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Stability of Reticular Optical Caustics

Takaharu Tsukada
Department of Mathematics, Faculty of Science, Hokkaido University

1 Introduction

In [5] K.J&nich explained the wavefront propagation mechanism on a manifold which is
completely described by a positive and positively homogeneous Hamiltonian function on the
cotangent bundle and looked at the local gradient models given by the ray length function. He
considered the case when the initial wave front is a smooth hypersurface without boundary.
This case is corresponding to the theory of Lagrangian singularities (cf., [1]).

In this paper we consider the case when the initial wave front is a hypersurface with an
r-corner. The rays incident to conormal directions from each edges of the hypersurface gives
a regular r-cubic configuration (cf., Section 3) at a point in the cotangent bundle which is
a generalized notion of Lagrangian submanifolds. The reticular optical caustic generated by
the hypersurface is given as the caustic of the regular r-cubic configuration. The notions of
regular r-cubic configurations in complex analytic category has been introduced in 3], [4]
and the real version has been developed in [8]. In that paper we have shown that any regular
r-cubic configuration (at least locally) has a generating family which is a kind of families of
functions. We also have shown that the stable regular r-cubic configuration is corresponding
to the stable generating family. ‘

In this paper we consider the following problems which are extensions of the investi-
gations by K.Janich [5] and G.Wassermann [10]: For a fixed Hamiltonian function on the
cotangent bundle;

(1) Is the stability of reticular optical caustic with respect to perturbations of the hypersur-
face equivalent to the stability of a generating family of the corresponding regular r-cubic
configuration?

(2) For given function germs f € m{r;k)? when does there exist a light source hypersurface
germ with an r-corner which satisfy the conditions?: a) A generating family of the corre-
sponding regular r-cubic configuration is an unfolding of f, b) The reticular optical caustic
generated by the hypersurface is stable.

The answer of (1) is ‘Yes’. This means that the classification stable reticular optical caustics
is reduced to the classification of stable generating family under the reticular R* -equivalence
(cf., Section 3). Conversely the answer of (2) gives us a method to decide when the caustic
defined by a function germ in the classification list can be realized as a stable reticular optical
caustic for a fixed Hamiltonian function.

In the investigations by K.Janich and G.Wassermann the R-L-equivalence was used as
the equivalence relation of function germs. But we use the reticular R*-equivalence as the
equivalence relations because the R*-equivalence among generating families was used in the
theory of Lagrangian singularities (cf., [1]) and our equivalence relation is an extension of
that.



2 Preliminaries

Let M be an m(= r+k+1)-dimensional differentiable manifold and H : T*M\0 — R be a
C°-function, called a Hamiltonian function, which we suppose to be everywhere positive and
positively homogeneous of degree one, that is H(A) = AH (&) for all A > 0 and £ € T*M\0,
where m : T*M — M is the cotangent bundle. Let X denote the corresponding Hamiltonian
vector field on T*M\0, given locally by the Hamiltonian equations:

OH 0H

¢ = —6_1_:;’ b= —571:,
where (g, p) are local canonical coordinates of T* M.
We set E = H™!(1) and consider the following canonical projections = : T*M — M,

g : RXE — E, 7r : R x E — R. We denote E, the fiber of the spherical cotangent
bundle 7|g at ¢ € M.

Let g0 € M, t3 > 0, & € E,, and ng be the image of the phase flow of Xg at (to,&). Since
the phase flow of Xy preserves values of H, the local phase flow ¥ : (R x T*M\0, (%o, &)) —
(T*M\0,m) of X induces the map @ : (R X E,(to,&)) — (R X E,(to,m0)) given by

o(,¢) = (¢, 9(¢,€))-

We set exp=np0®: (R X E, (to,%0)) = (M, up), expg, = exp|rxE,,, exp” =mp 0 P71 :
(R x E,(to,m0)) — (M,q), expy, = exp~|rxE.,> ¢1 = (7z,exp) : (R x E,(to,&)) —
(M x M, (g0,u0)), $2 = (ezp™,7y) : (R X E, (to,m0)) = (M x M, (qo, uo)), where ug = 7(np).
Then the following diagram is commutative:

(R x E, (to, &)) = (R x E, (o, m))

/ exp 1N\ P2 exp” N\,
(Ma U’O) - (M X M’ (QOaUO)) - (M7 QO)

By [5, 2.2] we have the following proposition
Proposition 2.1 If expy, is reqular then ¢ and ¢, are diffeomorphisms.

