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Singularities of solutions for first order partial
differential equations

Shyuichi IZUMIYA

1 Introduction

This is a survey article on recent results about the singularities for the solution of the Cauchy
- problem of first order partial differential equation in the following forms:

0 0 0
(H) {a_:l:‘*'H(t’xl"'wxn)a_i,'“agxin)=0(t>0)

¥(0,21,...,2,) = é(z1,...,2,),

and
0y  ~0fi(y) _

©) {EJ”;_&,- =0(t>0)
y(oa T1,: "’xn) = ¢('Tl" ot 7:871),

where H, f;’s and ¢ are C*®-functions.

The former equation is called a Hamilton-Jacobi equation and the latter one is called
a single conservation law. These equations play an important role in various fields (e.g.,
calculus of variations ([41]), optimal control theory [17], differential games [16] for (H) and
gas dynamics [46] and oil reservoir problems [20] for (C)).

For a sufficiently small ¢ the solution y is classically determined using the characteristic
method. Although y is initially smooth there is in general a critical time beyond which
characteristics cross. The solution y past the critical time is multi-valued, that is singularities
appear. In §2 (respectively, §4) we give a survey on the classifications of those singularities

for (H) (respectively, (C))

The notion of wviscosity solutions[11] (respectively, entropy solutions(36]) has provided
the right weak setting for the study of (H) (respectively, (C)). Existence and uniqueness of
the solution of (H) in the viscosity sense (respectively, (C) in the entropy sense) have been
established in [11] (respectively, [36]). The single-valued viscosity (respectively, entropy)
solution coincides with the smooth geometric solution until the first critical time. After
the characteristics cross, the viscosity (respectively, entropy) solution develops shock waves



i.e., curves across which the gradient of the viscosity solution (respectively, the value of the
entropy solution) is discontinuous.

The method of constructing the weak solution by selecting the proper single-valued
branch was introduced by Tsuji (43,44] for (H). For a convex Hamiltonian function, Nakane
[39] has constructed the semi-concave solution (i.e, the viscosity solution) past the first crit-
ical time and Bogaevskii[6] has classified the generic perestroikas of shocks of the viscosity
solutions for n = 1,2, 3. The viscosity solution of (H) for non-convex Hamiltonian in a neigh-
borhood of the first critical time has been constructed by Kossioris [34,35] by selecting a
~continuous single-valued branch of the graph of the geometric solution. In which the shock
curves of the viscosity solution corresponds to the intersection of the branches of the graph
of the multi-valued geometric solution. In order to study the evolution of the shock curves
we follow the evolution of the intersections of the branches defining the shock. After that we
solve the local Riemann problem for each stage. In the case when n = 1, we have proceeded
the above arguments in [31] which is described in §3, however for n > 2, we have no idea to
solve the Riemann problem still now. '

On the other hand, the study for the shocks of entropy solutions of (C) has long history.
For example, the case n = 1 has been studied by Ballow[3], Guckenheimer [21], Chen [10],
Jennings [32] and Dafermos [14] etc., however, there are few results in the case when n > 2.
Guchenheimer [22], Wagner[46] and Nakane [38] have studied the entropy solution for (C)
in the several space dimensions.

Acknowledgment The author wishes to thank Terry and Sandra Wall for their hospitality
and encouragement during the author’s stay at their home in the summer of 1996. The
author has been inspired very much by Terry’s survey articles on the singularity theory, he
will be very happy if this survey will impress something the next generation like as Terry’s
surveys.

All maps considered here are class C* unless stated otherwise.

2 Geometric solutions for Hamilton-Jacobi equations

In this section we give a survey on the geometric framework for the study of (H) which was
described in [25,26,27,28,29]. We consider the 1-jet bundle J'(IR x R", IR) and the canonical
1-form © on that space. Let (¢,z;,...,2,) be the canonical coordinate system on IR x R" -
and (t,21,...,%x,¥,5,P1,...,Pn) the corresponding coordinate system on J!(R x R", R).
Then, the canonical 1-form is given by © = dy — 5", p; - dz; — s - dt = § — 5 - dt. We define
the natural projection IT : J'(IR x IR*, R) — (R x R") x R by 1I(¢,z,y,s,p) = (t,z,y). 4

Hamilton-Jacobi equation is considered to be a hypersurface

E(H) ={(t,z,5,5,p) € J(R x R, B)|s + H(t,,p) = 0}
in J'(R x IR*, R). A geometric (multi-valued) solution of E(H) is a Legendrian submanifold
L in J'(R x R",R) lying in E(H). In this case the wave front set W (i) = II(L) is “the
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graph” of the geometric solution which is generally a hypersurface with singularities.

In order to study (H) we need the following framework: For any ¢ € (IR,0), we define
E(H). = {(c,z,49,~H(c,,p),p)|(z,y,p) € JY(R", R)} .

