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Hilbert Schemes and Simple Singularities Es, F; and Ej

IKU NAKAMURA

ABSTRACT. For any finite subgroup G of SL(2,C) of order n, we consider Hilb%(A?) 7a
Hilbert scheme” parametrising G-invariant 0-dimensional subschemes of length n. Hilb%( A?)
is a minimal resolution of a simple singularity A2 /G in the canonical manner. We study
Hilb%(A?) in the cases of Es, E7 and Es in detail. As a consequence we have a new explana-
tion for the (classical) two-dimensional McKay correspondence in these cases as in the same
manner as in [IN2]. ‘

Introduction. It is well known that to finite subgroups of SL(2,C), there correspond
certain hypersurface singularities as the quotients of a complex affine plane A? by the finite
groups,which we call simple singularities.

Let G be a finite subgroup of SL(2,C) and n the order of G. Then Hilb%(A?), the
Hilbert scheme of G-orbits, is by defintion a unique connected component of the fixed locus
of Hilb™(A?) under the naturally induced action of G which dominates Chow™(A2)C (~
A?/G) [IN2]. Hilb%(A?) is a minimal resolution of a normal surface A2 /G with a simple
singularity [IN2]. In [IN2] Hilb%(A2) has been studied in detail in the cases A, and D,.

The purpose of the present article is to study, as the second half of [IN2], the structure
of Hile(Az) in the cases where G is one of binary tetra-, octa- and icosa-hedral groups T,
O, I. The corresponding singularity of A2/G is of type E¢, E; and Ejg as is well known.

Let 7 be the natural morphism of Hilb®(A?) onto A2 /G, S :=A?/G and E the excep-
tional set of 7. Let m (resp. mg) be the maximal ideal of the origin of A? (resp. A?/G)
and let n = ms0,:. Any point p of E is a G-invariant 0-dimensional subscheme Z of A2
with support the origin, to which we associate a G-invariant idea] subsheaf I of m defining
Z. Since I contains n [IN2, Corollary 2.3], we set V(I) := I/(mI + n).

If p is a smooth point of E, V(I) is a nontrivial irreducible G-module and vice versa.
For any equivalence class of a nontrivial irreducible G-module p we define a subset E(p) of
E consisting of all I € Hilb®(A?) such that V(I) contains p as a G-submodule. The map
p — E(p) gives a bijective correpondence [IN2, Theorem 3.1] between the set Irr(G) of all
the equivalence classes of irreducible G-modules and the set Irr(E) of all the irreducible
components of E. This turns out to be the classical McKay correpondence [Mc|. The
reader can consult [IN2, 5.8] for an outlirie of the story.

The author is partially supported by the Grant-in-aid (No. 06452001) for Scientific Research, the
Ministry of Education.
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2 ~ IKU NAKAMURA

The present paper is organized as follows. In section 6, the first section of the present
article, through 8 we study Hilb®(A?) and prove the main theorem [IN2, Theorem 3.1} in
the cases E, (n = 6,7,8) respectively.

The author would like to thank Y. Ito and K. Shinoda for their collaboration and advices
during the preparation of the article.

6. Eq.

6.1. Character table. Let G be a binary tetrahedral group T. G is by definition a
subgroup of SL(2,C) of order 24 generated by Dy = (0, 7) and y;

s (b O (0 1 _ 1 (e, €
_0,-—i’_—1,0’”_\/§es,s

where ¢ = ¢?>"¥/® [Slodowy, p. 74]. G operates upon A? from the right by (z,y) — (z,y)g
(9 € G). D, is a normal subgroup of G and the following is exact;

1-D; -G—1Z/3Z—1

We recall the character table of G [Schur] and the other relevant invariants.
The Coxeter number 2h of Eg is equal to 12. Let w = (—1 4+ /3i)/2.

Table 6.1

p 1 2 3 4 5 6 7 d (htd

1 =1 7 p p2 pt gl
i1 1 6 4 4 4 4
1 1 1 1 1 1 1 (2 -
p2 2 =2 0 1 -1 -1 1 1 (57
;s 33 -1 0 0 0 0 0 (66
ph 2 =2 0 w —w -wr w 1 (57
Prl 1 1 W ow W w2 (48
P2 =2 0 w —w —w w 1 (57
P 1 1 1 w w w w 2 (4,8

6.2. Symmetric tensors modn. Let Sy, be the space of symmetric m-tensors by pnat :=
p2. The G-modules Sy, and S, := Sp(m/n) by p; are decomposed into irreducible G-
modules. We define a G-submodule of m/n by V;(p;) := Si(m/n)[p;] the sum of all copies
of p in S;j(m/n), and define V;(p;) to be a G-submodule of S; such that V;(p;) =~ V;(p;),
Vi(pj) = Vi(p;) modn. We use Vi(p;) and Vi(p;) without distinction when harmless. For
a G-module W we define W{p] to be the sum of all the copies of p in W.

There are G-invarinat polynomials Ag, Ag, A2 and A;, respectively of homogeneous
degrees 6, 8 and 12, which are known by [Klein, p.51]. In his notation we may assume
Ag =T, Ag = W and Ao = ¢3. See the paragraph 6.4.
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Since Sy, is the quotient of S,, by a submodule of Sy, generated by all G-invariants, S,
is computed by [IN3] as follows.

Se = Ss/S0 - As = 2p3

S; = 87/5

+As = p2+py + Py
= S/S0 - As + Sy - Ag = p + p} + p3

So = S/S1-As+ 53 - A =p'2+p'2'
Si0 = S10/S2 - Ag + Ss - Ag = p3
S11 = 511/53 - Ag + Ss - Ag = py

Sia = S12/S0 - A1z + Ss- Ag + S6 - Ag =0

where Sp + A1z + Sy - As + Se - As = po + (P} + 7} + pa) + (po + 2p3).

For small values of m the decomposition of S,, and S,, are as follows.

Sm in the brackets are those in SMcKay -

Thus we see

Table 6.2
Sm

Po

P2

p3 ,

P2+ P2

pr+ Py + p3
p2+ py + Py

po + 2P3

2p2 + Pz + P

po + Py + P71 +2p3
p2 + 2p5 + 2p4

p1 + pi + 3p3

2p2 + 2p5 + 2P
2po + p1 + P71 + 3ps

Lemma 6.3. As G-modules, we have

(1) Vezap)(p) = p® or p if d(p) = 0 resp. if d(p) > 1.
(2) SG—k ~ §6+k for any k.

P2

Ps3

P2+ P2

(p1 + pY )+ps
(p2 + ph + Py
(2p3)

(p2 + P5 + P
(p1 +p ')+ p3
P2+ P2

P3

P2

0

Theorem 3.2 for G = T follows from Table 6.2 immediately.

