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Abstract

A generalization of the standard spin-boson model is considered. The Hamil-
tonian H(a) of the model with a coupling parameter o € R acts in the tensor
product H ® F; of a Hilbert space H and the boson (symmetric) Fock space F; over
L*(R”). The existence and uniqueness of ground states of H(a) are investigated.
The degeneracy of the ground states is also discussed. The results obtained are
nonperturbative. The methods used are those of constructive quantum field theory
and the min-max principle. Also an exact asymptotic formula for the ground state
energy of H(a) as |a| — oo is established.
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1 Introduction and the main results

In the previous papers [7, 8] we investigated some aspects on the existence and uniqueness
of ground states of the standard spin-boson model, which describes a two-level system
coupled to a quantized Bose (scalar) field ( [11, 12, 25, 6, 1, 17, 18, 15] and references
therein). In this paper we propose a generalization of the spin-boson model, which we call
a generalized spin-boson(GSB) model, and establish some theorems on the existence and
uniqueness of ground states of the GSB model. As the examples given below shows, the
GSB model allows us to make a mathematically unified treatment of some specific models
of a quantum system linearly coupled to a quantized Bose field. By analysis of the GSB
model, one may clarify general mathematical structures underlying those models. In this
paper we focus our attention on the existence and uniqueness of ground states of the GSB
model. Other aspects of the model (e.g., spectral analysis, resonances, scattering theory)
will be discussed elsewhere.
Let -
Fi = FH(LA(R) = P [®7L (R”)] | (1.1)
n=0
be the boson (symmetric) Fock space over L?(R”) (for a Hilbert space K, K denotes the
n-fold symmetric tensor product Hilbert space of K with convention ®°K := C, v € N)
and H be a Hilbert space. The Hilbert space for the GSB model is given by

F=HQF (1.2)

Let w : R¥ — [0,00) be a Borel measurable function, almost everywhere finite with
respect to the Lebesgue meausre on R”, physically denoting the dispersion of a free boson



in momentum representation,

a(f) = [, a(k)f(b)dk, e I*(RY), (13)

be the annihilation operators on F, with a(k) the operator-valued distribution kernel of

a(f), and
Hy = dT(w) = /Rv w(k)a(k) a(k)dE, (1.4)

the second quantization of the multiplication operator w on L?(R¥), denoting the free
Hamiltonian of bosons. The Segal field operator

o) = N +alpy) (15)

(f € L?*(RY)) is one of the main objects in the Fock space JF;.
The Hamiltonian of the GSB model we consider is of the form

7
H(a):=A®I+I1®H,+ o) B; ® ¢();). (1.6)

i=1

Here I denotes identity, A is a self-adjoint operator on H, B; (j = 1,---, J;J < o0) are
symmetric operators on H, A; € L*(R¥)(j = 1,---,J), @ € R is a coupling parameter,
and T denotes the closure of a closable operator T

Some examples of the GSB model are given as follows.

Example 1.1 The standard spin-boson model. Let p > 0 be a constant, o0.,0, the
standard Pauli matrices and consider the case where H = C?, A = po,/2,J =1, B; =
V20.,01 = A € L*(R”). Then H(a) takes the form of the Hamiltonian

Hgsp(a) =§az®I+I®Hb+x/_aaz®¢( )

of the standard spin-boson model, which acts in C? ® F.

Example 1.2 An N-level system coupled to a Bose field. Consider the case where H =
CVN (N < o) and J = 1. Then A and B := B; can be represented by N x N Hermitian
matrices, so that A has N eigenvalues (counting multiplicity). Hence A describes an
unperturbed “atom” with N energy levels. A positive-temperature version of this model
is discussed in [20]. In that case, however, the Hamiltonian is neither bounded from above
nor bounded from below, which is due to that the case of positive temperature is treated.
This makes a big difference.

Example 1.3 A lattice spin system interacting with phonons. Let A be a finite set of
the v-dimensional square lattice Z” and consider the case where an N component spin

= (§W, 8@, ... SWM))sits on each site i € A and each component S acts on C* with
s € N. The Hllbert space of this spin system is §1ven by Ha = ®,EA'H with H; = C?, i €
A. The spin at site ¢ is defined by S; = (S, ,S S'(N)), S,n I®---@SMg...QI
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with S acting on H;. A Hamiltonian of the spin system interacting with a Bose field is
given by

N
Hp() == (— 3 JS: -Sj) ®I+I® Hy+aY. Y 5™ e g¢(aM)

@#J)cA JEA n=1

acting in Hpy ® Fp, where J;; € R,i,j € A, are constants and /\gn) € L*(R"),j € A,n =
1,--+,N. Asis seen, H(a) is of the form (1.6). To our best knowledge, this model has
not been discussed in the literature. It would be greatly worth studying as an extension
of the usual Heisenberg model.

Example 1.4 Nonrelativistic particles interacting with a Bose field. A Hamiltonian of
N nonrelativistic particles with mass M > 0 in a potential V (a real-valued measurable
function on R*Y) and in interaction with a Bose field is given by

1 J
Hpp(a) = <—§A—4A + V) ®I+1®H,+0aY G, ® ()

=1

acting in L%(R*N) ® F;, where A is the Laplacian on L(R*Y) and G;,j = 1,---,J, are
symmetric operators on L(R*Y). Related models are discussed in [13, 14, 2, 3, 4, 5, 19,
9, 10, 26].

Example 1.5 A model of a Fermi field interacting with a Bose field. Let F; be the
fermion Fock space over L?(R”;C®) (s > 1), H; a second quantization operator on F
and ¥(f), f € L*(R”; C®), the fermion annihilation operators on F; (which are bounded).
Then a Hamiltonian of a quantum system of a Fermi field interacting with a Bose field is
given by

J
Hpp(a) = H; @ I +1® Hy + a)_ ¥(p;)*¥(p;) ® 6(};)

=1
acting in F; ® F;, where p; € LZ(R‘T; C®),7 =1,---,J. In the case s = 2, this model may
serve as a model of electrons interacting with phonons in a metal.

Also various variants of these examples are in the class of the GSB model.
For a linear operator T, we denote by D(T') and o(T") the domain and the spectrum
of T respectively. If T is self-adjoint and bounded from below, then we define

Eo(T) = inf o(T). (1.7)
For the self-adjointness of H(a), we shall need the following conditions (A.1)-(A.3):
(A.1) The operator A is bounded from below. In this case, we set
pio 1= Eo(A) ' (1.8)

and _
A:=A- Ho, (19)

which is a nonnegative self-adjoint operator on H.

4



(A‘2) AJ, )\]/\/a-)E L?(RV), ]: 1,-..,'].

(A.8) D(AY?) c n_,D(B;) and there exist constants a; >0, b; >0, j =1,---,J, such
that, for all u € D(A/?),

I1Bjull < a;| A %ull + billull, §=1,---,J, (1.10)
and |
|a|( a; ) <1, 1.11) -
J_Zl 2 f ) ( )
where || - ||; denotes the norm of L2(R¥): ||f|l2 = 1/ fr» | f(K)|2dk, f € L*(R¥).
Let
7
Ho=A®I+I®H, Hi=) B;®¢), (1.12)
=1
so that
H(a) = Hy+ aHy. (1.13)

By a standard theorem of tensor products of self-adjoint operators (e.g., [21, p.301, Corol-
lary]), one can easily show that, under condition (A.1), Hp is self—adjoint and Hp > po.
For a vector v = (vy,+++,v;) € R and f = (fi, -, f1) € @1_1 L*(R"), we define

J
M,(f) = Z:’Ujllfjllz- (1.14)
We set ;
A=A, ) e P LARY) (1.15)
i=1
and
az(ala"'an)> bz(bh"'ab.])a (116)

where a; and b; are the constants in (A.3).
For 8,¢,¢' > 0, we introduce the following constants:

Coe = OM,(A/Vw) +eM,(N), (1.17)
Doy = Me W\/_) + &' My(M\ V), (1.18)
Eop= e ()‘) M) | M) | (1.19)

8¢ 2¢’ V2
Let (1.11) be satisfied. If |o|M,(A/+/w) # 0, then the interval

_ (JelM./VE) 1
I, = ( D) ’ |a|Ma()\/\/‘*_)))

(1.20)



is not empty. In the case |a|M,(A/{/w) = 0, weset I, » := (0, c0). Note that [1/2,1] C I, »
and, for all 8 € I, ,,

1 - 0la)Ma(A/Vw) >0, 1-— Ia_lf__Vf%@ 0

We define for 6 € I, 5

So :={(,€')|e,e' >0, |a|Cye < 1, |a|Dger < 1} (1.21)
and
A' = f .l .

es(A; @) . :'I)leng , (1.22)

Then we have

|| Mo (V) oMM V@ My(N)

eg(A;a) = -+ > 0. 1.23
Y) = 8T dlalM.(v7va) T2 (1 - Ebepnay Y (1.28)

Proposition 1.1 Assume (A.1)-(A.3). Then the following (i) and (ii) hold.

(i) The Hamiltonian H(c) is self-adjoint with D(H(a)) = D(Hy) C D(Hj), essentially
self-adjoint on any core of Hy and bounded from below with

po = lal inf ea(X5) < FolH(@)) < po (1.24)

(it) H(e) is an analytic family of type (A) near o = 0.