Then, E(H). is a (2n + 1)-dimensional submanifold of J'(R x R", IR) and O|E(H), =
dz — 377, pidz; gives a contact structure on E(H).. We define a mapping ¢, : J}(R", R) —
E(H). by i.(z,y,p) = (¢,z,y,~H(c,z,p), p). The mapping i, is a contact diffeomorphism.

We say that a geometric Cauchy problem (with initial condition L' ) associated with the
‘time parameter(GCPT) is given for an equation E(H) if there is given an n-dimensional
submanifold ¢ : L' C E(H) with :*© = 0 and #(L') C E(H), for some ¢ € (IR,0). Since
Xy ¢ TE(H)., we have Xy ¢ TL', where Xp is the characteristic vector field given by
2”: 0H 0 N OH 0 O0HO 0H 9

0
=t oo om P ey T 508 T e o

i=1 i=1 .

By using the classical characteristic method, we can show that there exists a unique geometric
solutions around L'. It is clear that the classical Cauchy problem (H) is a GCPT. The
geometric part of our purpose is to classify the generic perestroikas of wave fronts (graphs)

of geometric solutions of (H) along the time parameter.

In order to study the singularities of the geometric solution we introduce the notion
of one-parameter Legendrian unfoldings [25,26]. Let R be an (n + 1)-dimensional smooth
manifold, p : (R,u0) — (IR,to) be a submersion germ and £ : (R, uo) — JYR"™, R) be a
smooth map germ. We say that the pair (i,£) is a Legendrian family if £, = Lpi(2) is
a Legendrian immersion germ for any ¢t € (IR, t,). By definition, for any (u,¢) Legendrian
family, there exists a unique element & € C2(R) such that £*0 = h - du, where C(R) is the
ring of smooth function germs at uo. So we define a map germ £ : (R, up) — J (R x R, R)
by L(u) = (u(u),z 0 £(u),y o £(u), h(u),p o £(u)). We can easily show that L is a Legendrian
immersion germ. If we fix 1-forms © and 6, the Legendrian immersion germ L is uniquely
determined by the Legendrian family (g, £). We call £ a Legendrian unfolding associated with
the Legendrian family (u,£€). It is clear that the solution germ at each point of the GCPT
for (H) is a Legendrian unfolding.

In order to study the generic classifications of perestroikas of singularities (i.e., how a
singularity is generated, how one type can change into another and how different types
of singularities interact), we now study how various branches of the multi-valued graph
W, = ({t} x B™ x R) N W(:) intersecting at a point bifurcate in time for an arbitrary
Hamiltonian H(t,z,p) . For the purpose, we classify the perestroikas of singularities of
multi-Legendrian unfoldings which are expressed in terms of multi-germs.

Let £; : (R,u0) = (J'(R x R",R),2) (i = 1,...,7) be Legendrian unfoldings with
II(z;) = 0 where z1,..., 2, are distinct. We call (L1,...,L,) a multi-Legendrian unfolding.
Let (£q,...,£,) and (£1,...,L.) be multi-Legendrian unfoldings. We say that these are
P(r)-Legendrian equivalent if there exist contact diffeomorphism germs

Ki: (J"Rx R*,R),z) - (J'(R x R R),z) (i=1,...,r)

3



of the form I{i(tlv Y, 3,}7) = (¢l(t)a ¢2(t727 y)7 ¢3(t7 T, y), ¢i(t, T, Y55, P), ¢§(ta Y, S,P)) and
a diffeomorphism germ ¥ : (R, uo) — (R,u}) such that K;0L; = Lo W for any i = 1, ... ,T.
It is clear that if two multi-Legendrian unfoldings are P,)-Legendrian equivalent, then there
exists a diffeomorphism germ @ : (R x (R" x R),0) — (R x (IR* x IR),0) of the form
8(t,2,9) = ($1(4), b2(t,7,1), balt, 7,y)) such that (UL, W(L:) = UL, IW(Ls). Thus the
above equivalence describes how bifurcations of wavefronts (i.e. graphs of solutions) interact.
We can define the notion of stability with respect to the P;)-Legendrian equivalence in
the same way as for the ordinary Legendrian stability (see [2],[47]). Thanks to Arnol'd-
Zakalyukin’s theory ([2],[47]), we can construct multi-generating families of multi-Legendrian
- unfoldings and give a classification of F(;)-Legendrian stable Legendrian unfoldings by using
the classification of multi-families of function germs in Zakalyukin [47]. However, we only
present the list of classifications for n = 1. For the case n = 2,3, see (12,27,28,47]).

Theorem 2.1. [28,47] Suppose that n = 1. Then a generic multi-Legendrian unfolding is
P(r)-Legendrian equivalent to one of the multi-Legendrian unfoldings in the following list :

°%4; : (¢,u,0,0,0) ;

%4, = (¢,3u?,2u3,0,u) ;

1Az ¢ (t,4u® + 2ut, 3ut + ut, —u?, u).

