as an ultraviolet
cut-off is removed. In particular, in the case where the space dimension equals three,

the Yukawa potential appears in the N-body Schrodinger Hamiltonian.
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1 INTRODUCTION

In this paper we are concerned with a model of a quantum N-particle system interacting with
a quantutized massive scalar field. The main result is a mathematically rigorous derivation,
from the point of view of the operator theory, of an N-body Schrodinger Hamiltonian by

taking a weak coupling (scaling) limit of the Hamiltonian of the model with an ultraviolet
cut-off ([1]) at the same time as the ultraviolet cut-off is removed ([2]). Such kind of scaling
limits of Hamiltonians, but with ultraviolet cut-off fixed, have been discussed in [3,4,5] and
references therein. A new feature in our approach is in taking a scaling limit and a removal
of the ultraviolet cut-off simultaneously. For mathematical generality, we consider the case
where the N-particles move in d-dimensional space, d=1,2,3. The total Hamiltonian H we

analyze in this paper acts in the tensor product of Hilbert spaces L’RY® ..o LARY) =

N
L?(R?M) and the Boson Fock space F = F(L?(R%)) over L%(R?), and has the following form

1
H=—-——AQI+I1®H,— gp(A),
2m

where H, denotes the free Hamiltonian in F, A the Laplacian in L2(R?Y), ¢(A) a scalar field
with an ultraviolet cut-off parameterized by A > 0, and g € R, m > 0 a coupling constant,

the mass of particles, respectively. Let
1
H(A) = —5 AR+ A’I @ Hy — gAd(A®), o > 0.

We are concerned with the asymptotic behavior of H(A) with a renormalization term sub-
tracted as A — oo in the strong resolvent sense, and determine a range of the parameter
«, in which H(A) .converges to an N-body Schrodinger Hamiltonian. In the case where we
take A’s in the coefficients of I ® Hj, and ¢ infinity with A% in ¢(A*) replaced by a fixed
parameter, this limit is called a “weak coupling limit”. Conversely, in the case where A® in
#(A*) tends to infinity with the other A’s replaced by fixed parameters, the limit is called a

“removal of the ultraviolet cut-off”. It is well known that both of these limits exist in some
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sense ([1,2]). In this paper we take the weak coupling limit and the removal of the ultraviolet
cut-off simultaneously. The basic idea to analyze H(A) is to construct a dressing transfor-
mation ([2,6]). By using the dressing transformation and an abstract theory discussed in (7],

we prove our main result in Theorem 3.10; assume that 0 < a < d—_?_—l, then
1 -1
s— lim (H(A) ~ NE(A") — 2)™} = (—%A + g?Viss(00) — z) ®P, (L 1)

where E(A®) is a renormalization term which goes to minus infinity as A — oo, 2 € C\Ror
z < 0 with |z| sufficiently large, Pq a projection operator on F and Vss(c0) a multiplication
operator in L2(R*). In particular, in the case d = 3, V,5s(00) coincides with the Yukawa

potential with the mass of the scalar field p > 0:
1 N emlat-2t]|

Vagslat, ., 2¥i00) = ==
szt o,z 00) yp

i<y |37i - xj| .

Moreover in the case d = 1, Vrp(00) is as follows:

N o=plzi-2i]|
N 1 e

;00) = D)
i<j H

Veff(:cl, vy T
Consequently the classical Schrodinger Hamiltonian with the Yukawa potential may be in-
terpreted as the approximation in the sense proposed in (1.1).

The article is ofganized as follows. In section 2, for mathematical maximum generality,
we specify our model and consider its asymptotic behavior in an abstract form. In section
3, we construct a dressing transformation which implements a unitary equivalence between
the Hamiltonian H(A) and a special version of an operator discussed in section 2. Using the
dressing transformation, we present an asymptotic behavior of H(A) with renormalization
term E(A®) subtracted in the strong resolvent sense. In section 4, we consider an asymptotic
behavior of the ground state of H(A) and spectral concentration. In section 5, we give
concluding remarks.

