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' GENERIC AFFINE DIFFERENTIAL GEOMETRY OF SPACE CURVES

SHYUICHI IZUMIYA AND TAKASI SANO

ABSTRACT. We study affine invariants of space curves from the view point of the singularity
theory of smooth functions. By the aid of the singularity theory we define a new equi-affine
frame for space curves. We also introduce two surfaces associated with this equi-affine frame and
give a generic classification of the singularities of those surfaces.

1. Introduction

There are several articles which study about “the generic differential geometry” in the
Euclidian space ([2,3,4,5,6,7,11,12 etc.]). The main tools in these articles are the distance-
squared functions and the height functions on submanifolds. The classical invariants of the
extrinsic differential geometry can be treated as “singularities” of these functions (i.e.,this
is a philosophy of R. Thom), however, as Fidal[7] pointed out, the geometric interpretation
of sextactic points of a convex plane curve is quite complicated from this point of view. It
has been classically known that the sextactic point is an equi-affine invariant. The affine
differential geometry is a classical area in the differential geometry [1,14,15], however, it has
been revived recently [13]. In [10] we introduced the notion of affine distance-cubed functions
and affine height functions on convex plane curves. These functions are quite useful for the
study of generic properties of invariants of the extrinsic affine differential geometry on convex
plane curves. As a consequence, we applied ordinary techniques of the singularity theory for
these functions and described equi-affine invariants for a convex plane curve. Moreover, we
can say that the complete analogy of the generic euclidian differential geometry holds for
convex plane curves. Giblin and Sapiro[8,9] also studied the affine invariant symmetric set
for a convex plane curve by using the affine distance-cubed function.

In this paper we proceed the similar arguments on the space curve, however the situation
is quite different. There are still some vagueness in the classical affine differential geometry
of space curves. For example, the classical notion of affine torsion is not a torsion in the
geometric sense (cf., §2). In this paper, by the aid of the method of the singularity theory, we
define the new notions of the affine torsion and the affine binormal (i.e., the intrinsic affine
torsion and the intrisic affine binormal). We also introduce equi-affine invariant surfaces (i.e.,
the intrinsic affine binormal developable and the affine rectifying Gaussian surface) associated
with space curves which are singular surfaces in §4. The main result is Theorem 4.1 which
gives local classifications of these singular surfaces. The proof of Theorem 4.1 is given in §5

1991 Mathematics Subject Classification. 53A15, 58C27.
Key words and phrases. generic property, affine differential geometry, space curve.
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and §6. The basic techniques we used in this paper depend heavily on those in the attractwe
book of Bruce and Giblin [5].

All curves and maps considered here are of class C* unless stated otherwise.

2. Basic notions

We now present basic concepts on affine differential geometry of space curves. The classical
theory has been established in [1,14,15], however, there are still some vagueness compared
with the theory for plane curves. Let R? be the affine space which adopt the coordinate such
that the volume of the parallelogram spanned by three vectors a = (a4, as, az), b= (by, by, b3)
and ¢ = (¢1, ¢z, ¢3) is given by the determinant

ap a2 asg
|a b Cl = b1 bz b3
G C2 C3

We fix the above coordinate in this paper. Let v : I — R® be a curve with |4(t) () ¥ (¢)| > 0,
where () = (t) The affine arc-length of a curve -y, measured from ¥(¢y), to € I is

s(t) = / 5(t) 3() ()] Fdt.

Then a parameter s is determined such that |y'(s) ¥"(s) 4""(s)| = 1, where v'(s) = £(s). So
we say that a curve v is parameterized by the affine arc-length if it satisfies that

V' (s) ¥"(s) "' (s)] = 1.

We say that a quantity or property of the curve v is an equi-affine invariant if it is invariant
under the action of the special linear group and the group of parallel transportations. Affine
differential geometry is a geometry which studies the equi-affine invariants in the sense of
Klein’s program.

Let us denote T'(s) = 7'(s),N(s) = 7"(s) and B(s) = 4"'(s) and call T(s) an affine
tangent, N(s) an affine principal normal and B(s) an affine binormal. We also define the
affine curvature by kq(s) = |v'(s) v""'(s) Y#¥(s)| = |T(s) B(s) B'(s)| and the affine torsion
by 7a(s) = —|y"(s) v"'(s) Y®(s)] = —~|N(s) B(s) B'(s)|. By the similar arguments as those
of in the Euclidian differential geometry, we have the following Frenet-Serret type formula:

T'(s) = N(s)
(2.1) N'(s) = B(s)
' B'(8) = —kq(8)N(8) — 74(s)T(s).

It is known that this frame is not a good frame that the functions ,(s) and 7,(s) do not
give the natural equation [1,14]. We can also say that the function 7,(s) is not the torsion in
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the following sense: Remember the original Frenet-Serret formula in the Euclidian differential
geometry:

t'(s) = x(s)n(s)
(2.2) n'(s) = —k(s)t(s) + 7(s)b(s)
b'(s) = —r(s)n(s),

where s is the Euclidian arc-length parameter, t is the unit tangent vector, n is the principal
normal vector and b is the binormal vector. Under this notation, suppose that the Euclidian
torsion 7(s) is constantly equal to zero, then the binormal vector b is constant along s. So
the meaning of the torsion function is to estimate the torsion of the binormal direction along
7(s). For the affine case, even if the affine torsion 7,(s) constantly vanishes the affine binormal
is not constant.

On the other hand, the above affine frame has the property that |T(s) N(s) B(s)| = 1.
We call the frame which has this property an equi-affine frame. There are infinitely many
equi-affine frames. For example, (T(s), N(s), B(s)+A(s)T(s)) is an equi-affine frame for each
function A(s). We call such a family a general equi-affine frame and each member is called a
special equi-affine frame.

We remark that (T'(s), N(s), B(s) + u(s)N(s)) is also an equi-affine frame for each p. If
we adopt this frame, we have

(B(s) + u(s)N(s)) =B'(s) + ()N (s) + u(s)N'(s)
| = — ka($)N(s) = 7a(s)T(s) + 4'(s)N(s) + p(s)B(5)
=(—r(8) + (s) = #*(5))N(s) = 7a(8)T(s) + u(s)(B(s) + p(s)N(s)).
This means that the derivative of the new binormal B(s) + u(s)N(s) in the Frenet-Serret

type formula depends on itself, so that this frame is not good. In the following sections we
try to choose a good special equi-affine frame by the aid of the singularity theory.



3. Affine invariant functions

In this section we introduce two different families of functions on a non-degenerate space
curve which are useful for the study of the equi-affine invariants of the curve. Let v : I — R3
be a space curve with |y(s)' 4"(s) v"(s)| = 1.

3-1) Affine distance functions. We now define a three parameter family of smooth func-
tions on I

F:IxR*=>R

by
F(s,u) = |7'(s) 7" (s) 1(s) — ul.

We call F an affine distance (6-th powered) function on 4.
Differentiating F(s,u) with respect to s, we have

(3.1) fu(s) =Mas(s),

(3-2) u(8) =Mas(s) — Ka(s)Ma(s),
(3.3) Fu'(8) =(7a(8) = Ka(8)) Mi2(s) + (7a(s-2x4(8)) Mis(s) = ka(s)Maa(s),
(34)  fL(s) =(72/(s) = w4(s) + K2(s)) Mas(s)

H(7a(8) — 264(5)) M13(s) — Ka(s)Mzs(s)(s),
(3.5) F(8) =(r2/(s) = K4'(5) + 4ka(s)KL () = 26a(5)Ta(s)) Mz
+(275(s) — 3xg(s) + k2(5))Mis(s) + (1a(s) — 3k} (s)) Mas(s) — ka(s),

where fu(s) = F(s,u) for any u € R? and M;;(s) = [y (s), 7D (s),y(s) — ul.
It follows from these formulae that we have the following proposition.