°(°A; °Ay) & ((t,u,—u,0,-1),(¢,u,u,0,1)) ;

141 %A;1) : ((tu,t £ u?1,424),(¢,4,0,0,0)) ;

14,%; & ((¢,3u? — t,2u® u,u), (,u, —u,0,—1)).

%41 %4, %A ¢ ((t,u,t —u,1,-1),(¢,4,0,0,0), (t,u,4,0,1)).

When we consider the geometric solution, we can get rid of the germ 1(°4; °A;) from the
above list because the geometric solution is a one-to-one immersion into the unfolded 1-jet

space. These multi-germs have been called standard perestroikas of fronts by Bogaevskii [7].
The standard perestroikas of fronts in the case n = 1 is depicted in Figure 1.

/\> >< /‘\/l:x

. OA1 0A2 O(OAlOA‘) .
>T >\ N X \_/
1A20A1 . OAIOAIOA1

Figure 1 |

We now concern what are the types of singularities that the geometric solution to a given



(fixed) Hamilton-Jacobi equation might exhibit. For the purpose we refer the following
theorem of Bogaevskii [7]. ' ‘

Theorem 2.2. [7] Suppose that n < 3. There exists a dense subset O C C*®(R", R) with the
following properties: For any ¢ € O, the each multi-Legendrian unfolding which is given by
the geometric solution for GCPT of (H) is P)-Legendrian equivalent to one of the standard
perestrotkas of fronts, where we consider the Whitney fine topology on the space C*(IR", R)

This theorem denotes that the standard perestroikas of fronts is the exhaustive list for
the generic perestroikas of the graphs of geometric solutions for a fixed Hamilton-Jacobi
equations. However, we have to consider the realization problem for the standard perestroikas
of fronts as a geometric solution for a given Hamilton-Jacobi equation. For the purpose,
we need a kind of non-degeneracy condition on the Hamiltonian function. We say that a
Hamiltonian function H(t,z,p) is non-degenerate at (to, o, po) if it -a-g%{;(to, To,po) # 0 for
some 1 < 2,7 < n. This condition is weaker than the condition that H (t,z,p) is convex (or
concave) with respect to (py, ..., p,)-variables at (%o, Zo, po) for n > 2. The following theorem
is a realization theorem for generic singularities for a given Hamilton-Jacobi equation.

Theorem 2.3. [28,29] Let H(t,z,p) be a non-degenerate Hamiltonian function germ at
(to, To, po) and L : (R,uo) — (JY(R x R™, IR), (to, To, Yo, s0,p0)) be a Py)-Legendrian stable
Legendrian unfolding associated with (u,£). Then there exists a Legendrian unfolding L'
which is a geometric solution of the Hamilton-Jacobi equation s+ H(t,z,p) =0 such that L
and L' are Py-Legendrian equivalent.

We remark that 'A3 singularity (even for general n) describes how the singularity ap-
pears from a smooth solution. These are P)-Legendrian stable Legendrian unfoldings, so
that these can be realized as geometric solutions at the non-degenerated point for a given
Hamilton-Jacobi equation. We can also specify the point at where the 1A;-singularity ap-
pears.

Theorem 2.4. [29] If an 'As-singularity appears at (to,zo,po), then H(t,z,p) is non-
degenerate at (to, Zo,po).

3 Viscosity solutions for Hamilton-Jacobi equations

For convenience, we stick to the case when the Hamiltonian H (p1,...,pn) depends only on
the momentum variables in this section. Some of the results can be generalized for more
general Hamiltonian. The viscosity solutions for nonlinear equations of first order have been
introduced by Crandall and Lions [11].



A continuous function y, € C([0, 00) x IR") is a viscosity solution of (H) provided

0 0 0
T ) + HGL(,2), ., 2 t,2) <0, (resp. 2 0)

" B
for any 9 € C*([0, 00) x IR™) for which y,—1 attains a local maximum (resp. local minimum)
at the point (¢,z) € O and satisfies the initial condition lim, o4 ¥u(t, z) = &(z).

Firstly we consider the case when the Hamiltonian H(py,...,p,) is uniformly convex (or
concave). In this case we refer the following result of Bardi-Evans [4].
 Theorem 3.1.[4] Assume that the Hamiltonian H(py, ... ,Dn) 1s uniformly convez, then

y(t,2) = infsup{g(g)+ <p, (= — q) > —H(p)t}

is the unigque viscosity solution of (H), where <,> is the canonical inner product on IR™.

