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BV -Solutions of a Hyperbolic-Elliptic System for
a Radiating Gas

Kazuo ITO *

Abstract

This paper is concerned with the initial value problem of a system owning a
hyperbolic equation with respect to unknown function u(z,t) and an elliptic one
with respect to unknown function ¢(z,t) in one space dimension. This system
originates in the dynamics of a radiating gas.

The purpose in the present paper is to give the results on global existence and
asymptotic behaviour of BV-solutions to the present system for the two cases: the
first case is that initial data ug(z) decay as |z| — oo and the second one is that
initial data uo(z) tend to two given constants u+ with u— < uy as  — +oo.

In the first case, we prove that the present problem is well-posed in BV, that
is, for any BV-initial datum, there exists a unique BV -solution. We also show that
if initial data up are small in a certain sence, then the solutions u(-,t) decay in the
order O(t~(1=1/P)/2) a5 ¢ — 00 in LP(R) with p € {1, c0].

Furthermore, in the second case, we prove that the present problem is well-posed
in 1o+ BV, where ro(z) is u— when = < 0 and u, when z > 0. Finally, we prove the
main result of the present paper that if both |uy. —u_| and initial BV-perturbations
to rg are small in a certain sense, then the rarefaction waves of the inviscid Burgers
equation are stable for the present system and the convergence rates of u(-, t) to the
rarefaction waves as t — 0o are O(t~(1=1/7)/2) in [P(R) with p € [1, 00].

1 Introduction

1.1 The background

The propagation of disturbances in a radiating gas has widely been studied by many
physicists and mathematicians, see the references in [1]. In particular, K. Hamer [1]
first observed the balance of two effects of nonlinearity and dissipation. Applying an
asymptotic analysis to the system of equations of continuity, momentum, energy, state
and a certain relation of heat flux and temparature, he derived the following simple model
equations

{ uy + uug 4+ g, =0, (1)

~qrz +q+u; =0.

*Department of Mathematics, Faculty of Science, Hokkaido University, Sapporo 060, JAPAN. The
author is supported by Grant-in-Aid for Encouragement of Young Scientists.



Here u(z,t) and g(z,t) roughly mean the velocity and the heat flux of the radiating gas
depending on space variable z € R and time ¢ > 0 respectively.
We consider (1) as the initial value problem with initial condition

u(z,0) = up(z). . (2)

We wish to treat the data ug(z) which may have discontinuities and tend to two given
constants uy with the constraint u. < u, as x — *+00.

The purpose in the present paper is to study global existence and asymptotic behaviour
of solutions to (1)-(2) as t — 0.

1.2 Notation
Here we list the notations which will be often used throughout this paper.

Notation. We often denote by C positive universal constants without any notice. The
function sign : R — R is defined by

~1, z <0,
signz = 0, z =0,
1, O<z.

Let j()) be a nonnegative smooth function for A € R with compact support in [—1, 1] and
with [p7(A)dA = 1. For § > 0, we define 75(\) = 6-15(6~1)). The convolution operator
f = jgs* f for f = f(z) is often called mollifier of f. _

Let Q be a region in RY. For 1 < p < oo, LP(Q) denote the usual Lebesgue spaces on
Q. For nonnegative integers m, W™P(Q2) denote the usual Sobolev spaces on Q. If p = 2,
we simply write H™(Q) = W™P(Q2). BV (Q) is the space of all functions f € L!(2) whose
total variations -

”Df”(ﬂ) = Sup{‘/s:2 fdlvgd:r,g = (917' "o ’gN) € 080(97 RN)7
lg(z)| <1 forz € Q}

are finite. The BV (Q)-norms of f are given by
I fllaviay = Iflizve) + 1D FII(SY)-
In particular, if f € WH(Q), then
I/lsvie)y = I/l

Let / be intervals in R and let X be Banach spaces. Lip(l;X) are the spaces of all
functions f :/ — X such that

wp O =1

tEl A [t —¢|

are finite.



1.3 Survey on previous and recent results

We start to note that the first equation of (1) is a Burgers-type equation. So it is natural
to suspect that even if initial data are smooth, solutions can not be necessarily smooth.

As might be suspected, Hamer [1] had suggested that if [u. — u,| was larger than a
certain positive constant, then travelling wave solutions of (1) tending to two constants
ug With u_ > uy as £ — Fo00 might develop singularities.

The development of singularities was first proved by Kawashima [4] quite rigorously.
His result shows that there are a negative constant a; and a o € R such that if uf(zp) <
a1, then even if up(z) are smooth, solutions u(z,t) must have discontinuities in a finite
time. From the above facts, we realize that we can not expect the global existence of
smooth solutions, even if initial data are sufficiently smooth.

On the other hand, Kawashima [4] also showed that there exists a negative constant
g larger than o such that if ug € C!'(R) and

up(z) > ap for all z € R, (3)

then the initial value problem (1)-(2) has global C*-solutions.

The first study on the well-posedness of the initial value problem (1)-(2) was started
by Kawashima and Tanaka. [6]. The class of initial data in which they worked are a subset
of a smooth functions space, more precisely, a small neighborhood of 0 in H™(R) for
m > 2 (say B) and also in r¢ + B, where ry(z) is defined by

U, for z <0,
ro(z) = { uy, forz >0. (4)

Here they assumed that u_ < u, and |u; —u_| is sufficiently small. It should be noted that
(3) is satisfied in the former case, for the above condition on ug(z) implies the smallnesses
of uy in L*(R). For any ug belonging to the above classes, they obtained global smooth
solutions. In particular, for uy belonging to the latter class, they showed the stability of
the rarefaction waves of the inviscid Burgers equation.