Proposition 3.1. Let v: I — R? be a space curve with |y'(s) v"(s) v"'(s)| = 1. Then

(1) fu(so) = 0 if and only if there exist A, pu € R such that u = (s0) — My'(s0) — py" (o).

(2) fu(s0) = fu(s0) = 0 if and only if there exists u € R such that u = y(s0)—u(xa(s0)7 (s0)+
Ill(s ))

(3) f’(so) fu(s0) = fi'(s0) = 0 if and only if 74(s0) — £!(s0) # 0 and u = = v(s0) +
= a(so) Py (30))(%(30)’7 (s0) +7"'(s0)-
(4) fu(s0) = ful(s0) = fil'(s0) = f(4)(so) = 0 if and only if 7,(s¢) — kl(s0) # 0, u =

v(s0) + m(fﬂa(so)‘/ (s0) +7"(s0)) and 75(s0) — £ (s0) = 0.

(8) fu(s0) = Fulso) = fi'(s0) = F®(s0) = f®)(s0) = 0 if and only if Ta(s0) — K4(s0) # 0,
u =(80) + 7 esy=rrteey (Ka(50)7'(s0) +7"(50)) and Ta(80) = K3(s0) = 74/(s0) — K5'(s0) = 0.

Proof. (1) By the formula (3.1), f}(so) = 0 if and only if v'(so), 7"'(s0) and ~(s¢) — u are
linearly dependent and 4'(so) and 7"'(s¢) are linearly independent.

(2) It follows from the formula (1) and (3.2) that f.(so) = f(se) = 0 if and only if A\, u € R
such that u = y(s0) — Ay'(s0) — 7" (s0) and 0 = Ma3(s0) — K4(50)Mi12(80) = X — pra(so).
(3) By the consequence (2) and (3.3), f4(so) = f(s0) = f"(s0) = 0 if and only if there exists
b € R such that u = 7(s0) — p(a(50)7(50) + 1" (50)) a8 0 = (ra(s0) — K1 (s0))Ma(s0) —
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Ka(80)Mi3(se) +1 = (1a(s0) — £, (s0))ut + 1. The last condition is equivalent to the condition
that 74(s0) — k4(s0) #0 and p = —m

(4) By the consequence (3) and (3.4), fu(so) = f"(s0) = fI"(so) = )(so) = 0 if and only if
Ta($0) — £a(30) # 0, u = ¥(s0) + 7 oymrrgeey (Ka(80)7'(s0) + 7" (s0) “and

0= (5(s0) — K4 (s0) + £3(s0))Maz(s0) + (a(s0) — 2k, (s0))Mis(s0) — K4 (s0)Mas(so)

= - 1 71(80) — K (s k:(s Ka(s0)
= ; )( 2(80) a(80) + Kkz(s0)) + 72(50) — KL (s0)"

Ta(80) — (s0)
The last condition is equivalent to the condition that 7/(sp) — &!/(s¢) = 0.
(5) By the consequence (4) and (3.5), f.(so) = f"(so) = fi'(s0) = £t )(s ) = 5)(3 )=0
if and only if 7,(s0) — & (s0) # 0, u = v(s0) + m(na(so)'y (s0) +7"(s0), TL(80) —
Ky(s0) = 0 and 0 = (72 (s0)kY"(S0) + 4ka(s0)x,(50) — 2fca(so)7a(so))M12(so) + (27.(s0) —
3k (s0) + #3(50))Mis(80) + (7a(80) — Brg(50))Mas(s0) — Ka(s0) = = rreyimrrany (e (S0) —
Ka (80) +4ra(80)r5(80) — 27a(80)ka(50)) — 7rsaymrrasy Fa(50)(Ta(80) — 84 (50)) — Ka(s0). The
last condition is equivalent to the condition that 7,/(so) — £'(sp) = 0. This completes the
proof. [J

3-2) Affine height functions. Let 5? = {(z1,z2,23)|2? + 22 + 22 = 1} be the unit sphere
in R®. We also define a family of smooth functions on 4 parameterized by $2

H:IxS*?SR
by

H(s,u) =7'(s) v"(s) ul.

We call H an affine height function on 7.

Differentiating H (s, u) with respect to s and applying Frenet-Serret type formula (2.1), we
have the followings:

(3.6) hu(s) =N1a(s),
(3.7) hu(s) =Nas(s) — ka(s)N12(s),
(3.8) hy'(8) =(7a(s) — £4(8))N12(s) — ka(s)N1s(s),
(3.9) R (s) =(ri(s) = wii(s) + £2())N1a(s)
+(7a(s) — 2r4(5)) N13(s) — Ka(s)Na3(s),
(8.10) RO (s) =(r3/(s) = K'(s) + 4Ka(5)8}(s) — 2k4(5)) N1a(s)

+(274(8) = 3k4(s) + K (s))N13(s) + (7a(s) — 3x{,(s))Nas(s),

where hy(s) = H(s,u) for any u € S% and N;;(s) = |79 (s) v (s) ul.
It follows from these formulae that we have the following proposition.
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Proposition 3.2. Let v: I — R? be a space curve with |'(s) v"(s) ¥"'(s)| = 1. Then

(1) hi(so) = 0 if and only if there exist A, € R such that u = Ay'(so) + 1" (so0).

(2) hy(so) = hy(se) = 0 if and only if there exists u € R such that p # 0 and v =
(a(50)7'(50) + 7" (50)) | |

(3) hu(s0) = hy(so) = hi'(so) = O if and only if there existsy € R such that u # 0,
u = pu(ka(s0)7'(s0) +7"(s0)) and 7a(s0) — w4 (s0) = 0. |
(4) by (s0) = h!'(s0) = h!"(so) = h{Y = 0 if and only if there existsh € R such that p#0,
u = p(Ka(s0)7'(s0) + 7" (s0)) and 7a(s0) ~ Ky (s0) = T4(s0) — k5 (s0) = 0.

((5) hi,(s0) = hi(so) = B (sp) = Y = p®) = 0 if and only if there exists\ € R such that
# 7 0, u = pu(ka(30)7'(s0)+7"(50)) and 7a(s0)— Ky (50) = Ta(s0) =K (s0) = 74 (s0) — K4y (s0) =
0. :

Proof. (1) By the formula (3.6), k},(so) = 0 if and only if u 4'(so), 7"(so) u are linearly
dependent and v'(sg), ¥"(s0) are linearly independent. '
(2) It follows from (1) and the formula (4.7) that h',(sg) = h"(sp) = 0 if and only if there exist
A, i € R such that u = Ay"(sg) + py"(s0), A2 + p2 #0and 0 = Na3(s0) — £a(80)N12(s0) =
A — pkqa(So). : .

(3) By (2) and (3.8), hy,(s0) = All(s0) = hl'(so) = 0 if and only if there existsy € R such that
# 7 0, u = p(ra(s0)y'(s0) +7"(s0)) and 0 = (a(s0) — £4(50))N12(50) — Ka(s0)N13(s0) =
(7a(s0) — &}, (80)) - Because p # 0, we have 7,(so) — &, (s9) = 0.

(4) By (3) and (3.9), h',(s0) = h!'(so) = h!"(s0) = h{¥ = 0 if and only if there existsA € R
such that p # 0, u = A(ka(s0)7(50) + 7"(s0)) and 0 = (v4(s) — #')(s) + K3(s))Nua(s) +
(7a(8) — 264(8))N13(s) — £a(8)Nas(s) = (T4(s0) — £%(s0))u. By the fact that u s 0, we have
Ta(80) — Kq(s0) = 0.