We remark that the above exact formula of the viscosity solution is called the Hopf-
Laz type formula, there are some results related to this formula in [18,23,37]. We now
consider the family of functions F(t,z,p,q) = ¢(q)+ < p,z — ¢ > —H(p)t. Since H(p) is
uniformly convex, we have sup,{¢(¢)+ < p,(z — q) > —H(p)t} = F|Z,(F), where L,(F) =
{(t,z,p, q)l-gf—i =z;—¢q; — g—:{(p)t =0:=1,...,n}. If ¢(q) has the minimum, then we have
inf, sup, {§(g)+ < p, (z—¢q) > —H(p)t} = min,{¢(9)+ < p, I (p) — H(p)t}. So the viscosity
solution of (H) in this case is the minimum function of a certain family of smooth functions.
In [6], Bogaevskii has classified the perestroikas of shocks of viscosity solutions for n = 1, 2,3
by using this fact. The picture for n = 2 is given in Figure 2.

Lle—|A A
(| @ —o| oy o
>DT<H_OO— 5

T B P SNV

SNS—
—-'—"/—'\

A
P
A

—cc:o—’>o—c<
b

Figure 2

In [9] Chaperon defined the notion of minimax solutions for (H) using the notion of
global generating families. Joukovskaia [33] has classified generic singularities of the minimax
solutions for n = 1,2. If the Hamiltonian is convex, it is known that the minimax solution
is coincide with the viscosity solution.

For general (non-convex) Hamiltonian, the situations are quite different. For convenience,
we only consider the case when n = 1. Since H(p) is not assumed to be uniformly convex

6



(or concave), we cannot use Theorem 3.1, so that the situation should be quite complicated
even for this case. We next state the criterion in a form which is useful for the construction
of the solution. To this end, assume that O C (0, 00) x IR is open and that there is a smooth
curve t — z = x(t), t € (t1,t2) C IR*, with negative slope, which divides @ into two open
sets O and O~, O =TUO*UO~, T = {(t,z) : = = x(t)}, where O lies on the right of
I'. Then we have the following theorem.

Theorem 3.2. [12,34] Let y, € C(0) and y, = y} in Ot UT,y, = y; in O~ U ' where
yf € CY(O*UT). Theny, is a viscosity solution of (H) in O if and only if the following
“conditions hold:

a) yt and y; are classical solutions of (H) in OF and O~ respectively,

b) If y;, > y;':z (resp. Yoz < y,‘,':x) across T, then

H((1 = Nyis + M5z) — (1= NH(yS,) = AH(ys,) 0 (resp. >0),

where A € [0,1] and yf,z = %&:-. That is, the graph of H lies respectively below or above the
line segment joining the points (:f e, H(yF,)) and (Yoo H(y7 1)) -

The condition b) will be referred in the sequel as the viscosity criterion. The hypersurface
I' in the neighbourhood of which y, has the properties specified in the above theorem is the
shock curve. In this case the characteristic equation (i.e., the equation corresponding to the
characteristic vector field) is given as follows:

— = H'(p), z(0) =u,

. — 4

= —H(p)+p-H(p), ¥(0)= o(u).
It can be solved exactly, so that the geometric solution is given by

Ld’,t = {(t,z(t,u),y(t,u), _H(p(tau))ap(tau))lu € R}v
where

p(t,u) = ¢'(u)
y(t,u) = H{-H(¢'(v)) + ¢'(u) H'(¢'(w))} + $(w).

Before the first critical time that characteristics cross in the (t,2)—plane, W, = II(L,,)
is the graph of the viscosity solution y,. After the characteristics cross, W; becomes singular.
Theorem 2.1 describes the generic singularities of W,. The first singularity appears in the
form of 'A3. See Figure 3a, where we show the shape of the appearing singularity. By Theo-
rem 2.4, these appear at the convex or the concave points of the Hamiltonian function. Away
from the singularity, the viscosity solution is given by W;. In [31,34] we have constructed

{m(t,u) =u+tH'(¢'(u)),

7



the unique viscosity solution past the first critical time by selecting a single-valued branch
of W;. Assume that the singularity of type 'A; appears at the point (to, o, pg). After the
critical time fo, the wave front W, is three-valued on an interval (z,(t), z,(t)); see Figure 3b.
We can choose the viscosity solution past ¢y by selecting a continuous single-valued branch
~of W; as in Figure 3c. In view of Theorem 2.5 the viscosity criterion is satisfied across x(t)
while y, is a classical solution away from x(t). Hence, by the uniqueness of the viscosity
solution, this gives the viscosity solution of (H) past t,.

x(t,u)
xz(t)’- ------ ? { e ~:::_‘.:::'¢
\\./ \/ : : zy(t) """ :
i i - U
1.43 Uy U2 u3z uy
Figure 3a Figure 3b Figure 3c

By this construction, we have extended the viscosity solution beyond the first critical
time ?9. According to Theorem 2.5 the shock is generated in a convex or concave domains of
H(p), so the viscosity criterion is automatically satisfied. The graph of the viscosity solution
past the first critical time is depicted by a full line in Figure 1c, where we assume that H
is convex in the neighborhood of the appearing singularity 'A;. The shock corresponds to
the intersection of the two branches and it is called a genuine shock. The genuine shock is
defined as the intersection of two incoming characteristics (or waves) and its speed is given
by the Rankine-Hugoniot condition

_ HyZ. (6, x(1) — H(yg .t x(t)))

x'(t)

where x/(t) = %X(¢).