The author would like to thank Professor Asao Arai and Professor Akihiko Inoue for

helpful discussions and their continual encouragement throughout this work.
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2 AN ABSTRACT SCALING LIMIT

In this section, for the succeeding discussion and for the sake of self-consistency of this paper,
we review a theory of scaling limit of self-adjoint operators acting in the tensor product
of two Hilbert spaces discusséd in [7] with a little modification, which is a mathematical
generalizzition that can be applied to our model. To begin with, let us introduce preliminary
notations. The scalar product and the associated norm of a Hilbert space £ are denoted by
(*, +)¢ and || - ||, respectively; the scalar product is linear in -, antilinear in *. The domain
and the spectrum of an operator T' are denoted by D(T) and ¢(T'), respectively. Moreover
the uniform operator norm of bounded operators on £ is denoted by || - || 5(c)-

Let ‘H and K be Hilbert spaces, respectively. Put H ® K = X". Suppose that an operator
A (resp.B) is a non-negative self-adjoint operator in H (resp.K), and Ker B # {0}. We
denote the projection from K onto Ker B by Fy. We suppose that a family of symmetric

operators {Cy }aso in X admits the following conditions:

(i) For any € > 0 there exists A" such that for all A > A', D(Cy) C D(A®I)ND(I® B) =
D(AQI+I1® B)= Dap with

ICA®]lx < el[(A® T +1® B)®||x +b(e)|| 2],
where b(e) > 0 is a constant independent of A > A’.
(ii) There ezists a symmetric operator C in X such that for z € C\ [0, 00),

s— lim CA(A®I+AI®B - )M =ClA4-2)" o R,

Proposition 2.1 ([7,Theorem 2.1]) Let operators A, B, Cx and C be given as above.
Then the following (1) ~ (4) hold.

(1) For A > Ay with some Ay, Kn = AQ I+ AI @ B + C, is self-adjoint on Dap and
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uniformly bounded from below. Moreover it is essentially self-adjoint on any core of

ARI+1®B.

(2) KK =AQI+(I®Py)C(I® Fy) is self-adjoint on D(A ® I) and bounded from below.

Moreover it is essentially self-adjoint on any core of AQ I.
(3) For z € NasagP(BKa)Np(Ks) (p(T) denotes the resolvent set of an operator T ),

s— lim (Ky —2)7! = (K — 2) HI ® Py).

A—oo

(4) K is reduced by H @ KerB. Moreover the following holds:

Ti—fn—A_,oo infO'(R’A) S infU(K’oo|’H®KerB)- (2 1)

3 DEFINITION OF A HAMILTONIAN AND
A DRESSING TRANSFORMATION

In this section we define a Hamiltonian H(A) describing an interaction of N-particles and a
scalar field with an ultraviolet cut-off. To analyze an asymptotic behavior of the Hamiltonian,

we construct a dressing transformation. The Boson Fock space F over L2(R?) is defined by

F =

P

[@rL?(®Y)]
0

3
1l

where ®L%(R?) = C and ®@"L%(R%) (n > 1) is the n-fold symmetric tensor product of
L%(R?). The vacuum vector is defined by = {1,0,0,0..} and the projection from F onto

the subspace {af2|a € C} is denoted by Pq. Set
FoW) = {{¥,}22, € F|¥, =0 for all but finitely many n's}.

The creation operator and the annihilation operator are denoted by af(f) and a(g), f,g €

L*(RY), respectively. Formally we write

) = [ fbE,  f e LX)
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The operators a*(f) leave (W) invariant and satisfy

[a(f)’af(g)]<I> = (fT,g)Lz(Rd)@
[a*(f),ak(g)l® = 0
(a(H3,0); = (2,a/(HT), . f.0€ L*®?),2,T € F*(W).

The scalar field ¢(z, f), (z € RY) and the momentum conjugate II(z, g),(z € RY) are defined
by

bz, f) = { I NEAC) i } dk, £/v/@ € LR,
ol
(z,q) = \/m/{a (k) f(=k)Jw(k)e 2 - (k) f( k),/w(k)e"“}dk,f\/a € IA(RY),

where w(k) = v/kZ + p2, u > 0. In particular, for an indicator function Zj:

— 1, |k| <A,
:A(k):{ 0 l |

k| > A,
we set

&z, Z4) = ¢z, A).

Consider the semi-group generated by the multiplication operator w in L2(R¢). Its second
“quantization I'(e™*),¢t > 0, is a strongly continuous contraction semi-group on F (cf.[8]).