Recently, a study on the stability of the shock waves, which should be considered for
the case u— > u,, was started by Kawashima and Nishibata [5].

Various studies on the present problem are steadily expanding even today.

1.4 Our problem
The following lemma will be often utilized throughout this paper.

Lemma 1 Let 1 < p < co. We define linear operators K : LP(R) — LP(R) and K, :
LP(R) — LP(R) by

(KN =5 [ iy, )
(ki) = 5[ iy - [ e )ay) ©)

for f € LP(R). Then K and K, have the following properties:
—Kfe+ Kf=[, (7)
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- K(fz) = Ku1f, (8)
(Kif): = Kf - f, ‘ 9)
1K fllecry < 11 fllLecys | (10)
K1 flleery = WK (fo)llzemy < I1fllLo(m), (11)
|f = K flleer) < | fellzem) ' (12)

for f € LP(R) with suitable regularities.

The proof is easy and omitted.
We formally rewrite the problem (1)-(2). To do this, we write g(z,t) in terms of K:

q(z,t) = —(K1u)(z, ).

Substituting the above into the first equation of (1) and using (7), we get
us +uuz +u— Ku=0.

Thus, our problem to be considered is

U+ vy +u — Ku =0,
q= —K]_U, (13)
u(z,0) = up(x).

We easily realize that all the properties of g(z,t) are always determined uniquely by
u(z, ). So, our studies are mainly concentrated on u(z, ).

1.5 Our purpose

Our main purpose is to extend Kawashima and Tanaka’s result [6] up to initial data which
not only may be large but also may have discontinuities, as throughly as possible. The
inevitability to have to comprehend solutions of (1)-(2) in a weak sense is now clear.

This paper is organized by two parts.

The first part, Section 2, studies the case when initial data belong to BV (R). After
establishing a definition of weak solutions (Definition 2), we give a series of results on
uniqueness (Theorem 3), ordering principle (Corollary 4) and global existence (Theorem
7) of weak solutions of (13). Finally, for p € [1,0], LP-decays (Theorem 16) of the weak
solutions as ¢ — co are given when the amplitudes of initial data are small but the total
variations of them are not necessarily small.

Furthermore, the second part, Section 3, treats initial data belonging to {ro}+ BV (R).
After a definition of weak solutions (Definition 17) is stated, a series of results on unique-
ness (Theorem 18), ordering principle (Corollary 19) and global existence (Theorem 24)
of weak solutions of (13) is likewise given. Finally, utilizing the result on the stability
of the rarefaction waves established by Kawashima and Tanaka [6] as well as our results
mentioned above, we prove the main result (Theorem 29) of the present paper that the
rarefaction waves are stable for (13) by certain of the BV (R)-perturbations to ro(z). More
precisely, if the amplitudes of up(x) are close to ro(z) but the total variations of ug(z)
are not necessarily small in a certain sense, then the weak solutions u(-,t) are asymptot-
ically close to the rarefaction waves in the order O(¢~(*=1/#)/2) a5 t — 00 in LP(R) with
p € [1,00].



2 Weak solutions for the case up(£o0) =0

In this section, we consider the problem (13) for the case “ug(£o00) = 0.

2.1 Definition of weak solutions
First of all, following Kruzkov [7], we introduce the definition of weak solutions of (13).

Definition 2 A function (u, q)(z,1) is called a weak solution of (13) with the initial datum
up(z), if (u,q)(z,?) satisfies the following conditions:
(i) u(z,t) belongs to

C?((0,00); L'(R)) N L*(R % (0, 00)). | (14)
(ii) u(z,?) satisfies an entropy inequality

1
< - o Y-
0 < [ oy = 0l + 5lu—allu + )se
—sign(u — a)(u — Ku)d}dzdt, (15)
for any a € R and 0 < ¢ € C§°(R x (0,00)). |
(iii) u(z,0) = yo(z) a.e.x € R.
(iv) g(z,t) satisfies the second equation of (13) with the above u(z,t).

Remark. Classical solutions are always weak solutions.

2.2 Uniqueness of weak solutions

We show that weak solutions (u, g)(z,t) defined above are unique.

Theorem 3 (Uniqueness) Let u(z,t) and v(z,t) be two weak solutions of (13) with initial
data ug € L}(R) and vp € L'(R) respectively. Then,

”'U.(t) - ’U(t)”Ll(R) < ”'u.o - vO“Ll(R) a.et> 0. (16)

As a consequence, q(z,l) are unique.

Corollary 4 (Ordering principle) Let u(z,t) and v(z,t) be two weak solutions of (13)
with initial data ug € L*(R) and vo € L'(R) respectively. Then, if uo(z) < w(z) a.e
z € R, then, :

u(z,t) <v(z,t) a.e (z,t) € R x(0,00). (17)

Throughout the present subsection, we write for simplicity
R? = R x (0,00) (18)

To prove Theorem 3, we closely follows the argument of KruZkov [7]. We begin with
the following Jemma.