Therefore in order to follow the evolution of the shock we have to study the following
questions:

a) How different branches of the multi-valued graph of W, intersecting at one point
bifurcate in time.

b) If the two branches initially defining the shock continue to cross, whether the viscosity
criterion is satisfied across the intersection.

The normal forms of the generic perestroikas of different branches of W; are given in
Theorem 2.1. If the viscosity criterion is satisfied at the time t, = to + ¢, we can choose the



correct branch of the graphs of the geometric solutions as viscosity solutions. See Figure 4
(All pictures can be turned upside down). '

............

Figure 4

We will now investigate how the viscosity criterion can be violated across the intersection
of two branches. Assume that a generated shock is defined by two intersecting branches y~
and y*. We denote by y~ (resp. y*) the branch representing the viscosity solution for
z < x(t) (resp. = > x(t)). If the two branches remain intersected they evolve according
to °(°41 °A;). We denote by x(t) the intersection of the two branches. It is clear that for
generic Hamiltonian function H(p), H has only Morse type critical points and no tritangent
lines. So we assume that the Hamiltonian has the above properties. By Theorems 2.1 and
2.2, we have the following theorem.

Theorem 3.3.[31] For a generic initial function ¢, if the viscosity criterion is violated at
ta, then the only following 8 cases may occur:

(1) The normal form is °(°A; °A;) and PFP- is tangent to the graph of H(p) at only one
of the points P*, P~ and the line is not tangent to the graph at other points between these
points.

(2) The normal form is °(°A; °A;) and PFP- is not tangent to the graph of H(p) at each
point P*, P~ and there ezists only one another point between these points at where the above
line is tangent to the graph. '

(3) The normal form is '4,°A; and P¥P- is tangent to the graph of H(p) at only one of the
points P*, P~ and the line is not tangent to the graph at other points between these points.

Here, P* = (y7 (ta, X(ta)), H(yF (ta, X(t))), P~ = (47 (ta, x(ta))s H(Yz (tar X(ta))) and
P+P~ denotes the line through P+, P~ in the ( , H(p))-plane.

In [31] we have solved local Riemann problems and constructed viscosity solutions for



each case in the above theorem. We have considered extra five cases, however, Bogaevskii
pointed out that those extra five cases are not generic. Furthermore, he has shown that the
case 3) cannot occur if the viscosity criterion is satisfied before the perestroika time to- So
we may consider the cases 1) and 2). Here we only mention the case 1) in order to introduce
the technique which is used in [31,34]. We assume that the graph of the viscosity solution
at the time ¢ < ¢, is depicted as in Figure 5a. H(p)

A

Figure 5a Figure 5b

For convenience, we assume that P¥P- is tangent to the graph of H(p) at the point

(97 (tar X(2)), H(95 (ta X(%))) and HY((97 (tar X(ta))) < 0 (see Figure 5b). As we already
mentioned that the genuine shocks satisfies the Rankin-Hugoniot condition. So we should
construct new characteristics which satisfies both of the Rankin-Hugoniot condition and the
viscosity criterion. In this case we have

1y, - - H(y:(ta’X(ta))) — H(y;(th(ta)))
A X)) = () = 42 s (i)

H'(y (¢, x(1))) < ZLE (B X)) —f{(yx (t,x(®)))

, v (6, x(8)) —yz (¢,x(t))
for o <t <ty + ¢ for sufficiently small € > 0, then we can easily show that the viscosity
criterion is violated for t, < t < t, + €, so that a new way to build the solution is required
(cf., Figure 6).

= X’(ta)'

If

H(p) H(p)

A | A

Figure 6
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Lets consider the relation H'(q) = Z®=H@) ,;4und (90,p0) with go # po, H'(g) =

P—q
ﬂp—;‘%"ﬂl and H"(go) # 0. By the implicit function theorem, there exists a smooth function
¥ around po such that the above relation is equivalent to q = ¥(p). We first construct the

contact discontinuity shock curve as the solution of the following initial value problem.