(5) By (4) and (3.10), Rl(so) = hll(s0) = h"(sg) = Y = 1 = 0 if and only if there
existsA € R such that p # 0, u = p(ka(s0)y'(50) + v"(s0)) and 0 = (71/(s) — &"'(s) +
4ra(s)rg(8) = 2ka(5))N1a(8) + (274(s) — 3rG(s) + K5(5))N1a(s) + (7a(s) — 3r}(s)) Naa(s) =
Tq (80)~Kg' ($0) —Ka(50)(Ta(s0) — K} (80)). Since T4(s0)—K4(s0) = 0, we have 7' (s¢)— k(30 ) =
0. This completes the proof. [



4. Equi-affine invariants of space curves

By the propositions in the last section, we can recognize that the function 7,(s) — &, (s)
and the direction x4(s)v'(s) +v"'(s) have special meanings. In fact, we define a new special
equi-affine frame as follows:

T(s) = 7'(s),

N(s)=1"(s),
B(s) = ka(s)7'(s) + 7" (s).

Differentiating each vector with respect to s, we have

(4.1) T'(s) =7"(s) = N(s)
(3.2) N'(s) =7"(s) = B(s) — #a(s)7'(s)
=~ wa(s)T(s) + B(s)
(4.3) B'(s) =ra(s)7'(s) + wa(s)7"(s) + 74)(s)

=rq(8)7'(s) — Ta(8)7'(s)
= — (7a(s) = £6())7'(s) = ~(7a(s) — K ())T(s).

Hence, if we put 04(s) = 7,(s) — & (s), then we have the following new Frenet-Serret type
formula:

T'(s) =N(s)
N'(s) = — ka(s)T(s) + B(s)
B'(s) = — 0,(s)T(s).

We remark that if o,(s) is constantly equal to zero, then B(s) is a constant vector along
v(s). We may call B(s) an intrinsic affine binormal and o4(s) an intrinsic affine torsion of
the curve 7(s). It is clear that the frame (T(s), N(s), B(s)) is an equi-affine frame, so that
we call it an intrinsic special affine frame (briefly, an IS-frame). Accordingly the assertion
(2) of Proposition 3.1, we define a ruled surface generated by the intrinsic affine binormal of
v(s) : '
RS(7) = {z € R®|z = 7(s) + nB(s) n € R}.

On the other hand, we define a one-parameter family of functions R: I x R® — R by

R(s,u) = [7'(s) v (s) 7(s) — ul = fu(s)-

For a fixed point sq € I, the plane P,, = {u € R3|R(s¢,u) = 0} is the affine rectifying plane
of 4(s) at y(so) ,which is the affine plane generated by the intrinsic affine tangent T'(so) and
the intrinsic affine binormal B(so).

By the assertion (2) of Proposition 3.1, R(s,u) = &&(s,u) = 0 if and only if u € RS(y).
It follows that the surface RS(y) is the envelope of the family of affine rectifying planes
along 7(s), so that it is called affine rectifying surface. Since the affine rectifying surface
is the envelope of the one-parameter family of planes in R3, it is classically known that
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such a surface is a developable. By this reason, we also call it an intrinsic affine binormal
developable. By definition and the Frenet-Serret type formula, the intrinsic affine developable
is a cylindrical surface if and only if 0,(s) =0

By the assertion (1) of Proposition 3.2, the point u = Ay'(s) + uvy'"(s) seems to have
special meanings for the curve 7(s). If 4 = 0, then u ison the tangent line of 4(s). so that

this case is rather a critical case. Assume that u # 0, then we have % = —v'(s) + ¥"(s), so
7

that — is on the following surface associated with the curve 7(s).
7

GS(7) = {v7v'(s) +7"(s)lv €R,s € I}.

We call GS(y) an affine rectifying Gaussian surface. We do not know that these surfaces
have classically been studied or not. We only describe the generic s1ngular1t1es appearing
these surfaces.

In order to formulate the main results, we consider that a curve is an immersion v: 8 —
R3. Let Imm(S?,R®) be the space of immersions equipped with the Whitney C°°-topology
We consider an open subset

Imm{ (5%, R?) = {y € Imm(S5", R®)|}4(2) %(¢) 7(2)| > 0}.

Theorem 4.1. There exists a dense subset O C Imm7 (S, R3) such that for any v € O we
have the following:
(1) Let p be a point of the intrinsic affine binormal developab]e of v at sg, then, locally at p,
the intrinsic affine binormal developable is

(i) diffeomorphic to the plane in R? if o/, (s0) # 0

(ii) diffeomorphic to the cuspidal edge in R? if 0/,(s9) = 0 and ¢'/(s¢) # 0.

(iii) diffeomorphic to the swallow tail in R® if o/,(s0) = o%(s0) = 0 and ¢!"(s9) # 0.
(2) Let p be a point on the affine rectifying Gauss1an surface of v at sg, then locally at p, the
affine rectifying Gaussian surface is

(1) diffeomorphic to the plane in R® if aa(so) # 0.

(ii) diffeomorphic to the cuspidal edge in R? if 04(s9) = 0 and o',(so) # 0.

(iii) diffeomorphic to the swallow tail in R® if 0,(s¢) = 0%,(so) = 0 and 0"(so) # 0. Here,
the the cuspidal edge is given as R x {(z1,z2)|z? = 23} and the swallow tail is given as
{(z1, %2, 23)|z1 = 3u* + u?v, 22 = 4ud + 2uv, 23 = v}.



5. Unfoldings of functions of one-variable

In this section we give the main part of the proof of Theorem 4.1. For the purpose, we
review some general results on the singularity theory for families of function germs. Detailed
descriptions are found in the book [5]. Let F : (R x R", (9, z¢)) — R be a function germ. We
call f an r-parameter unfolding of f(t) = F(t, ). The crucial notion is universal unfoldings,
however, we only use some features of it, so we do not need to give the original definition
of universal unfoldings (cf., [5]). We say that f() has an Ap singularity at to if f®P)(ty) =
0forall 1 < p <k, and f5+(¢g) # 0. In this case we adopt the following definition.
Let jk‘l(g%(t,wo))(to) = 2;:11 ajit! for ¢ = 1,...,r, where j¥~! denotes the (k — 1)-
jet. We say that F' is infinitesimally (p)versal (respectively, infinitesimally versal) if the
(k — 1) x r (respectively, k x r) matrix of coefficients (a;;) (respectively, (ao;, @;;)) has rank
k — 1 (respectively, k). There are two important sets for concerning the unfoldings relative
to the above notions. The bifurcation set of F is the set

2
OF _9F _ .t (t,0))

Br = {z € R"|there exists t with 5 = B =

and the discriminant set of F is the set
F
Dr = {z € R"|there exists t with F = oF =0 at (¢,z)}.

ot
The proof of Theorem 4.1 is based on the following result.

Proposition 5.1 (cf., [5]). Let F': (R x R",(%0,20)) — R be an r-parameter unfolding of
f(t) which has the Ay singularity at .
(1) Suppose that F' is an infinitesimally (p)versal unfolding.
(a) If k = 2, then By is diffeomorphic to {0} x R™~1,
(b) If k = 3, then By is diffeomorphic to C x R"2,
(c) If k = 4, then Br is diffeomorphic to S x R™3,
(2) Suppose that F is an infinitesimally versal unfolding.
(a) If k = 1, then D is diffeomorphic to {0} x R™1,
(b) If k = 2, then Dy is diffeomorphic to C x R"2.
(c) If k = 3, then D is diffeomorphic to S x R™3,
Here, C = {(z1,z2)|z} = z3} is the ordinary cusp and S = {(z1,zq,23)|z; = 3u? +

u?v, 2y = 4u® + 2uv, 23 = v} is the swallow tail.