The free Hamiltonian H, is defined to be its generator:
T(e ™) = e,
Formally we may write
H, = / w(k)at (k)a(k)dk.

Thus we have the following commutation relations:

[¢(z, £, d(y,9)] = 0, f/\/;,g/\/UGLQ(Rd),
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I(z, £),I(y,9)] = 0, Vuwf,Vwge L*®Y,

?

0, ) Tw.0)] = (o [l SRR ™ok, /v,y € LR,

on F*°(W) and on D(Hb%)

[Hy, (z, )] = —ill(z,f), f/Vw,Vwf e L*R?,
[Hy, I(z, f)] = i¢(z,0?f), Vwfw/wf e L*R?).

The total Hamiltonian H(A) of our model acts in

37
L=I®)®..8 PRY)QF = /Rm Fdz'..dz"
N

and is defined as

1
H(A) = —5-A® T+ A’ I @ Hy — gAd(A®), A >0, a>0,

where
o i 1 N
¢(A")=/W > ofa', A)da'..da”

For later use, we have introduced the scaling parameters A and a; a range of « is determined

in the rest of this section. Put
1
Hy=——AQI+1Q® H,.
2m

Proposition 3.1 ([2]) The operator H(A) is self-adjoint on D(Hy) and bounded from below.

Moreover it is essentially self-adjoint on any core of Hy.

It is well known that for each (z!,...,z"V) € RV, §~V=1 IT (a:j, %25) is essentially self-adjoint

on F*(W). We denote its self-adjoint extension by the same symbol. Let

. 52 .9 N j EA" 1 N
Un(g) = /Wexp —ZKZH<:¢ ) dzt...dz".

T2
j=1 w
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We define a renormalization term F(A®) by

1 Zpa(k)

A= i e+ 2

dk.

Set
£= = [CE®™MBF=(W)| DU & Hy),

where ® denotes the algebraic tensor product. The following lemma is the key lemma in

this paper.

Lemma 3.2 The unitary operator Ux(g) maps L into D(H(A)) with

Ao (H) = PNEWNUNG) = 5133 (o1 - $6i() - L2 e )
+A2I®Hb+g Véff(Aa)®I, (3. 1)

where pl, = —iD,p=1,..,d,j=1,..,N, (z7 = (x],...,z}) € RY) denotes the generalized

L2-derivative.

. 52 .
S(A%) = /vqb#(xj,z\a)dxl...de,j:1,...,N,u=1,...,d,
RIN
—ikx’ - tka?
k)k,e REHOLY: }dk’

iaey — k) Ene( .
Pula, A7) \/—‘ { w(k)3 +a(k) w(k)?

Veyr(A®) and VI(A*) are multiplication operators in L*(RN):

1 X 1 Z pa(k)e— k(=2

V:g (:rl,...,xN;A“) = —— / ) dk,
" 2 112‘11?51 (QW) w(k)2
N —ik(e? —2*
~ . K Ene (k) e @)

VJ(Z‘I,...,];N;A) = Z (27‘_ / H w(k)3 dk‘,
1=1,i#j
j=1,..N,p=1,...d.

Proof: Note that V,;(A®) is bounded operator on L*(R%Y). By [6,Theorem 3.3], Upr(g) maps

D(I ® H,) onto itself with

Ur(g) " (—gAd(A®) + A’T ® Hy)Ux(g) = AT @ Hy+ ¢?Vesf(A*) ® I + g NE(A®). (3. 2)
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On the other hand, it can be easily seen that on £

U(o)™ (e} @ DUse) = 8 1 - j(a) - LA o 1.

We have thus proved the lemma. QO

Remark 3.3 The renormalization term E(A%) coincides with that of [2]. If d = 2,3,
limp oo E(A%) = —o0, while, if d = 1, limp—,0o E(A®) > —o0. However, to proceed our
argument systematically, even in the case where d = 1, we subtract the renormalization term

from the total Hamiltonian, and do not distinguish between them.
Let the right hand side of (3.1) be HP(A) and define a symmetric operator C(A%) by
1
HP(A) = —%A®I+A21®Hb+C(A“).

Moreover, for notational simplicity, we introduce the following notations:

N d
Qu(A?) = %ZZ(W ® N)gi(A%) + g (A*)(p], @ 1)) ,
j=1p=
1 N ’ud ]
Q2(A%) = z—mZqu‘(Aa)2,
j=1pu=1
g(A") = —%(Aa)—%v,{(/\a)m.