{xi(t) = H'(Y(y7 (¢, x(1)))),
Xc(ta) = X(ta)-

The characteristic which is started at a point (7, x<(7)) should be satisfied the following:

P)=0
y'(t) = —H(p(t)) + p(t)H'(p(2)),

with initial condition z(r) = x.(r), y(r) = y*(r, xe(7)) and p(7) = ¥(y (7, xc(7))). So the
solution is exactly given as follows:

{ Z(t) = xe(7) + (¢ = 1) H'($(y (7, xe(7)))),
p
]

{ (1) = H'(p(t)), B

(1) = (v (1, xc(7))) ’ -
(&) = 47 (7 xe(7)) + (¢ = T){=H Dy (7, xe(7)))) + B (7, xo(F) H (2 (7, x(7))))}-

We have shown that if the viscosity criterion is violated for ¢ > ta, then the contact
discontinuity curve x is convex and the viscosity solution can be constructed. Then we can
draw the picture of the graph of the viscosity solution for ¢ > t, and the shock curve around
t. ,

i

!
‘.

\\
=

—
=
>

Figure 7
We have constructed the viscosity solutions for other cases. The perestroikas of the
graphs of viscosity solutions is depicted as in Figure 8. In these construction there appeared
not only the contact discontinuity shock curves but also the rarefaction wave type shock
curve (see (3) of Figure 8). So we have two different kinds of shocks after the viscosity

11



criterion is violated. As a consequence of the above arguments that the graph of a viscosity
solution is not always a subset of the graph of the geometric solution for (H). Until a couple
of years ago, there are very few people had believed this fact. Now this fact is known to
many mathematicians (cf.,[45]).

Geometric solutions Viscosity solutions

(1) o .

\\‘ S N “,

(3) Y
X= X=X K=K A

Figure 8

As a conclusion of this section, we present some problems.

Problem (8.a) For n = 1, the last arguments describes the perestroikas of shocks around
the first time ¢, when the viscosity criterion is violated.

(1) What happens after that?

(2) Can we proceed the similar arguments in the case that the Hamiltonian depends also
on (t,z)?
Problem (3.b) For the case n > 2, we have the following question:

(1) How the viscosity criterion should be violated?

(2) How can we construct the viscosity solution after the viscosity criterion is violated?
What is the contact discontinuity in the case n > 2?

(3) Find the crucial example which describes the situation of the problem (1) and (2).

(4) (A problem posed by Bogaevskii). Are there any useful formulae to classify the
perestroikas of shocks such as the Hopf-Lax type formula?

12



4 Geometric solutions for single conservation laws

d i
Slnce 3_ + Z + Z f 3 , single conservation laws are the special case of
1—1 z—l

time-dependent ﬁrst order quasi- hnear partlal differential equations. In [30] we have con-
structed the geometric framework of the single conservation lows in the projective cotangent

bundle
II: PT*(RxR"xR)eBxR”xR

‘Because of the trivialization PT*(IR x R" x R) & (R x R* x R) x P(R x R" x B)

can choose ((t,21,...,2n,9),[0;61;. . .;€a;m]) as the homogeneous coordinate system, where
[o;é1;..56n;m)] is the homogeneous coordinates of the projective space P(IR x R™ x IR)*.
The canonical contact structure is given by the following hyperplane field:

8
K(smapioin) = {XIv0 + > it + M = 0, dIL(X) = V— 59 #z gt
i=1 1=1 T
An immersion 7 : L — PT*(IR x R™ x IR) is said to be a Legendrian immersion if dim L =
n+1 and di,(T,L) C K;y) for any g € L. A single conservation law is considered to be a
hypersurface

E(L fir- ., fu) = {((t2,9), [036m]) € PT*(R % B* x R)|o + 3" Z—f;(y)fi ~ 0},

i=1

A geometric solution of E(1, f1,..., f,) is a Legendrian submanifold L of PT*(R x R" x R)
lying in E(L, fi,..., fa) such that II|L is an embedding. We consider the meaning of the

notion of geometric solutions. Let S be a smooth hypersurface in IR X IR™ x IR, then we
have a unique Legendrian submanifold § in PT*(R x R™ x R) such that H(S’) S which

is given as follows :

=t lr&logs + 3 b 12 €TSECT(R x B* x F),
g=]

where we adopt the canonical inner product on R x R x IR. It follows that if L is a geometric

solution of E(1, f1,..., f»), then we have L = H(L)

By the classical theory of first order partial differential equatlons [1], the characterlstlc
vector field of E(1, f1,..., fu) is defined to be X(1,f1,...,f,) = + >r, dy( )5 5o, Lhen

we can easily verify the following characterization theorem of geometrlc solutions.

Proposition 4.1. Let S be a smooth hypersurface in R x R™ x IR. Then § is a geometrzc
solution of E(1, fi,..., fa) if and only if the characteristic vector field X(1, f1,..., fr) is
tangent to S.

We can solve the Cauchy problem (C) by the method of characteristics. Set a;(y) =
dy %i(y), 1 < i < n. Then the characteristic equation (i.e., the equation corresponding to the

13



characteristic vector field) associated with (C) through (0, z,) is given as follows:

Zi0) = ay(tia®), o(0) = o

dy
-ﬁ(t,x(t)) =0, y(0,2(0)) = ¢(zo).
In this case the solution of the characteristic equation can be exactly solved as follows:

z(t) = zo + ta(4(0)) and y(t,z(t)) = y(0,2(0)) = ¢(z0).