The factors of
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6.4. Generators of Vj(p). Let

pr=2*—y%py =22+ ps = zy
@1 =2° + (2w + 1zy?,¢2 = 4° + (2w + Dy
s1=x3 + (2w? 4+ Dzy?, 50 = y3 + (2w? + 1)z?y
m =2° =52y, 7, = y° — 5zty
T = p1p2ps, ¢ = pj + 4wp3, ¥ = p} + 4w?pd, W = ¢¢.

We note that n is generated by T, W and ¢* (or %°) by [Klein, p.51].
- By computations we have

Table 6.3
Vi(p2) = {z,y} Va(p2) = Va(p)é = Va(ph )y
Va(ps) = {2?, zy,y%} Va(py) = Va(p)d
Va(p3) = {q1,¢2} Va(p) = Va(ph)d
Va(pz) = {s1, 52} Va(py) = {¥°}
Va(py) = {4} Va(p!) = {¢°}
Va(p) = {¢} A Va(ps) = Va(pa)¢ = Va(ps )
Va(ps) = {p1p2,p2ps, psp1 } Va(ps) = Vi(p2)¥?
Vs(p2) = {11, 72} Va(py) = Vi(p2)$?
Vs(py) = Vi(p2)é Vio(ps) = Va(p3)9? = Va(p3)?
Vs(py) = Vi(p2)® Vi1(p2) = Va(p3)8* = Va(ph )?

Ve(p3) = Va(ps)o @ Va(ps )t

where = stands for congruence mod n and we use the relations

P2 =p1 p2a=0p1-py, Py =pi-py=pl-pa,
! " n ! ! "
P2 =P1 P2 =P1 Py P3 =P pP3 =Py P3.
In view of Table 6.2 each iceducible G-factor appears in S, with multiplicity at most

one except when m = 6, p = p3. Therefore the following congruence of G-modules modn
are clear from the fact that these G-modules mod n are nontrivial.

Va(p3)8 = Va(p)¥,  Vi(ps)é = Va(ps)w
Vi(p2)#* = Vi(p2)¥,  Vi(p2)o 1(92)1?2
Va(p3)9® = Va(pa)y?, Va(ph)d® = Va(pl)s?.

For instance, si¢ — ;i = 0mod T so that V3(p4)¢ = Vi(ph)h. Since pipa(d — o) =
OmodT, p2ps(¢—wy) = 0mod T and p3p1(¢—w ¥) = 0mod T so that Vy(p3)d = Vi(ps)v.
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Lemma 6.5.
( P2 (k=1)

_ P3 (k=2)
(1) SeVa(pl)=1{ pr+pf (k=3)
Pl +ps (k=4)

_ ~ S'k-_n-4 (k> 5)
(2) SiVs(py) = SeraVa(pl) (k>1)
' P3 (k=1)

() SiVa(o) =1 A+p) (k=2)
5'1;.;.5 (k>3)

(&) SiVi(py) = ) + pa.

Proof. (1) is clear for k¥ = 1,2. Next we consider S3Va(p}). By Table 6.2 S3Vi(p}) =~
53 ® Va(p1) = pi + p2. We prove Sy - As # {SsVa(p})}pa] = Va(p§)Va(p}). Otherwise
As is divisible by ¢ € Vy(p}), whence As/¢ € Vi(p!') = {0}, a contradiction. Hence we
have S3Va(py) = p2 + py. Similarly SiVi(p}) = po + p + ps where {S,Vi(p})}[po] =
So - Ag. The factors p} and p; in S4Va(p}) are indivisible by Ag. In fact, otherwise
{S4Va(p})}ps] = Sz - Ag because S, ~ p3. 1t follows that Ag is divisible by ¢, which is a
contradiction. Therefore S,V (p}) = p1 +p3. Finally we see S5V4(p}) = po + py + p where
{S5Va(p1)}p2] = S1 - As. The factors p} and py in SsVi(p}) are indivisible by 4¢. For
instance if {S5Vi(p})}es] = V3(ph) - As, then since the generators of Va(p4) are coprime,
A is divisible by ¢, a contradiciton. It follows that S5V4(p,) = p} + p = So. The rest of
(1) is clear. (2) is clear from (1). ‘

Next we prove (3). First we see dim S;Vs(ps) = 4 by Table 6.3. Therefore S51Vs(p2) =~
p2®p2 2 Hom(pz, p2) ~ po+ps. Hence {S1Vs(p2)}po] = So-As. It follows that S1Vs(p2) =
p3. Next we consider S;V5(p;). Since dim S; ® Vs(p2) = 4, we have dim 57 ® Vs(p2) > 5.
We see that S2V5(p2) = S2 ® Vs(p2) = py + py + py, and that py =~ 51 - Ag C 52 Vs(p2),
Va(P)Va(p}) = Vileh) = ph and Va(ph)Va(sh) = Va(ok) = p}. Hence 5,V (pa) = ph 1 o,

Meanwhile 51 Va(p3) = S1®Va(p3) = pi +ps, so that S1V2(p}) = S1Va () Va(p}) = o' +
p3. We will prove S1Vz(ph) = p, + ps3. Otherwise, by Table 6.2 we have {S;1V7(p})}[ps] =0
so that {51V7(p3)}[ps] = S246. Since dim S; < deg p3, there exists a nontrivial element
in {S1V7(p3)}ps] divisible by z and Ag. This implies that there exists a nontrivial ele-
ment of V7(p}) divisible by Ag. It follows that Vz(pz) is divisible by Ag, hence Vi(p}) =
Ag'Va(ph) # {0}, a contradiction. Therefore {S1V2(p2)}ps] = ps and S1Va(ph) = o) + ps.
Similarly S Vz(pY) = pi + ps. This proves (4). Moreover S3Vs(p2) = S15:Vs(pg) =
S1(Va(ps) + V2(07)) so that S3Vs(p2) O py + o}l + ps = Ss. This proves (3). O

Lemma 6.6. Let Wi = 5, 'Vs(ng)) (2 p3) forany k =0,1,2 where pgk) = pa, ph, py. Let
W € P(Vs(p3)). Then S1W = py + ph + pYf if and only if W # Wi (k=1,2,3).