Thus in terms of the operators Q1(A%), Q2(A®) and V5;(A%), we may write
g g
C(A*) = ¢®Vesp(A*) @ T + KQl(Aa) + FQ2(AQ)-
We write f(A) ~ A if f(A) is bounded as A — 0.

Lemma 3.4 It holds that D(Q(A%)) D D(Hy) and D(Q2(A*)) D D(Hy). Moreover the
following inequalities hold for ® € D(H,)
1Q1(A%)2]|c < (e1(A%) + e2(A)[|(Ho + D)@l (3. 3)

||Q2(A%)®||z < (m(A%) 4+ no(A%) + n3(A))|(Ho + I)®||., (3. 4)
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where €1(A%), e2(A%), m(A®), n2(A%) and n3(A®) are positive numbers depending on A such

that
el(Aa) o Aa!d;—l! , 62(Aa) ~ Aa(d—l)_l,
a(zi=1) asd=s) _

M(AY) ~ AT 2 (A% ~ ATT T g (A%) ~ AZXED2,

- Proof: In the proof we write operators of the form A® [ in £ as A and set for k = (ky, ..., kq) €

RY
_ EAa(k‘)ku
fu(k) - w(k) 3
_ EAa(k)kZ _
f##(k) - w(k) ,,LL——l, ad
Moreover
j o (¢ j AQ 1 N
m(A%) = z/RdN Tuu(2?, A%)dz* .. dz™
' . = alk k2 —ikz? = ok L2 ikzd
rule A7) = i [Latgg 2R T 2Ol g,
\/2(27)d w(k)? w(k)3
| N1 RSk
7 1 N, ra — [
Ve aian) = 3 o L. N

Set ||v/w"gl|r2rey = ||g]|n. Then note that

an+d!
||qun ~ AT v(n+d#0)’

| fulln ~ yalog A, (n +d =0),

a!n+d+2!

| fuull, ~AT = (n+d+2#0),
Hf#an"’ValOgA’(n+d+2=0)- - (3.5)

The following inequalities are well known ([9,Lemmas 2.1,2.4])

6, Dol < A (2Nl EE el +11f]-all2lls)
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||7(z, f)®}lF
[(Hs + D)%, é(z, £)]9]|

[[(Ho + 17, w(z, HIT]|x

IA

A (2AlolE @l + 171 l12l5) . @ € D(E)
B (1A 1ll1H @l + 1111211

B (IRl Wl + 111l 2ll) . ¥ € D(H), (3. 6)

IA

IA

where

A = ,

- V3
5 2(127r)d <%/0 ﬁd/\)

It can be directly seen that there exists a(A*) and S(A®) so that

|Vi(m1,...,xN;Aa)|

VAN

a(Aa)’

Vi (2!, A% < BA%), =1, Nop=1,.0d,

with a(A®) ~ A%92) and B(A®) ~ A¥4~D We first prove (3.3). Since, on D(H,),

[Pl Gh(A")] = =3, (A%) = TVAA®),

in terms of (3.6), we have that for ® € D(H,),

1Q1(A%)®]|

< 255 (el + ZIVATle + I A)e + LIV Al
_2771]':1“:1 2 p UL T A p=llL I LT AT pp L

. d v AC A

< 3 (s + Wl o+ ) + (2524 25

X constant X ||[(Ho + I)®||c. (3. 7)

Due to (3.5), in the first term on the right hand side of (3.7), the term || f..|_; ~ ASSH
is the highest order with respect to A as A — oo, and so is ﬂ%} ~ A%4=1=1 in the second

term. Then (3.3) follows. Next we prove (3.4). As is seen in the proof of (3.3), one can
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easily see that

IQs(A)a
N d , , 2
< 5 1 (Il + a8l + IVl )

n=—2

L
g{(nfun_Qanﬂn+||fun12||fun) 2D (1l s + 1151 + <ﬁ§)2}

xconstant x ||(Hy + I)®|| . (3. 8)

u2d1

Due to (3.5), in the first term on the right hand side of (3.8), the term || f. || _,|| full; ~ A

is the highest order, and so is 222||ful|_, ~ A*272-1 in the second term. Moreover in the
third term, ﬂA—ZL ~ A22(d=2=2 Thus (3.4) follows. This completes the proof. a

