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THE DRASIN-SHEA-JORDAN THEOREM FOR HANKEL TRANSFORMS |
OF ARBITRARILY LARGE ORDER

N. H. BINGHAM and A. INOUE

- §1. Introduction and result.

For p € IR, we write R, for the class of functions f regularly varying (at infinity)
with indez p: f is measurable, positive for large enough z, and

FO2)/fz) =+ X (z—=00) VYA>O0;

see (2] for background. We are concerned here with comparisons between the asymp-
totic behaviour of f and that of integral transforms of f. We will write these in Mellin-
convolution form as

(k5 (&) = [ T fokat)dt (@ > 0),

- for suitable kernels k. The simplest results of this type are Abelian, and state that under
suitable conditions

f(z) ~zPl(z)  (z — oo) (1)
with £ slowly varying (i.e. £ € Ro) implies
(k* f)(z) ~ czPl(z)  (z — o0), (2)

where, if the Melliﬁ transform of the kernel k is
k(s) = / =2k (8)dt/t = / uk(u)du/u,
0 0

¢ = k(p).

Tauberian results supply a partial converse, under suitable side-conditions ( Tauberian con-
ditions); see e.g. Ch. 4 of [2] for a detailed treatment.

In the circumstances above, one has

(k* f)=)/f(z) ¢ (z— o). (3)
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The question arises of whether one can obtain (1) - and so (2) - from (3), with p such that
¢ = k(p). Such results are Mercerian, and are treated in [2], Ch. 5. The prototypes are
due to Drasin and Shea ([5], Th. 6.2; [2], Th. 5.2.1), with k non-negative, and Jordan [7],
where k can change sign. The proofs, which are rather long, involve reduction - by real
analysis and Pélya’s lemma - to an integral equation, uniqueness of solution of which is
guaranteed by Fourier analysis (Titchmarsh [14], Th. 146); such uniqueness questions are
related to the Wiener Tauberian theory.

The Drasin-Shea-Jordan theory as expounded in [2] uses absolute integrals and re-
quires absolute convergence of the Mellin transform k(s) (in an appropriate strip in the com-
plex s-plane). However, the most interesting and important classical integral transforms -
most particularly, Fourier sine and cosine transforms and Hankel transforms (Titchmarsh
[14] and Watson [15]) - have Mellin transforms which are only conditionally convergent. A
Drasin-Shea-Jordan theorem for Fourier and Hankel transforms was obtained recently by
the authors in [3]. Two main extra complications arise:
(i) One is compelled to make use of special properties of the kernels, and so one’s results
lose the generality which is one of the characteristic advantages of the Drasin-Shea-Jordan
theory (and of the Wiener Tauberian theory related to it);
(ii) One obtains a more complicated integral equation, whose solution requires a far- .
reaching extension of the Wiener Tauberian theory due to Nyman [11] and Korenblum
8], [9]; see Gurarii [6] for an accessible treatment in English rather than Russian.

This paper is devoted to the removal of a third difficulty which arises in [3]. There,
we use the kernel k given by

k(z) := z7%/2J,(1/z)

with J, the Bessel function of order v > —1/2. We write F,,, or simply F, for the Hankel
transform of f, defined in Mellin-convolution form as

F(z) = /0 T IO/ Pa )it (z > 0).

Note that the Fourier cosine and sine transorms are the special cases v = —1/2, 1/2, as

2 cosz 2sinz
J—1/2(Z) = \/; \/5 ) J-1/2(3') = p \/; )

also that the Mellin transform is given by Weber’s integral:

3 oo PEG+%+1%) 3 1
— _ —s —os+i\g T TT 3 e, 2 el
a(s) ._k(s)_/o CROE =2 TR (v <Re<vtg) ()
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(Watson [15), 13.24 (1), Titchmarsh [14], (7.4.1)). The results of [3] are restricted to ‘small’
v: v < vo, where vg € (3,1) is the unique root of the transcendental equation

(3 +3) _

. =0
T3 +3)

log2+

(vo = 0.8660252365...: thus the cosine and sine cases are included in v < 1p). Our
contribution here is two-fold: we remove the restriction v < vy, so covering all v > —1/2,
and we simplify the proofs.

Recall that the upper order p(f) of an ultimately positive function f is defined by
() i= limsup, oy Iog () log.

Our result is the following.

THEOREM. Let v > v, t+f(t) € L} [0,00), and f be ultimately decreasing to zero
at infinity, with upper order p := p(f) and Hankel transform F = F,. If

3 1
*V_§<P<O) P#_‘i

and
F(z)/f(z) » c€(0,00) (2= ),
then PE 424 2)
— —opti - \g T FTT 4
=)= iy
and f € R,.