Let expy, be regular, we can define the function germ
T=mpo¢l = TR 0P (M x M, (q0,u%)) = (R, %0).

We call 7 the ray length function associated with the regular point (to,fo) of expy,. Set

§=mgodr 1 (M x M, (q,u0)) = (E,&), n=mpo¢3" : (M x M,(g,u0)) — (E,m). By
[5, Lemma 2] we have

dg7(g,v) = —€(q,u), du7(g,u) =n(q,u) for (q,u) € (M x M, (g0, u0))

Let H" = {(z1,---,2,) € R"|z1 > 0,--+,2, > 0} be an r-corner. Let V? be the hyper-
surface germ in (M, qo) satisfying |z, ,vo = 0 with an r-corner defined as the image of an
immersion ¢ : (H"xRF,0) — (M, g;). We parameterize V' by ¢. Foreacho C I, = {1,---,r}
we define A2 by the set of conormal vectors of V0 := V° N {z, = 0} in (E, &) as the initial
rays incident from V2. Then we regard the set A, the image of covectors in A by 7z o @
around time tg, that is

As = {mg 0 ®(t,€) € (B, m)|(t,€) € (R.t0) x A},
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as the set of rays incident from V? at time ¢y. We also regard the union of A, for all ¢ C I,
as the set of rays incident from the hypersurface V0 at time ¢,.

From now on, we fix an m(= r + k + 1)-dimensional manifold M, a Hamiltonian function
H:T*"M\0— R, q € M, & € E,, and t; > 0. We suppose that (to,&o) be a regular point
of the ray length function 7 of ezp,, and put 1y = 7 o ®(ty, &o), uo = (o).

3 Regular r-cubic configuration associated with a light
source hypersurface with an r-corner

We now give a brief summary of the theory of regular r-cubic configurations which has
been developed in [8].

Let L2 = {(¢,p) € (T"R™,0)|¢s = Pl = Qg1 = *++ = @ = 0,91, > 0} for o C I,
where (g,p) are canonical coordinates of (T*R™, 0)

Definition 3.1 Let n € T*M\0 and L, be a lagrangian submanifold of (T*M\0,7) for
o C I,. We call {L,}sc1, a regular r-cubic configuration if there exists a symplectomorphism
germ S : (T"R™,0) — (T*M\0, n) such that L, = S(L?) for o C I,. The caustic of {Ly}ocy,
is defined by the union of the critical values of 7|, for ¢ C I, and (L, NL,)foro # 7 CI,.

Equivalence relations of regular r-cubic configurations: Let 7,7 € T*M \0 and {L!},cr.
be a regular r-cubic configuration in (T*M\0,7;) for ¢ = 1,2. We say that {L!},c; and
{L2}sc1, are lagrangian equivalentif there exists a lagrangian equivalence O : (T*M\0,m) —
(T*M\0, 12) such that ©(LL) = (L2) for o C I,.

Generating families: Let £(r;l) be the set of smooth function germs on (H" x R',0) and
let m(r;1) = {f € &(r;1)]f(0) = 0} be its maximal ideal. Let n € T*M\0. We say that
F(z,y,u) € m(r;s 4+ m), where z € H", y € R® and u € R™, is a generating family of a
regular r-cubic configuration {L¢}ocs, in (T*M\0, 1) if F is non-degenerate, that is

0°F  9%F
rank %2%1‘/ %%?;,‘ =r+s,
Oydy Oydu /,

and F|;,=o is generating family of L, under an identification of (M, 7(n)) and (R™, 0), that
is

L, = {duF(xay’u) € (T"M\0,n)|z, = dw!,—aF(x’y,u) = dyF(z,y,u) = 0}
for suitable coordinates (uy,- -+, un) of (M, (n)).