Lemma 3.5 It holds that D(V,;;(A%)) D D(—A) and, for any € > 0, there exists b(e) > 0
such that for ® € D(—A) and for any A > Ay with some Ay > 0,

[[Vers(A%) < ef| = A®| f2pany + b(€)[|®]| 2 (gar)- (3. 9)

Proof: For each (z!,...,2") € R™, due to the spherically symmetry of %}21, one can see that

Vep(ahy o2V A%) = — I | / Syl — a:J|J.1_2 (rlz* — 27|)dr,
o — 2| T

\/ 1<]

(3. 10)

where J, is the Bessel function:

1= (5) Samrvrn (3)

Let
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At first, we prove (3.9) in the cases where d = 1,2. Then, since G € L}(R?), by a fundamental

estimate of the Bessel functions (see [10,§ 7.21))

we see that

1 - X 1 o0
Vie(al, o,z A% < Y —— [ G(r)dr. 3. 11
Vess(z's 2™ A%)] < oG iz_glxi—xﬂ% | Glr)dr (3. 11)

Since, with the help of a direct extension of [8.Theorem X.16] , one can easily see that the
right hand side of (3.11) is infinitesimally small with respect to the Laplacian A in L?(R%V),
d =1,2. Thus (3.9) follows. Next we consider the case where d = 3. We note that

2 sin

Hence, changing the variables in the integrand (3.10) and using the contour integrals along

with closed curves v;;, 1 < 4,7 <N,
v = {7 €R| = A%z’ — 27| < 2 < A%|2' — |} {z € €| 2 = A®|z" — 27[e?,0 < 6 < 7},

we see that

A S5 /mx - - iug
T, ..,x; = ) ; i e au
effAt 472 1<] |zt — :I:Ji Aelzi-zi] u2 4 |zt — 33]|2,U2

_ le’—' ( ue

u? + |zt — 23’2’
(\4
47r2 Z ]a:’

Tu

yipla’ — w’l)

T A2a|x .'I,'J| 2621061A“|z‘—21|em

—_ ;UJ| 0 A201|1-z —_ SC]| 62“9 + Ixz _ x]l /*"2
It can be seen that

x A2a|$i _ xj|2i82iaema|x"—zi|e‘9 A2
A2a _ /'['2

do| <

0 A2gi— xj|262i0 +|zf — ijQﬂZ

Hence we have that for each (z',...,z") € R?,

1 N, ra 1 X 1 —plzt—a|
|‘/eff($ y ooy T ;A )l EZ——-—— € +

- ) . (3. 12)
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Since, for A > pZ, the right hand side of (3.12) is infinitesimally small with respect to A in

L2(R3V), (3.9) follows. This completes the proof. O

Lemma 3.6 Assume that o admits as follows

2
0<04<d—+—1. (3 13)

Then for any ® € D(H,),

2
- (%Ql(AQ) + %Qz(/\“) +9°Vess(A%) ® I) ® = (¢*Vess(o0) ® )@,

where V,¢(00) is a multiplication operator in L*(RN):

1 e-—ik(:c; —z;)

N
Vers(a, ..., a5 00) = — dk.
" i=1,jz=1,i;ej 2(27r)d Jre k2 + p?

In particular, in the case d =1,
Veff(arl, enxNio0) = -2y ——

in the case d = 3,

V, (l‘l :L'N'w) _ ]. iv: ".U|z"_:z:ji
eff g esns 9 - 4ﬂ'1<] |:L‘l—x.7| .

Proof: Because of Lemma 3.4, we see that, for ® € D(Hy),

2 a(d+1
gll @A)l + Ll1Qa(A)@lle ~ A%F

Hence, due to the assumption (3.13), one can see that
g g
im (Ll1@ua)elle + l1QuAall ) =o.