We now have the following key propositions for the proof of Theorem 4.1. Let F : IxR? —
R be the affine distance function on v : I — R? with |y/(s) v"'(s) v"(s)| = 1.

Proposition 5.2. If f,, has the Ax-singularity (k = 2,3,4) at s¢, then F is the infinitesimally
(p)-versal unfolding of f,,.

Proof. By definition, we have
F(s,u) = |75(s) 74(s) va(s) — v |

z1(s) z1(s) z1(s) ~w
= |25(s) =3(s) z2(s) —u2
z3(s) =z3(s) =z3(s) —us
= (21(8) — u1)Ea3 + (z2(3) — u2)E31 + (z3(s) — u3)E1a,
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thife v(s) = (z1(8), z2(8), x3(s)), u = (u1,u2,u3) and E;; = zi(s)z(s) — z(s)z{(s). Then

dE,‘j
Fij = ds
= 2i(9)2}'(s) — 2}(s)o'(5),
~ d’E;;
Gi=Ta

= o/ (s)z}'(s) + ai(s)z$? (s) — 2!(s)e(5) — 2(s)z{P(s)

= 2}/(s)al'(s) + zi(s)(~ka(8)z(s) — Ta(s)a}(s))

— z}(s)z}"(s) — @(s)(—ka(s)z}(s) = Ta(s)2}(s))

= z!(s)2}'(s) — 2 (s)a}"(s) — ka(s)(a}(s)z}(s) — z}(s)z!(s))

== G,‘j —_ K,a(s)E,'j,
where G;; = z{/(s)z}'(s) — z//(s)z!'(s). We also have

24t = a0+ 2HO00) el 6) — e
= 27 (s)(—Ka(8)z5(s) = Ta(s)z}(5)) — 2 (s)(—Ka(5)z} (s) — Ta(s)2i(s))
= ra(8)(zi(s)z] (s) — z(s)ay (s))
= Ta(s)Ei]’.

We now denote that

d3E,'j dG;; .
Hij = ds® ds — Ko($)Eij — Ka(s)

= Ta(S)Eij - K,Z(S)Eij - Ka(S)Fij
= (7a(8) — ka(8))Bij — ka(s)Fij

dE;;
ds

Let jk_l(g—ﬂ(s,uo))(so) be the (k — 1)-jet of -g{;(s,uo) at s¢. Since

G (51) = ~Bas, g(5,) = = Faa, 9 (5,) = s
we have
j3(g£(3,uo))(30) = —Fy3s5 — %ézssz - %stss
j3(g—52-(s,uo))(so) = _Fys— %églsZ _ %33133
(g5, 10))(50) = ~Fias = 3Gras  THs"
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We distinguish into three cases.
The case (1) When f, has the Aj-singularity at so, by the assumption ~(s) satisfies the
relation |y'(s) 4"(s) v"'(s)| = 1, so that we have

—21(s)Fa3 — 25 (8)Fa1 — 23 (s)Fi2 = 1.
Thus (Fy3, F31, F12) # (0,0,0). This means that
I‘ank(—Fzg - F31 -_ F12) = 1.

The case (2) When f, has the A;s-singularity at so, we require the 2 x 3 matrix

A= ( —Fy;  —Fn  —Fp )

1 1A 1
—5G23 —5G31 —35G12

to be non-singular.

For the purpose, we set F' = (—Fy3, ~F3;,—Fj3) and G = (—%ézg, —%é?,l, —%élz). Then
it is enough to show that det(M) # 0, where M is the Gramm matrix of F,G. We need the
following lemma.

Lemma 5.2.1. If f,,(s) has the A3-singularity at sy, then we have the fof]owing:

(1) z1(s0)F2s + x5(s0) Fa1 + 3(s0)F12 = 0

(2) 1'(s0)F23 + 25'(s0) Fa1 + 25'(80) Fi2 = 0

(3) 27 (s0)F2z + z5(50) F31 + z5(s0) Fi2 = —1

(4) ra(s0)2i(s0) + 2" (s0) = —(7a(s0) — Ko (s0))(i(50) — wo,i)y 6 = 1,2,3
Proof of Lemma 5.2.1. The assertion (1) and (2) from the direct calculations.
(3) Since |v'(s0) 7"(s0) v"(s0)] = 1, we have —z¥(s9)Fas — z4(s0)F31 — z}(s0)Fi2 = 1.
Therefore, we have z{(s0)Fa3 + 24 (s0)F31 + z4(s0)F12 = —1.
(4) By Proposition 3.1, we have u = 0 = (so) + W_I:W(na(so)fy'(so) +9"(s0)), so that
we have —(7a(s0) — £4(50))(7(50) — o) = Ka(50)7'(s0) +7"(s0). O
Proof of the case (2) in Proposition 5.2. We now calculate the Gramm matrix M of F,G.
Firstly we have

F-F=F+F)+F
1 . . .
G-G= Z(Ggs + G351 + GL)
1 . . .
F.G=G -F= §(F23G23 + F31G31 + F12G12),

where (a1, az,a3) - (b1, b2, b3) = a1b; + azby + azbs. It follows that the Gramm matrix M of
F.G is '

(F-F F-G) _ ( ~1*"223 +F321~+ FZ 3 %(Fzsézg +F33é31 +~F12C~7'12))
G-F G-G 3(F23Gag + F31G31 + Fi2G13) 1(G3: + G5 + GLy)
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We now calculate the determinant of M as follows:
1 ~ ~ ~ 1 - - .
det(M) = 7(Fys + Fy + Fi3)(Gls + Gy + G) — 7(FaaGas + Fi Gy + F15Gp)?

= %(Fzsz 35 + FGos + FoGhs + FRGhy + F3L GEy + FBG2, + FLGE fe + FRGl,
F,GY, — FRGly — FL GY

— FLG3, — 2F33 F31Gp3Gay — 2Fp3 Fi0Glas Gy — 2F31F12é31 G12)

= %(Fglé% + FGhs + FR G, ‘|' LG+ FRGlh + FLGh

— 2F33 F31G23Ga1 — 2F33 F12G23Ghg — 2F3; F13Gsy Gia)

= ?}{(Fmézs — Fy3G31)? + (Fp3Gyp — F19G23)? + (F13Gs — F3G12)%)

1
= Z{(F31G23 — Ka(50)Ea3F31 — F33G31 + £4(50)E31 Faz)?

+ (F23G12 - fﬁa(so)Esza — F15Gas + Ka(SO)E23F12)2
+ (F12G31 — ka(80)E31Fia — F51G1a — ka(30)E12F31)%}

1
= Z[{F31G23 — F33G31 + £o(0)(E31Fp3 — Eo3F31)}?

+ {F23G12 — F12Ga3 + ka(S0)(E2s Fi2 — E12Fp3)}?