Proof. We see S1 - Wy = Sy - Vs(ph) = S - Va(ph) = pa + py by Lemma 6.5. Similarly
S1- Wy = S3- Va(p) = p2 + . Also by Lemma 6.5 (3) we have S; - Wy = pl, + .
Conversely assume W # W; for any k. Choose and fix a G-module isomorphism
h : W1 — W,. For instance, h(pr$) = w™*prtp. Then % induces a natural isomorphism
{S1®h}[p2] : {S1 @ Wi}p2] — {S1 ® Wa}[ps], which induces an isomorphism {S; - h}[p2] :
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{81 Wi}ps] — {S: - W2}p2]- Since S: contains a single pz, we have {51 - W;}[ps] =
{S1 - Wa}[p2] (= p2). It follows that {S; - h}[p2] is a nonzero constant multiple of the
identity. Since Vs(ps3) = Wi @ Wy, this proves uniqueness of a G-submodule W (=~ p3) of
Ve(ps) such that {S; - W}[p;] = 0. Since {S; - Wy}[p2] = 0, we have {S1- W}lp2] # 0 by
the assumption W # Wj. Similarly there exists a unique proper G-submodule W € Vs(p3)
such that {S1 - W}[p] = 0 or {S;- W}[py] = 0. As we saw above, {S1-W1}[ph] = 0 and
{S1- W2}{(py] = 0. Therefore Sy - W = py + p} + pfl it W # Wy (k=0,1,2). O

[IN2, Theorem 3.6] is restated as follows. This is true also for Dy, E7 and Es.

Theorem 6.7. Let E be the exceptional set of the morphism 7 : Xg — Sg, Sing(E)
the singular points of E. Let E(p) be an irreducible component of E and E°(p) :=
E(p) \ Sing(E), P(p, p') = E(p) N E(p') (p, o' € Irr(G)). E%(p) is given by the following

(1) ifd(p) =0, then
E%(p) = {Z(W); W C Vi(p), W # 0,51Va_1(p') (¥p' € Irx(G), d(p') = 1) }
(2) ifd(p) > 1 and if there is no adjacent p' with d(p") > d(p), then

W C Viea(p)(P) © Viracn(p)
E° = {I W): h—d(p) h+d(p) :
(P) ( ) w 7& 0, V71+d(p)(p)

(3) ifd(p) > 1 and if there is an adjacent p' with d(p') > d(p), then

W C Vi_a(p)(P) ® Viga(p)(0)
E%p) = {I W), he e
(P) (W) W # O,Vﬁ_d(p)(p)’vﬁ'l'd(p)(p)

where W is a nontrivial proper G-submodule in respective case. Moreover Sing(E) =
{P(p,p'); p and p' adjacent,(p, p' € Irr(G))} and the singular points P(p, p') are given by

P(p,p") =I(W(p,p"))

, Vi-a(0)(P) @ Visa(or)(p') (d(p') =d(p)+122)
W(p, =
Vio.p) = { 151+ Vaea ()] @ Via(0)  (d(o) = 0,d(0') = 1)

Remark. p € Irr(G) belongs to (1) if p = p3, (2) if p = P2, 1, P71, and (3) if p = pb, pl.
The set of adjacent pairs in the case E is as follows;
k) (k k
(017,052), (65", 2), (b2, 03) (K =1,2)

Proof—FEg case. ~ We consider those I € X¢ in the exceptional set E, equivalently I €
Xg with I C m. For a finite submodule W' of m we define Z(W) = WO, + n and
V(Z(W)) :== Z(W)/mI(W) + n. The symbol = stands for the congruence mod n.

THE CASE Z(W) € E°(p)).
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Let W (= p1) € P(Va(p}) @ Vs (p})). Suppose W # Va(p}) and set Z(W) = WO,: + n.
Since S12 = 0, by Lemma 6.5 we have Sx - W = S - Va(p}) for k > 4. Also by Lemma
6.5 Sk - Va(p}) = Skys for k > 5. Hence 5, C I(W)/n for k > 9. Since S¢ - W =
Sk - 174(,0’1) mod Sy for k > 1, we infer that '

i 4 11 :
IW)a=W+3 St Vulp)) =W+ Si- Va(pl) + > 5.
k>1 k=1 k=9

We see by Lemma 6.5
W+ SiVa(6}) = o4 + 4 + ps = (4 + 5a),
S1Va(pr) + SsVa(p}) = pa + oy + plf = %(5'5 +57),
52‘7‘1(/9,1) =p3 = %S’s.

By duality Z(W)/n = > setr(c) deg (p)p. Thus I(W) € X¢ and VW) =W.

THE CASE Z(W) € E%(ph). -

Let W(x p3) € P(Vs(p3) © Va(p})). Suppose W # Vs(p}), Va(ph). Since Syp = 0,
we have Sy - W = Si - Vs(ph) = Skys for k > 5 by the condition W # Vz((ph). We
also see that Sy - W = S, - Vs(p}) modSy; = 35. Therefore 55 C IZ(W)/n. Hence
Sk W = Sk - V3(ph) mod Sy for k > 2. Since Sy -Vs(py) = p3 and Sy - V2 (p}) = p! + p3, we
have S1-W = p} +p3 and {S1-W}[p}] = V(o)) C Z(W)/n by the assumption W # V(p}).

Since S3Vs(ph) = p!! + ps, we have S5 = Va(pl) @ S3Vs(ph) C Z(W)/n. It follows that

2 11
IW)/n=W+d Se-Vs(ph) =W+ Si-Va(oh) + 35,

k>1 k=1 k=8

_ _ 1.
W+ 51Vs(pz) + S2Vs(p3) = p2 + phy + plf + p3 = §(Ss + S + S7)

Hence Z(W)/n = 2 petrr(c) deg (p)p. Thus I(W) € X¢ with V(Z(W)) ~ W.
THE CASES Z(W) € E°(pY) oR Z(W) € E°(p}). Similar.

THE CASE Z(W) € E%p,). :

Let W (= p2) € P(Vs(p2) @ Vz(p2)). Suppose that W # Vz(p2). In the same manner as
above we see that S; ¢ Z(W)/n for k > 10. It follows that S3- W = S - Vs(p2) mod S =
Ss. Therefore S C Z(W)/n for k > 8. Similarly S, - W = 5, - Vs(p2) = ply + o4 mod Sy
and S; - W = S; - Vs(p2) = p3 mod Ss. It follows "

2 11
IW)/n=W+ S Vs(p) =W + > Sk Valp2) + Y Sk,

k>1 k=1 k=8

_ _ 1 - -
W+ 5:1Vs(p2) + S2Vs(p2) = pa + py + pif + p3 = '2-(55 + S¢ + S7)
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Hence Z(W)/n = 3 c1rr(c) deg (p)p- Thus we see (W) € Xg with V(Z(W)) ~ W.

THE CASE Z(W) € E°(p3).

Let W € P(Vs(p3)). Let Wi = Sy - Vs(pgk)) for any k£ = 0,1,2 where pgk) = p2, ph, .
Now we suppose that W  W;. Then S; - W = S; by Lemma 6.6 so that Z(W) contains
Sk for any k > 7. It follows

11
IW)n=W+) SW=W+3 3.
k>1 k=7

Hence Z(W)/n = 2 peler(c) 968 (p)p. Therefore I(W) € X with V(Z(W)) ~ W.

THE CASE Z(W) € P(p!, pb).