We comment briefly on the conditions here. The condition that f be ultimately
decreasing ensures that the integral giving the Hankel transform converges (conditionally).
Some such condition is needed. For less stringent conditions of this type (such as quasi-
monotonicity), see e.g. (2], §4.3; we use monotonicity for simplicity. This implies p < 0.
The condition p # —1/2 is essential; see [3] §7 for a counter-example showing this. The
condition p € (—v— %, 0) ties the order of f to the convergence-strip of the Mellin transform
of the kernel.

The condition v < v in [3] concerns the main point of the present paper, so we
discuss it in detail. For a generic kernel k, let {z € C : Rz € (a,b)} be the (absolﬁte
or conditional) convergence strip of & (thus (a,b) = (—v — 8,v+ 1) in our case k(z) =

z~3/2J,(1/z)), and p be the upper order of f. The major difference between this paper
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and its predecessors, by Drasin and Shea [5], Jordan [7] and the authors [3], is that we
dispense with the following condition:

-

k is monotone on either (a,p] or [p,b), (A)

which is needed for the method of proof used there. In fact, for Hankel transforms with
v > vp, there appears a subinterval (b;,b2) C (a,b) such that for p € (b1,b2) the above
condition (A) is not satisfied (see §2). For those v € (—},v0) considered in [3], k is strictly
decreasing on (a,b), whence (A) holds for any p € (a,b). In [7], Theorems 1 and 1la,
Jordan explicitly assumes (A), while in [5], where k > 0, (A) is automatically satisfied
since k" > 0 and k is convex. Here we adopt a new method of proof, a type of localization,
which enables us simultaneously to dispense with both condition (A) and use of a key tool
in [5), [7] and [3], the Pélya Peak Theorem of Drasin and Shea, and thereby greatly to
simplify the proofs.

§2. The Mellin transform a,.
Write
¥(z) =T'(z)/T(=)

for the logarithmic derivative of the gamma function (the digamma function). Recall the
series expansions

WA ==y =+5Y s W@ =T Uy

([16], §12.16, or [10], p. 14). Thus 4 is increasing, and 1’ decreasing, on (0, 00). As above,
define v € (3,1) by

1
log2+ (7 +5) = 0.

PROPOSITION. For v > v, there exist by and b, with

3 1 1
—u—-2-<b1<—§<b2<u+§

such that a, decreases on (—v — 2,b;), increases on (by,b;) and decreases on (b2,v + 3),
with ajj(b1) > 0 and al)(b2) < 0.

Proof. For z € (—v — 2,v + 1), write
2 2

1 z v 3 z v 1
f"(z)°—1°gau(z)—(z+5)1082+1°gr(§+‘2'+Z)~103F(—§+§+Z)-
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h 1 3 1 . 1
!(g) = Y A TR A SR YO AP
fulz) =log2+ 29(5 + 5 + 7) + 5¥( 5tst+3)
1 .,z v 3, 1 z v 1
y(z)—4'¢’(2+2+4) 4¢( 2+2+4).
Since $(z) = —oo as z | 0 (from the series expansion),

fi(g) 5 -0  as z.j,—u—g or a:TV-l——;-.
Also ) )
(=) = oz

as v > vg, and since 1’ decreases, f! is positive on (—co, —3), zero at —1 and negative on

—%, o). Consequently, there exist b, b, in the ranges specified in the Proposition with
fi(ba) = fi(ba) = 0.

By considering the second derivative, we can easily check that the signs of the second
derivatives at these points are as stated.

COROLLARY. Forv 2> -3, A€ (—v—4,v+1)\{-1}, theroot z = A of a,(z) —a,(}) -
is at most double.

§3. Korenblum’s theorem.

It is convenient in this section to work with additive convolutions and Fourier
transforms, and to use k for a generic kernel (not the Bessel kernel of §1); when we apply
our results later, we will revert to using multiplicative convolutions and Mellin transforms.
We write the Fourier transform as

I?:(z) = k(z)e™**dz.