+ {F12G31 - F31G12 + K’a('SO)(EIZF?:l - E31F12)}2]

= j};[{(w'z'(SO)x"'(SO) — 23(s0)73'(50))F31 — (23(s0)27"(s0) — 21 (s0)5'(50)) Fas

+ £a(s0)((23(50)77 (s0) — 1 (50)23(50)) Faz — (25(s0)75(s0) — x5 (50)5 (s0)) F31)}?
+ {(=1(s0)27"(s0) — 23 (50)27"(50)) F2s — (25 (50)5' (s0) — 7§ (30)z}’ ($0)) Fiz

+ a(0)((23(s0)75(s0) — 23(50)23(50)) Fr2 — (21 (s0)25 (s0) — 25(s0)2} (0)) Fz3)}?
+ {(z3(s0)21"(s0) — 27 (s0)23" (50)) Fiz — (=7 (50)75' (50) — x4 (50)z}"(50)) Fs

+ £a(30)((z1(s0)22 (s0) — 25(0)27 (50)) Fo1 — (z5(s0)x (s0) — z} (s0)2 (s0)) Fiz)}?]
= ?}[{w'z'(so):c"'(so)Fgl — z3(s0)zy (s0)Fs1 — 5 (50)7Y (s0) Faz + 27 (s0)z}y' (s0) Fas
+ £a(s0)(23(0)27 (50) Fas — 1 (s0)25 (0) Fas

— z5(80)23(s0) Fs1 + z5(s0)5 (s0) Fa1)}?

+ {27 (s0)27(50) Fas ~ 23 (80)z7"(s0) Fas — x5 (s0)x5' (s0) Fiz + 2§ (s0)xy' (s0) Fia

+ Ka(s0)(22(50)23 (s0) Fiz — z3(s0)25 (50) Fi2 "

— z1(80)23 (s0) Fas + z5(s0)Y (s0) Fas)}?

+ {25 (s0)27"(s0)Fi2 — 7 (s0)z}'(s¢)Fi2 — z 1(s0)zy'(s0)Fa1 + 25 (s0)zy (s0) F31

+ £a(30)(21(80)5 (80) Fa1 — z5(s0)zY (s0) Fi1

— z3(s0)z1(s0)F12 + 21 (s0)z5 (s0) Fi2)}?]
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= %[{mg'(SO)(wi'(so)an + 23 (50)F31) — 23(s0)(27"(80) Fas + 23" (s0) F31)

+ Ka(50)(23(s0)(2 (s0) Fas + 5 (s0) F1) — 25 (s0) (2} (s0) Faz + z5(s0) F31))}2
{22(s0)(27(s0) F23 + z3(80) F12) — 25 (80)(}" (s0) Fas + ' (s0) Fy2)

+ £a(50)(23(s0)(21 (s0) Fas + 5 (s0) Fi2) — z5(s0)(2 (50) Fas + z5(50) Fi2))}
{21 (s0)(22(s0) Fa1 + 23 (s0) F12) — 27 (30)(z5' (s0) F1 + 25’ (50) Fiz2)

+ £a(50)(21(s0)(22 (s0) F31 + 3 (s0) Fi2) — 21 (s0)(5(50) F31 + w5(50) Fi2))}]

= i[{wfo,"(SO)(—l — z3(s0)F12) — z5(s0)(—23'(50) F12)

+ Ka(50)(23(s0)(—1 — 25(0) F12) — 5 (s0)(—23(s0) F12))}”
+ {25 (s0)(=1 — 25(50) F31) — 25 (s0)(—23'(s0) F31)

+ Ka(80)(23(s0)(—1 = 23 (s0) F1) — 23 (s0)(—23(50) F31))}?
+ {21 (s0)(—1 — 21 (s0) F23) — 2 (s0)(—271"(s0) Fas)

+ ra(s0)(21(s0)(=1 — 27 (30) F23) — 21 (s0)(—21(50) F23))}?]
= ZH{=2'(s0) — o4(s0)24'(50) Pz + 23 (50)a%'(s0) Fio

+ Ka(0)(—23(s0) — z5(s0)25 (s0) F12 + 23(s0) 3 (50) F12)}?

+{—25"(s0) — 23(s0)23'(50) Fa1 + 23 (s0)25"(50) Fax

+ £a(s0)(—25(50) — 23(s0)z7 (50) F31 + 23(80) 75 (s0) F31)}?

+ {—21"(s0) — 1 (s0)21" (50) Fas + 2 (s0)27"(s0) Fis

+ Ka(s0)(—21(s0) — 21(s0)77 (50) F23 + 1 (30)27 (50) F23)}?]

= $(=a8(s0) = ra(s0)ah(s0))?
+ (=2(50) = Ra(s0)2h(30))? + (=24'(50) = ma(s0)2h ()%}

= $(7a(s0) = Wols0)*(3 (wi(s0) = uo, ")

If det(M) = 0, then we have 1(74(s0) — % (50))2(X5; (2i(s0) —u;)?) = 0. By the assumption
and Propostion 3.1, we have 7,(so) — k,(s0) # 0, so that Z?=1 (zi(s0) — uo,i)? = 0. This
means that z;(sg) — uo,; = 0.( = 1,2, 3)

On the other hand, by the assumption, we have

_ 1
Ta(30) — K4 (S0)

Thus we have £4(s0)z}(s0) + z}"(s0) = 0 which contradicts the fact that

1v'(8) ¥"'(s) ¥"'(s) | = 1.
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So we have det(M) # 0, then rank 4 = 2.
(3) When f, has the A4-singularity at sg, we require the 3 x 3 matrix

—F3;  —Fy;1  —Fp
B=| —-1Gy —%Gsl ~2G12

1 1 1
—gH2s —§Hs —35Hi

to be non—singuiar. It is enough to show that det(B) # 0. We also need the following lemma.

Lemma 5.2.2. If f,,(s) has the A4-singularity at sq, then we have the following:
(1) 21 (s0) 23 + 25 (s0) Es1 + 25(s0) Er2 = 0.
(2) IL‘&”(S())E23 + 12’2”(30)E31 —|- JJg,(So)Elz = 1

Proof of Lemma 5.2.2. The assertion (1) from the direct calculation.
(2) By the assumption, we have | 7'(s0) v"(s0) 7""'(s0) | = 1, so that we also have z'"(sq)Ea3 —
17,2"(30)E31 - xQ"(sO)Elz =1. O

Proof of the case (8) in Proposition 5.2. We now calculate the determinant of B as follows:

1 ~ ~ ~ ~ : ~ o~
det(B) = *-1—2{(G31H12 — G12H31)Fp3 + (G12Hzs — GasHi2)Fa1 + (GasHay — Gy Hps ) Fig)

= “11—2[{((;31 — £a(50)E31)((7a(30) — K4 (80)) Brz — ka(s0)Fi2)
- (G12 - ﬂa(so)Em)((Ta(So) - 52(30))E31 - Ka(so)F31)}F23

+ {(G12 — Ka(50) E12)((Ta(50) — £4(50)) Eas — ka(50)Fo3)

~ (G23 — ka(30)E23)((Ta(s0) — K4 (50))Er2 — Ka(s0)Fi2)} Fa

+ {(G23 — Ka(s0)E23)((Ta(s0) — £5(50)) Es1 — ka(50)F31)

— (Gs1 — Ka(s0)E31)((7a(s0) — Ko (50)) Eas — ka(s0)Fas)} Fliz]

- _%[{(Ta(%) — £q(50)) E12Gs1 — Ka(50) F12Ga1 + &3 (30) Ea1 Fiz
— (7a(80) = £4(%0)) E31G12 + ka(S0)F31G12 — £2(30)E12.F31} Fas
+ {(7a(80) — £4(50)) E23G12 — Ka(50)Fa3 Gz + 62(50)Er2Fas

— (Ta(80) ~ K4(50)) B12Ga3 + ka(S0)F12G23 — £2(30) E2s Fi2} Fyy
+ {(7a(s0) = £4(50))E31Ga3 — ka(50)F31Gas + £2(30)Eq3 Fsy

= (1a(s0) = £4(50))E23G31 + Ka(30) FasGs1 — k3 (50) Es1 Fas } Fis]

1
= —E(Ta(so) — Ky (90))(E12F23Ga1 — E31 Fp3G1g
+ B3 F31G12 — E13F31Gas + E31F12G23 — Eo3 F12G3y)