Remark 1.1 Suppose that each B; is bounded. Then (A.3) is satisfied with a; = 0,b; =
|B;ll, s =1,--+,J. Hence

My())
ok

||

eg(X; @) = Mb()\/\/_)

so that (1.24) gives

o — & My(\ VG - '3—'—]‘;% < Eo(H(a)).

In particular,

lim inf 5
jatj—=o0 o

Eo(H(e)) , My(A\/vw)* (1.25)
/ :

For the definition of analytic family of type (A), see [23, p.16]. Proposition 1.1 will
be proved in Section 2. The method of proof is to apply the Kato-Rellich theorem and
regular perturbation theory.

In this paper, an eigenvector of a self-adjoint opetator T' with eigenvalue Ey(T) is
called a ground state of T (if it exists). We say that T has a (resp. unique) ground state
if dimker (T — Eo(T')) > 1 (resp. dimker (T — Eo(T)) = 1).

To establish theorems on the existence and uniqueness of ground states of H(c), we
need some additional conditions as described below.

6



(A.4) The function w(k) (k = (ky,--+,%,) € R”) is continuous with

lim w(k) = oo (1.26)

Jk|=co
and there exist constants v > 0 and C > 0 such that

lw(k) — w(k)| < Clk — K'|"[1 + w(k) + w(k)], k& €R". (1.27)
(A.5) Each A\; (j =1,-:-,J) is continuous.

A typical example of w satisfying (A.4) is given by w(k) = /k2 + m? with a constant
my > 0 (a case of relativistic bosons; in this case, m; denotes the rest mass of a boson)
or w(k) = k?/2m; (a case of nonrelativistic bosons).

For a general w, as the first example above suggests, the constant

= inf w(k .

m = inf w(k) (1.28)
may play a role of the “mass” of a boson. In the massive case m > 0, we can establish a
general result on the existence of a ground state of H(«):

Theorem 1.2 Let m > 0. Suppose that (A.1)-(A.5) hold and A has compact resolvent.
Then H(a) has purely discrete spectrum in [Eq(H (), Eo(H(a)) + m). In particular,
H(a) has a ground state.

Remark 1.2 If each B; is bounded, then no restriction on « is needed in Theorem 1.2,
since, in this case, (1.11) is automatically satisfied for all & € R (see Remark 1.1).

Remark 1.3 If dim’H < oo, then the conditions (A.1), (A.3) and that A has compact
resolvent are trivially satisfied. Hence, in this case, (A.2), (A.4), (A.5) and the condition
m > 0 imply the conclusion of Theorem 1.2. Thus this extends Theorem 1.1 in [7, 8], a
corresponding result in the case of the standard spin-boson model 1.

Remark 1.4 Let m > 0. Suppose that (A.1)-(A.3) hold and yo is an isolated simple
eigenvalue of A. Then it follows from Proposition 1.1(ii) and a standard result in regular
perturbation theory [23, Theorem XIL9] that, for all sufficiently small |a|, H(c) has a
unique ground state and Eo(H(a)) is analytic near o = 0. Thus, in the massive case
m > 0, the existence and uniqueness of H(a) with |a| sufficiently small can be easily

established.

Remark 1.5 For some additional properties of the ground states of H(a) in the case
m > 0, see §4.1.

1We take this opportunity to make a correction to [7, 8]: In Theorem 1.1 in [7, 8], condition (1.26)
also should be supposed.



We shall prove Theroem 1.2 in Section 3. The method of the proof is to use a finite
volume approximation for H(a) and some limting arguments.

The massless case m = 0 is more interesting, but more difficult to analyze than the
massive case, because, in the massless case, under condition (A.4), we have o(H,) =
[#0,00) (note that o(w) = [0,00)), so that po cannot be an isolated eigenvalue of H,
and hence one can not apply the usual regular perturbation theory to establishing the
existence of a ground state of H(a) even if |e| is sufficiently small. Also all the other
eigenvalues of Hy (if they exist) are embedded in the continuous spectrum of Hy. Thus
we are faced with a perturbation problem of embedded eigenvalues. This is a general
feature of the spectral problem for a quantum system coupled to a massless quantum
field. This kind of perturbation problem is difficult to solve in general. As for such a
spectral problem, it is only for a few models that the existence of ground states has been
established nonperturbatively (13, 14, 2, 3, 4, 5, 25, 9, 10, 26]. In the present paper, we.
prove only a partial result on the existence of a ground state of H(a) in the case m = 0.

Let

S ={(0,¢,€)| 0 € 1, (¢,&") € Sy} (1.29)

and, for (0,¢,€') € S,
Eo(H(a)) — po + | Ee e

0,e,€") := .
v(0,¢,€") T —JalCo. (1.30)
Then, by (1.24), :
7(s) 20, s€S, (1.31)
so that we can define
v = ing'y(s) >0. (1.32)
S€

For a bounded linear operator T, we denote by ||T'|| the operator norm of T. Under
condition (A.3), B;(A + k)~'/? is bounded for all £ > 0. Hence we can define

B = inf |Bj(A+ k) TR, G=1,--0,d (1.33)
Remark 1.6 It is easy to see that, if each B; is bounded, then 8; < || B;]|.

We denote by N, the boson number operator

Ny := dD(I) = /R _a(k)*a(k)dk. (1.34)

Theorem 1.3 Let m = 0. Suppose that (A.1)-(A.5) hold and A has compact resolvent.
Moreover, suppose that )\;/w € L*(R*),j =1,--+,J and

| MM w)? < 2. (1.35)

where B := (B1,-++,B5). Then H(a) has a ground state Uy such that U, € D(I® Nbl/z)
and

I ® Ny Wol|? _ _a?Mp(A/w)?
IWol? = 2— a?M(A/w)?

(1.36)
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Theorem 1.3 will be proved in Section 4. The basic idea of the proof is to obtain a
ground state of H(a) as a weak limit of ground states in the massive case (Theorem 1.2).
The point of the proof is then to show that the weak limit is not zero. This idea was
already developed in our previous papers [7, 8]. The same idea and method are used in
[9, 10], which investigate more realistic models of nonrelativistic particles interacting with
photons.

To state a result of another type on the existence (and uniqueness) of ground states
of H(a), we introduce some objects. The following condition will be needed:

(A.6) The operators A and B;,j = 1,---, J, are bounded, and B; and B; (i,5 = 1,---,J)
commute.

This condition implies (A.1) and (A.3). In the rest of this section we assume (A.6).
The operator

R _lzj: (_).‘l_ L) B:B.: (1.37)
T\ Ve ), |

is a nonnegative bounded self-adjoint operator on H.
In the case \;/w € L*(R"),j =1,---,J, we define

/\i )‘
A = (Aij)lsivjf-]’ A,'j = (—, —J) . (138)
2

W w

It is easy to see that A is a nonnegative Hermitian matrix and that A is strictly positive if
and only if Ay,--+, A; are linearly independent. We assume also the following condition.

(A.7) The functions A;j,j = 1,---,J, are linearly independent with \;/w € L*(R") and
Aij,i,5 =1,---,J, are real numbers.

As remaked above, (A.7) implies that A is a real, symmetric, strictly positive matrix.
For each p = (p1,-++,ps) € R’, we define a bounded self-adjoint operator '

J
B(p) := }_p;B;. (1.39)

j=1

Let
-1 ~iaB(p) 4 oiaB(p) o~ (pA"p) 2
L(e) := rj/zx/(m/RJe Ae e dp — o’Rp (1.40)
on H. By (A.6) and (A.7), the integral on the right hand side of (1.40) converges in the
operator norm topology, defining a bounded self-adjoint operator on H. For a connection
of L(a) with H(«), see Remark 5.1 in Section 5. In terms of the operator L(a), we can
estimate Fo(H(a)):



Proposition 1.4 Assume (A.2), (A.6) and (A.7). Then

po — 0| Rl < Eo(H(a)) < Eo(L(a)). (1.41)
Moreover,
Jim 2Dy (1.42)

Remark 1.7 Under the assumption of Proposition 1.4, we have

My(A z
sl < MOL)

with b; = ||B;l|,J = 1,---,J. Hence (1.41) gives a better lower bound for Eo(H(c)) than
that of Propositionl.1 (see Remark 1.1).

Remark 1.8 For all u € H with ||u]| = 1, we have
(v, L(a)u) < [|All — o (u, Rpu).

Hence, by the variational principle, Eq(L(a)) < ||A|| — ¢*(u, Rpu). Since Rp is a nonneg-
ative bounded self-adjoint operator, we have supy=1 4en (4, Rpu) = ||Rp||. Hence

Eo(L(@)) < ||All - o||Ra]. (1.43)
Therefore, if || Rp|| # 0 and o > (||A||—o)/|| Rsl|, then Eo(L(a)) < po. Thﬁs, at least for
such |a|, (1.41) gives a more precise upper bound for Ey(H(e)) than that of Proposition
1.1. This fact is more explicitly exemplified in the standard spin-boson model as is shown
in the following remark.

Remark 1.9 If A and B; anticommute, i.e., AB; = —B;A,j = 1,--+,J, then e~"*B() 4 =
Ae@B(®) and hence o
L(a) = Ae™ Lism AsBiBs _ gy (1.44)

The standard spin-boson model satisfies this assumption (see Example 1.1). Let
Lsp(a) be the operator L(e) in the case of the standard spin-boson model. Then we

have
2

Lsp(a) = %aze’2“2||>‘/‘”||g —a? % K (1.45)
which implies that
B _202|A/wlf 2
Eo(Lsp(a)) = -5 Wk — o 7, (1.46)

In the present example we have po = —p/2. Hence, if (1 — e~ 2°IMul) /2 < o?|| N/ /@2,
then Eo(Lsp(e)) < po = —p/2.