Equivalence relations of generating families: We denote B(r;l) the set of diffeomorphism
germs on (H™ x R,0) which preserve (H" N {z, = 0}) x R! for all ¢ C I,. We say that
function germs f,g € m(r;s) are reticular R-equivalent if there exists ¢ € B(r;s) such
that ¢ = f o ¢. We say that function germs F(z,y,v),G(z,y,v) € m(r;s + n), where
z € H", y € R’ and v € R", are reticular R*-equivalent (as n-dimensional unfoldings) if
there exist ® € B(r;s+n) and @ € grm(n) satisfying the following:

(1) @ = (¢,%), where ¢ : (H™ x R**",0) — (H" x R*,0) and 1 : (R™,0) — (R™,0).

(2) G(z,y,v) = F(¢(z,y,v),$(v)) + a(v) for (z,y,v) € (H" x R*+",0).
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We say that function germs F(z,y1,-:+,¥s,,v) € m(r;s; + n) and F(z,y1, ", Ys,,v) €
m(r; 53 + n) are stably reticular R*-equivalent if F and G are reticular R*-equivalent after
the addition of non-degenerate quadratic forms in the variables y.

Theorem 3.2 [8] Two regular r-cubic configurations defined at some points in T*M \0

are lagrangian equivalent if and only if their generating families are stably reticular R*-
equivalent.

We now prove that if exp,, is regular a hypersurface germ in (M, o) with an r-corner
normally oriented by & defines a regular r-cubic configuration in (7*M\0, 7).

Proposition 3.3 Let VO be the hypersurface germ in (M, qo) satisfying §olr,,vo = 0 defined
as the image of an immersion ¢ : (H™ x R*,0) — (M, qp). Let A, be the set of rays incident
from V2 :=VONn {z, =0} at timety foro C I,. Then F := 10 (& x id,) — ty € m(r; k 4+ m)
s a generating family of the regular r-cubic configuration {As}ocr, in (T*M\0, o).

In this case we call {A, },cr, the regular r-cubic configuration associated with V° at time
to and we call the caustic of {A,}sc1, the reticular optical caustic associated with VO at time
to.

Proof. By [5, Sublemma] we have

( d;f;f ) T M — T,V ®R
is an isomorphism. This means that
0’F
rank %15%“ =r+k. |
0you /

Hence F is non-degenerate.

Let 0 C I, and 7, € (E, ). Then 7, € A, if and only if 5, = 7go®(t, £,) for some &, € E,
and t € (R, 1) satisfying ¢ € V) and {,|r,y» = 0if and only if n, = d,7(g, «) for some g € V2
and u € (M, ug) satisfying d,7(q,u)|z,ve =0 and this holds if and only if 7, = d.F(z,y,u)
for some (z,y,u) € (H" xR**™, 0) satisfying 2, = 0 and d,, _, F(z,y,u) = d,F(z,y,u) = 0.
Hence F|, = is a generating family of A,. 0

4 Stability of unfoldings

In order to investigate stabilities of reticular optical caustics, we require some results of
the singularity theory of function germs with respect to reticular RT-equivalence. Basic
techniques we used in this paper depend heavily on the results in this section, however the
all arguments are almost parallel along the ordinary theory of the right-equivalence (cf.,
[2],[9]), so that we omit the detail.

We denote J'(r + k,1) the set of I-jets at 0 of germs in m(r;k) and let m; : m(r;k) —
J'(r + k,1) be the natural projection. We denote 5 f(0) the I-jet of f € m(r; k).



Lemma 4.1 Let f € m(r;k) and Ol5(5'£(0)) de the submanifold of J'(r + k,1) consist of
the image by m of the orbit of reticular R-equivalence of f. Put z = j! f(0). Then

af

9 9 0
T.(0rg(2)) = Wl((“‘la—a{p e ,x’_a?f,)f(r;k) +m(r; k)<3_yfl’ o 3_yk>).

We say that a function germ f € m(r;k) is reticular R-l-determined if all function germ
which has same I-jet of f is reticular R-equivalent to f.