1 )
= '—1—2-(7':1(30) — ko (80)){(B12G31 — E31G12) Fas + (E23G1a
— E12G23)F31 + (E31G23 — Ex3Gsy)Fia}

14



= —5(ra(s0) — Ki(50))
[{(z5(s0)e1"(s0) — 27 (s0)5" (50)) Brz — (27 (s0)5"(50) — 25 (s0)}" (50)) Es1 } Fas
+ {(21(s0)z5' (s0) — 74 (s0)z7'(50)) E23 — (24 (s0)3' (s0) — x5 (S0)zh' (50)) E12} Fay
+ {(22(s0)z5"(s0) — 23 (s0)23'(30)) Ea1 — (25 (50)1" (s0) — 2} (s0)%'(50)) Ea3 } Fi2}]
= — o (ra(s0) = wy(s0)) (=" (30) 4 (0) Bas + (50) Fiz)

— z1(80)(25' (s0)Es1 + z5'(s0) E12)} Fas
+ {:1:'"(30)(513 (s0)Ea3 + m3(30)E12) — :172 (30)($"I(SO)E23 + w"'(so)El2)}F31
+ {w'"(so)(w (80)E23 4 25 (s0)Es1) — x5 (s0) (27 (50) Eas + 5 (30) E31)} Fyz]

- (ra(s0) = Ku(s0)) 4" (50) (& (50) Bes + a1(50) i) — 24 (s0)(1 = 21(56) Bzs))} Fis
+ {22 (30) (" (50) Eas + z3(30)E12) — 245 (s0)(1 — z4'(80)E31)} Fay
+ {x”’(so)(m (50)E2s + 75(s0)Es1) — z5(s0)(1 — 23" (s0) E12)} Fiz] |

5 (7a(s50) = Ki(s0)){(&4"(0) 2 (30) Bas + 24(s0) Brz) = al(s0) + w’l'(sww”’(so)Eza)Fzs

+ (m"'(so)(x (s0)E2s + x5 (s0)E12) — 25 (s0) + z5(s0)xy' (50)Fa1) Fa1
+ (;c”’(so)(x (30)E23 + $’2,(30)E31) - :Bg(so) + wg(so)xm(SO)E12)F12}
= ——(Ta(so — wa(s0)){(21"(s0)(2} (50) B2 + 75 (0) B + 75 (0) Enz) — 7} (50)) Fas
+ (:1:"'(30)(.’1: (So)Ezs + 552 (30)E31 + :I:g(so)Elz) - $’2,(30))F31
+ (CL‘I"(So)(l' (80)E23 + LI:IZI(SO)ESI + :I:g(SO)EIZ) - -TU{?.I(SO))FIZ}

~ 25 (rals50) = Ki(30)) (=2 (s0) Fas — w5 (s0)Pos — &%(s0)Fiz)

— 25 (ral(0) — Ry 0)}{~((30) Faa + (s0) oy +}(s0)Fia)}

1 !
= —E(Ta(SO) — £4(80)) # 0.

This completes the proof of Proposition 5.2. O
We define a function H : I x $2 x R — R by

H(s,u,0) = 7'(s) 7"(s) u | — v

We also define hy , : I — R by
huw(s) = fI(s,u,v)
for any (u,v) € $2 x R.

Proposition 5.3. If hy, v, has an Ay - singularity ( k=1,2,3 ) at the point so then H is the
ifinitesimally versal unfolding of hyg .y, -
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Proof. We now consider the local representative H : I x R® — R of H which is given by

where 7(s) = (21(s), 22(s), 23(s)), Eij = zi(s)2(s) — 25(5)27(s), y = (y1,¥2,y3) and (u,v)

) z1(s)  z4(s) Y1
H(s,y) =|z3(s) z5(s) Y2 —ys

z3(s) 23(s) V1—yi— 3
- = (z5(s)25(s) — 25(s)z5(s))m |
+ (z3(8)21(s) — 2} (s)25(s))y2

+ (e1(s)23(s) — z3(s)aY(8))y/1 — v} — v —us

= y1Ey3 + y2E31 + V1= y? — y2 Ey2 — ys,

(1,92, V31— yf - y%,ys). Then we have

Fij =

vy

dE;;
ds -
=z (s)a(s) + 23(s)af' (s) — 25 (s)zi (s) — 2i(s)e"(s)
= z(s)z5'(s) — 2(s)zi" (s) |
d?E;;
T Tds?
=z (s)z'(s) + 2}(s)z;" (s) — 2} (s)a{"(s) — 2(s)z]" (s)

= 2(s)a (s) + 2(s)(—ka($)}(5) — 7a(s)a}(s))

— 2j(s)2i"(s) — 2j(s)(—ra(s)2 () — Ta(s)zi(s))
=z (s)z]'(s) — ra(s)2i(8)2](s) — & (5)a7" () + Ka(8)2(s)27 (s)

=z (s)zj'(s) — 2 (s)2}"(5) — Ka(s)(@i(s)2](s) = (s)zf (s))

= Gij — Ka(s)Eij,

where Gij = xi’(s)z}"(s) - -'”3"(3)584”(3)'

We denote g—g(so, yo)—{-jk_l(g—ﬁ(s, Y0))(S0) the (k—1)-jet of g—ﬁ(s,y) with constant term.

We have

6E - yl _

o (s,9) = “\/—I_—T_—y%Em + E33 = —ay1E12 + Eo3
0H Y2

" = - E E = — E E
o (s,v) T 12 + L3 ayg Lyp + L3y
8H
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where a = —\/ﬁ It follows that

oH 6 82 1 8H
—(So,yo) +32('—(S Y0))(s0) = (So,yo) + (So,yo) +5 3 9520y, 52— (50,%0)s”

= (—ay1 B2 + E23)+(—ay1F12 + Fa3)s + —(—ay1 Gz + Ga3) s°

O0H o, 0H _0H 0’H 1 8°H 9
'@(SoayO)*‘J (5;(3,?/0))(30) = gy—z(so,yo)‘*' 5303 =5 —(50,Y0)s + = 2 8520y, 57— (50,%0) s

= (‘OlyzElz + E31)+(—ay2F12 + F31) s+ —(—ayzGlz + G3;)s?

O (o o)+ 722 (s yo))s0) = 22 >+62( o L TH () s
0 $0,Y0) T J By $, %0 30—a $0, Yo 9597, $0,Y0)S 2 9520y S0,Y0) S

"
(1) When hy,,v, has the A;-singularity at so, since
rank (—ay1 E12 + Ess —aysE1p + B3 —1) =1,

it is clear that H is the versal unfolding of Rug,vq-
(2) When hy, 4, has the A;-singularity at sg, we require 2 X 3 matrix

A= <—ay1E12 + Ey3 —ay:Ey2 + E3 —1)
—ay1 Fig + Fo3 —aysFio+F3; 0

to be non-singular. It is enough to show that
(—ay1 Fiz + Fp3)” + (—oy2 Fiz + F31)? # 0.

For the purpose, we need the following lemma.

Lemma 5.3.1. If hy, y, has the Ag-singularity at sy, then we have

1
Yo,1F23 +yo,2Fa1 = —Fizy /1 - 9] —yf , = Pt

Proof of Lemma 5.5.1. Since h;,_ , (s0) =0, we have |y'(s0) v""'(s0) uo| = 0. It follows that

21(s0)  21'(s0) Yo,1
0= |2(30) 25'(s0) Yo,z

z3(s0) z3'(s0) \/1 - yo 1 yo 2

= (z3(s0)x3' (s0) — z3(s0)zy (50))¥0,1

m

+(z3(s0)a1"(s0) = o (s0)24"(s0) 0,2 + (21 (30)a5'(s0) — h(s0)1"(50))y/T — ¥, =

= y1F3 + y2 F31 + \/1 ~ Y81~ ¥o,2 Fiz.