10



Remark 1.10 Equation (1.42) is a formula for the asymptotic behavior of the ground
state energy Fo(H(a)) of H(c) in the strong coupling region |a| ~ oco:

Eo(H(a)) ~ —a’||Rp||  (lo] = o0).

We shall prove Proposition 1.4 in Setion 5.
We define for € > 0

)

o J
Ce(a) = 5= (Z(HAHIIBJII +11B;AlD)

3/2
]a| A
E (1Al B; ]l + ||-B; AlD Y= (1.47)
- f 2
where we assume also that

A% e LA(RY). (1.48)

Let
p1 = inf o(A) \ {po}- (1.49)

and
M(a) := sup K.(a) — || Rp|| (1.50)

e>0

with

K.(a)=min{m(l —¢€) + po, p1} — Ce(a), €>0. - (1.51)

Theorem 1.5 Let m > 0. Assume (A.2), (A.6), (A.7) and (1.48). Suppose that yy is a
simple eigenvalue of A, po < py and

Eo(L(a)) < M(c) (1.52)
Then H(c) has a unique ground state. |

Remark 1.11 As is seen in the case of the standard spin-boson model (see (1.46)), (1.52)
is generally a nonperturbative condition on a. Hence Theorem 1.5 is a nonperturbative
result. Under the assumption of Theorem 1.5, condition (1.52) is not empty as is shown
below. It is easy to see that

lim 1£(@) = 4] =0, (1.53)
which implies
ii_% Eo(L(e)) = Eo(A) = po. (1.54)

Let 0 < ¢ < 1. Then é = min{m(l —€),u; — po} > 0. Take ap > 0 such that
Dy := 6 — C.(ap) — a||Rg|| > 0. Then, for all |a| < ap, M(a) > uo + Dy. Hence, for all
sufficiently small |a|, (1.52) holds.

If m = 0, then K.(a) = po — Cc(a) and hence, by (1.41), (1.52) does not hold if
Ce(a) # 0. Thus, for (1.52) to hold in the nontrivial case C.(e) # 0, the condition m > 0

1s necessary.
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It may happen that H(«) has degenerate ground states. For example, consider the case
where H = CV (N < o0), J =1, A\; = A with A\/w € L*(R”), and A commutes with B; =
B. Then we can identify as F = @]_, F,. Without loss of generality, we can assume that
A and B are diagonal matrices with A = (p;_16;;)ij=1,-.N, B = (¥i=16ij)ij=1.-.N, po <
pr £ -+ < pN-1, o S v < -+ < vyoy. Hence we have H(a) = @N_, H,(a) with
H.(@) = pn1+ Hy+av,_16()), n=1,--+,N. It is well known that H,(a) has a unique

ground state with ground state energy Eo(Hn(a)) = €, where €, = pip_; — V'z“zlaz %“Z .
Hence, if Ep := &3 = 63 = +++ = €N, then H(a) has N ground states with ground state

energy Ep. In this case, it is not so difficult to see that (1.52) does not hold.
It is interesting to estimate the degeneracy of the ground states of H(c) in a general
case. In this respect, we have the following result:

Theorem 1.6 Letm > 0 and N := dimH < co. Assume (A.2), (A.6), (A.7) and (1.48).
Suppose that ‘
Eo(L(a)) < m + po — &*||R3||. : (1.55)

Then the following (a) and (b) hold:

(a) For all € € (0,m + po — o®||Rg|| — Eo(L())), there are at most N eigenvalues
(counting multiplicity) of H(c) in the interval [Eo(H(a)), m + po — o?||Rp|| — €).

(b) The Hamiltonian H(a) has at most N ground states: dimker (H(a) — Eo (H()))
<N.

We prove Theorems 1.5 and 1.6 in Sections 6 and 7 respectively. The basic idea for
the proofs is to employ the min-max principle.

2 Proof of Proposition 1.1

We first prove part (i). Using the well known estimates

la(H)Bll < £/ vellallHy 4, (21)
la(F) Il < IIF /vl E ]| + 11 £l (2:2)

for all f € L*(R¥) with f/\/@ € L*(R¥) and all ¥ € D(H;/?), we have

1
l6(F)ll < V2 £/ vello| Hy ) + Ellfllzlltbll,
C veDEP), fINGE®R).  (23)
Let  be the Fock vacuum in Fy:
Q= {1,03(]’} (24)
and

Fﬁn(w) = ‘C{Qa a(fl)* . 'a(fn)*ﬂln 2> 17fj € D(“’)?] = 17 e '7"}7 (25)
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where L{---} denotes the subspace algebraically spanned by vectors in the set {--+}. The
subspace Fgn(w) is dense in F; and a core of H,. We introduce a dense subsapce in F

D, = D(A)@Fu(w), (2.6)

where ® denotes algebraic tensor product. Let ¥ € D,,. Then, by (1.12), (A.3) and (2.3),
we can show that

~ Ma A ~
1H Y| < V2ZM,(\/Ve@)||(I ® Hy?) (A ® )| + —J%-)-IKAW ® I)¥|
My(A
VMLV © B + 2,
Let - _
Hy=A®I+1Q H,. (2.7)
Then it is easy to show that
~ 1 ~
I ® Hy*) (A @ 1)¥|| < —=|| Ho¥|. (2:8)

V2
We have for all ¢ > 0

. . - 1
(A e Y| < [[|V*|A® 1YV <cl|A® 1¥|| + =l
—~ 1
< e||Ho¥| + —||¥|.
< ool + ]|
Similarly we have for all &/ > 0

- 1
I ® Hy*)¥| < &'l Hol| + yrdd k

Thus we obtain

NH Y| < Fuw M) | Ho || + Ger(M, )], (2.9)

where
Fou(hw) = My(\/ Vo) + \%Ma()\) +V2e' My(M\ V@), (2.10)
Ge,el(/\,w) — Ma()‘) Mb(A/\/J) Mb()‘) (211)

4+/2¢ 2V/2¢! V2

Since D, is a core of Hy, inequality (2.9) extends to all ¥ € D(Eo), giving at the same .
time D(Ho) C D(Hy). Condition (1.11) implies that |a|F, (A, w) < 1 if ¢ and €&’ are
sufficiently small. Thus we can apply the Kato-Rellich theorem [22, p.162, Theorem
X.12] to obtain the first half of Proposition 1.1(i).

To prove (1.24), let ¥ € D,. Then

J
(2, H¥)| < > 1IB; ® IT|[lI ® 6();)Y|
i=1

13



J
- A Aj
< Nadr o)+ o) (V| 2 e mrvy+ ! Dol
7=1 w 2 ‘\/_
i1/2 1/2 M ()‘) 31/2
= VEMOVRIAS © 191 © 8] + X0 3 @ ruj o)
M(N) ..
VMOV @ B P + 2
We have for all 0,¢,¢' > 0
Va|AV @ T9||1 @ H*0| < 0(¥, A® 1) + (¥, @ Hy¥),

1 - ~ 1
—||AY? @ I'U||||¥]|| < &(V, A — || |2
ﬁll ® IV||[[¥]| < &(V, ®I\If)+86||‘1’||,

1
V2IT @ B U|||Y] < €(8,1® H¥) + 5| ¥
Hence we obtain 7
(O, Hy¥)| < Co (¥, A® IV) + Dyo(¥,1 @ Hy¥) + E. .|| T2, (2.12)

where the constants Cy, Dy and E, . are defined by (1.17)-(1.19). Let 6 € I, and
(e,€') € Sp. Then, by using the inequality
(U, H(a)¥) > pol| | + (¥, AQ I¥) + (¥,1 ® Hy¥) — |af|(¥, H; ©)]
we have
(ko = || Ec o) [ ¥|1? < (¥, H(2)¥).

By the fact proved above, this inequality extends to all ¥ € D(H(a)). Hence the vari-
ational principle gives Eo(H()) > po — |a|E. . Thus the first inequality on (1.24)
follows.

By the variational principle and the fact that

HO=0, a(f)2=0, feL*R"), (2.13)
we have for all v € D(A) with |ul| =1
Eo(H(a)) < (v®Q,H(e)u ® Q) = (u, Au).

Hence Ey(H(a)) < infuepa),ujj=1(%, Au) = Eo(A) = po. Thus the second inequality on
(1.24) follows.
Part (ii) follows from (2.9) and a general fact [23, p.16, Lemma]. O

3 Proof of Theorem 1.2

The basic idea of the proof is to apply methods used in the constructive quantum field
theory (e.g., [16]). Throughout this section, the assumption of Theorem 1.2 is taken for
granted.
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3.1 A finite volume approximation.

Let V > 0 be a parameter and

2nZ¥ 2T
ry =" { = (ke eeok) |k = T, my € 2, =1, } (3.1)
Let
Fov =Fp ( ) @ [®"f2 Ly ] (3.2)
n=0

the boson Fock space over £(I'y), which describes state vectors of bosons in the finite box
[-=V/2, V/2]". Each element ¥ in ®"¢2(T'y) can be identified with a piecewise constant
function in ®7L*(R”) which is a constant on each cube of volume (27/V)™ centered
about a lattice point k = (ky,+--, k,) € I'};. With this identification, v is regarded as
a closed subspace of F;.