Lemma 4.2 Let f € m(r; k) and let

of of of of
AV : 97 .. : A
m(r; k)™ C m(r; k)((21 9z’ ’xraxr> + m(r; k)(ayl ) 3yk>) +m(r; k)7,
then f is reticular R-l-determined. Conversely let f € m(r;k) be reticular R-1-determined,
then :
of of of of
k)i = =L N W (—— ... L
m(r, k) - (1’1 6.’1,'1 ’ y Ly 3:1:, >£(1‘,k) + m(r, k)(3y1 ) ’ ayk>

For each f(z,y) € m(r; k)? we define the corank of f by the corank of the matrix (g—:§(0)).

Lemma 4.3 (Splitting lemma) Let f € m(r; k)2 and ! be the corank of f. Then there exist
a function germ fo € m(r;1)® and a non-degenerate quadratic form Q(yi41, - - - ,Yr) Such that
folz=o € m(0;1)3 and f is reticular R-equivalent to fo(zy, -+, z,,y1, - - YD)+ QY1 Yk)-

Let F € m(r;k +n1), G € m(r;k + ny) be unfoldings of f € m(r;k). We say that F
is reticular R*-f-induced from G if there exist smooth map germs ¢ : (H" x Rk+m2 0) —
(H” x R*,0), 9 : (R™,0) — (R™,0) and & € m(0; ny) satisfying the following conditions:
(1) o((H" N {z, = 0}) x R¥"2) ¢ (H" N {z, =0}) x RF for ¢ C I,.

(2) G(z,y,v) = F(¢(z,y,v),%(v)) + a(v) for z € H", y € R and v € R™.

Definition 4.4 Here we define several stabilities of unfoldings. Let f € m(r;k) and F €
m(r; kK + n) be an unfolding of f.
We define a smooth map germ .

JF 2 (RTH,0) — (J(r +k, 1), 5£(0))
as follow: Let F: U — Rbea representative of F. For each (z,y,u) € U, We define Fi, , ) €
m(r; k) by Foyuw(z',y) = F(z+2',y+y,u) — F(z,y,u). Now define JiF(z,y,u) =the I-jet
of Fizyw). JiF depends only on the germ at 0 of F. We say that F is reticular R*-l-
transversal if j} F|,=o is transversal to O'x(j'f(0)). It is easy to check that F is reticular
R*t-l-transversal if and only if
AT

E(rik) = (z1=——,--

PR ) y "ty /E(r Vi T;k1+1,
o B B ayk>8( &) + Vr + m(r; k)

where Vp = Lg(1, gflwo, crey %Iu:O)-

We say that F is reticular R*-stable if the following condition holds: For any neigh-
borhood U of 0 in R™**" and any representative F' € C>(U, R) of F, there exists a
neighborhood Nj of F' such that for any element G € N 7 the germ G|grygre+n at (0, 7o, ug)
is reticular R*-equivalent to F for some (0, yo, uj) € U.
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We say that F is reticular R*-versal if F' is reticular R*-f-induced from all unfolding of
f.

We say that F is reticular RT -infinitesimal versal if

of .. ,0of of  of
8z, "z, dy.’ Ay

Theorem 4.5 Let F € m(r;k 4+ n) be an unfolding of f € m(r;k). Then the following are
equivalent.

(1) F is reticular R*-stable.

(2) F is reticular Rt -versal.

(3) F is reticular R* -infinitesimal versal.

E(rik) = (z17— =—)ersk) + Vr.

For f € m(r;k) we define the reticular R-codimension of f by the R-dimension of the
vector space

f of Of 8 f
E(r:k s g A -
By the above theorem if 1,a:,---,a, € £(r;k) is a representatlve of a basis of the vector

space, then f 4+ a1v1 + -+ ap,v, € m(r; k + n) is a reticular R*-stable unfolding of f.

In [8], we have given the classification of unimodular function germs under the reticular
R-equivalence. This classification includes the classification of function germs whose reticular
R-codimensions are lower than 8.

5 Stability of reticular optical caustics

In this section we shall investigate the stability of a reticular optical caustic under per-
turbations of a light source surface with an r-corner with respect to a fixed Hamiltonian
function.