17



Therefore we have yo,1 Fos + yo 2 F31 = —Flz\/l - Y5, - yg,z =-1F, O

Proof of the case (2) in Theorem 5.5. By Lemma 5.3.1, we have

(—ayo,1 Fi2 + Fa3)? + (—ayo 2 Fiz2 + F31)?
= a2y3,1F122 —2ayo 1 Fi2Fos + Fiy + azyﬁ,zFfz — 2ayg 2 F12F3; + F
= FZ, + F2 — 2a(yo.1 Fas + yo 2. Fs1 ) Fia + az(yg,l + yg,z)ng
=F} + Fj — 2“(“éF12)F12 + az(yg,l + yg,z)F122
= Fiy + Fjy +2F0, + o*(y3 + v3)F),
=Fp+F4 +{2+ az(yg,l + yg,z)}Ffz

1-— yg,l - yg,z y? +y3 )F?2

-y, ~ya 1-yi—9f "

=Fp+Fn+(1+

1
=FL+F4+(1+ F?
23 31 ( 1— yg,l _ yg’z) 12
= F33 + Fji + (1 + o®)Ffy.
Since 1+ a? > 0 and (Fzs, F31, Fi2) # (0,0,0),
| (—ayo,1Fi2 + Fo3)? + (—ayo o Fis + F31)2 # 0

holds, so that we have rank A = 2.
(3) When hy,,v, has the As-singularity at so, then we require the 3 x 3 matrix

ayo,1E12 + Eq3 —ayo2F12 + E5; -1
B = —ayo,1F12 + Fas —ayo,2F12 + F3y 0
3(—ayo,1G12 + Gas) 3(—0y02G12 + G31) 0

to be non-singular. It is enough to show that det(B) # 0. We also need the following lemma.

Lemma 5.3.2. If hy, ., has the As-singularity at sq then we have the following:
(1) —(=7(s0)F2s + 25(50) F31 + 23 (s0) F12) = 1 |
(2) z1(s0)F2s + x5(s0)F31 + z5(s0)F12 =0
(3) 21"(s0)F23 + 25"(s0)F31 + 25'(30) F12 = 0
(4) & = ka(s0)zi(s0) +2{"(s0) (1 =1,2)

L = k,(s0)z(s0) + z4'(s0), for some p € R, pu # 0.

ap

Proof of Lemma 5.3.2. (1) By the assumptions, we have |y/(s0) v"'(s0) v"'(s0)| = 1, so that

—z7(s0)F23 — z5(s0)F31 — z4(so)F12 = 1. Therefore we have —(z4(s0)Faz + 4 (s0)F31 +
n" —

$3(80)F12) =1.

The cases (2), (3) are from the direct calculations.
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(4) By the assumptions, there exists 4 € R with p # 0 such that u = u(ka(s0)7 (s0)+7" (s0))-
Therefore we have

Yo,i = p(Ka(s0)zi(30) + 21'(s0))

1
= V1= W1 — vz = slma(s0)ab(s0) + 25 (s0)).

Thus we have -y—;’;-'- = Kqo(80)z;(s0) +2'(s0) (2 =1,2), 31;‘- = Kq(80)z5(s0) + 24 (80). O

Proof of the case (8) in Theorem 5.8. We have

1 - « 1 | . .
det(B) = —{5(—ay1F12 + Fp3)(—ay2G12 + G31) — -2—(—ay2F12 + F31)(—ay1G12 + Ga3)}
1 : o ~ - -
= —5{(—04/11712 + Fp3)(—oy2G12 + Gs1) — (—ay2 Fi2 + F51)(—ay1G12 + Ga3)}
1 A A x ~ x 5
= —'2'{F23G31 — F31G23 + (0,1 F31G12 — Y0,2F23G12 + 0,2 F12Ga3 — y1 F12G31)}

1
= _§[F23(G31 - K’a(SO)EM) - Fsl(Gza - na(so)E23)

+ a{y0,1F31(G12 — K'a(SO)EIZ) - y0,2F23(G12 - Ra(So)Elz)

+ y0,2F12(G23 - fﬁa(So)E23) - y0,1F12(G31 - fﬁa(so)Em)}]

1
= —'2-[F23G31 — F3:Go3 + K'a(SO)(E23F31 - E31F23)

+ o{yo,1(F31G12 — F12G31) + yo,2(F12Gaz — Fp3G12)

+ £4(50)(y0,1(E31F12 — E12F31) + yo 2(Er2Fos — E23 Fig)}]

= —%[(wé'(SO)x'"(SO) — z7(s0)23 (50)) Fas — (23 (30)z3 (80) — 23 (50)25'(0)) Fs1

+ Ka(80){(z2(50)75(s0) — 23(50)25(80)) F31 — (3(s0)2Y (s0) — 2} (50) 5 (30))F23}
+ a{yo,1 (Fa1 (27 (s0)z5' (s0) — 25 (s0)2Y"(s0)) — Fia(§ (s0)z"(s0) — 2 (s0)z4' (50)))
+ yo,2(F12(23(50)75'(s0) — z5(s0)23'(80)) — Fas(27(s0)5' (80) — z5(s0)7}"(50)))

+ Ka(50)(yo,1((z3(50)71(s0) — 21(50)5(50)) F12 — (21 (80)25 (s0) — 5(50)7Y (s0)) F51)
+ yo 2((90'1(30)33"(30) — z3(50)z7 (s0)) Fas — (¢5(s0)23(s0) — wQ(SO)w'z'(SO))Flz)}]

= ——[—wfz"(SO)(w (s0)F2s + z3(s0)Fa1) + 23 (s0 )(27"(80) Fas + 25" (s0) F1)

+ Ka(s0){—23(s0)(2% (s0) F31 + 21 (s0) Faz) + 23 (s0)(23(80) Fo1 + 21 (s0) Fis)}

+ a{yo,1(—2"(s0)(3 (50) F31 + 25 (S0) Fi2) + 2 (0)(25 (50) Fa1 + z3'(s0) Fi2))

+ yo,2(—25'(s0) (25 (s0)Fi2 + 7 (s0) Faz) + w'g'(so)(w'"(so)Flz + z1'(s0)F2s))

+ £a(50)(yo,1(—21(50)(25(s0) F12 + 3 (s0) F31) + &1 (50)(w3(80) Fa2 + 25(30) F31))
+ y0,2(—22(30) (21 (s0) Fas + 23(0) F12) + 25 (80)(2] (50) F2s + 5(50) F12))}]
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= —%[w"'(SO)(l + z3(50)F12) + 25 (s0)(27" (s0) Fas + 23'(50) F31)

+ Ka(s0){z3(s0)(1 + 5 (s0) Fi2) + 23 (50)(23(50) Fa1 + 21 (50) F23)}
+ a{yo,1 (1" (s0)(1 + 27 (s0) Fas) + 27 (s0)(25"(s0) Fo1 + 25" (50) Fi2))
+ y0,2(4' (50)(1 + 24 (50) Fa) + 75 (s0) (2} (50) Frz + 24" (50) Fis)

+ £a(50)(y0,1(21(s0)(1 + 21 (s0) Fas) + 27 (80)(z3(s0) Fiz + 25(s0) F31))
+ yo,2(z3(50)(1 + 23 (s0) F31) + 3 (s0)(21(30) Faz + z3(s0) F12))}]

— =3 a8'(s0) + 2 (s0)(&4" (50 Frs + ' (50) Bz + ' (50) i)