Lemma 5 There holds
0 < [[ Aulz,t) — v Oz,

@, 0) - vl (ule, ) + vl D)z,

—|u(a:,t) —’U(il:,t)hﬁ(w,t) , '
+|(Ku)(z,t) — (Kv)(z,t)|4(z, ) }dzdt (19)

for any ¢ € CP(R2) with ¢ > 0.
Proof.  In (15), we put a = v(y, s) and
¢ = d(z,t;y,5) € C°(R} x RY)

for (y,s) € R%. Integrating it over R2 with respect to (y, s), we have

0 < [[ff a0 =0y, 9161l t53,9)

%,u(x, £) — v(y, )| (u(z, £) + v(Y, 8))ds (z, £, 5)

—sign(u(z,t) — v(y, 5))(u(z,t) — (Ku)(,1)) -
-@(z,t;y, s) Hdzdtdyds, (20)

Similarly, changing the role of u(z,t) to that of v(y, s),

0 < [[f] a1 9) — D16z 60,9)

+3lo(y, 8) — ulz, )l(0(y, ) + ula, )y (@, 5, o

—sign(v(y, S) - 'U,(IL', t))(v(yv 3) - (KU)(y,s)) ‘
-o(z, t;y, s) }dzdtdyds. (21)

Adding (20) and (21), we have
N IR R [CRTSICR)

+%IU(I, 1) = v(y, 8)l(u(=,8) + vy, 5)) (b= + ¢y) (=, £y, 9)
—sign(u(z, ) — v(y, 5))(u(z,1) — v(y, s)
—(Ku)(z,t) + (Kv)(y, $))d(z,1;y, s) }dzdldyds. (22)
Define
J&(I - yvl - S) = .76('7' - y)jé(t - 3)7

where 75 is defined in Subsection 1.2. Since %(z,¢) has a compact support in Rﬁ_, there
are constants o > 0 and 7" > 0 such that

Y(z,t) =0 fort ¢ [, T (23)
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For later convenience, we only treat § satisfying 0 < § < §/2. Put

¢($at;y1 S) = Jg(il) -yt - S)’(,b(l‘,t).

Then it is easy to see

(¢t + ¢3)($,t;y, S) = JG(z - yat — S)’lﬁt(.’l,',t),
and
(¢z + ¢y)($at; Y, s) Jé(x -yt )’(ﬁz(l' t)'

From the above, we have
< - — prasa—
0 < ////(Ri)z{Ja(:v y,t — s)|u(z,t) — v(y, s)|¥(z, t)

550 =, = (@, 1) — v(y, )| (u(z, 1) + vy, Nia(a,)
—J,;(ZL" —y,t— S)I’U,(.’L', t) - ‘U(y, S)I’(ﬁ(ﬂ?,t)

+J5(IE —y,t— s)sign(u(:z:, t) - 'U(ya S)) )

((Kw)(z,1) — (Kv)(y, 5))b(a,t)dodtdyds

I,(6) + I(6) + I3(6) + 14(6).

Claim.
lim /1(6 / / — u(z, t) [, t)dzdt, (24)
lim >(8) = ; / / w(z, 1) — v(z, )| (ulz, t) + v(z, t))s(z, t)dzd, (25)
%l_]’%]g // u(z,t) — v(z, i)Y (z, t)dzdt, (26)
and
lix?j(l)lph(é) < / /R : |(Ku)(z,t) — (Kv)(z,t)ltb(ﬂ{,t)d:vdt- (27)

If Claim is verified, then the proof of Lemma 5 is complete. In the remaining part, we
prove (24)-(27). The limits (24)-(27) can be shown essentialy by KruZkov’s method (7].
Here we only show (27). We estimate I4(6) as follows:

174(6)]

IA

/.///(113_)2 Js(z — y, L — 8)|(Ku)(z,1) — (Kv)(z, ))|¥(z, l)dzdldyds

+ ////(n.?_)? Js(z — y,t — 8)|(Kv)(z,t) — (Kv)(y, s)|¥(z, t)dzdtdyds
= ]4,1(6) + [4'2(5).

141(8) is computed as follows:

In(6) = //Ri {/RiJg(x—y,t——s)dyds}-

7



([(Ku)(z,t) — (Kv)(z,t)[¢(z, t)dzdt

J {fystras | is(e)ds}

(K U)(x t) — (Kv)(z,t)|¥(z, t)dzdt
- / /R A [ Js(e)ds | () (@,1) — (K)o, Oz, ot (28)

We denote by ¥s(z,t) the integrand of (28). Then,

Us(z,t) — |(Ku)(z,t) — (Kv)(z,t)|¢(z,t) as b — 0,
Us(z,t) < [(Ku)(z,t) — (Kv)(z, t)w(z,t) for 0 <& < 6/2

for a.e. (z,t) € R2. The right hand side is integrable in R2. Then, the Lebesgue
dominated convergence theorem implies

b 1 (8) = [ 10Kw)(@,1) = (Ko)(a, Dl @, Odsdt.