Definition 5.1 Let V° be the hypersurface germ in (M, qq) satisfying éolr,,vo = 0 defined
by an immersion ¢ : (H" x R*,0) — (M, ). We say that V; produces a 'stable reticular
optical caustic at time ty if the following condition holds:

For any open neighborhood X of go in M, U of up in M, W of 0 in R™**, any representative
7T: X XU — R of 7 and any representative immersion i : W — X of ¢, there exists an
open neighborhood N; of 7 in the space of immersions from W to X with C*-topology such
that for every K € IV; the regular r-cubic configuration associated the light source surface

defined by &|g-yr+ at (0,y) is lagrangian equivalent to one associated with V° for some
(O') yO) ew.

We remark that by Theorem 3.2 the condition defined by changing the part ‘the regular
r-cubic - - - for some (0,%y) € W’ in Definition 5.1 to ‘(7o (&K X id, ) — to)|mrxmr+= at (0, Yo, uf)
is reticular R*-equivalent to 7o (v X id,) — to for some (0, yp, up) € W x U’ is equivalent to
the original. ,

Let V be an open set in R™*+™ with the coordmates (Z1y Ty YLyt s Yy ULy * * 5 Uy )-
We define the map

711 C2(V,R) = C=(V, J'(r + k,1))

by j¢(z,y,u) is the I-jet at 0 of the map (2/,y) — (F(z + 2,y + ¢/,u) — F(z,y,u)) for
FeC>V,R).



Theorem 5.2 Let M be an m(= r+k+1)-dimensional differentiable manifold, H : T*M\0
— R be a positive and positively homogeneous Hamilton function, gy € M, S € Ey,t0>0
and 7 be the ray length function associated with the regular point (to,&0) of expy,. Let
V0 be the hypersurface germ in (M, q) satisfying éolr,,vo = 0 defined by an immersion
v: (H" x R*,0) > (M, q0). Then V° produces a stable reticular optical caustic at time t, if
and only if F := 70 (v X idy) — to is a reticular R* -versal unfolding of F|y=y,.

By the above remark, this theorem asserts that the stability of F with respect to perturba-

tions of ¢ is sufficient to one of F' as an m-dimensional unfolding. Generally these stabilities
are not equivalent. Because the stability as an unfolding means the stability with respect to
both of perturbations of the corresponding light source surface and the Hamiltonian func-
tion.
Proof. (<) Let 7 : W — X be a representative immersion of : and #: X x U — R be
a representative of 7. By shrinking X and U if necessary, we may assume that 7|xx, is
submersion for every u € U. We denote Imm(W, X) the set of immersions from W to X and
define the continuous map

®: Imm(W,X) — C*°(W xU,R)
R s To (R xid,)—tg

Set F' = ®(i). Since F is a reticular R+-stable unfolding of f, there exists a neighborhood
N; of F such that for every function G € N &+ the germ G|grype+m at (0, y0,up) and F are
reticular R*-equivalent for some (0, yo,up) € W x U. Then ®~!(N;z) is a neighborhood of ¢
for which the condition in definition 5.1 holds.

(=) We suppose lemma 5.3. Let ¢/ : W — X be a representative immersion of : and
7: X XU — R be a representative of 7. Choose a relative compact neighborhood W of 0 in
R"* such that W C W' and choose a neighborhood N; of i := ¢/ |w for which the condition
in definition 5.1 holds. We define

By = {k € C®(W', X)|ji(# o (% x idy) — t0)|s=0 is transversal to Ol r(5' F(0))}

for each I € N, Then B, is a residual set in C*°(W’, X) by lemma 5.3. Since C®°(W’, X) is
a Baire space B := e B) is dense.

Set the open set O = {& € C®(W', X)|R|s is an immersion }. Then the map O —
Imm(W, X) given by & + R|w is continuous. Therefore the inverse image N5 of N; by the
above map is open neighborhood of ¢'.

Fix & € N; N B sufficient close to ¢ such that (7 o (& X idy) — to)|grxmr+t at (0, yo, up)
and F are reticular R*-equivalent at (0,y0,uy) € W x U. Define G € m(r;k + m) by
G(z,y,u) := #(&(z,y + yo),u + uy) — to. Then G is reticular R*-I-transversal unfolding of
g := Glu= for all I € N. Hence G is a reticular R*-versal unfolding of g. Therefore F is
also a reticular R*-versal unfolding of f. 0

Lemma 5.3 Let W, X and U be neighborhoods of 0 in R™** R™ and R™ respectively and
we denote their coordinates (T1,-++, Ty, Y1, ***, Ye)s (41, * , @) and (uy, - - -, u,) respectively.
Let H: X xU — R be a smooth map such that H|x . is a submersion for allu € U and A
be a submanifold of J'(r + k,1). Then the set

B ={f e C®W,X)|jiH o (f x idy)|s=0 is transversal to A}

18 residual.