+ Ka(30)(23(30) + 25 (s0)(21(50) Fas + 5(s0) F31 + z3(s0) Fy2)

+ afyo,1(z7'(s0) + = (So)(-’rm(so)Fzs + z5'(s0)Fs1 + 25'(s0) F12))
+ yo,2(23" (80) + x5 (s0) (2" (50) Fas + 3" (50) F31 + ' (80) Fi2))

+ Ka(50)(yo,1(21(s0) + 21 (s0)(21(80) Fos + z5(0) Fa1 + z3(50) Fi2))
+ yo0,2(23(30) + 3 (80)(z1 (80) F2s + z5(s0) Fa1 + x5(50) Fi2))}]

= = 3168'(50) + ra(s0)eh (s0) + alyos2'(50) + voa¥ (o)

+ Ka(50)(90,171(50) + Yo,272(50))}]

= — S (sa(s0)2h(s0) + 28 (50)) + yo,124(50) + o224 (s0)

+ Ka(S0)y121(30) + Ka(S0)y223(50)}

= — 5 {v0.(ka(50)a} (s0) + 2}"(50)) + Yo,2(a(s0)h(s0) + 75'(s0))

+ %(na(s())w;(so) + 24 (s0)

«o yg1 yoz

51— p "“f E(a_u)}
o 1

_'2';(?!0,1 + yo,z + a—g)

a

2u

It follows that we ha&e rank B = 3. This completes the proof of Thearem 5.3 O
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6. Generic properties

In oder to prove Theorem 4.1 we need transversality theorems which guaranty that the
properties in Thoerem 4.1 are generic in Imm} (5!, R3). Let v : S! — R3 be a curve with

[%(t) () ¥ (£)| > 0. Since §(t) = |¥(t) ¥(¢) T (t)|?, we have

2 = KO 3) TOI, (s0) = H(0) 50) O+

and

S T T N S P S
7" (s(t)) = ¥(t) 5(t) ¥ (O)I755(¢) - g T (@) () 7 (@)l 23(8) (1) YO ),
so that the affine distance function is given as follows:

F(t,u) = F(s(t),u) = [7'(s(t)) v"(s(2)) 7(s(t)) — u]
=115(8) 7(t) T@I7#4) B (&) FOI734(2) 7(t) ~ ul
= [5(8) 7(t) T@)7(E) H(2) A(2) — ul.

The affine height function is also given as follows:

H(t,u) = H(s(t),u) = H(2) 5(¢) T FA() () ul.

We now consider a smooth mapping @ : (R? — V) x R® — R defined by &((x,y,z),w) =
Ix y z|~%|x,y, w|, where x,y,2z € R® and V = {(x,¥,2) € R®||x y z| = 0}. It follows that &
induces a smooth mapping

&L . JHS, (R — V) x R®) — J¢(S*,R)

given by ®%(j‘T'(10)) = j*® o I'(to). We also consider an open set of the £-jet space J¢(S!, R®)
given by
a4 (S, R?) = {5*¥(t0)I7(to) (o) ¥(to)| > 0}
and an immersion
J£+(SlaR3) - Jﬂ(slv(Rg - V) x R3)
given by
I'(3*y(t0)) = 3*(3,%, 7, 7)(to)-
Let W C JY(S,R) be a subbundle of & x 8 : J¢S,R) — .5'1 X R We call W a semi-

algebraic subbundle if the fibre W, . is a semi-algebraic submanifold of J¢(1,1). We now
have the following simple lemmas.

Lemma 6.1. Let W be a semi-algebraic subbundle of J4(S',R). Then (®% o I*)~Y(W) is a

stratified set with codimension of each strata is not smaller than the codimesion of W.
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Lemma 6.2. Let W be a submanifold in Jf_'_(Sl,Rs). Then the set
Tw = {7 € Imm}(S*,R3)|jf A, transverse to W}

is a dense subset of Imm7 (5*,R?). Here, we deine j{A, : S* x R® — R by j{A (t,u) =
74 () = u)(t). |
We can prove the assertion (1) of Theorem4.1.

Proof of (1) of Theorem 4.1. We now consider the Agx-orbit Ak(2) in J%(1,1), then we have
codim Ax(z) = k. Let A (2) be the natural semi-algebraic subbundle of J¢($?, R) correspond-
ing to Ag(z). By Lemma 6.1, (®¢ o I*)~1(Ax(2)) is a stratified set with the codimension of
each strata is not smaller than k. _

By Lemma 6.2, there exists a residual subset O C Imm7 (S, R?) such that for any v € O,
j$A. cannot have the intersection with (®¢oI%)~1(Ax(2)) for k > 5. This means that the affine
distance function F(t,u) = |¥(t) #(t) ()|~ 2|¥(t) 5(t) ¥(t) — u| has not the Az-singularity
for k > 5. It follows from Proposition 5.2 and Theorem 5.1 that the bifurcation set Bp is
locally diffeomorphic to {0} x R2?, C' x R or S. By Proposition 3.1, B is the intrinsic affine
binormal developable. This completes the proof of (1) of Theorem 4.1. [ '

For the proof of the assertion (2) of Theorem 4.1, we consider a smooth mapping
Tl T (ST, R%) x 87 = JEY(SYR)

defined by ¢(j*(t),v) = j*~114 ¥ ¥|"%]¥ ¥ v|(t). We have the followign simple lemmas.
Lemma 6.3. Let W be a semi-algebraic subbundle of J¢~1(S',R). Then (¥*)~Y(W) is a-

stratified set with the codimension of each strata is not smaller than the codimension of W.

Lemma 6.4. Let W be a submanifold in J¢, (S*,R) x S%. Then the set
Tw = {y € ImmJ (5, R?)|jy x 1s2) transverse to W}

is a residual subset of Imm7} (S, R3).
We now prove the assertion (2) of Theorem 4.1.

Proof of (2) of Theorem 4.1. We now consider the Ag-orbit Ag(z) in J¢(1,1), then we have
codim Ag(z) = k. We also have the natural semi-algebraic subbundle Ai(z) C J4(S*,R).
By Lemma 6.3, (¥¢)~1(Ak(2))is a stratified set with the codimension of each strata is not
smaller than k. By Lemma 6.4, there exists a residual subset O C Imm7 (S?,R®) such that
for any v € O, the image of j%(y x 1) does.not have the intersection with. (¥¢)~1(Ax(z))
for k > 4. This means that the afine height function H(t,u) = [4(t) ¥(¢) ¥ (¢)|77 |4(¢) %(%) u|
has not the Ag-singularities for k > 4. It follows from Proposition 5.3 and Theorem 5.1 that
the discriminant set Dy is locally diffeomorphic to {0} x R%, C x R or S.
By Proposition 3.2, the discriminant set Dy of His given as follows:

D ={('(8) + " (s),u) € S xRIA € R, s € S, 2% 4 p? £ 0}.

22



We consider Dy around the point (Ay'(s) 4+ puy"'(s), p) with p # 0 (i.e., Ay'(s) + uy"'(s) is
not tangent to ). Since Avy'(s) + uvy"'(s) € S2, we have

+1
129(s) + " ()]’

where ||(z1,z2,23)|| = /2% + 22 + 22. We define a set

D = {(M'(s) + 17" (s), ) € Dgglu > 0}.

’u,=

This set is an open subsef of Dy. Define a map
®:R*~-0— 5% xRy

by

(z1,22,73) 1 )
Vaitad+d el t+al+al

where R, is the set of positive real numbers. It is clear that & is a diffeomorphism and
(GS(y)) = 'D+ This completes the proof of (2) of Theorem 4.1. [J

(I’(fvhwza-’ﬂs) =(
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