Let

T T T T
C(k, V) = [Iq ~ 2k V] X eee X [k,, — Tkt V] keTy, (3.3)
and
Xk,v = Xow,vys
the characteristic fucntion of C(k, V). For each k € I'y, we introduce
1% v[2 174 v/2
0,(0) = (3-) o (Xewm) = (5) /[_W/V’W/V]y alk + £)de. (3.4)
It is easy to see that, for all k£, € Ty,
[a’v(k)a av(g)*] = 514:!, [a’v(k) ) a’v(z)] = Oa [a’v(k)*’ av(e)*] =0 (35)
on the finite particle subspace
= {¢ = {pM}>, € F|p™ = 0 for all but finitely many n}, (3.6)
where |-, ] denotes the commutator: [S,T]:= ST — TS.
We define
wy (k) =w(k,), keR, (3.7)
with k, a lattice point closed to k:
ko€Tv, [b—(k)IS5 j=l-w (38)
Let
Hyy = dl(w,) = / & kw, (k)a(k)*a(k). (3.9)
Let C,~ be the constants in (A.4) and set
-0 () ()
Cy = Cv (v —+1 (3.10)
In what follows we assume that
Cy < 1. (3.11)

This is satisfied for all sufficiently large V.
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Lemma 3.1 We have
D(Hsv) = D(Hy) (3.12)

and
2Cy

1-Cv

| (Hs — Hy,v) ¥ < |Hs¥||, € D(H). (3.13)

Proof. By (A.4) and (3.8), we have
w(k) = w, (k)| < CV*(x/V)'[1+ w(k) + wy ()],

Since " "
lsw()-i_wv( ), kERu,
2m
we obtain ‘
jw(k) — w, (k)| < Cvlw(k) +w, (k)], keR (3.14)
It follows from this inequality that
(1= Cv)w(k) < (14 Cv)wy(k), (1-=Crlw,(k) < (1+Cr)w(k), (3.15)

which imply (3.12). The right hand side of (3.14) is less than or equal to 2Cyw(k) +
Cy|w, (k) — w(k)|. Hence

jw(k) —w, (k)] <

which implies (3.13). O

For K > 0, we define functions A, kv and A;x on R” (j = 1,---,J) by

Aigv(k) = > Ai(D)x,v (K), (3.16)
Lely 4| <K i=1,v
X s (k) = X (r) -+« xoe (R )5 (), (3.17)

where x, is the characteristic fucntion of the interval [—- K, K].

Lemma 3.2 Forallj=1,---,J,

Jm kv = Ajklls =0, (3.18)
Aim [[Ajx = Ajll2 =0, (3.19)
. gy Ak
lim f|—2=— — —Z=|| =0, 3.20
V-0 \/LW -\/L; 2 ( )
e A
P by by Mk (3:21)
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Proof. Using the continuity of A;, we can show that, for each k € R", X; kv (k) =
Ajx(k)asV = oo. Let V > V5 > 0. Then

C(K) := max > |A; (k)| < o0,

J=1,ee,J B | <K+ (Vo) i=1,eew

since A; is continuous on R”. Hence

I)‘J’,K,V(k)l < C(K)X[—K—(W/VO),K+(1r/Vo)]V(k)’ |)‘j,K(k)l < C(K)X[_x,.rqv(k)’ keR".

By these facts, we can apply the Lebesgue dominated convergence theorem to obtain
(3.18). Similarly we can prove (3.19). In the present case, we have w(k),w, (k) > m,k €
R". Hence (3.20) and (3.21) follow from (3.18) and (3.19) respectively. O

We define
Hgyv = Hov + aHr kv, (3.22)
HK = Ho + CYHI,K, (323)
where

Hy=A®I1I+I1®H,y, (3.24)

7
Higv= EBJ- ® ¢(Njkv), (3.25)

Jj=1

J

Hrx =) B;®¢()k), (3.26)
=1

Lemma 3.3 (i) Hg is self-adjoint with D(Hg) = D(Ho) C D(H k), bounded from below
and essentially self-adjoint on any core of Hy.

(i) For all sufficiently large V, Hgy is self-adjoint with D(Hgy) = D(Hp) C
D(Hikv) , bounded from below, and essentially self-adjoint on any core of Hyy .

Proof. (i) This is just a special case of Proposition 1.1(i), i.e., Proposition 1.1 with
A; replaced by A;k (note that (1.11) implies that || ( vl aj”/\j,K/\/EHz) < 1 for all
K >0).

(i) By the proof of Proposition 1.1 (see (2.9)), we have for all £,¢’ > 0

1Hr gy ¥l < Feo OV, w M Hoy ¥ + G (W, w,) W], ¥ € D(Hoy),
where ﬁo,v —AQI+I® Hyy and
MW = Ak, Aikw).
By (3.18) and (3.20), we have
Vh—rrrgo Fs,e’(AglK)awv) = FE,E’(A(K)7w)) Vh—Igo GE,S'()‘§/I{)7wV) = GE,E'()‘(K)7 LU),

where A¥) := (A1 g, --,A;x). Hence, by condition (1.11), for all sufficiently large V
and sufficiently small ¢, > 0, we have |a|F€,5/()\g{ ),wv) < 1. Hence, by applying the
Kato-Rellich theorem and Lemma 3.1, we obtain the desired result. O
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Lemma 3.4 There erist constants ¢ > 0 and d > 0 independent of K < oo such that
|Ho¥|| < || Hx¥|| +d||T|l, ¥ € D(Ho),
where Hoo.:= H(a). In particular, for all z € C\ R, Ho(Hx — z)~! is bounded.
Proof. By (2.9) with }; replaced by A; x, we have for all ¥ € D(H,)

IHo¥|| = [|HxT — (aHrx + o) ¥||
< N Hg Ul + ol Foe A5, ) | Ho¥ || + (|| Geer( A5, 0) + o)) |-

Note that
Fs,s'()‘(K)aw) < FE,E'()‘aw)a Gs,s'(/\(K)7w) < GE,E'()‘aw)'

Hence, taking € and €’ such that |a|F. . (A,w) < 1, we obtain the desired inequality. O

Lemma 3.5 For all z € C\ R,
Jim (B = =)™ = (Hic = 27 = 0. (.27

Proof. Let V be sufficiently large so that Lemma 3.3(ii) and (3.11) hold. Then we

have
(Hry ~2)7' = (Hx — 2)7' = Ly(V) + Ly(V),

where

Ll(V) = (HK,V — Z)_I(I QH,—IQ® Hb,V)(HK — z)—l,
L2(V) = Oz(HK,V - 2)_1(HI,K - HI,K,V)(HK — z)—l.

By Lemma 3.4 and the easily proven inequality
I ® H¥|| < | Ho¥|l, ¥ e D(Ho),

I® Hy(Hg — z)~! is bounded. By Lemma 3.1 and the fact that

1
— Y < —
[(Hey —2)7 || < T’

we have

2Cy
<

I lIm z|(1 — Cy)

Hence limy_,o ||L1(V)]| = 0. By (2.9), we have for all ¥ € F

\(Hrx — Hixv)(Hg — 2z)" 0|
< Fo(OWE) 20 0| Ho(Hy — 2) 71| + Go o AF = AP 0)||(Hk - 2)719).

1£:(V) 11 ® Hy(Hg —2)7|.

Hence (Hjx — Hixv)(Hg — z)™! is bounded with

|(Hrx — Hixv)(Hg — 2)7%
< Foo(OWE) -2 )| Ho(Hy — 2)7Y| 4 Ge o W) — 2 0)||(Hk — 2)7Y|-
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By Lemma 3.2, we have

Jim o (A®) — A Wy =0, Jim G (A5 =2, w) = 0.
Hence limy_,o, ||(Hr,x — Hrxv)(Hg — 2)7|| = 0, which implies that
L2V < Gl = Hiew (B = 272 = 0 (V > o0).

Thus (3.27) follows. O

3.2 Completion of proof of Theorem 1.2
The following fact is well-known:

Lemma 3.6 The operator H,y is reduced by F vy and

Hb,V [-Fb,V = Z w(k)a'v(k)*av(k)a

kely
the second quantization of w[f*(T,) in Fyy.

Let
fv =H ® fb,V

In what follows we assume that V is sufficiently large so that Hgy is self-adjoint
(Lemma 3.3(ii)).

Lemma 3.7 The operator Hi v is reduced by Fy.

Proof. Let Py be the orthogonal projection onto Fy. We decompose L?(R*) as
L*(RY) = Fyy @ Ft, with Fyy = L*(R*) N £%(Ty). For vectors of the form

¢=u®(a(f1)*”.a(f")*ﬂ) Ef? UEH, fj ELz(Ry)’ j=1,"‘,n7

we have
Py® =u® (a(p, fr)" - a(pvfn)*ﬂ)v

where p,, is the orthogonal projection from L?*(R*) onto Fiy. By Lemma 3.6, Hyyv is
reduced by Fy with the reduced part given by

Hov[Fv =AQI+1Q (Hyv[Fsv).
Hence, for all ¥ € D(Hqyv), Py¥ € D(Hpy) and
HovPy¥ = PyHyyU.
Let ¥ € D, . Then we have

| 1 J ) )
Hrv¥ = = 3 > B; @ {a(x,, ) }i(0) + alx,, )Ai(0)} 0.
LeTy,|4i|<K i=1,w j=1
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Since p, X, = X, v, it follows that
PyH; vV = Hy g v PyV.