Secondly, we show I42(6) — 0 as § — 0. To do this, we note that the integral region in
I4,5(8) is actually limited to v

{(=.ty,s)lz—yl <6, [t—s| <6}
Changing the variables z — £ and t — 7 by
z—y=§£ t—s=r,
we compute:
160) = [, canes Mygers PEMEN+8547) = (K0,
Py + &, s + 7)dédrdyds

Wllmimy ] e
' // [(Kv)(y + & 5+ 7) — (Kv)(y, 5)|dyds
I<5 ITI<6 (y,8)€ R2

IN

= ||1/)||1,°° (R2) "
sup [[(Kv)(y+ &5 +7) — (Ku)(y, 5)ldyds.
ls|<s,irl<6 // (s)E RY

The last integral tends to 0 as § — 0 by virtue of the Lebesgue theorem. Thus (27) is
proved. The proof of Lemma 5 is complete. a

Proof of Theorem 3. Let xc(z) (¢ > 0) be a function in C§°(R) satisfying
0 < xelz) <1,

and
xe(z) =1, x.(z)—0 (29)



as € — 0 for any z € R. Define
Veslz,t) = [ s(0)doxe(@)
t—to

for any ¢, and ?3 with 0 < ¢; < ¢, and § > O sufficiently small. Then 1,5 € C§°(Ri) and
0 < Peslz,t) < 1.
We consider (19) with 9 = 1 5. Since

Bubes + " aOutbes = (it — 1) = Gslt — 12))xe(2)

=t u+v
+ [ ds(o)do T2 ),
t—t2 2

(19) becomes
= / {(jé(t—tl) — Js(t — t2))x<(z)
+ / - js(o)do 2
- / in u(z,t) — v(x,t)l¢e,a(z,t)dxdt
+ ./,/Ri [(Ku)(z,t) — (Kv)(z,t)|Ye,s(z, t)dzdt.

xé(w)}lu(x, t) — v(z, t)|dzdt

Note that e
—t]

Yes(z,t) — / js(o)do ase—0
t—t2

for any § > 0 and (z,t) € R2. Using the above fact, we let € — 0 and we have
/R2 Js(t — to)ju(z, t) — v(z, t)|dzdt

< [[ dstt = to)lu(z,t) - v(=,t)|dodt

_ / /ﬂi lu(z, 1) — v(z, 1) /t::’ js(o)dodzdt

+ [[ 1K), 1) ~ (o) e, 1) t:t js(o)dodzdt.

Note

b=t 0 fort <t <taoriti<ita <t
js(0)d ! = =b 30
A/t—t'z Jé(U)( 7 { 1, for t; <t <, ( )

as § — 0. Using (30), we let § — 0, then
lulta) = vt < fluty) = v(t) |l
= [ 1) = v Ol [ 1RO = Ko) Ol
Then, by virtue of (10),
llu(tz) — v({t2)llrmy < llu(t) — vl n)-

9



Using the continuity of u(t) and v(¢) from [0, c0) to L*(R), we let vtl — 0 to get
lu(t2) — v(t2)lla () < lluo — vollLr(ry-
Since £, > 0 is arbitrary, we find that this is the desired estimate. We complete the proof
of Theorem 3. O
Outline of the proof of Corollary 4. Put
®(u) = |u|+u foru e R.
Then, ®(u) satisfies
P(u) >0 foru>0, ®(u)=0 foru<0.

Claim: There holds
0

IA

/ * o(u(z, t) - v(z,t))dz
< / ®(up(z) —vo(z))dz fort > 0. (31)
If Claim is verified, then the first integral must be 0 because of up(z) < vo(z). There-
fore we obtain the conclusion u(z,t) < v(z,t) a.e. (z,t) in R x (0, 0).

We show (31). Since the functions u(z,t) and v(z,t) are weak solutions of the first
equation of (13), we have

////Rz )2 — (Y, 8))(d: + Bs)(z, £y, 5)

+2( u(z,t) —v(y, s)) (u(z,t) + v(y, 5)) (¢ + by) (7, £, )

—{(u(z,?) = v(y, 5)) — (Ku)(2,t) — (Kv)(y,5))}b(z,t; ¥, 5)]
dzdtdyds _ (32)

for ¢ € CP(R% x R%). Adding (22) and (32), we have

R /RO RTRNCEE SETD

+58(u(z,0) — oy, 5)) (ula, 1) + vl ) (g + )z, 19, 9)

—{®(u(z,1) —v(y, s)) — (2(Ku)(z, 1) — (Kv)(y, ) }o(z, 1y, )]
dzdtdyds.

Making use of the procedure used in the proof of Theorem 3, we arrive at
/- " @ (u(z, ty) — v(z, ta))dz
</ u(z, ty) —v(z, 4))dz
t2
/ / u(z,t) —v(z,t))dzdt
ty
+ / / (Ku)(z,t) — (Kv)(z, t))dzdt
13}

10



for any t; and ¢, with 0 < t; < ¢5. It is easy to check that for f = f(z),

[ ekn@s < [~ a(f@)ds.

Thus, we oBtain

/_0; & (u(x,ts) — v(z,ts))dz < /‘o:o O (u(z,t1) — v(z,t1))dz.

Now, letting t; — ¢ and £; — 0, we conclude (31). The outline of the proof of Corollary
4 is complete. O

2.3 Global existence of weak solutions

In this subsection, we consider global existence of weak solutions for initial data in BV (R).

2.3.1 Known result

Kawashima and Tanaka [6] proved the global existence of smooth small solutions of (1)-

2).

To state their result, we define for m = 2,3,---, and for § > 0
E™(8) ={f € H™(R); || fllamr) < 6}
Then, their result is stated as follows.