1 oo

Var ./;oo

Recall first the key result of the Wiener Tauberian theory for L;(IR), giving the
equivalence of three statements:

(i) k(t) has no zeros t € IR;
(ii) linear combinations of translates of k are dense in Ly;

(iii) the only solutions g € Leo(IR) of the integral equation
. oo
(Fro)@)i= [ fa-y))dy =0
—o0

5



are the trivial ones g =0 a.e.
For background to this Wiener approximation theorem, see e.g. Reiter [13] I, §4.1, Bingham
[1]. In particular, the resulting theory extends to finitely many zeros z;, j = 1,:--,r
(or finitely many common zeros for classes of kernels). The non-trivial solutions g are
now linear combinations of the exp{izz;}, or of z"~? exp{izz;} (n = 1, ,n;) if z; has
multiplicity n;. ' |

The extension of this theory from (L;, L) to other pairs of function spaces in
duality is due to Nyman and Korenblum; see e.g. Gurarii [6], Borichev [4], [3] §5. For
a > 0, one replaces L;(IR) by the Banach algebra L(«) of functions k with norm

Il = [ WeGa)leetlas

—00

and convolution as multiplication. The dual space L(a)* of L(«) is the space of measurable
functions g with norm

llgll := ess-sup{lg(z)le~*!"l : z € R} < oo;
the duality is given by
(g)i= [ k@@ (k€ Liag € L))

For k € L(c), set

7121} 1og (e

7* (k) :=limsup,_ 1o (CXP{

(k(z) — 0 as £ — #oo by the Riemann-Lebesgue lemma, so (k) < 0). The Fourier
transform I::(z) is now defined in the strip [$2| < @ in the complex z-plane. The analogue
for L(a) of the Wiener condition that £ be non-vanishing on IR (except at finitely many
zeros z; of multiplicity n;) is the non-vanishing of k in the strip (except at finitely many
zeros), and in addition Korenblum’s condition

7 ) =7 (k) =0,

which says that k should not decay to zero at infinity in the strip too fast. The Wiener
results on non-trivial solutions g € L (IR) to the integral equation (iii) now extend to
g € L(a)*. We shall need the case r = 1,n; = 2 of one double zero of k below.
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§4. Proof of the Theorem.

We first note a crude but useful bound: for k > 0 with k() := [;°t~7k(t)dt/t <
oo, and f measurable with f(z)/z7 < d(v) for z > 0, then k * f exists and

(k% f)(z) = /o ” Ha/k()dt/t < dx)a” Lwt‘Vk(t)dt/t = d(7)k(7)z".

Next, as in (3], we introduce the positive kernels C, D defined by

3
= gVtie—= — p—3ov+l 3 z*3
Ole)i=a™3e™,  Dla) =m0 N0 + ) ape

(use of these kernels enables us to avoid the difficulties caused by sign-changes and condi-
tional convergence; for a discussion of their roles, see [3], §2). The convergence-strips I,
Ip of their Mellin transforms are

Ic={z€C:¥Ez<V+%}, ID={z€C:—V—%<§Rz<V+g}.
Define f, §, @ as in [3] §6:
f(z) = Iix,0)(z)f(z)  for X large enough,

g(z) = (C* =), Glz):=(Dxf)(=).

By Propositions 1, 2 of [3] (or directly from the infinite-product representation and beha-
viour at infinity of the gamma function), we can choose € > 0 so small that [p—2¢, p+2¢] C
(—v — £,0) \ {1} and that a,(2) takes the value a,(p) only at z = p in the strip
p—e<Rz<p+e

Write p;, p; for p— €, p+ ¢, and consider

Bi(z) = Iy o) ()2, By (z) := Io1)(2)z??, z > 0.

The convergence strips of Ey, E; ate {Rz > p1}, {Rz < pz}. Write

h(z) := (B, * By * §)(z), H(z) := (B2 * E; * G)(z)

(for X large enough, fis non-negative, and so are all the other functions involved; the
integrals converge absolutely, and Fubini’s theorem gives associativity of the convolutions:

see below). Take v € (p,pz). By Lemma 3 of [3] (or by direct estimation),

§(z) £d(7)z"  (z>0)
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for some d(v) € (0,00). The crude bound above then gives successively
(Br * §)(2) < d(7)Er(7)=",

h(z) = By * (By * §)(z) < d(7)Ei(7)Ea(7)s7,

and similarly for H. Since v € IcNIp, (D *h)(z) and (C % H)(z) both exist for all z > 0,
by the crude bound above. Fubini’s theorem yields

(C x H)(z) = Bz * By % (C x G)(z)
= E2 * E1 * (D *§)(z)
= (D = h)(z) Vz € (0, 00)

(for C * G = D x §, see [3), §2).