Proof. Let V. = W N {z = 0}. Then the map
7:CO(W,X) = C®(V x U, J'(r+k,1)) ( f j{(H o (g x idy))|a=0 )

is continuous and C = {F € C*°(V x U, J!(r+k,1))|F is transversal to A} is open by Thom
transversality lemma. Therefore B = v~!(C) is open.

Choose relative compact open covering {W;}ien and {W/}iew of W osuch that W; ¢ W/
for : € N. For each i € N set

B; = {f € C®(W,X)|jiH o (f X idy)|s=o is transversal to A on W; N {z = 0} }

Since B = ;e Bi and each B; is open by an analogous proof of the above, it is enough to
prove that every B; is dense in order to complete the proof. Fix ¢ € N and f € C®(W, X).
Let P be the set of all n-tuples of polynomial maps of degree < I on z,y. Choose a
smooth function p : W — [0,1] such that p = 1 on W; and p = 0 on W — W/. Put
P ={a€ P|(f+p-a)(W)C X}. Since PP={a€ P|(f+p-a)(W/) C X} and W, is
compact, P’ is a neighborhood of 0. We define the following maps for a € P':

o : VXU —W xUxP ((y,u)~ (y,u,a))

p:VxUxP — J(r+k1) ((y,u,0) = ji(Ho((f+p-a) x id,))0,y,u)) ).

Let a € P'. Then (f+p-a) € B; if and only if ji(H o ((f + p- @) X id,,))|s=o is transversal to
A on W; N {z = 0}, and this holds if and only if 4 0 ¢, is transversal to A on W; N {z = 0},
Since p =1 on W; and H|x«, is a submersion, u is submersion and hence this holds if ¢, is
transversal to A’ := u~!(A). Hence i, is transversal to A at (0,y,u,a) € V x U x P’ if and
only if (0,y,u,a) ¢ A’ or the projection 7 : A’ — P’ is regular at (0,y,u, ).

Since the set of critical values of 7 has measure 0 in P’ by the Sard-Brown theorem, there
exists o arbitrarily near 0 such that j{(H o ((f + p- @) X id,))|s=0 is transversal to A on
W N {z = 0}. This means that there exists g € C®(W, X) arbitrarily close f such that
Ji(H o (g X idy))|s=0 is transversal to A on W; N {z = 0}. Hence B; is dense. O

6 Versality of reticular optical caustics

In this section we shall investigate our second problem. We say that a function germ
f € m(r;k)? does occur as an organizer of a reticular versal caustic at (to,&) if there
exists the hypersurface germ V7 in (M, qp) satisfying €olr,,vo = 0 defined by an immersion
vy + (H™ x R*,0) — (M, go) such that 70 (¢f X id,) — to is a reticular R*-versal unfolding of
f.

Lemma 6.1 Let a function germ f € m(r;k)? does occur as an organizer of a reticular
versal caustic at (t9,&o). If a function germ g € m(r;k)? is reticular R-equivalent to f, then
g also does occur as an organizer of a reticular versal caustic at (tg,&p).

Proof. By hypothesis, there exists a hypersurface germ V/ and an immersion ¢ to which
above condition holds. Since f is reticular R-equivalent to g, there exists ¢ € B(r, k) such
that ¢ = f o ¢. Consider the coordinate change (z,y) — ¢~ (z,y) on V/. Let V9 the



hypersurface germ of (M, q) parameterized by ¢,.

g V9 g
v N\
M lo R
N /
Ly Vf f

By the above diagram we have

G(z,y,u) == 1(19(z,y),u) —tg = T(es(d(2, ), u) — to = F(é(z,y),u).

Since F is reticular R+-versal unfolding of f, G is reticular R*-versal unfolding of Glu=o =

fop=yg 0.