Theorem 6 [6] (Global ezistence of smooth small solutions) There are a §; > 0 and a
C > 0 such that for any initial datum ug € E™(61), there exists a solution (u,q)(z,t) of
(1)-(2) in

[C([0, 00); H™(R)) 0 C*([0, 00); H™(R))],

XC([0, 00 H™(R)) (%)
satisfying
: ¢
iy + [ 0l sy + 9 mes sy
< o8 T
fort > 0.

2.3.2 Global existence result

QOur result is an extension of Theorem 6.

- Theorem 7 (Global existence of weak solutions) For any ug in BV (R), there ezists a
weak global solution (u,q)(z,t) of (13) satisfying

u,q; € [| BY(R % (0,T)), (35)
T>0
u € Lip([0,00); L}(R)), (36)
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q € Lip([0,00); WH'(R)), (37)

[u(®) = u®)lrmy < (I DuollLrmy + 1 Duollis )it — 'l fort,¢' >0, (38)
w1 my < lluollzamy fort >0, (39)
llull L1 mx o) < TlluollLr(ry, (40)

[ Dull(R x (0,T)) < T(2[| Duo|(R) + || Duol|(R)?), (41)

' lullz=rxomy < 1Duol(R), (42)

llg(®) — a(@)llwra(ry < 3llult) — w)llzyr) fort, ¥’ >0, (43)
la@llwram < 3llu)lLim fort >0, (44)

gl 1 rx o,y < lullr@xom), (45)

1Dgl|(R % (0,T)) < [[Dul|(R x (0,T)), (46)

[ Dgz|| (R x (0,00)) < 2| Dul|(R % (0,T)), (47)
lgll e (mxory < llullze(rx0) (48)

for any T > 0. Here || Du||(R x (0,T)), ||Dul|(R), and so on, denote the total variations
of u(z,t) on R x (0,T) and of up on R, respectively.

2.3.3 The regularized problem
To prove Theorem 7, we consider a regularized problem of the first equation of (13) with

“artificial viscous term” for € > O:

{ uf + ufug + uf — Ku® = eul,, (49)

ué(z,0) = uo(z) € W2I(R).

Our aim is to constract a classical global solution of (49) and to pass the limit as € — 0.
First of all, we state the local existence theorem for (49).

Lemma 8 (Local ezistence for ({9)) Let € > 0. Then, for any initial datum vy €

W2L(R), there is a To > 0 depending on € and |jug|lw=1(r) such that there exists a solution
ué(z,t) of (49) belonging to

C([0,To; W*(R)) n CY([0, To]; L*(R)).
The solutions are unique in the above space.

Lemma 8 can be proved by virtue of an abstract theory for semilinear parabolic type
evolution equations. For details, we refer to the reader for the book of A. Lunardi [8].

In order to construct a global solution of (49), we need a priori estimates for (49).
These estimates play also a crucial role in the proof of Theorem 7.
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Lemma 9 (A priori estimates for (49)) Let e > 0 and let T > 0. Assume that u®(z,t)
is a solution of (49) in

C((0,7); w>!(R)) n CX([0, T]; L'(R))

with the initial datum ug € W2(R). Then, the following inequalities hold:

s (@)l L2ry < lluollzr sy (50)

luz(Olizr ) < llugllzr ), (51)

luge Oz < 267 lugllzrr) + 26 lugllZrmy + luglizr ), (52)
lus@)llrm) < lluollzrw + uollzm) + ellugllziw), (53)

for0<t<T.

Proof of Lemma 9.  Here we only show (53). Inequalities (50) and (51) can be shown
more easily and (52) can be obtained by means of (49)-(51) and (53).

We differentiate (49) with respect to ¢. Then we obtain an equation of uf in the
distribution sense:

ug + (uul) + uf — Ku§ = euf, in D'(R x(0,7)), (54)
u$(0, z) = (—upup — ug + Kug + eug ) (z).
Applying the mollifier js* with respect to = to (54), we have
98 1 (ueus)? + u’ — Kub® = eull, (55)
(0 z)=(— uouo—uo+Kuo+eu "8 (),

where we write % = js* f. We note that u$ is a function, for (uu¢)é = (ucu¢)? and uS?,

are functions. Put o
9N = [ ja(A~ p)sign()du (56)

for A € R and for ¢ > 0. It is easy to check that for A € R

0<g,(2) <1, - (57)
9o (A) — sign(A) as o — 0, | (58)
90 (A) = 27,(A) =207 15(07'A). (59)

Multiplying (55) by g, (u5°) and integrating it over R, we have

(‘BL/ /ut A)ddz +/ 9o (uf®) (uul ) dz
+ / Io (U 5P da
—/ go(u Kuf'de-i—/ 9o (U P da:. (60)
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An integration by parts and (57) give

55 us )
95/ / f\)d/\dw+/ 9o (u” ) (wug e da
+/ g0 ut’ ufm 2d:1:+/ 9o ut"s)uf"sdz
—co —00

< /oo | K |dzz.

We find that the third integral is nonnegative and that the last integral is less than or
equal to [|uf’ (t)||L1(R) in view of (10) Thus, we arrive at

at/ / )\)d)\d:v-}-/ 9o () (uis ) dz

[ gt i ds < (0 sy (61)
We denote the second integral by I5(6, 0). For I5(6, o), we compute:
L(8,0) = - [ gy (uus)ds

, ,6
= —/ (WS uSuus P d

- / go(u um [(ufug 6 — ufup 6]d

12’1((5, 0') -+ 12,2((5, 0').