Hence Hg,y Py¥ = Py Hg,y¥. Since D,,, is core of Hg v (Lemma 3.3(ii)), we can extend
this equality to all ¥ € D(Hg,v), obtaining Py Hixy C HgyvPy. Thus Hgy is reduced
by Fy. O

Lemma 3.8 Let S be a self-adjoint operator on a Hilbert space K and bounded from
below. Let T be a symmetric operator on K. Suppose that S + T is self-adjoint on
D(S + T) := D(S) N D(T), bounded from below, and S has compact resolvent. Then
S + T has compact resolvent.

Proof. By the assumption, S + T is closed. Hence it follows from the closed graph
theorem that there exists a constant ¢ > 0 such that

IS%l + 1Tl < ell(S + D)l +cll¥ll, & € D(S+T). (3.28)

By the compactness of the resolvent of S, the set F;(S) := {¢ € D(S)| ||¢|| < 1,||S%]|| <t}
is compact for all ¢ > 0 [23, Theorem XII1.64]. By the closedness of S+ T, F;(S+T) is a
closed set. By (3.28), for all ¥ € F;(S+T), we have ||S¢|| < ¢(t +1), i.e., ¥ € Fyeq1)(S).
Hence Fi(S+T) is compact. It follows from [23, Theorem XII1.64] that S+ 7T has compact
resolvent. O

Lemma 3.9 The resuced part Hi y [Fv has purely discrete spectrum.

Proof. By (A.4), Lemma 3.6 and [23, Theorem XIII.64], H,y [Fs v has compact re-
solvent. Hence the assumption for A implies that Hy v [Fy has compact resolvent (apply
[23, Theorem XIII.64]). Then, applying Lemma 3.8 to S = Hov[Fv and T = Hrg v [Fv,
we see that Hg,y[Fv has compact resolvent. Thus we obtain the desired result. O

Lemma 3.10 We have
HK,V I-ff}' Z EO(HK,V) + m.

Proof. We have F, = F, v @ F(Fj) = o F), where FU) = Frv® [®§Fl'%,] Hence
Fiy = @2, FY and Ff = HOFy = @2, HOFY. On each HRFY = Fy @[®IFE],
Hg vy has the form C ® I®§F1*v + Ir, ® D with C = Hgy[Fv and D is a sum of j copies
of Hyy, each acting on a single factor Fji,;(cf. the proof of Lemma 3.7). Since D > jm
on ® F},, the assertion of the lemma follows. O -

Lemma 3.11 For all z € C\ R,
lim ||(Hx —2)7" = (H(a) = 2)7*] =0.

K—oo
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Proof. Similar to the proof of Lemma 3.5. O

Lemma 3.12 [24, Lemma 4.6]. Let T,, and T be self-adjoint operators on a Hilbert space,
which are bounded from below. Suppose that T,, — T in norm resolvent sense as n — oo

and T, has purely discrete spectrum in [Eo(T,), Eo(T,) + ¢) with some constant ¢ > 0.
Then, lim, o Eo(Tw) = Eo(T) and T has purely spectrum in [Eo(T), Eo(T) + ¢).

We are now ready to prove Theorem 1.2: By Lemmas 3.9 and 3.10, Hg v has purely dis-
crete spectrum in [Eo(Hgkv), Eo(Hk,v) + m). By this fact and Lemma 3.5, we can apply
Lemma 3.12 to conclude that Hg has purely discrete spectrum in [Eo(Hk) , Eo( Hx) + m).
By this result and Lemma 3.11, the same argument applies to the pair (Hg, H(a)) of self-
adjoint operators to conclude that H(a) has purely discrete spectrum in

[Eo(H (), Eo(H(a)) +m).

4 Proof of Theorem 1.3

To prove Theorem 1.3, we first need to investigate some properties of the ground states
of H(e) with m > 0, which are also physically interesting. Throughout this section, we
write simply

H := H(a).
4.1 Some estimates on the ground states

Lemma 4.1 Assume (A.1)-(A.8). Let Ug be an eigenvector of H with eigenvalue E:
HVg =EVg. Let f € D(UJ) N D(l/\/&)—) and
T(f) =I®a(wf)+ IZ £,2):2B; ® I

Then ¥ € D(T(f)) N D(I ® a(f)) and I @ a(f)¥g € D(H) with
(H-—E)IQa(f)Vg =-T(f)Vg.

Proof. Since D(H) = D(Hy) = D(A® I)ND(I ® Hy),D(A®I) C D(B; ® I) and
D(I® Hy) C D(I ® a(wf)) N D(I ® a(f)) (note that v/wf, f/+/w € L*(R")), it follows
that ¥z € D(T(f)) N D(I @ a(f)). Let ¥ € D,. Then we have

I®a(f)*HY = [I ® a(f)*, HIU + HI @ a(f)"¥ = —=T(f)*¥ + HI ® a(f)" V.

Hence

(I®a(f)¥g, HY) = —(T(f)¥r,¥)+ (HYs,I®a(f)"¥)

Since D, is a core of H (Proposition 1.1(i)), this equality extends to all ¥ € D(H). Thus
the desired result follows. O
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Lemma 4.2 Let m > 0 and {f;}52, be a complete orthonormal system of L*(R*) such
that \/wf, € L*(R*), £ > 1. Then, for all ¥ € D(I ® H}'?),

é(z ® a(fe/v/)¥, 18 a(\/afe)¥) = || ® N U2 (4.1)

Remark 4.1 Let m > 0. Then we have for all s > 0
DI®H)CDIQN), |I®NY| < %lll QHV|, Ve DU H). (42)
Proof. We can identify F as F = @;, L2 (R™;H), where L2 (R*";H) is the

Hilbert space of square integrable H-valued, symmetric functions on (R*)* = R*™ with

convention L2 (R*"; H)[n=0:= H. Then one can easily check that, for all ¥ = {¥(M}2

€ D(I®a(f)) (f € LAR")) |
(I ® a(f)\Il)(n)(kl, T kn) =vn+1 /R” f(k)*‘p(n-l-l)(ka kla Tty kn)dkv

where the integral on the right hand side is taken in the sense of an H-valued strong
Bochner integral. Let ¥ € D(I ® Hbl/2). Then we have I ® N}/*¥ = {\/n¥(™}> and

M o
Z:(I ® a(fo/ V)T, I Q a(v/wf)¥) = g_:(n +1) / O (ky, -+, ky)dky - - - dk,,
where

Qgﬁ)(kla'”?kn)

= JXW:/ V w(k,) fz(k)fg(k/)*(\ll(n+1)(k’ kl, cee k'n.), \I}(n-i-l)(kl’ kla “e, kn))‘}-{dkdk,.
£=1 w(k)

Yo

Let {w,}", (N < 00) be a complete orthonormal system of H and

g=1
M

o koo k) = 32 (B U by k) w R
=1

x ( / Fo(K) (k) (g, OO (R oy o kn))Hdk’) .

Then we have

N
O (kyye ey k) = Y08 (Kyy- oo, k).

g=1

The interchange between [ dkdk’ and the sum Ef:l can be justified by using

N
E |(\P(n+l)(ka kla e 7kn), wq)'H(wq, \Il(n-l-l)(k,, kl, "ty kn))'Hl

g=1

< Ok, ko k) [ OO E By B 24,
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which follows from the Schwarz and Bessel inequalities. By the Schwarz inequality on
Y°M . and the Bessel inequality for the orthonormal system {f;}}£,, we can show that

1/2
|<I>§&?q(k1,"',kn)| < (/w(k)-1|(\IJ(n+1)(k,k1,-.. k ),wq)H|2dk)

1/2
x ( [ @)l ag, WOk o ))H|2dk) .
It follows from the completeness of {f;}52, that
Jim @ (b, k) = [(@E by, Ka), w0 ) (104, WDk, By o ) e

It is easy to see that

Z/dkl (413 </w 1@ (b, y, - kn),wq)ﬂ|2dk)

n=0 g=1

1/2
X (/w(k)l('wq, \Il("'H)(k, kla %y kn))H|2dk>

1/2

1/2
< (5 dbe b+ Dl R
n=0
1/2
( [ by dhadb(n + DRIy kn)n%)
n=0
< I1® N9 ® Hy*¥|| < .

\/—I

Thus, by the dominated convergence theorem, we obtain

M
Jim 5(1'® a( 1/ VO, 1 ® a(VE1)Y)

= S (n+1) / dkdky + - - Ay (D (B, ey, o oK), UOFD (B Ry, e e Bt

n=0
= 1o N/ ¥
Thus (4.1) follows. O

Lemma 4.3 Let m > 0 and assume (A.1)-(A.3). Suppose that there exists a ground
state Uy of H. Then Uy € D(I ® N) and

2 J s
(\IJO,I®N,,\IIO) <=3 —wi

2 \&

2
|B; ® I\I!0||) . (4.3)

2

Proof. By (4.2), we have ¥y € D(I® N;). Let f € D(w). Then f/+/w € L*(R”), since
m > 0. It follows from the fact that H — Eo(H) > 0 and Lemma 4.1 that

0 (I ® a(f)¥o, (H — Eo(H))I ® a(f)¥o)
—(I ® a(f)%o, T(f)¥o)

J
—(I® a(f)To, I ® a(wf)Ty) ——}Z Yo(I ® a(f)To, B; ® IW,).
=1

IIA
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Hence
J
(I ® a(f)¥o, I® a(wf)To) + % S (£, A3)2(I ® a(f)¥o, B; ® 1) < 0.
7=1

Let { i}« be a complete orthonormal system of L*(R") as in Lemma 4.2. By the inequality
just obtained, we have for all M € N

Z(I ® a(fe/Vw)To, I ® a(v/wfe)¥o) + —= 73 Z(I ® a(F;u)¥o, B; ® I'¥;) < 0.