Let W = W(p1,p5) := Va(p}) @ Vs(p}). Recall that W = {S; - Va(4)}[0}] & Vs (p}) =
Va(p1) @ S1 - Va(p}). By Lemma 6.5, we see that S, - Vs(ph) = pa, Sy -Vs(py) = p2+p4, S -
Vs(p2) = p{ +ps and Sy C Z(W)/n for k > 8. It follows that I(W)/n = EpEIrr(G) deg(p)p
by the table. Therefore Z(W) € X¢ with V(Z(W)) ~ W.

THE CASE Z(W) € P(p}, p3).

Let W = W(p3, p3) := Va(03)®S1Vs(ph) = Va(ph)@W:. Werecall that Sy- Wy = p2+p%,
so that Sy C Z(W)/n for k > 7. Since W, = p3 we have Z(W)/n = > setrr(q) deg (p)p by
the table. Therefore Z(W) € X¢ with V(Z(W)) ~ W.

THE CASES I(W) € P(p2,p3) OR Z(W) € P(pY4, p3). Similar.
By the following three Lemmas we can complete the proof of Theorem 6.7 by the same
argument as in [IN2, section 5]. 0O

The following Lemmas are proved in the same manner as in section 5.

Lemma 6.8. The limit of (W) is Z(W(p, p')) when I(W) € E(p) approaches the point
P(p,p') for p' adjacent to p.

Lemma 6.9. E(p) and E(p') intersects at P(p, p') transversally if p and p' are adjacent.
Lemma 6.10. E(p) is smooth.
6.11. Conclusion. Let I € Xg. If supp(Q,2/I) is not the origin, then

I= (T(Z‘, y) - T(av b)s ¢3(‘7"7 y) - ¢3(a7 b)? I/V(xa y) - I/V(a7 b))

where (a, b) # (0,0). ~

By the same argument as in [IN2, section 5] we thus obtain a complete description of
the G-invariant ideals in Xg. We note that Xg = HilblGl(Az)G, the set of all the G-fixed
points by [IN2, Corollary 5.5] and Remark to it.

7. Eq.

7.1. Character table. Let G be a binary octahedral group 0. G is by definition a
subgroup of SL(2,C) of order 48 generated by T = (o, 7, 1) and &;
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a‘— i, 0 o0 1 _ L [T, £ (& 0
N0, =i )T T, o) ET AN\, )" o, 7)o

where ¢ = e2™'/® [Slodowy, p. 73]. G operates upon A? from the right by (z,y) — (z,y)g

(9 € G). D; and T are normal subgroups of G and the following sequences are exact;

1-T->G—-Z/2Z -1
1Dy -G-8 —1

where S; is the symmetric group of 3 letters.

We recall the character table of G (easy to derive from [Schur]) and the other relevant
invariants. The Coxeter number 2k of E; is equal to 18.

Table 7.1

p 1 2 3 4 5 6 7 8 d (htd

1 -1 u w7 K 6 K3
i 1 1 8 8 6 6 12 6
p 1 1 1 1 1 1 1 1 (3 -
p2 2 =2 1 -1 0 2 0 =2 2 (7,11)
ps 3 3 0 0 -1 1 -1 1 1 (810)
ps 4 —4 -1 0 0 0 0 0 (99
Py 33 0 0 -1 -1 1 -1 1 (810)
Py 2 -2 1 -1 0 =2 0 2 2 (7,11)
iy 1 1 1 1 1 -1 -1 -1 3 (612
pp 2 2 -1 -1 2 0 0 0 1 (810

7.2. Symmetric tensors modn. The G-modules S,, and S, := m(M/0) by pnat 1= p2
are decomposed into irreducible G-modules for small values of m as follows. The factors
of S, in the brackets are those in SMcKay- We use the same notation V,,(p) and Vi, (p)
for p € Irr(G) as before.
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Table 7.2
Sm

P2

P3

P4

P2 + P}

P2+ pi

P1 + p3 + ph

p2 + p2 + ps

po + p3 + p3 + pi

p2 + 2p4

P2+ 2p3 + pf

P2 + p3 + 2p4

po + p1 + py + p3 + 2p}
P2 +2p5 + 2p,4

1+ Py +2p3 + 204
P2 + p3 + 3pq

Po + 2p3 + 2p3 + 2p}
2p2 + py + 3p4

po + Py + Py + 3p3 + 29}

Table 7.3

Vn(p)

Tty + Yy, —z7 — T3yt

P2

P3

P4

Pz + p3

Pz + P4

(P1) + p3 + pf
(P2 + p3) + pa
(p3 + p3 + p})
2

(~ﬁ4) ,
(P2 + p3 + p3)
(P2 + p3) + pa
(P1) + p3 + 45
b2 T P

P2 +p3

P4

P3

P2
0

210y — 628y° + 522y, —oyl0 4 625y5 — 522
—2zy" — 14z5y%, 28 — 48,227y + 142345
4z10 4+ 60z5y*, 52%y + 5425y5 + 5zy°,

601‘43/6 + 4y10

122993 + 122247 29 — 10z3y* + 2y,
_$8y + 101'4'!/5 - y9, 12m7y2 + .’L‘3y6

21283 + 3z%y", —2% + 725

y* + 2zy8,

—2z%y — Tzty® +4°, —3z7y? — 2123y°

23T, 22yT, zy?T, y3T
22T, zyT,y?T

—3z%y? — 14z%y5 4 410 827y% + 8z3y7,

210 — 14z5y* — 37248
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m p Vin(p)

7 py zT,yT

11 py  —11z8y® — 22247 4+ 411 112348 + 2227y — 11
6 p T

12 py =z —3328y* — 33248 + 12

8 o 42—g?

10 p; oy —2y°8, —z%yé + oy’
where ¢ = p2 +4dwp?, ¥ = p§.+4w2p§, T(z,y) = (z* —y*)zy. In the above table we use the
exceptional notation for W'Jg') . VVJ-') = p4 are irreducible G-submodules of Vy(py) = pim.

Lemma 7.3. The G-module SmVi(p) is _decomposed into irreducible G-submodules as
follows. We read the following table as S;Vs(p}) = p}, S2Va(p2) = p3 + p}y and so on.

m k p SuVi(p) m k p  SuVi(p)

1 6 pp ph 2 8 py p3+ph

2 6 P3 3 8 p2+py+ps
3 6 P4 1 7 p2 p3

4 6 Pz + p3 2 7 P4

5 6 P2+ p4 3 7 Py + Py

6 6 p3 + pi 4 7 P2 + Ps

7 6 P2 + P4 5 7 1+ p3 + ph
1 11 py  py+ph 1 10 p3 p2+ps

1 8 py py 110 py ph+ps

Proof. The assertions for (m, k) = (1,6), (2, 6),(3,6) are clear. By Table 7.2 we see that
there are three generators Ag, A5 and A5 of respective degrees 8, 12 and 18 for the ring
of G-invariant polynomials. We know that Ag = ¢, A1z = T? by [Klein, p. 54].