Claim: _
[12,1(6, 0)| < 20|[ug(t)ll 1 (m), (62)

26,0 < [ 10l us) - (wuda
+ [ 10wy’ ~ wuids
+ [ 18Rl Kus,)® — (K, d

[ 1Bulu,) — u () (63)

We show (62). By means of an integration by parts we compute:

I1(6,0) = —/ (/ o (A)AdA) - uidz
0o €,
= © gL ()M - uSda.
J [ g0 - uds
It then follows from (59) that
|/ gL (M)AdA] = ;2/ Lo~ AN

|20—/Oa i FO)AdN| 320/_1 (A < 20

14



Thus, we arrive at
La(6,0)] < 20—/ s |dz,

which gives (62).
‘To show (63), making use of (49), we compute:

(uug 6 u"'us"s

= {uf(—ufus — uf + Kuf +us)}’
—uf(—uuf — uf + Kuf +um)

= () — @] - ()" — v
+[(UEKUE)6 (Kue)é] [(u uzz)é - uf um:x: .

Since

ue(ueu;)é — ue( e 56+ [(usus)é ;’6])
= (@)%’ + v [(u )’ — uug?,

we get

(wuf)’ — wiup?
— __[(( 5)2 i)& _ (u5)2u§"5] + ue[(ueu;)é _ ueuié]
_[(ue(us - Kue))& _ ue(us,é _ Kua,a)] + [(ueu )5

It follows from the above that
[12,2(6, )]
=4—/w&/¢3;wuww@f wup)ds
= | / / gL (\)dA - 8, [(uus)® — ueuS®)dz]
< [T 18al(() ug)* - (w)usf) do
+ [ 10w uuwmw
+/ 10 [(uf (uf — Kuf)) — s (u® — Kusd))|da

+/ 10:[(utu,)® — ufulf]|d.

56

Finally, noting u® — Ku® = —Ku¢,, we obtain (63). Claim has been verified.

Integrating (61) with respect to time variable over (0, (), we have

u‘ (L e
/ / A)dAdz + / / o (uEP)uES ddr
;' (
< / / A)dAdz + / 1S (7)) 2y
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+20 [ ug T)nmdr

+ / [ 10wy ~ (sl dadr

+ /0 I mlaz(ug[(ueu; wu2®))|dadr

[ 10alw K — e (Ku, Pl

+ [ 7 100 ~ 0, (64

Letting o — 0 with (57)-(58) in mind, we obtain

t
@l + [ il
t
< Nl + [ Oz mdr

+ / / 10a[((u) )’ — (uF)?uS?) | ddr

+/ [ ot u‘uf)ééueu;’ﬁl)ldxdr

+ / / [(uKug,)® — u(Ku, )| dwdr
+ /0 /_ 18lwus,)’ — (g, lldmdr. (65)

Here we recall the following lemma.

Lemma 10 (Friedrichs) Let a € B'(R) andv € WY (R), where B(R) denotes the space
of all C*(R)-functions f(x) with finite || f||w1.ee(r)-norm. Define

(5%, a0z)v = js * (avz) — a - (Js * vg).

Then,
1) there is a C' > 0 such that

ll[j5*7aa:z]v||W1"(R) S C”'U”u/l,l(R),
2) [js*,a0;lv — 0 as § — 0 in WHI(R).

For the proof, see [11] and [9] for instance.
Now, by applying Lemma 10, we let § — 0 in (65). Thus we arrive at

Ol < T O)llur-
Finally, using (12) and
u§(z,0) = (—upuy — up + Kug + eug ) (),
we get (53). We complete the proof of Lemma 9. O

By virtue of Lemmas 8 and 9, we arrive at
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Proposition 11 (Global eristence for (49)) Let € > 0. Then, for any ug € W2(R),
there ezists a global solution u®(x,t) of (49) belonging to

C((0,00); W (R)) n C*([0, 00); L(R)).

The solutions are unique in the above space.

2.3.4 Proof of the global existence theorem

We are now in position to state the proof of Theorem 7. The proof needs two steps. The
first step treats initial data belonging to W2!(R) and the second step BV (R).

Proof of Theorem 7. First step. Our first task is to prove

Proposition 12 For any ug € W%!(R), there exists a weak solution (u,q)(z,t) of (13).
Furthermore, the weak solutions satisfy (35)-(48).

To prove Proposition 12, we try to extract a subsequence of {u®}.s¢ which converges to
the desired weak solution. This procedure is stated as in the following lemma.

Lemma 13 There ezist a subsequence {uF}; of {u}es0 and a function u(z,t) in

Lip([0, 00); L'(R)) N L®(R x (0, c0))
N () BV(R x (0,00)) (66)
T>0

such that

k in L}
{ w* —u  in LL (R % (0,00)), s k — 0o (67)

uF >u  a e (z,t) € Rx (0,00),
and u(z,t) satisfies (38)-(42).

Proof of Lemma 13. First we show (67). Let {Q,}52, be a sequence of domains in
R x (0, 00) with smooth boundary 92, satisfying

Q, C(-n,n) x(0,n) forn=1,2-.-,

and
QCQC---CQC---C M =Rx(0,00).