{=1

where Fjpr = M w2 (fy, Aj//@), fi. By the well known estimate

la(H)ell < IFIIN?0ll,  f € L3(RY), ¢ € D(N}/?), (4.4)

Lemma 4.2 and the fact that \
J

in L*(R"), we obtain
(Wo,]@Nb‘I’o \/—Z I®GA/L(J)\I’0,B ®I‘I’0)<0
which implies that Y"7_; (I ® a(};/w)¥o, B; ® I'¥y) is real and

(U, (1@ Ny) ¥g) < l‘}'

(A%

In what follows, we assume that the assumption of Lemma /.3 is satisfied and ¥y is
normalized:

31 ® a(X;/w) Wl B; ® T ||

IBJ- ® I\I'oll) 17 ® N2 @q]l.

Hence (4.3) follows. O

[Tof| = 1. (4.5)
We want to estimate ||B; @ 1|
Lemma 4.4 Let v be defined by (1.32). Then
|AY? ® I'¥o|® < 7 | (4.6)
Proof. Using (2.12), we have

|AY? ® IT,))? (To, A ® IT)

(Wo, HU) — (W, I ® Hy ) — a(Uo, Hi¥o) — o

Eo(H) — po — (Yo, I ® HyWo) + |af|(To, HTo)|

Eo(H) — po + |a|Ecer — (1 — || Dy o1 )(Wo, I ® Hy o)
+]a|Cp(To, A ® TTy).

INIA I
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Hence, for all (0,¢,¢') € S,
(1 = [l Co )| A2 @ IWo||* < Eo(H) ~ po + || E,.01,
from which (4.6) follows. O

Lemma 4.5 Forallj=1,---,J,
1B; ® 1%l < B;, (4.7)
where B;,5 = 1,-++,J, are defined by (15’3)
Proof. For all « > 0,
1B; ® ITo|| < [|(B; @ D(A+ &) @ I|[I(A+ £)'/* ® I .

We have B _
|(B; ® I)(A+ k) ?@I|| = ||Bi(A+ &)/

By Lemma 4.4, we have
I(A+ £)'? @ IT|* = |42 @ I |* + £ < 7 + 5.
Thus (4.7) follows. O

By Lemmas 4.3 and 4.5, we obtain

2

(o, (I ® Ny)Wo) < Z-Mp(Aw)?. (4.8)

Let p,,7r=0,1,2,--+,¢ (¢ £ o) be distinct eigenvalues of A with po < gy < pa < -+
and H, be the eigenspace of A with eigenvalue p,, so that H = &7_oH, [if H is finite (resp.
infinite) dimensional, then ¢ < oo (resp. ¢ = o0)]. Let Q. be the orthognal projection
from H onto @_o H,. We define

Qr=1-Q,. (4.9)

Let Pq be the orthogonal projection from JF; to the one-dimensional subspace {2§}|z € C}.
Our next task is to estimate (U, @, ® Po¥y).

Lemma 4.6 Forallr =0,---¢,
Q- P >I—-IQ®N,—QF ® Pq. (4.10)

Proof. We have
Q- ®Pa=1® Pa—Qf ® P.

It is easy to see that
Py > 1— N;.

Hence (4.10) follows. O

25



Lemma 4.7 Let
J
HO = ==Y B;®a())). (4.11)

Then, for allr =0,-++,¢—1,

a2

1
(\IIOa Qr ® PQ\I’O) S (”""l'l - EO(H))

| H |2 (4.12)

Proof. By (2.13), we have
Qr ® PoH = QFA® Po+aQy ® PoHy”
on D(H,). By the identity
(@ ® Pa)(H — Eo(H))¥o =0,

we obtain

(Yo, @ (A — Eo(H)) ® Palo) = —a(QF ® PaWo, H{ o).
By the spectral theorem, we have
(o, @y (A= Eo(H)) ® PaWo) > (pir41 — Eo(H))(Po, Q7 ® Po¥o).
+ Since p,41 > po > Eo(H), it follows that

|

— = |Q+ ® PR AT
e B |9 © FaYollllHr Yol

(¥o, @7 ® Pa¥o) <

Thus (4.12) follows. O
Lemma 4.8 For each j =1,---,J, ¥y € D(B; ® a(};)) and
(g, = Ly
HI ‘I’o = EZ_;:BJ ® G(A]')‘I’o.

Proof. In the same way as in the proof of Proposition 1.1(i), we have for all ¥ € D,
and j=1,---,J

18,8 )0 < (25 + Vet ) I VGTL ot + L5 /vl (813)

Hence

e < (LD L o) ) 1wl + Gy, e, (s

Since D, is a core of ffo, there exists a sequence {V¥,}2, C D, such that ¥, —
Vo, Hy¥, - Hy¥y (n = o). Then, by (4.13) and (4.14), {B; ® a(};)¥,}. and
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{H!70,}, are Cauchy sequences. Since B; ® a();) and H!™) are closed, we obtain
the desired result. O

By Lemma 4.8, we have

1H; W] < \[2 I(B; ® (A + k) @ II(A+ £)2 @ a(\)Tol.  (4.15)
So we next estimate [|(A + k)2 ® a();)To-
By (4.4), we have for all ¥ € D,
1A+ £)Y2 ® a(X) T2 < [ NI{<IT @ Ny T2 +[|(AV2 @ I)(I ® N;/*)¥|%.  (4.16)

Moreover, using the fact that
[Hy, N} =0

on Fgn(w), we have

I(A? ® I)(1 ® Ny/*)w|?
= (IeN*¥,(Ae (I e N/*)¥)
= (I®NM*U,(H—1® H, — aHy — po)(I ® N}/*)0)
= o(I® N*W,[H;, I® N/*)9) + (I® N,¥, HD)
—(I® N}*0,1® Hy(I ® N/*)¥)
—a(I ® NY*U, Hi(I ® NM*)0) — ol T ® NJ*U|2.

By (2.12), we have

(1 ® N*¥, Hi(I® Ny)U)| < Co(I® N,*¥,AQ1(I® N,’)¥)
+Dg (I ® N2, 1® Hy(I® NM*)0)
+E. |1 ® N,/ 9|,

It is not so difficult to show that, for all f € L*(R¥),
la(£), Ny/*) = {(No + )2 + N, "} a(),
la(£)", Ny/*) = —{(Ns — 1)/2Pg + Ny} ta(f),
on Fy. Hence
[H;,I® N/ o = \/_E{ (B; ® I)(I ® {(Ny +1)% + N}*}1a();))¥
—(B; ® DI ® {(Ny — 1)"/2Pg + N;/*}a();)") T},
Using (4.4), the estimate
la(fyll < 12l (Ns + 1))l f € L*(RY), & € D(IV,'?),
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and the easily proved inequalities
1
N {(No + )2 + NP3 < 50 NN = 1)YA P + MY PR < 1,

we have

|(I®N”2w [H1,1® N,"*|0)|

IA

quB ® IY|| (|1 ® N, NEAL(N, +1)2 + N7y a(X;) ¥

I ® N2 {(Ny — 1)Y2Pg + NPy a(0;) )

IN

fz 18; @ 19 (511 @ a()¥] + 1 @ a(0,)" w1

1
fz 18; ® 19 (S 1llall7 @ N1 + Iyl @ (M + 1))

AN

Combining all the estimates derived above, we obtain for all (8,¢,¢') € S

(A2 @ I)(I ® Ny/*)¥?

1
S TTale (ReU ® MW, HY) + ([alEeer — wo)ll @ N0
a 1
-l (Z 1B; @ 1% ||2) (Gl M ul+11e (M +1p e))}). @)
7=1

By (4.2) with s = 1/2, we have
IN.0) < =50l @ e D(H}").

Hence we have

I(A72 8 (I8 N,)¥| < ﬁn(ﬁm ®I)(I ® H,”)Y|

< —=lou).
which, together with Lemma 3.4, gives
(A & I)(I & N, ¥ < \/—(CIIH‘I’H + 4| )

with constants ¢ and d. Similarly we have

(I ® N, ¥, HY)| < (CIIH‘I’H +d| e EY),
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1
I ® N9 < —(ICl (el T + 4] T]),

1B; ® I¥|| < || HY|| + d'|| Y]]

with constants ¢’ and d’. By these estimates and the fact that D, is a core of H, (4.17)
extends to all ¥ € D(H) = D(Hp). In particular, taking ¥ = ¥, and using Lemma 4.5
and (4.8), we obtain for all (8,¢,¢’') € S

(A2 ® I)(I ® N/,

1.

<« L ||
- 1—|a|00,5

{5 BoH) + 101 .. — o) Ma(/)? + SM5(3) (SlalMs(0/e) +1) ).