We define the corresponding embedding Z[a,¢] : R x R® — R x R™ x IR by I[a, ¢|(t,u) =
(t,u + ta(p(u)), ¢(u)), where a = (ay,...,a,). By definition the characteristic vector field
is always tangent to the image of this embedding, so that it gives the geometric solution of
(C). We also define mappings Fla,d] : R x R — R" by Fla, ¢](t,u) = u + ta(¢(u)) and
fla, ¢;t0) : R® — R™ by fla, ¢;t0](v) = Fla, ¢](to, u).

By the classical theory of characteristics, it follows that the classical solution of (C) is
expressed by y(to,z) = ¢(fla, #; %]~ (z)) at  which is not critical value of f[a, @;to). Then
our problem is to study the singularities of f[a, ¢;t9]. We can calculate the Jacobian matrix
of fla, @;t0] at up as follows:

4 1 + c11 C12 .o Cin
C21 1 + Coo ... Con
J(f[a7 ¢; to]) = . . . .
Cn1 Cn2 . ]. + Cnn

where ¢;; = toi—‘;i(gﬁ(uo))%(uo).

In order to study the perestroikas of singularities of fla, ¢;¢] along ¢, we introduce the
notion of one-parameter unfoldings of immersion. Let R be an (n + 1)-dimensional smooth
manifold and u(R,uo) — (IR, 1) be a submersion germ. We call a map germ 7 : (R, uo) —
R x R* X IR of the form Z(t,z) = (p(u),z(u),y(u)) an unfolding of immersion if T is an
- immersion germ and Z|u~!(t) is also an immersion for each t € (IR, o).

For the study of the perestroikas of singularities of unfoldings of immersion, we introduce
the following equivalence relation. Let Z; : (R,u;) — (R x B" x R, (t;,z;,y;) (3 = 0,1)
be unfoldings of immersion. We say that Z, and Z; are t-P-A-equivalent if there exist a
diffeomorphism germ @ : (IR x (IR* x IR),(to,Zo,%0)) — (IR x (IR™ x RR),(t1,21,91)) of the
form ®(t,z,y) = (1(t), ¢2(t, x), ¢3(t,,y)) and a diffeomorphism germ ¥ : (R, uo) — (R,w)
such that o 7Ty =Z,0 V.

Theorem 4.2.[30,47] The generic unfolding of immersion is t-P-A-equivalent to one of the
unfoldings of immersion in the following list:

k-1
(oAk) (t’uf,,-'-l + E uiuil, UL,y ,un) (O < k < n)

i=1
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k-2
(*As) (tug™ +ug ™t uf g ke 2wl )+ 2w, v, u) (2<E <t 1),

=1

We remark that the germ of type A, describes the situation that how the singularity of
the geometric solution appears or vanishes. We can also define the notion of stable unfoldings
of immersion exactly the same way as the usual definition of the stable map germs in [19].
Then the above theorem gives a generic classification of the stable unfoldings of immersion.

Theorem 4.8.[30] There exists a dense subset © C C®(IR™, IR) with the following proper-
‘ties: For any ¢ € O and (to,uo) € IR x R", the germ I[a, @] at (to,uo) is t-P-A-equivalent
to one of germs in the list of Theorem 4.2. ‘

In [30] we have shown that °4;-type germs in Theorem 4.2 can always be realized as
geometric solutions for a given single conservation law. However, if an unfolding of immersion
has a non-trivial bifurcation, the situation is different. It is known that the unfolding of
immersion of type '4; is not t-P-A-equivalent to any germs of geometric solutions of %% +

298y _
Y5t =0.
Hence, we need a kind of non-degeneracy condition on the single conservation law to
realize nontrivial bifurcations. The single conservation law E (1, f1,-- ., fr) is non-degenerated

. d? d? d? df,
ot (o, 20,10) if Z5() # 0 2t (10, 20,30), where ) = (G0 Z ). 1 130 e

have shown the following realization theorem.

Theorem 4.4.[30] Let T : (R,uo) — (R x R" x IR, (to,%o,%0)) be a stable unfolding of
tmmersion. Then

(1) If T has a trivial bifurcation, then there ecists an unfolding of immersion I' such that
ImageI’ is a local geometric solution of E(1, f1,..., f.) and I, I' are t-P-A-equivalent.

(2) If the equation E(1, fy,..., f,) is non degenerated at (to, o, yo), then there ezists an
unfolding of immersion I’ such that Image I’ is a local geometric solution of E(L, f1,..., fn)
and I, I’ are t-P-A-equivalent. ' ’

(3) If an Ay singularity appears at a point (to, zo,yo), then the equation E(l, fi,..., fn) is
non-degenerated at (to, o, Yo).