It follows from (50), (51) and (53) that

Nl e,y < nlluoll L),

and
| Vet (| 1) < n(2llugllrry + llugll 2y + €llugllLicry)-
When n = 1, by virtue of the Rellich theorem, we can find a subsequence {uf(**)}2
of {uf}eso and a function v! € L}(Q;) such that

e(1,k) — 0,
%) 5 1 in LY(Qy),
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as k — oo.
Inductively, there exist a subsequence {u®™*)}2  of {us»~1#)}2  and a function
v™ € L1(§,) such that

e(n, k) — 0,
™% o™ in LY(S,)
as k — oo, and v™(t,z) = v (¢, z) for a.e. (z,t) € Qp_1.
Define

uf =R for k=1,2,.-,
u(t,z) = v™(t,z) for (z,t) € Q.

Then,

W > u ask— ooin LL (R x (0,00)).

Furthermore, it is possible to extract a subsequence of {u}32, (we denote this sequence
again by {u*}$2,) such that

uw* - u ask— oo fora. e (z,t) € R x (0,00).

Thus (67) is proved.
We secondly show that u(z,t) is in (66) abd satisfies (38)-(42). From Sobolev inequal-
ity and (51), we get
[z, )] < b @)l < lluglle - (68)
Letting k£ — oo,
u(z, )] < llugllzm),

which shows that u(z,t) is in L®(R x (0,0)) and satisfies (42).
In order to show the Lipschitz continuity of u(t) in L}(R), we write

uF(t) — uF(t) = /Ht uF(s)ds

for t, ¢ > 0. Taking the L'(—p, p):norm for any p > 0 and making use of (53), we have

: 13
40 = Wl < | T (Nsrmds
< (lugllermy + gl my + ek, K fuglloim)lt — ¢l

With (68) in mind, we apply the Lebesgue dominated convergence theorem to the first
term. Letting k — oo,

u(t) = w11 < (luglleacry + luolliam)it = ¢

Now, letting p — 0o, we conclude (38) and consequently (36). Similarly, the inequalities
(39) and (40) can be shown by (50).

Finally we show that u belongs to BV (R x (0,T)) for any 7" > 0. It follows from (51)
and (53) that :

[ Vat* || 1 rxory < T@lIugll iy + luollas ) + e(k, B)llugllr(ry)
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for any T' > 0. Then, by virtue of (67) and [13, Th. 5.2.1], we take the inferior limit in
the above inequality as k — oo to obtain

IDul(R x (0,T)) < nggfllvz,tukumxm,m
< T@lbllzrm + s,

which shows that u has a finite total variation on R x (0,T). Together with (40), we have
shown that u belongs to BV(R x (0,T)) and also satisfies (41) for any 7' > 0. The proof
of Lemma 13 is complete. O

By virtue of Lemma 13, we can now prove Proposition 12.

‘Proof of Proposition 12. We have to show that the function u(z,t) satisfies the entropy
inequality (15). To do this, we follow the procedure in [7]. Let a be any real number and
be ﬁxed.’ For 6§ > 0, define

(o, ¢] . .
(N = [ Gs(A— w)ln — aldu. (69)
It is easy to see that &5 € C*°(R), ®5(X) > 0 and
®5(A) = [A—al, @5()) — sign(A —a)
as § —» 0 for a.e. A€ R.
We multiply the equation (49) with u® = u* by ®}(u*)¢, where ¢(z,t) > 0 is any test
function on R X (0,00). Then, .
k u k ky 50 k
] < S / _ ! k !
0 < / /R PRGOS / BN AdAG, — O (uF)uk + & (uF) Ku
t+e(k, k) @5 (u*)bos — e(k, k)5 (u¥) (ug) ¢ }dadt. (70)

Noting that the last term is nonpositive, we let § — 0 to get

k u* iy )
< : oy L ok
0 = /Azx(ooo){lu al¢t+/ sign(A — a)AdAg, — sign(u” — a)u

+sign(u® — a) Ku* + e(k, k)|u* — a|¢zg pdzdt. (71)

Letting £k — o0, we obtain the entropy inequality (15) for u(z,t). Thus, together with
(66), we conclude that u(z,t) is the desired weak solution.

It remains to show (35), (37), (43)-(48). We here only prove (46); others can be shown
more easily.

Let ¢(z,1) be

Y= (901’902) € C(C)X)(R X (OaT)a Rz)a
lo(z,t)] <1 for (z,t) € Rx (0,T)

for any 7" > 0. For a set A, define
|1, yeA
xaly) = { Iy | (72)
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Then, by virtue of Fubini’s Theorem, we compute:

/ / qdivpdzdt
Rx(0,T)

= - / / Kiudivpdzdt
RBx(0,T)

1 .
) //mx(o T) /Ru (X(@+00) (H) = X(—o0) (¥))e ™" Hu(y, t)dydivep(z, t)dzdt

1
- - =1yl ;
=3 Ja (X(=00,0) (%) = X(0,400) (¥))e // oD u(z — y, t)divep(z, t)dzdtdy

<3 [, €My 1Dull(R % (0,7))
< IDul(R % (0,T),

which gives (46).
Now, all the assertions of Proposition 12 are verified and the proof is complete. (

Second step. We consider the general case uyp € BV(R). To this end, we utilize the
following fact [13, Th. 5.3.3):

Lemma 14 For any f € BV(R), there is a sequence {f;}32, in C§°(R) such that
fi—f in LY(R),
1 £l cmy — ILFIH(R)

as j — oo.