First we note Sm = Sp_g- 43 @S5, (m = 10,11) and Sy Ve(p1) = (p5 +p5)®p, = ol +p3,
S5Ve(p1) = (o2 + pa) ® Py = p2 + pa. I {SyVe(p))}ps] = 0 in Sio, then {SyVe(p})}ps] =
S+ As. Asg would be divisible by T, a generator of Vs(p1)- It is however impossible. Hence
{5:Ve(p1)}ps] = ps so that S, Ve(p}) = o} + ps. SsVe(p}) = pa + pa is similarly proved.

Since SsVe(p1) = (01)*+ps+05 = po+ps+pk, SsVa(p}) = ps+p or ps. I SsVe(p}) = ps,
then Sg[ps] - Vs(p}) is divisible by T2, so that S, [p3] is divisible by T. Since deg T' = 6,
this is impossible. Hence SsVs(p}) = p3 + pb.

Next we have 57V6(p1) = p +p2 +p4 and {S:Vs(p})}p2) = p2- Arz. I {S: V() }pe] =
0, then {S7Vs(p1)}ea] = Vz[ps]Vs(p}) = pa-A;z or py-As. In the first case, V7[p4] is divisible
by T, which is impossible because deg T = 6 and dim S1 =2 < deg p; = 4. In the second
case, V7[p4] is divisible by Ag, which is impossible. It follows that {S:Vs(p)}ps] = pa.
If {S7Ve(p))}ph] = 0, then Valp2]Ve(py) = pfy - A1z or pl - Ag. In the first case Valps] is
divisible by T', which contradicts Table 7.3. In the second case Vs [p2] is divisible by As,
absurd. Hence {S:Vs(p})}[0s] = pb. It follows that StVs(p}) = ph + pa = Si3.
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We note next dim 51V11(p}) > 3. If dim S, Vi1(p3) = 3, then there exists a f € Sy such
that V11(p3) = S1- f. Hence f € S10[p1] = {0}, a contradiction. Hence dim S1V1(ph) = 4.
so that 51 V1 (p2) = pi+p5. I {S1V11(ph)}ph] = 0, we have {S1 Vi, (p5)}oh] = Vi[o}]-4s by
Table 7.2. Since dim S < deg p} = 3, there exists a nontrivial element of {S1V11(ph) Hpk)
divisible by both z and Ag. Hence V; 1(p3) contains a nontrivial element divisible by Asg.
This implies that Vj;(p}) is divisible by Ag. Then Vi(py) = Vii1(ph)45 ' = pb, which
contradicts S3 = py. Hence S1Vi1(ph) = o} + p}.

It is clear from p, ® p§ = p4 and Table 7.2 that S1Va(pY) = ps.

Next S2 ® Va(pz) = p3s + p} by Table 7.1. Since dim S52Vs(pz) 2 4, we have S,V3(pY) =
ps + p3. I {S2Va(p7)}os] = 0, then {S,Va(py)}os] = Sz - As. Since deg p! < deg ps
and Vg(py) is generated by ¢2 and 2, there exists a nontrivial element of {S2Vs(ph)} 03]
divisible by both ¢? and A4s. Since ¢ and 1 are coprime, S}o contains a nontrivial element
divisible by ¢%¢, a contradiction. If {S,V3(p})}p4] = 0, then {S2Vs(py)}Hos]l = Sa - A =
p3, a contradiction. Hence S, Vs(ph) = ps + ph.

Next we consider S3V3(pY). Since dim S2Vs(py) = 6 by the above proof, we have
dim 53Vs(p3) > 7. By Table 7.1 S3@ Vs(py) = py + pl + ps so that S3Ve(py) = pa+ph + p4.
Assume S3V3(pl)) # pa+ph+ps. Then by Table 7.2 it is possible only that {S3V3(p)}p4] =
0. Assume {S3Vs(py)}[ps] = Sz - Ag so that there exists an element of {S3Vs(p) Hp4]
divisible by both ¢? and Ag. Therefore there exists a nontrivial element of S3 divisible by
%, which is a contradiction. Hence S3V3(o4) = p; + p} + pa.

Clearly 51V2(p2) = po+ps3, S2Vi(p2) = pa+ps. Hence Sy Vx(ps) = p3 and S2Vz(p2) = pa.

Next S3®@Vz(p2) = p4®p2 = pf +ps+p} by Table 7.1. Since dim S, V;(ps) = 6, we have
dim S3V7(p2) > 7 so that S3@V4(p;) = p3 +p3+ps. It is clear that {5 Va(p2)}po] = So-As,
{S2V2(p2)}[p2] = S1- As. Hence {S3Vz(p3)}[ps] = 53+ Asg. It is clear that {S3Vz(p2)}[0}] #
Sz - Ag and {S3V7(p2)}p3] # Sz - As. Hence S3Vi(pa) = pf + pb. | _

Next we see dim S4V7(p2) = 10, Sy V2 (p2) ~ 5, ® Vz(p2) = ph + 2ps. Hence S3Vz(p,y) =
p5 + ps by Table 7.2. _

It is easy to see dim Ss5V7(p;) = 12. Hence S5 Vi (p2) = S5 ® Va(pz) = pi + p4 + p3 + 204
so that S5V7(p2) = p} + p3 + ps = 512 by Table 7.2.

Similarly we easily see dim S, Vio(ps) = dim S1Vio(ph) = 6. Hence S; Vio(ps) = p2 + p4,
S51Vio(p3) = oy + pa. If {S1Vi0(p3)}ps] = O, then {S1Vio(p3)}p4] = S3 - As. Therefore
there exists a nontrivial element of Vio(ps) divisible by Ag so that Vio(ps) is divisible by As.
This implies that Vm(pg) = 0. But by the choice of it, Vio(p3) = 1710(;)3), a contradiction.

This completes the proof of Lemma 7.3. O

Corollary 7.4. $1Vs(p}) = Vr(p}), S2Vi(ph) = Ta(ph), S1¥r(p2) = Vs (ps).
Corollary 7.5. S3Vs(p4) = 511, SsVz(p2) = Sy, S:Vs(p)) = Sy3.

Proof. Cleaf from Table 7.2 and Lemma 7.3. O

Corollary 7.6. SyVs(p}) = plf + p3, SaVa(py) = ps + P}y, S2Vs(p3) = plf + pb.
Proof. 1t follows from Lemma 7.3 and Corollary 7.4. O

7.7. Proof of Theorem 6.7 — E-.
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We follow the proof of Theorem 6.7 in the Eg case words for words. For a finite
submodule W of m we define Z(W) = WO,z +n and V(Z(W)) :=I(W)/mI(W)+n. As

in section 6, we denote congruence mod n by =.