We have also classified the multi-unfolding of immersionin [30], however, we have no
space to describe it.

5 Entropy solutions for single conservation laws

An entropy solution for (C) is a function y. satisfying the following: for any v € C>(R'*™)

6 n
(W) ,//1-2+an('1!€-6—1£) + Zfi(ye)g_;bi)dtdx + /;2" ¢¢(0,1‘)d1’ =0

i=1
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and for any ¥ € CP(R*"),g >0, and any k € R,

0 & 9y
_ —_k)— . — f _ > (.
@ s = -+ D (A0 = (b)) Yoo > 0
We call the condition (E) an entropy condition. For the existence and uniqueness of entropy
solutions, see, for example Kruzkov[36].

If we solve (C) by the characteristic method like as in §4, before the characteristics cross,
the classical solution y(t,z) = ¢(f[a, ¢;¢]"!(z)) is the entropy solution. After the critical
‘time ¢y when the characteristic cross, that solution develops discontinuities (shocks).

Firstly we consider the case when n = 1. Under the assumption that f’(y) is uniformly
convex, Lax([37] has given an explicit formula for the entropy solution. There are some results
on the shocks for the entropy solution by using this formula. For non-convex f’(y), Ballow[3],
Guckenheimer[21], Jenning[32], Chen[10] and Dafermos[14] etc.,studied how shocks generate

and propagate.

In this case the entropy condition can be replaced by the following rather a familiar
condition: Assume that O C (0,00) x IR is open and that there is a smooth curve t — ¢ =
x(t), t € (t1,t2) C IR*, with negative slope, which divides @ into two open sets OF and
07, 0=TUO*UO~, T ={(t,z): == x(t)}, where O lies on the right of I. Then we
have the following theorem.

Theorem 5.1. [32,42] Let y. be the solution satisfies (W) and y. = y+ in Ot UT,y. = 47
in O~ UT where y= € CY(O* UT). Then y. satisfies the entropy condition (E) in O if and
only if the following conditions hold:

a) y+ and y7 are classical solutions of (C) in OF and O~ respectively,
b) If y- > yF (resp. y- < y}) across T, then

FA =Ny +207) = (1= NF@) = M) S0 (resp. >0),

where A € [0,1]. That is, the graph of f lies respectively below or above the line segmeﬁt
joining the points (yF, f(yF)) and (y7, f(y7)).

We can recognize that the viscosity criterion is the analogous property of the entropy
condition (cf., Theorem 3.2). We also have the following Rankin-Hugoniot condition for the
shock curve x(t) of the entropy solution [32,42]:

Fd) = flye)

Ty

X'(t) =

On the other hand, there is a relation between (H) and (C) as follows: Differentiating the

: 0 : : :
viscosity solution of 5—';{ +H (52) = 0 with respect to z in the region of smoothness we have
z
o? dH 0y, 0* o .
Y + — 9T Y . By Theorem 5.1, we can show that the derivative of the viscosity

Otdz  dp Oz’ 0z?
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u dH, Ou
5% T —CE(u)(—a—i = 0. So the
classification of Bogaevskii[6] gives a complete list of the perestroikas of shocks for (C) in the
case when f'(y) is uniformly convex. Figure 8 also gives a classification of the perestroikas
of shocks at the first time ¢, when the entropy condition is violated.

solution is the entropy solution of the scalar conservation law

For the several dimensional case, there are very few result on this subjects. Nakane [39]
has constructed the entropy solution for (C) by selecting the proper discontinuous branch
of the geometric solution past the first critical time. Here, we only refer the articles of

- Guckenheimer(22] and Wagner[46]. A different geometric framework for the study of shock
waves for single conservation laws and systems of conservation laws using the concept of
generalized characteristics has been given by Dafermos [15].

We also give some problems concerning the perestroikas of the shocks of the entropy
solution of (C).

Problem (5.a) What is the notion of “convexity” of (f3(y),... , fa(y)) for n > 27 One of
the candidate is that each f;(y) is uniformly convex for ¢ = 1,2,...,n. Under this condition,
can we have a (useful) explicit formula for the entropy solution of (C) such as the Hopf-Lax
type formula for the viscosity solution? ' '

Problem (5.b) Solve the Riemann problem for each normal form of the multi-unfoldings
of immersion given in [30].

Problem (5.c) Consider the system case. The geometric singularities of multi-valued so-
lutions for first order systems have been studied by Rakhimov [40] and Caflisch et al 8],
however,they have not classified the perestroikas of singularities for the Cauchy problem.

(1) Classify the perestroikas of geometric singularities.
(2) How can we solve the Riemann problem for each normal forms?

(3) (Important!) What is the correct notion of weak solutions?
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