Next we consider the term V,;(A%). In the cases where d = 1,2, by the proof of Lemma

3.5, it can be easily seen that for & € D(H,)

||‘/eff(Aa)q) - ‘/eff(OO)‘I)H[, = O,CZS A — OQ. (3 14)
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In the case where d = 3, from the proof of Lemma 3.5, it follows that there exists a positive

constant (3 so that, for each (z!,...,z") € RV,

[Veps(zh, o a3 A%) = Vegp(a?, . 25 00)| < B 1
eff g eeny ) eff g eees ; < 47ri<j |xl—x1|
= V(',...,z") (3. 15)
Since V is infinitesimally small with respect to A in L2(R3V), for ® € D(—A),
/;w [V(2!,...,2M) 2@ (!, ..., 2V)|%dz < oo,
& ,
Let
H; = {(= LzV) e RN |z' = 27},
N
H = U
If z = (z!,...,2") € H, from the proof of Lemma 3.5, it follows that
Vers(z'y oy 2™ A%) = Vigs(ah, .y 25 00))
1 1 Ae i o
< - - A% xt — 2? —A“’]m'—z’lsm@de
= 47T2Z |27 — 272 [A2 — 2|/0 |z* — 27[e
1 1 A®
——Z =0, as A — 0. (3. 16)

=l o =P =

i<j
Since the Lebesgue measure of the set H is zero, combining (3.15) and (3.16), the Lebesgue

dominated convergence theorem yields (3.14). This completes the proof. O

Remark 3.7 (1) Assume that 0 < a < %. From Lemmas 3.4 3.5 and 3.6, it follows that
for z € €\ [0,00), ||C(A*)(Ho — 2)~ Y| By 1s uniformly bounded in A > Ay with some

Ay > 0.

(2) As is seen in (3.12) in the case where d = 3, because of the fact that

2 coszx

—%(l’) = ;W,
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in the case where d = 1, we can also estimate V;ff(arl, 0y V3 A?) as follows

' 1N eulet=2l
Vepla!, gV A < =Y ——— 4+ -N(N -1
[Vers l 72", 5N )

Aa
A2a _ ,LLQ

Theorem 3.8 Let0 < a < d—f_T. Then the following (1) and (2) hold.

(1) For any € > 0, there exists Ag and b(€) > 0 such that for all A > Ay, D(C(A)) D D(Hy)
and for ® € D(Hy),

IC(A)®]|c < €l|Ho®|[c + b(e)] |2l
(2) LetzecC\[0,00). Then
) 1 5 -1 9 1 -1
s— lim C(A) (—%A ©I+A1®H,— z) - (g Vi j5(c0) (—%A _ z) ) ® Po.
Proof: Because of Lemmas 3.4 and 3.5, (1) follows. By Remark 3.7 and

1 1 -1
s— lim (———A®I+I®Hb—z) (———A®I+A21®Hb—z> = I ® P,
2m 2m

—00

(2) follows. O

Theorem 3.9 Let 0 < a < ﬁ and 0 < A be sufficiently large. Then HP(A) is self-adjoint
on D(Hy) and bounded from below uniformly in A and essentially self-adjoint on any core
of D(Hy). Moreover the dressing transformation Ux(g) maps D(Hy) onto itself and the

following unitary equivalence holds on D(H)
Ua(g)"'(H(A) — ¢? NE(A®))Un(g) = H"(A). (3. 17)

Proof: Note that HP(A) is just of the form of the operator K considered in Proposition 2.1

with the following identifications

A=——A, B=H, Cr=C(A). (3. 18)
2m o
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By Theorem 3.8 and Proposition 2.1 (1), the first assertion follows. The subset £* is a core
of Hy, same is true for HP(A). Since (3.17) holds on £, it can be easily seen that Us(g)
maps D(HP(A)) onto D(H(A)) i.e., D(Hy) onto itself, and (3.17) holds on D(Hy). O

Now we state main theorem in this paper.

Theorem 3.10 Let 0 < o < 727 and z € €\ [0,00) or z < 0 with |z| sufficiently large.
Then
s~ lim (H(A)~ g PNE(A®) —2)7 ! = (—-Q%zn 9*Vys5(c0) — z)—l ® Pa.
Proof: From (3.17) it follows that
(H(A) — ’NE(A*) — 2)™ = Ur(g)(H"(A) — 2)™'Un(9) ™"
Since
Zhe

im

A—»ooA)

=0,
L2(Rd)

2

it follows that
s — lim Ux(g) = L.
Note that
Ker H, = {aQ]a € C}.