THE CASE Z(W) € E°%(p)).

Let W (x~ p1) € P(Vs(p}) @ Vi2(p!)). Suppose W Vi2(p}). Since Sig = 0, we have
Sk W = S - Ve(p}) for k > 6. Also by Corollary 7.5 Sk - Vg(p!) = Siys for k > 7. Hence
S C I(W)/nfor k> 13. Wesee Sp - W = S, - Vs(0}) mod Si112 for k > 1. Therefore

6 17
IW)/n=W+> Sc-Vs(p)) =W+ Sk-Talol) + > S

k>1 k=1 k=13

- By Lemma 7.3 and Table 7.2 we have

N~

6 12
W+ S Va(p)) = > 5.
k=1 k=6
Hence by duality Z(W)/n = ZpEIrr(G’) deg(p)p. Thus I(W) € X and V(Z(W)) ~ W.

THE CASE Z(W) € E°(p}). _

Let W (= p3) € P(Va(py) @ Via(ph)). Suppose W # Va(p}), Vis(ph). Since Sig = 0,
we have Sy - W = S; - V7(ph) for k > 7 by the condition W # Vi1((phy). By Corollaries
74 and 7.5 Sp - W = SiVa(ph) = Sptr for k > 7. Therefore S14 C I(W)/n. Hence by
Corollary 7.4 S5 - W = S5 - Vi(p}) mod 5y4 = 53 so that S13 C I(W)/n. By Lemma
7.3 51-Va(py) = p4, Sz Vi(ph) = pa, S1 - Vaa(ph) = p) + pl, Therefore S, W = p} + p3,
S;W = S3Vz(ph) mod S15 ~ py. Moreover Via(pl) € $iW ¢ Z(W)/n and SsVz(ph) =
SsVs(p}) = Via(ps) ® Viz(ph) C IZ(W)/n. Therefore S12 C Z(W)/n. It follows that

5 17
IW)/n=W+3 Se-Vi(py)+ > S

k=1 k=12
1 11 17
=§Zsk+25k= Z deg (p)p.
k=7 k=12 pEIrr(G)

Hence Z(W) € X with V(Z(W)) ~ W.

THE CASE Z(W) € E°%(}).

Let W (= p3) € P(Vs(p3) @ Vio(p})), and assume W # Va(p3), Vio(ps). Similarly we see
that S1; C Z(W)/n. Since S; W = Slﬂ(pg)mod S11 = psand S, W = SgVé(pg)mod S =
pz + p3 by Corollary 7.4, it follows that

2 17
I(W)/n=W+ > Sk V() + > 8

=1 k=11

k=8 k=11 pE€Irr(G)
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Hence Z(W) € X with V(Z(W)) ~ W.

THE CASE Z(W) € E%(p,).
Let W (=~ p2) € P(Vz(p2) ® Vi1(p2)). Suppose that W # Vi1(p2). In the same manner
as above we see S12 C Z(W)/n. We infer Z(W) € X and V(Z(W)) ~ W because

4 17
IW)/n=W+Y Si-Vi(p2)+ > Sk

k=1 k=12
1 11 _ 17 _
=52 5+ Si= Y deg(p).
k=7 k=12 pEIrr(G)

THE CASE I(W) € E%(p3) orR Z(W) € E°(pY). Similar.

THE CASE Z(W) € E°(p,).

Let W' = S1Va(p), W3 = S;Vs(ps) and W3 = S1Vs(p}). Then by Corollary 7.6
S1Wy' = p3+p3, S1Ws = plf +p4 and S; W) = p + p3. Moreover we see in the same manner
as in Lemma 6.6 that for any W € P(Vo(py)) $;W = 5y, if and only if W # W}, W, Wj.
Suppose W # W}, W3, Wi. Then we have v

17 17
_ s _1ls =
IW)/n=W + _s_ Sk = 559 + E Sk = . E deg (p)p.
k=10 k=10 p€EIrr(G)

It follows that Z(W) € X and V(Z(W)) ~ W.

Any adjacent pair (p, p') (p, o' € Irr(G)) for G the binary octahedral group is one of the
following;
(pllap'2)7 (pIZap.{s)’ (,0:,37P4)
(P2,p3),  (ps,pa), (P25 pa)-

For any adjacent pair (p, p’), we have W (p, p' ) defined in Theorem 6.7. For instance let
us consider (p1, p3), and W := W(p}, p}) = Vi2(p1) ® Vz(p3). Then by the above proof of
Theorem 6.7 in the case E;-p}, we see that S;3 C I(W)/n. We also have

TW)/n =3 Se-Ta(e) + Vil + 3 5

k=0 k=13
4 _ 17
=D Sk V(ph)+ > 8= > deg(p)p.
k=0 k=12 p€Irr(G) .

because 515 = Via(p}) + S5 - Va(ph). The remaining cases are similar.
Once we prove the above, we can follow the proof of [IN2, Theorem 5.9 and 5.15] word
for word to show Theorem 6.7. O
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We also can give a complete description of G-invariant ideals in Xg. Infact,let I € Xg.
If supp(Oa2/I) is not the origin, then we know that

I= (W(.’IZ, y) - I/V(av b)7T2($7 y) - Tz(aa b), F(x,y) - F(a7 b))
where x = £!? — 33z8y* — 33z4y8 + y12, F(z,y) = xT, W(z,y) = ¢¢ and (a,b) # (0, 0).
We also note that Hilb'G'(A)G = X by the Remark to [IN2, Corollary 5.5].

8. E;.

8.1. Character table. Let G be a binary icosahedral group I. G is by definition a
subgroup of SL(2,C) of order 120 generated by ¢ and TS

oe_( 0 st (—(e—e), &-¢
- 0, )" T B\ - e—et)
where ¢ = €2™/5. We note ¢® = 72 = —1. @ operates upon A? from the right by
(z,y) = (z,y)9 (g € G). G is isomorphic to SL(2,Fs). An isomorphsim of G with

SL(2,Fs) is given by thema,par—r(g g),‘ri—) <g g)

Let n = €2 = /5, In Slodowy’s notation S, p. 74]

;oL (n +nf, 1 )
-\ -1, -n-n*
We recall the character table of G [Schur] and the other relevant invariants.