We pause to comment on the need to introduce the kernels Ey, E;. For a generic
kernel k, let {z € C: Rz € (a,b)} be the convergence strip of k. The transform f + E; * f
has the effect of ‘localizing’ the problem from (a,b) to [p — ¢,b), while f = E; * f localizes
to (a,p+ €]. These transforms were used in [5] and [7], but only separately, while only the
first was used in [3]. Under the assumption (A) discussed in §1, even such an incomplete
localization suffices, for € small enough, because of monotonicity of k. When (A), or
monotonicity of k, is lacking, we need both transforms to effect a complete localization of
the problem to [p — €, p + €]. This programme, which greatly simplifies the arguments of
[5], [7] and [3], is carried out below.

Our key assumption is F(z)/f(z) — ¢(f) as £ — oo. By [3] Theorem 1, this gives
c(f) = av(p). As in [3] §3, F(z)/f(z) — a,(p) translates into G(z)/G(z) = a.(p). Since

(B, * 6)(z) = oP* / G(e)de/ e,
0
and similarly for E4 * §, this and (6.3) of [3] give

(B1 % G)(2)/(B1 *)(=) = au(p) (= = o0).

Since

H(z) = 2% / (B + G)(t)dt /42,
and similarly for &, g, this gives

H(z) _ [7(By* G)(t)dt/t1+ra
We) [P (@ g mafarn )

(z = o0).
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Since z7P* By (z) is increasing and

2P he) = [ )P Eue/ B 5) et/

z~P1h(z) is also increasing. Similarly, z-;P’h(z) is decreasing, and both conclusions hold
with H in place of h. Thus :

(zu)~Prh(uz)
mgl O0<u<l,z>0),

(zu)~P2h(uz)
z=Pah(z)

<1 (1<u<oo,z>0).

Combining,
h(uz)/h(s) < max(u,u?)  (z,u>0),

and similarly for H.

Now choose any sequence z,, T co. Consider
Jn(¥) 1= h(znu)/h(zs).

The functions u™?1j,(u) : (0,00) — (0,00) are increasing, and - by the bounds above -
uniformly bounded on compact u-sets in'(0, 00). So by the Helly selection principle, we can
find a sequence of integers n' — co such that (4! j,/(u)) converges pointwise on (0, ).

So (jns(u)) converges also, to j(u) say. Then u™P1j(u) is increasing, j(1) = 1, and
§(e) S max(u™,u?) (1> 0)
Similarly for H: thus
h(xnru)/h(mn:’) = j(u), H(zpu)/H(zp) = j(u) (' 2 00) VYu>0.
From C+ H =D *h,

H(zn) [ H(z.zn /1) [ h(z.zn[t)
h(zn) Jo H(zw) C(t)dt/t—/o ——_h(zn:) D(t)dt/t.

We now have suitably dominated convergence of both integrands (note that p;,ps; € I N
Ip), and H(zn')/h(zn) = av(p) by above. So

ay(p)(C *j)(z) = (D *j)(z)  (z >0).

9



- We write
m(z) = j(z)e™,  K(z) = (D(z) - a,(p)C(e))s=" (2> 0).
Then the above becomes the integral equation
(Kxm)(z)=0 Vz>0.

The Mellin transform K of K has the strip of absolute convergence —v — 3 — p <
Rz < v+ § — p, and is given there by

K(z) = T(~2 = p+ v+ 3)(au (s + p) - au(p))
(this is the kernel used in [3] §6, Step 5, -after the shift z — z — p). Recall that
[~ d =l —pp2— Al C (~v =5 ~pv+ 3 —p).
To apply Korenblum’s theory, let
$(z) =m(e®), ko(z):=K(e*) (z € ).

Then

¢(z) < max(e—e:’ee::) — ee|x|’

so ¢(z) € L(e)*, while ko € L(€). Our integral equation is
/ ko(z —y)¢(u)dy=0 VseR.

The Fourier transform ko of ko is given by

Fo(2) = \/Lz_ﬂf((iz) (1941 < ¢).

So ko(2) has a unique root z = 0 in the strip |¥z] < €, which by the Corollary to the
Proposition is at most double. By Propositions 2 and 4 of [3] - or by direct calculation
from the complex form of Stirling’s formula (see e.g. Rademacher {12}, p. 38) -

7" (ko) = 7~ (ko) = 0.
Since the origin is at most a double root, Korenblum’s theorem yields
#(z) = a1+ azz a.e. Vz e R

10



for some a;,a; € C. That is,
m(z) =a; +azlogz  ae. Vz>0.