Thus under the identification as (3.18), by Proposition 2.1 (2), we get the desired result. O

4 GROUND STATE AND SPECTRAL CONCENTRA-
TION

In this section we consider an asymptotic behavior of the ground state for H (A) and its

spectral concentration. Let

S(A) = info(H(A)— g*NE(A)),
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| 1 )

Serr(A) = mfa(—%A"'ngeff(A )
_ I 1 2

Seff = 1nfa( QmA +g Veff(oo)).

Theorem 4.1 Let0 < a < ﬁi' Then

limA_,ooSeff(A) S limA_,ooS(A) S Seff. (4. 1)

Proof: Noting that Vesr(A®) commutes Ux(g), by (3.2), we see that, for & € D(H,),
(H(A) = ¢*NE(A)2,9),
= ((~3m8 + rsa) ©18,8)_+ (A1 © H)UN9),Us(0)®),
> ((—E%A + ngeff(Aa)) ® I<I>,<I>)£,

which implies the first inequality in (4.1). The second inequality follows from (2.1). a

Corollary 4.2 Assume that 0 < a < ﬁzl and d =1,2. Then

lim S(A) = Seff. (4 2)

A—oo

Proof: From (3.10) and (3.11) it follows that for ® € L2(R%V), z € C\ [0, 00) and € > 0, there

exists b(e) > 0 such that

1 -1
(Vers A) = Vagslo0) (—5 -0 = 2) - @
m Lz(RdN)
~ 00 b
S Jd%z/ G(T‘)dT‘ (6+ —l(z—€|)-> ||(I)HL2(1R‘1N)’
which implies that, in the uniform operator norm
1 -1 1 -1
fim Vags(47) (58— 2) = Vagsloo) (-8 -2) - (4. 3

Let Ly = ——QLmA, La = Lo+ ¢?Ves(A®) and Lo, = Lo + g*Vesp(00). By using the second

resolvent equation for the pair {L,, Lo} repeatedly, we have

(La=2)7 = T(=1)"(Lo =) (¢Vers(A) (Lo = 2)7")"
(=D)L = 2)7 (¢PVer s (A%) (Lo — z)_l)N+1 .
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Since, for z < 0 with |z| sufficiently large, uniformly in A > Ay with some Ay > 0,
N
I(La —2)7* (g2Veff(A")(L0 - z)’l) || B(z2@evy = 0, as N — oo,

one can easily derive that for such 2 < 0

o]

(Ly — 2) Z "(Lo = 2)7 (¢Vers (A%)(Lo — ™)’

in the uniform operator norm uniformly in A > Ay with some Ag > 0. Thus we can exchange

> o and lima_,o. Then by (4.3), in the uniform operator norm,

lim (Ly = 2)7" = 3 (=1)"(Lo— )7 (¢°Vegs(00)(Lo = 2)7")"
n=0
= (Lo —2)"h
Thus
H(L/\ - Z)_l”B(LQ(RdN)) i H(Loo - Z)_IHB(LZ(]R‘iN)), as A — oo.
Hence
dim Sers(A) = Ses,
which, combining Theorem 4.1, implies (4.2). |

We have the following theorem.

Theorem 4.3 ([7,Theorem 2.14]) Let R > 0 and T be the union of a finite number of
mutually disjoint, bounded open intervals on R such that [~ R, R]No(—5=A — g*Ves5(00)) C
T. Let Ex()\) be the spectral family of H(A). Then

s — lim Ez([-R,R]\T) =0.

This is called “the part of the spectrum of H(A) in [~R, R] is asymptotically concentrated
on T”([11,P.46]).
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5 CONCLUDING REMARKS

(1) In the case where d = 1, we do not need to subtract the renormalization term E(A®)
from the total Hamiltonian H(A) (see Remark 3.3). In this case Theorem 3.10 is
modified under the conditions as in Theorem 3.10 as follows

. _ 1 -1
s= Jim (H(A) - 2)7' = (=5 8+ PVapg(o0) - 2) @ P

where

(2) Let V be a —A-bounded with a relative bound less than one, e.g., V € LP(R%),p >
4 p > 2. Then it is well known that H(A) +V ® I is self-adjoint on D(Hp) and
bounded from below. Moreover, as in the case where V' = 0, one can show that under
the conditions as in Theorem 3.10,

_ 1 -1
s— lim (H(A) +V ® I — ’NE(A®) — 2)~! = (—%A +V 4 g2V (c0) — z) ® Po.
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