Putting this result into (4.16), which also extends to all ¥ € D(H), we have
1A% ® a(X;)Toll” < [N l1Ks(0, 6, €', £)
where Kg(0,¢,€',k) > 0 is defined by

2(  Eo(H) = po+|a|Esu
Ko(fce k) =2 0 £E 2
ﬁ( €€ 7"’) 9 (h: + 1— |a|09,5 Mﬂ(’\/w)

]

3
T TGy M) (1ol Ms( /) +1). (4.19)
By this estimate and (4.15), we obtain
| Woll < puKiol6,2,¢', )

with

1 J _
= — B:(A + &)"Y2)l|A:]l5. 4.19
Pr \/5;” i )72 | (4.19)

Hence, by (4.12), we have

2

(07
(0,07 ® Pato) < oo

SpaKp(0,6,¢', k)%, (0,¢,6') €S. (4.20)

4.2 Completion of proof of Theorem 1.3 |
We are now ready to proove Theorem 1.3. We apply the following fact.

Lemma 4.9 Let S,, n = 1,2,---, and S be self-adjoint operators on a Hilbert space K
having a common core D such that, for all ¢y € D, S,v — S¢ asn — oo. Let ¢, be a
normalized eigenvector of S, with eigenvalue E,: Sy, = FEpt), such that E = lim, .. E,
and the weak limit w-lim, o, ¢, = ¥ # 0 exist. Then ¢ is an eigenvector of S with
eigenvalue F. In particular, if 1, is a ground state of S,,, then v is a ground state of S.
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Proof. By the present assumption and a general theorem [21, Theorem VIII.25(a)],
Sn converges to S in the strong resolvent sense as n — oo. Hence, for all ¢ € K and
z € C\ R, we have

(8, (Sa—2)" ) = (4, (S—2)" )]
< (a2 = (S =27 8, )|+ (S =27, = ¥)]
S I(Sa=2 8= (S =) 4l +|((S =) g, thu— v)|
- 0  (n—- o),

ie., nlgn (d) (Sn —2)” ) ( ) By the spectral theorem, we have
(qS, (Sn — z)-1 z/)n) (En — z) (¢ z/1n) Hence we obtain (qS (S - z)—1 zb) =
(¢, (E~2)"9) for all ¢ € K, which implies that (S —2)""¢ = (E —z)™"¢. Thus

Y € D(S) and Sy = Ev. If ¢, is a ground state of S, then (d), S.¢) > E,||4||* for all
¢ € D. Taking the limit n — oo in this inequality, we obtain (¢, Sé) > E||¢||%. Since
D is a core for S, the last inequality extends to all ¢ € D(S), which, combined with the
preceding result, implies that £ = inf o(S). Thus ¢ is a ground state of S. O

Let the assumption of Theorem 1.3 be satisfied. We define for m > 0
wn(k) = w(k) +m

and
H,, := Ho(m) + aH;
with _
Hy(m)=AQ®I+IQ®dl'(wy).

Lemma 4.10 The subspace D,, given by (2.6) is a common core of all H,,, and H. More-
over, for all V € D,, H,¥V — HVY as m — 0.

PROOF. The first half follows from Proposition 1.1(i) and the fact that D,, is a common
core of Hy and Ho(m). The second half follows from a direct computation. O

Remark 4.2 By Lemma 4.10 and a general theorem [21, Theorem VIII.25(a)], H,, con-
verges to H as m — 0 in strong resolvent sense.

The massive Hamiltonian H,, satisfies the assumption of Theorem 1.2. Hence there ex-
ists a ground state Wo(m) of H,: H,,Uo(m) = Eo(H,,)¥o(m). Without loss of generality,
we can assume that ||Up(m)|| = 1.

Lemma 4.11 We have
lin% Eo(H,) = Eo(H). (4.21)
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Proof. We have
H, = H+mI® N,.

Hence

Eo(Hn) = (%o(m), Hn¥o(m))

AV

By (4.8),we have
2
(To(m), I ® NyTo(m)) < %Mc(m,n,s)(x/wm), s€S,

where ¢(m, k,8) = (¢1(m, k,8),+++, cs(m, k,8)) with

cj(ma'gas) = ”BJ’(Z+ "7)_1/2” V'Ym(s) +k, S€S, k>0,

and 7,,(s) is the constnat y(s) with w replaced by w,,. It is easy to see that

E_
limsu 0,e,e") < —Ifﬂ——f——-.
m—»Op’ym( T ) —1- |a|00,5

Hence it follows that m(Uo(m),I ® Ny¥e(m)) = 0 (m — 0). Therefore
iminf Eo(Hn) 2 Eo(H).

On the other hand, the strong resolvent convergence of H,, to H as m — 0 (Remark 4.2)
implies that limsup,,_,o Eo(Hm) < Eo(H). Thus (4.21) follows. O

Since Wo(m) is a unit vector, there exists a subsequence {m;}:2, with m; > my >
-+« >m; = 0 (j & o) such that ¥ := w- lim;_,, ¥g (m;) exists. We need only to show
that ¥y # 0 (then, by Lemmas 4.9 and 4.10, ¥ is a ground state of H). By Lemma 4.6,

(4.8) and (4.20), we have for all s,s’.€ S and &,x' >0

a2

(To(m;), @r ® Pa¥o(m;)) 2 1-— ?]‘/Ic(ww:,s)(/\/wmj)2
o’ 2 1) o )2
G Eo(HmA))Zp"K (s,8', k)%,

where KU(s, s, k') is the constant Ks(s', &) with w and 3 replaced by Wm; and ¢(m;, K, s)
respectively. Since the range of @), ® Py is finite dimensional, taking the limit j — oo
gives

o? a?

(\IIO-) Q'r ® PQ‘I’O) 21— '2_Mc(n,5)()‘/w)2 - (/—‘r+1 — EO(H))2 p?eKC(ﬂ’S)(s,’ ’i,)z’

where ¢(k,s) = (¢1(k,s),-++,cj(k,s)) with

¢i(k,8) = | B;(A+ £)72||/7(s) + &.
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It follows that, for all s’ € S and <’ > 0,

a2

(ki1 — Eo()P2""
If dim H = oo, then y,4; — oo as r — co. Hence

1
A (4r11 — Eo(H))? . (4:23)

Therefore, under condition (1.35), the right hand side of (4.22) is positive for all sufficiently
large r. Thus ¥4 # 0. In the case where dimH < oo, using the fact that I ® Pq is finite
rank and I ® Pop > I — I ® N,, we have

(\Ilo, Q,. ® PQ‘IIO) Z 1~ %zMg()\/w)z Kﬁ(s K )2 (422)

2
(To, I ® Pa¥g) >1— %Mﬁ(x/w)? (4.24)

Hence, under condition (1.35), we have ¥y # 0. Thus ¥y is a ground state of H.
We next prove (1.36). By (4.8), we have

2
(04
17 ® N> To(m;)|I* < <M,y (Afeom, )2,

where 3(m) is the constant 3 with w replaced by w,,. We write Uo(m;) = {Uo(m;)M}=
with Wo(m;)™ € L% (R*";H). Then, for all N > 1,

al 2 O 2
S nl[o(m,) | € & Mgy (Moo, o
n=1
Let {\Ilgn) }2, be a complete orthonormal systém of L? (R H). Then, for all M > 1,
: N
sz(\po m;)™, M) < —Mﬁ(mj)(x/wmj) : (4.25)
n=1 {=1

It is easy to see that Km,_,e(¥o(m;)™, TM) = (¥, ¥() and
hm sup Mﬁ(mj)()‘/wmj) < Mﬁ()‘/w)
j—oo

Hence, taking the limit j — oo in (4.25), we have

() ) o’
EZM\II LI < 2Mﬂ()\/w)2.

n=1/¢=1
In this inequality, taking the limit M — oo first and then the limit N — oo, we obtain

[e%) n a2
3 nllT)? < —2—Mﬁ(,\/w)2,

n=1

which implies that ¥y € D(I ® N;/?) and
7@ Nl < & My )
Since @, ® Pop < I and I ® Py < I, it follows from (4.22)-(4.24) that
1ol 2 1 - S M0
Thus (1.36) is obtained.
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5 Proof of Proposition 1.4

Suppose that the assumption of Proposition 1.4 is satisfied. It is well known that, for all
f € L*(R"), the operator

3 *
P(f) == = {alf)” — ()}
is essentially self-adjoint on the finite particle subspace Fy of F. It is easy to see that
J
T = ZBj ® P(/\J/w)
Jj=1

is essentially self-adjoint on H®F,. We denote the closure of T by the same symbol.

Then we have a unitary operator .
U= et

The following lemma can be easily proven:

Lemma 5.1
UIQH)W '=I®9H,+aH;+a’RgQ1,

where Rg is defined by (1.37).

We introduce a new Hamiltonian

H:=19H,+U Y (A®I)U - *Rp®I. (5.1)

Then, by Lemma 5.1, we have the operator equality
H(a)=UHU™. (5.2)

In particular, .
Eo(H(a)) = Eo(H). (5.3)

—

We now proceed to proof of Proposition 1.1. Since (5.3) holds, we estimate Eqo(H).
By (5.1), we have =N
H > po - o*||Rg],

which, together with (5.3), implies the left hand side inequality of (1.41).
By the variational principle, we have for all v € H with |Ju]| =1
Eo(H) < (u®Q, ﬁu@ﬂ)
= (Uu®f,(A®)Uu®N) — o*(u, Rpu).