Since m is real, so are aj, a;. Since m(z)z?~P is increasing, m(1-) = a; = m(1+4),
whence a; = 1. Since m(.) > 0, az = 0. So m(z—) = 1 = m(z+) for all z:

m(z)=1 Vz € (0,00).

So
Jjlz)=zf Vz € (0,00).

This says that the partial limit u? of h(uzn/)/h(za) does not depend on the particular
sequence (z,) chosen. We thus have

h(zu)/h(z) > u? (z—>00) Vu>0,

andso h € R,.

We conclude as in [3], §6, Step 6. Since E; * §(z) = zP [ §(t)dt/t*+P1, the
function £~ B; * §(z) is increasing, whence log(z—(tP3) B % §(z)) is slowly decreasing.
So we can use a monotone density argument on

h(z) = By + By % §(x) = o f =042 B, x 5(t)dt

x

to pass from h € R, to By * § € R,. Similarly, since
oo
e) = o+ [ el fya
0 v

the function z=(*+3)§(z) is decreasing. So log(z~(+P1)§(z)) is slowly increasing. So we

can apply a monotone density argument to
x
Buxgle)=am [ 050
0
to obtain § € R,. Now §= C f,ie.
1 *© 1 -~
o) == [ wthe s u)dus,
0 .

and the convolution on the right is essentially a Laplace transform. The Hardy-Littlewood-
Karamata theorem (or Karamata’s Tauberian theorem for Laplace transforms - [2] §1.7)

and a further monotone density argument give fe R,. This says that f € R,, as required.

11



References

[1] N. H. BINGHAM, ‘Probability theory on groups’, Probability Measures on Groups IX,
Lecture Notes in Math. 1379 (1989), 6-20, Springer.

[2] N. H. BINGHAM, C. M. GOLDIE and J. L. TEUGELS, Regular variation (Encycl.
Math. Appl. 27, 2nd ed., Cambridge Univ. Press, 1989; 1st ed. 1987).

[3] N. H. BINGHAM and A. INOUE, ‘The Drasin-Shea-Jordan theorem for Fourier and

Hankel transforms’, Quart. J. Math. 48 no. 4 (1997), to appear (Statistics Report 95/1,
Birkbeck College, University of London).

[4] A. A. BORICHEV, ‘Beurling algebras and the generalized Fourier transform’, Proc.
London Math. Soc. (3) 73 (1996), 431-480.

[5] D. DRASIN and D. F. SHEA, ‘Convolution inequalities, regular variation and excep-
tional sets’, J. Analyse Math. 29 (1976), 232-293.

[6] V. P. GURARII, ‘Harmonic analysis in spaces with a weight’, Trans. Moscow Math.
Soc. (1979), 21-75.

[7] G. S. JORDAN, ‘Regularly varying functions and convolutions of functions with real
kernels’, Trans. American Math. Soc. 194 (1974), 177-194.

[8] B. I. KORENBLUM, ‘On a normed ring of functions with convolution’ (in Russian),
Dokl. Akad. Nauk SSSR (N.S.) 115 (1957), 226-229 (Mathematical Reviews 19 (1958),
968-9, E. Hewitt).

[9] B. I. KORENBLUM, ‘A generalization of Wiener’s Tauberian theorem and harmonic

analysis of functions with rapid growth’ (in Russian), Trud. Moscov. Mat. Obs&. 7 (1958),
121-148. |

12



[10] W. MAGNUS, F. OBERHETTINGER and R. P. SONI, Formulas and theorems for
the special functions of mathematical physics, 3rd ed. (Springer, Berlin, 1966).

(11) B. NYMAN, On the one-dimensional translation group and semigroup in certain func-

tion spaces (Appelbergs Boktryckeri, Uppsala, 1950) (Mathematical Reviews 12 (1951),
108-109, J. Korevaar).

’[12] H. RADEMACHER, Topics in analytic number theory (Springer, Berlin, 1973).

[13] H. REITER, Classical harmonic analysis and locally compact groups (Oxford Uni-
versity Press, 1968).

[14] E. C. TITCHMARSH, Theory of Fourier integrals, 2nd ed. (Oxford University Press,
1948).

[15] G. N. WATSON, Theory of Bessel functions, 2nd ed. (Cambridge University Press,
1944).

(16] E. C. WHITTAKER and G. N. WATSON, Modern analysis, 4th ed. (Cambndge
University Press, 1927).

Department of Statistics, Birkbeck College (University of London), Malet Street, London
WCIE 7HX

Department of Mathematics, Faculty of Science, Hokkaido University, Sapporo 060, Japan

13