The Coxeter number 2k of Ej is equal to 30. Let pt = 1—:%@

Table 8.1

p 12 3 4 5 6 7 8 9 d (h+d

1 =1 o o2 o ot 1 o2 o7
f 1 1 12 12 12 12 30 20 20
p 1 1 1 1 1 1 1 1 1 (5 -
P22 =2 pt —pm opm ot 0 -1 1 4 (11,19)
p3 3 3 pt opT opm ot 1 0 0 3 (12,18)
ps 4 —4 1 -1 1 -1 0 1 -1 2 (13,17)
ps 5 5 0 0 0 0 1 -1 -1 1 (1416)
pg 6 =6 -1 1 -1 1 0 0 0 o0 (1515
Pho4 4 -1 -1 -1 -1 0 1 1 1 (1416
Py 2 =2 p~ —pt opt - 0 -1 1 2 (13,17)
Pr 3 3 po wt o out s 1 0 0 1 (14,16)

8.2. Symmetric tensors modn. The G-module 5, := m(m/n) by ppat 1= po are

decomposed into irreducible G-modules for small values of m as follows. The factors of



16 IKU NAKAMURA

S in the brackets are those in SMcKay- We use the same notation V,,(p) and Vin(p) for
p € Irr(G) as before. :

Table 8.2
m Sm m S
0 O 30 O
I : 2 po
2  ps 28  p3
3 pe 27 py
4 ps 26 ps
3 Pe 25 pg
6 5 +ps 24 p¥+py
7 pytops 23 ph+ pe
O R 22 py+ps
9  pat P 21 ps+pe
10 ps+p5 +ps 20  p3+pf +ps
11* (p2)+ps+ps 19 (p2)+ pa+ps

12 (p3)+py+ps  18* (p3)+py+ps
13* (py + P4) + ps 17 (o5 + pa) + ps
14" (p5+pu+ps) 16* (pf + oy + ps)
15*  (2p6)

Table 8.3

m. p Vn(p)

11 py z01,—yoq
19 pe  —57z15y* +2472104° 4 17125y 4 19,
19+171$14 5 247.’1)9 10 57.’[)4 15
12 ps :1:201 —5z1ly — 5yl y2o,
18 p3  —12z15y3 —{—117:1:10y8 + 12623y13 4 418
45214 y* — 1302°%y° — 454y
18—1263113 5-|—].17.’178 1°—|—12m3y15
13 ps4 x3al,——3a:12y+22x 797:2 1
~T7x1ly? — 22287 —3xy ,y30,
17 P4 —-23715 2+52$10 7+91:L‘5 12_|_y17
10z4y® — 652%8 — 3524413
—35x13y* 4+ 6528y° + 1023y14
17+91$12 5 523:7 10 2.’132 15
14 ps =z 01,—2x13y+33w — 8z3yll,
~5zi2y? — 5z2yl?
—8z11y3 — 3328y® — 2zy13, —yto,
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m p V(o)

16 ps  64zy + 72821045 + 416
66214y? + 6762%y7 — 91zy12,
56213y + 741288 — 5623y13,
91z12y* + 67627y® — 6622y!4,
218 4 72826410 — 64zyt®
13 pp y37'2, —z37 _
17 py 7 +1192%y° + 18727y10 4 175215
—17z15y% + 18721047 — 119z°%y12 4 417
14 pf  z'* —142%5 4 4974410,
To12y? — 4827y7 — 772412,
49210y + 1425y 4 yi4
16 py  3z%y — 143z 10y® — 3925411 + y18,
—25¢13y% — 2523413
218 4 39711y — 14326410 _ 34415
14 py  zyPry, —ztr,yin, —odyn
16 py =22y + 7721048 — 842511 4 16,
3z1%y* +11027y° + 1522y14,
—o18 _ 84z11y5 _ 7728410 _ 9515
15z1y? — 1102%7 + 35z4y12
15 pe
15 Wé' 1S + 84x1°y5 + 77$5y10 + 2y15,
—zly + 142%% — 49z4y11,
—7x13y2 +48$8y7 + 7:173:912,
7.’1312y3 _ 48:c7y8 _ 7x2y13,
—49zMyt — 1428y° — 24,
—2g15 4 772105 _ 845510 4 415
15 Wy %4+ 3921045 —14325y10 — 3y1d
—2zl%y 4 7829y + 52ztyl!
$13y2 - 39$8y7 _ 26x3y12
—26$12y3 +39z7y8 +$2y13
52¢Myt — 7828y — 27yl
3215 — 143x1°y5 - 39$5y10 + y15
15 Ws 5z’ 4 3302105 — 557510
—Tz'ty 4 1982°y5 — 4324y
—~19z13y? + 662%y7 — 3123y12
—31212y% — 6627y8 — 1922y13
—43z11y% — 19828y° — Try't
—55:1,‘10y5 — 330:1:5y1° + 5y15

where o1 = z10 4+ 6625y5 — 11310, 5y = —11210 — 66x°y° + 10, 7 = 710 — 3925y5 — 26y1°,
T2 = —2621°% 4+ 3925y% + 410, In the above table we use the exceptional notation for W’}z).
Ws' = $1Via(p§) (= ps), W) = S1V14(py) (= ps), Ws = S1Via(ps) (=~ ps) and they are
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irreducible G-submodules of V;5(pg) ~ p22.

Lemma 8.3. The G-module S, Vi(p) is decomposed into irreducible G-submodules as
follows.

m k p  SaVi(p) m k p SaVi(p)

1 11 p2 p3 1 16 ps pg+ps

2 1 Ps 1 13 pf) o

3 11 ps 2 13 P6

4 11 Pe 3 13 P4 + ps

5 11 P3 + Pl 4 13 P4+ pg

6 11 P2 + ps 5 13 p3 + ol + ps
7 11 P4 + ps 1 16 pi pbh+pe

8 11° ps + ps , 1 14 o pg

9 11 p3 +p3 + ps 2 14 Py + ps

1 18 p3 p2+ps 3 14 Py + pa + ps
1 17 ps pas+ps

Proof. We give a very rough proof of the Lemma. We recall that the ring of G-invariant
polynomials is generated by three elements A1z, Az0 and Aszg of degree 12, 20, 30 respec-
tively [Klein, p. 55]. Note that S; ® Via(p2) = p2 ® p2 = po + p3. Hence S; ® Vii{p2) =
podiz + p3. In fact Ajz = zy(z!® + 11255 — y10) by [Klein, p. 56]. It follows that
S1V11(p2) = ps. Similarly Sk ® Vii(p2) D Sk-1412. Therefore S; ® Vi1(p2) = p2 + P4,
S2Vi1(p2) = ps, S3 ® Vir(p2) = ps + ps, S3Vii(p2) = ps, Ss @ Vii(p2) = ps + ps,
SaVi1(p2) = pe; S5 ® Virlpa) = pi + 0 + ps, SsVii(p2) = pf + pl. All of these are
proved in the same manner as in Lemma 7.3. In fact, for instance dim SsVi1(p2) = 7 by
Table 8.3, and pe ® p2 = p§ + pj + ps5 50 that S5V31(p2) = p¥ + . )