Since u ® (1 is an entire analytic vector of T', we have

Uu®Q,(A®Uu Q)

11, .. .
= 2 > == ((i)"By - Biu, Aia)"B; -+ Bi,u)

'ITL,TL=0 15j11"'1jm1i11"'1inSJ

X(P(Ajy[w) =+ P(Aj /W)X, P(X [w) -+ P(Ai, [w)QQ).
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We denote the closure of P(f) by the same symbol. Since A;j,%,57 = 1,---,J, are real by
(A.7), we have
eitP(/\.-/w)eisP(/\j/w) - eisP(Aj/w)eitP(/\.'/w), z’] — 1’ . .]’
for all s, € R (see [22, Theorem X.41]). It follows that the self-adjoint operators
P(};/w),j =1,---,J, are strongly commuting® and
o Tpma PO /0) _ P, i) (5.4)

for allt; € R,j = 1,---,J. Hence there exists a unique J-dimensional spectral measure
E(dp) such that
E(Sl X oo X SJ) = E1(Sl) s EJ(SJ)

for all Borel sets S; C R,j = 1,---J, where E; is the spectral measure of P(\;/w). We
have

(P(Aj/w) -+« P(Aj)[w), P(Xiy [w) -+ P(Xs,) [w))
= Joo Pirt PinPia oo Pin (D, E(dp)Q).
By the well known formula
(Q,eFNQ) = e WIB/4 f e [3RY),
and (5.4), we have
(Q, eiZJLl tjP(,\,-/w)Q) — e E.‘J,j=1 Aijtitj/4, t. € R,i - 1, i ,J.

The left hand side is equal to fg €' e ti?s (Q, E(dp)$?). Hence we obtain
1

— ATy J
€ , e R".
w2 /det A P, P

(2, E(dp)®) =
This implies that, for all ¢ > 0,
[, & T #IB(Q, B(dp)) < oo.
It follows that

Uu®Q, (AR Uu®N) = e~ 12B(p) geieB(p)y) e~ (AT P) gp,

1
7/2/det A st
Thus we obtain _
Eo(H) < (u, L(a)u),
which, together with the variational principle and (5.3), implies the right hand side in-
equality of (1.41).
By (1.41) and (1.43), we have

po _ Eo(H(a)) 1Al

o < 0z T Rzl < o2
Then, taking the limit |a] — oo, we obtain (1.42).

2Two self-adjoint operators S and T on a Hilbert space are said to strongly commute if their spectral
measures commute. A characterization of strong commutativity is given in [21, Theorem VIII.13].
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Remark 5.1 Let
Hk)=kI@H,+ U (A® U —c’R®I, & >0.
Then, applying [6, Theorem 2.12], we can show that, for all z € C \ R,
s— lim (H(k) — 2)™ = (L(a) — 2)™* @ P,

K=00

where s—lim denotes strong limit. This gives a connection of L(a) with H, ie., L(a) is
obtained as a scaling limit of H. v

6 Proof of Theorem 1.5

The basic idea of proof is to use the mini-max principle for H defined by (5.1). Suppose
that the assumption of Theorem 1.5 is satisfied. Let

ua(H) = sup U (@)
deF

with N
Us = inf v, HY
H YeD(H),||¥||=1,¥e[®]* ( ) ’

where [®]* = {T| (¥, &) = 0}. We estimate uz(H) from below. For this purpose, we
write

H=IQH,+AQI+W ~a?Rg®1I

where

W:=UT'(ARI)U-AQ]I.

Lemma 6.1 For alle >0 and ¥ € D(I @ Hy),

|(¥, W) | <e(¥, (I® H,)T) + Ce(a) Y], (6.1)
where C.(a) is defined by (1.47).

Proof. We write as
w - UTT-A® DU+ (A1) U - I).

For all ¥ € N_, D(B; ® P()\;/w)) C D(T), we have by the functional calculus (cf. [7, 8,
Lemma 4.3)) |

IT* = D < |al 3 [|B; ® P(};/w)¥].

i=1
Let ¥ € D(I @ H;) with ||¥|| = 1. Then ¥ € D(B; ® P(};/w)),j =1,---,J. By (A.7)
and [22, Theorem X.41], one can show that, for all s,z € R

e‘ing@P()\,'/w)eitBJ'®P(/\j/w) — eitBJ'®P()\j/w)eisB;@P(/\,'/w), Z,] — 1, e ,J.
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Hence, by [21, Theorem VIIL13], B; ® P(A;/w),j = 1,--+,J are strongly commuting
self-adjoint operators. In particular, UB; ® P ();/w) C B; @ P(\;/w)U and UV¥ €
D(B; ® P()\;/w)), j =1,---,J. Using these facts, we can estimate |(¥, W¥)| as follows:

(L, W¥)] < ||wy
J .
< 2 led{li(B; ® P(X;/w)(A® DUY| + || A]l[lB; ® P (A;/w) ||}

i=1

J
Slel{l|(B;A®I)(I® P ()\/w)) UY]

7j=1

+HIAN (B; ® I) (I ® P (\;/w)) ¥ }

J
2 lel (1B;All + IANB;I 1 (T ® P (A/w)) ¥

<
< ﬁz (I1B; Al + I ANB; 1) (1 ® a (A;/w)* || + [T ® a (A;/w) T]))
< '“'Z(HBAM+||A||||BJ||>(2||A [ 2|2|lT @ H | + ||X;/w]l2]¥]])

22
< (\I!,I® HY) + C(e).

Thus (6.1) follows. O

Lemma 6.2 Let M(«a) be given by (1.50). Then
ua(H) > M(a).
Proof. Let eg be a normalized ground state eg of A: Aeg = poeo, ||eo|| = 1, and set
Py =€ ® €.

We denote by {e,})_, (N < o0) a complete orthonormal system of [eo]". Then we have

N
F = @E{C,J‘@E
n=0

o {\I’ ={ea®0p)._, [Om e F0<n <N, Z 1O < °°}
n=0
We denote O, € Fy as O, = {@ES]),GE]),@%), } with @m € ®L%(R”). We have

[<I>o]i = {\1; = {en ® G[n]}:;o € .7-'| O € F with @g’]) = 0},
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N
For all ¥ = {€, ® O} __ € [®o]" with | ¥|2 = =N [|Oy]* = 1 and ¥ € D(I ® H,)
(hence Oy, € D(Hy) with Z o | HsOp||* < o0), we have

N
(\Il, (I ® Hb) \I’) = E (@[n] 5 Hbe[n])

n=0
o0

= 2 X (o), Hep)
n=0 j=1
N

my_ > lep]l®
n=0j=1

> mY o)
Jj=1

= m||Oy]?

i\

where we have used the condition @ o] = 0. Further, it is easy to see that

N
(U, (AR 1) T) 2> poll®ll* + 111 Y 1O 1>
: n=1

Therefore, by Lemma 6.1, we have

N
> m(l—e)||Ogll* + uoll®ll* + 11 Y- 10| — Ce(@) — o*(¥, Rp @ V)

n=1

> K.(a) - o’|| sl

which implies that for all e > 0
ia(T) > Ko(0) - o2 Bal).
Therefore, taking the supremum w.r.t. € > 0, we obtain the desired result. O

We are now ready to prove Theroem 1.5. By (1.52) and Lemma. 6.2, we have Eo( H ) <
,ug(H ). This estimate and the min-max principle [23, Theorem XIIL.1] imply that Eo(H)
is the first eigenvalue of H. Hence H has a ground state. The min-max principle also tells
us the following: if p, := pz(H ) is the bottom of the essential spectrum of H, then there
is at most one eigenvalue below p;. If y; is not the bottom of the essential spectrum of H
then p2 is the second eigenvalue of H. Hence, in either case, EO(H ) is a simple eigenvalue
of H. Thus the ground state of His unique. This completes the proof of Theorem 1.5.

7 Proof of Theorem 1.6

Suppose that the assumption of Theorem 1.6 is satisfied. Let
#N+1(ﬁ) = sup }_Uﬁ (®1,--+,2nN)

1,9@NE
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with -
Ugz(®q,:+-,Bn) = _ inf U,HY),
H( 1 ) \IIED(H);”\I’”’:].,‘I’G[QI1"'1QN]-L ( )
where [®,,--+,®x]" denotes the orthogonal complement of £{®,|n = 1,---, N }. Let
{wn}_, be a complete orthonormal basis of H and set
¢, =w,®Q, n=1,---,N.

For ¥ € [®y,---,®x]" N D(I ® Hy) with ||¥| = 1, we have ¥ € _, [®,]* . We write ¥

as

N
V= Z wy, ® e[n]a
n=1
with O, € Fi. It is easy to see that
[Qla"',thL

N
. ()
= {\IJ = Z_:l'wn®@[n] 6.7:’9["] € Fp with @fn]) =0,n= l,---,N}.
In the same way as in the proof of Lemma 6.2, we have

N o .
(U, (I@H)¥) 2m Y > 00| = m||¥|2.

n=1 j=1
Since po < U (A® I) U, we have
(¥, HY) > m + po — o?|| Rp|.

Hence we obtain .
pn+1(H) 2 m+ po — o*||Rpl|.

By (1.41) and (1.50), we have . .
Eo(H) < pni(H).

Hence, by the min-max principle, we have the following alternative: (i) if uy41 =
pn4+1(H) is the bottom of the essential spectrum of H, then there are at most N eigenval-
ues (counting multiplicity) below un41; (ii) if pn+1(H) is not the bottom of the essential
spectrum of H, then pp4; is the (IV + 1)th eigenvalue of H below the bottom of the
essential spectrum of H. In either case, there are at most N eigenvalues below pn4;.

Thus the desired result follows.
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