Definition 6.2 [5, 3.2] Let v € M and n € E,. Then we say that H has rank s at u in
direction 7 if the following condition holds: Let L, be the line in T)M spanned by 5. If
we introduce affine coordinates vy,- -, vy in T M such that T,E, is given by v, = 1, the
Um-8Xis is Ly, and if we represent F locally at 7 as v, = 1+h(vy,- - »Um—1), then the Hessian
of h at n has rank s. :

Theorem 6.3 Let M be an m(= r+k+1)-dimensional differentiable manifold, H : T*M\0
— R be a positive and positively homogeneous Hamilton function, ¢qo € M, & € Ey and
to > 0. Assume (to, &) to be a regular point of expy,, put ug = expy, (to, &) and let g € Ey,
be the image of & under the local flow of H at time ty. Then each of conditions (1), (2) is
sufficient for f € m(r;k)? to occur as an organizer of a reticular versal caustic at (to,&o):
(1) reticular R-codimension f < m.

(2) reticular R-codimension f = m+ 1, corank f > 1 and the rank s of H at ug in direction
no 2> 1.

Proof. Choose coordinates (uy,::-,um) of M at ug such that the corresponding fiber co-
ordinates (vi,-++,vm) in Ty M satisfy the conditions in definition 6.2. By a linear co-
ordinate change of (uj,--,%mn—1), We may assume that h has the form h(viy s+, vm) =
i €ivf + X5 692, + a, where £;,8; = 0 or +1, a € m(r; k)? and in the case (2) 6, #0.

Let f € m(r; k)? satisfy the condition (1) or (2). By Splitting lemma, there exists a func-
tion germ fy € m(r;1)? such that f is reticular R-equivalent to Jfolz1,  Zey Y, 0, y) £
Y £ £ yp and fo|o=0 € m(0;1)%. We may assume that f = f, +yf, £ +y? by lemma
6.1. Then we have &(r; k)/(z L, %5) = &(r;1)[{z, %%).

First, We prove that zy,- -+, 2,1, - -, y are independent in &(r; l)/(x%m&, %y&). Let aqz;+
o+t +F Py =0¢€ 8(7‘;1)/(3:%%,%%) for @y, -, a,, B1,-+, 0 € R. Since
(B,y) =01in 8(0;1)/(%’;1|m=0) and fo|,=0 € m?(0;1), we have 8 = 0. Suppose that a; # 0.
Then there exist o, -+, € m(1;1) such that

0 0 0
Ty + '70(371, y)xl'a%.(xla Oa y) + 71(-7;1’ y)%?(xla 0, y) + '71(1'1’ y)TQ(xl, 0, y) =0.

Therefore we have +;(0) # 0 for some ¢ > 1 for xlgﬁ(xl,O, y) € m(1;1)2. We may assume
that ¢ = 1. Then this means that %{%luo € (%52—',5-_-0,"',%‘5%'3:0) and contradicts that

9



dimg m(0;1)/(%2].0) < co.
Consider the case (2). The vector space

(z 3fo 3fo

m(r; 1) /( 5y T Ir(@) +mlr; )

must have positive dimension because if not we have reticular R-codimension f < m. There-
fore we may assume by lemma 6.1 and lemma 6.4 that

b = 3 el 4 3 62 # 0 in miri (=202, 20 1 1)

=1 -

Now choose b1, -,b; € m(r;1)? and bypq,---, by € m(r; 1)® such that zy,- -, 2, y1,*, U,
bl+1, e abt is a basis of m(T’ l)/(<x%§" %‘%) + m(r; 1)3) and L1y Ty Y1505 Y1 bl+1) e abk+1
is a basis of m(r; l)/(a;—a%, —a-%)

In the case (1) choose by, -,b; such that z1, -,z 91, -, 9, bi41, -+, b generates

m(r; 1)/ (=52, ).
Define ¢ € B(r;k) b

¢(~T1)""axr7yla”'ayk) = (xl,'”axrayla"°ayl3yl+1+bl+17"'7yk+bk)-

Since expy, is invertible, The map ¢; : (H" x R¥,0) — (M, qo) given by i4(z,y) = ezpj, (
f(z,y) + to, (#(z,y),1 + h o ¢(x,y))) defines a hypersurface germ V; in (M, qp). Then we
have