We see SsV11(p2) = oy + ps because 517 = ph + ps + ps and pg ® SsV11(p2) = p2 @ (P +
Pa) = ph + 2ps contains no Pa- S18 = p3 + py + ps and p2 ® SsVh1(p2) = p2 ® (0} + ps)
contains no p3, whence S$7Vi1(p2) = p} + ps. Similarly SsV11(p2) = ps + ps because
S19 = P2 + pa + ps, p2 @ S7V11(p2) = ply + p4 + 2pg. By Table 8.2 Sy = p3 + p5 + ps.
P2 ® SsVi1(p2) = p3 + 2ps5 + p§ + p}. Hence Sy¥;1(p2) = p3 + 03 + ps = Sazo. ,

S51V1s(p3) = p2 + p4 follows from comparison of 51 ® Vis(p3) and S1g and the fact that
any polynomial in Vig(p3) is indivisible by 4;5,. ' :

Similarly $1Vi7(ps) = pa + ps, S1V16(ps) = ps +pe and S1Vi3(ph) = p}. Since ps ®pz =
Ps, we see SaVi3(ph) = ps. One checks dim S3Vi3(p3) = dim S;W, = 8 by using Table
8.3. It follows from it that S3Vi3(ph) = p§ + ps. Similarly it is clear that SiVis(ph) =
51®V13(p3) = pe+ps and S5V13(p}) = S5 @ Vis(ph) = Sis. Note dim SxVia(pll) = 3(k+1)
(k= 1,2,3) so that SVis(p) = Si ® Via(p}). Tt follows from it that StVia(p¥) = Sk ® ol
(k= 1,2,3). In particular, S;Vi4(p}) = p3 ® p} = p} + ps, S53V14(p5) = py + ps + ps =
517. O

Corollary 8.4. SiVi1(p2) = Vir+k(pr+2) (1 <k <3), SiVaa(ph) = Via(p).
Corollary 8.5. SyVi1(p2) = Sy, 551713(,052) = Sis, S3Via(p) = Si7.
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Corollary 8.6. S,V14(ps) = plf + p}, S2Vha(p}) = p!! + ps, S2Vaa(p¥) = py + ps.

Proof. By table 8.3 dim $; Wy’ =9, dim $; W] = 8, dim S, W; = 7. Hence S;Vi4(p§) =
S1W3' = ps + ps, S2Vis(ph) = S2Vis(ph) = SV = o5 + ps, SsVi1(p2) = S3Vaa(ps) =
S1Ws =p5 +p,. O

8.7. Proof of Theorem 6.7 — E;.

We have only to follow the proof of Theorem 6.7 — Eg case word for word. We give a

very rough proof in this case.
Let W (=~ p3) € P(Vi1(p2) @ Vie(p2)). Suppose W # Vi9(p2). Then we have

8 29
IW)/n=W+ Zsk Viilp2) + ) S

k=1 =20
1 19 _ 29 _
='2'ZSk+ZSk= > deg(p)p
k=11 k=20 pEILr(G)

For W € P(Voyi(pi) @ Va1-i(p:)) with W #£ Vo+i(pi), Va1-i(p:)) (¢ = 3,4, 5), we have

12-2¢ 29

IW)m=W+ 3 Si-Torilps)+ > S
k=1 k=22—i

10—i ) 29

=W+ Z Sk - Vii(p2) + Z Sk
=t-1 - =22—:

1 21—i ~ 29 :

=3 2. 85+ 3 Si= Y deg(p)p
k=941 k=22—1 pEIrr(G)

For W € P(Vis(ps)) with W s W5, W!, Wy we have
29 _
IW)/a=W+> S -W=W+ D Sk= > deglp)p
k>1 k=16 p€lr(G)

because S;W = 54 by combining Lemma 8.6 with the proof of Lemma 6.6.
For W € P(Vi3(p3) @ Vaz(ph)) with W Vi7(p4y) we have

IW)/n =W+ St Via(ph)

k>1
4 _ 29 _
=W+ Si-Taloy)+ > S
k=1 k=18

1 17 _ 29 _
=32 5+ S= Y deg(o)

k=13 k=18 p€Irr(G)
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The remaining cases are similar. We can prove Theorem 6.7 in the same manner as
before. [.

9. Finé.!

The fundamental divisor of the singularity S := A%/G is the highest root of the
adoint representation, in other words, The scheme-theoretic fiber of 7 at the origin Z* :=
Hilb%(A?) x5 {0} is a Cartier divisor of Hilb%(A?) with Z* = > pein(c)(deg p)E(p).

See [GSV]. This fact is proved directly by using the equations of the singularities. On
the other hand this is proved in our context by using representations of G. This will be
discussed in detail elsewhere. Any vertex of the Dynkin diagram has an interpretation of a
certain nontrivial G-submodule of m/n. The new vertex in an extended Dynkin diagram
(added to the Dynkin diagram) is also naturally interpreted as a trivial G-module and it
corresponds to the 0-module of m/n so that the fundamental divisor of the singularity, the
scheme-theoretic fiber of 7 over the singular point, corresponds to the highest root of the
root system and we recover the extended Dynkin diagram this way.

We would like to mention once again the dualities on the coinvariant algebra Oa2/n
[IN2, Theorem 3.1]. The first duality was observed in [IN2] and in the present article by
case-by-case examinations. However after completing [IN2] and the persent work, we were
informed by Shinoda that the first duality also follows from Steinberg [St)].

In the last, we would like to mention a connection of our work with Kronheimer’s quivers.
The coinvariant algebra Oa2/n with a natural algebra structure is a kind of quiver, whose
quotient quivers are Kronheimer’s ones [Kr]. All of the Kronheimer’s would be obtained
this way so far as the group algebra C[G] is concerned. These will be discussed in [IN3].

Next we would like to mention unsolved or under-research related problems.

Conjecture 9.1. Let G be any finite subgroup of SL(3,C). Then Hile(A3) is a crepant
smooth resolution of A3/G.

The conjecture is solved affirmatively in the abelian case [N2). The other cases will be
discussed elsewhere, for instance in the papers of Gomi-Nakamura-Shinoda in preparartion.

If G is a cyclic group of order two generated by (—1)®* in SL(4,C), Hilb%(A?) is
nonsingular, which is however not a crepant resolution of A®/G. There are also many
examples of singular Hile(A4) for G abelian. Miles Reid also computed various examples,
who is trying to understand higher dimensional McKay correpondence.

The following would be perhaps important for the future application.

Conjecture 9.2. Let G is a finite subgroup of SL(n,C), N a normal subgroup of G.
Then Hilb%(A™) ~ Hilb%/N (Hilb™N (A™)).

Definition. @ is an irreducible subgroup of SL(n,C) if the natural inclusion of G into
SL(n,C) is an irreducible representation of G. '

The most interesting is the following

1 This section was named by Y. Ito.
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Conjecture 9.3. If G is a finite irreducible simple subgroup of SL(n,C), then Hile(A")
is a smooth resolution of A™/G.
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