F(.’L‘,y, 0) = T(Lf(ma y)7u0) —tp= (f(x,y) + tO) —t = f(xay)a
§(90, u0)lz,, vs = —d(zy)(7 0 1£)((0,0), u0) = ~d(z,4)£(0,0) = 0,

duF(2,9,0) = dut(e5(z,y),u0) = n(t5(z,¥),u0) = (¢(2,9),1+ ho ¢(z,y))
= (‘Tla""mrayla"' y Y, Y11 +bl+1,"’,yk+bk,bk+1 +a+ 1),

where a € m(r; k)3.
The case (1), we have

of o0
( k)/( 6£ a£> = LR(Lxl”"'axr,yla"',ylabl+17"'1bk>

= Le(L,z1, ,Tr, Y1, Ul Yit1 + big1y 5 Yk + D).

Hence the case (1) is completed. '
The case (2) Since ]-axla ey Yttt Yl bl+1’ e )bk) bk+1 is a basis of 5(1", k')/(ng, 55)’
there exist ag, @1, -, B1,+, Brs1 € R such that

of of

a=optonri+ oo+ 4+ + B+ B+ -+ Ber1brrr mod E(r; k)/(x%, ENA

Hence

O=agt+arizr+- -+ oz + Pin+ -+ By + Biprbigr + - -+ + Bibs + Bry1brgr
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mod &(r; k)/((xaf of 3y TR

Since 1, Try Y15+ Yty big1, + -+, by, by 8 a basis of E(r; k) /((z ¥, ay> + m(r; k)3),
== =0=0F = =0 =by =0.
Hence a € Lu(bit1,- -+, i) in E(r; k) /(z¥L, 8y) This means that

of 0
E(r k)/(“” f f)—LR(l Z1y 5 Tey Y1yt s Y g1, oo, Ok, Dkgr + @),

Therefore
&(r; k)/ (o5

Hence the case (2) is completed. : o

Lemma 6.4 Let A = diag(ey,--+,&.,01,--+,86) € M(r+1,7+1;R), €1,+++,6,,61,++-,0; are
0 or £1 and 6; # 0. Then the set F of matrices linearly generated by D$(0)! AD¢(0) for all
¢ € B(r;1) is equal to that of symmetric matrices in M(r +1,r +;R).

Proof. We denote ¢ = diag(ey,---,¢,) and 6 = diag(éy,---, ). At first we remark that
{B6C € M(s,t;R)|B € M(s,;R),C € M(l,t;R)} = M(s,t;R)

for any integer s and ¢. Let ¢ € B(r;l) be given. We denote ¢(z,y) = (z1a1(z,y), -+,
zra,(z,y), b1(z,y), - -, bi(z,y)). Then we have by immediately calculation that

ADi0) — G E0)) + ALOFHE0) ALO)SE0)
D0 4D6(0) = ( 2(2(0))/6(2(0)) | 2(?—3(0))%(?—(0)))'

By considering the case %(0) = 0 we have

of 0
f f) LR<1 L1y s Try Y1y Yy Yi1 +bl+1a"°ayk+bkabk+1+a'+1>'

: 2 cee g2
{< dlag(a1(0)€1(,) ,az(0)er) g ) € M(r+1,r+;R)|Be M(I,l;R)} C F.

This means that

{( 0 g) € M(r+1l,r+LR)|B € M(,R)} C F.

Let ¢,¢' € B(r;l) satisfy the conditions that a(0) = a/(0), 22(0) = a’;’ (0), where ¢(z,y)

= (z101(2,y), -, Trar(2,9), b1(z,y), - -+, bi(z,y)) and ¢'(=, y) (z104(z,Y), -+, zrar (2, Y),
i(z, ), -, bi(z, y)) Then

D¢(0)'AD¢(0) — D¢'(0)* AD4#'(0)
( 0 2(2(0))/8(2(0) - 6"’(0)))
(52(0) — 42(0))"6(22(0)) * '
Therefore

{( Jgt 13’ ) € M(r+1,r+LR)|B € M(r,l;R)} C F.

Similarly we have

{<}g 8>GM(r+lr+lR)|BeM(rrR) B'=B}CF.
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