We proceed with the proof as follows. From the above lemma, we can obtain a sequence
{uo;}2, in C(R)CW?!(R) which approximates uo in the above sense. For initial data
Upj, it follows from Proposition 12 that there exist weak solutions u;(z, t) of (13) satisfying
(35), (36), (38)-(42). On the other hand, it follows from Theorem 3 that

flui(t) — w(@®)|levm) < lluoj — vorllLr(r)

for j,l = 1,2,---. This inequality shows that {u;}52, is a Cauchy sequence in L'(R x
(0,7)) for any T' > 0. Therefore, for any T > 0, there is a function u” in L'(R x (0,T))
such that

u; —»ul as j— oo in LYR x (0,T)).

We note that uT!(z,t) = uT2(z,t) for ae. (z,t) € R x (0,1}) when Ty < Ty. From this
fact, we can define u(z,t) = u?(x,1) for a.e. (z,t) € (0,T). Then, for any 7" > 0,

u; —u asj—ooin L'(R x (0,7)).

Furthermore, it is possible to extract a subsequence of {u;}$2; (denoting this subsequence
again by {u;}$2,) such that

uj(z,t) — u(z,t) as j— oo,

for a. e. (z,t) € R x (0,00).
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Now, passing the limit as j — oo in (38)-(42) for u; and ug; as in the proof of Lemma
13, we obtain (38)-(42) for u and ug. Furthermore, letting 5 — oo in

, v )
0 < /Ax(o’w){luj —aj¢: + ‘2'|Uj — af(u; + a)¢,
—sign(u; — a)(u; — Ku;)p}dzdt,
with any a € R and 0 < ¢ < C§°(R % (0,00)), we find that u(z,?) satisfies the entropy
inequality (15). Thus, we have proved that u(z,t) is the desired weak solution of (13).

It is easy to check that ¢ = —Kju is also the desired weak solution of (13). This
completes the proof of Theorem 7. O

2.4 LP-decays of weak solutions

In this subsection we consider the stability of the 0-solution for small discontinuous per-
turbations. In-other words, we study LP-decays of the weak solutions u(-,t) of (13)
constructed in Theorem 7 when BV-data are small in a certain sense.

2.4.1 Xnown result

Kawashima and Tanaka [6] showed that the O-solution is stable when purturbations are
smooth and small. '
To state their result, we define for m = 2,3,--- and for § > 0

ET8) = {f € (H™N LY)(R); | fllzrmertymy < 6}
Then, their result is stated as follows.

Theorem 15 (6] (Decays of smooth small solutions) Let m > 2 be integers. Then, there
are a 6y € (0,6,) (here §, is in Theorem 6) and positive constants C such that for any ini-
tial data ug € ET*(82), the solutions (u, q)(z,t) obtained in Theorem 6 satisfy the following
decay estimates

1B5u(e) | mer-anry < CBa(1 +8)~ G+, (73)
185q(O)| -1y < CBa(1 +2)~GHD), (74)
fort >0 and k =0,1,---,[(m — 1)/2]. Here, [a] denotes the mazimal integer less than

.

2.4.2 [P-decays of weak solutions

Our result is an extension of Theorem 15. To state it, we define for § > 0,

S(6) = {ve BV(R); I € E¥6),i=1,2, s.it.
‘ Y (z) < Y(z) < ¥*(z) ae ze R}

Then, our result is stated as follows.
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Theorem 16 (LP-decays of weak solutions) Let p € [1,00] and let 65 be the positive
number established in Theorem 15 with m = 3. Then, there is a C > 0 such that for
any initial datum ug € S(62), the weak solutions u(z,t) of (18) constructed in Theorem 7
satisfy

lu(®)llzrm < Coa(1 +)73077 (75)

fort > 0.

Remark. We can also obtain LP(R)-decays of ¢(-,t):

la®)ll ey < CE2(1 + £)73073).,
But it does not seem that this is optimal.

Proof of Theorem 16. Since ug € S(8z), there are functions u} € E3(8), i = 1,2, such
that
ug(z) < uo(z) < ug(2)- (76)

It then follows from Theorems 6 and 15 that for initial data u}(z), the classical solutions
ui(z,t) of the first equation of (13) exist and, in particular, satisfy

()] 2ry < C2(1 +1)~14,

()l < Coa(1 + )%/,
From the above,
[ @lzmm < VRO g a0 try

< Ch(L+2)1A, - (77)
which shows that u(z,t) are in L®(R x (0, 00)). Furthermore, we can also prove that
u' are in C([0,00); L*(R)). This is shown by a standard calculations utilized in the proof
of local existence theorem and by a procedure as in the proof of Lemma 9. We omit the
details.

- On the other hand, it follows from Theorem 7 that for the initial datum ug € S(62),

there exists a weak solution u(z,t) of the first equation (13).
Now, we can apply Corollary 4 to (76). Thus, we arrive at

u'(z,t) < ulz,t) <u?(z,t) forae. (z,1) € R x (0,00). (78)
From (78), we immediately have

fula, 0 < ma (2, ).

Combining the above with (77), we conclude that the inequality (75) with p = oo holds.
Finally, making use of (39) and an inequality

1 lerery < WIS oyl £l ool (79)

for f = f(z), we arrive at (75) with p € [1,00). The proof of Theorem 16 is complete. O
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3 Weak solutions for the case uy(+o0) = uy

In this section, we study uniqueness, global existence and asymptotic behaviour of weak
solutions of (13) for the case “ug(00) = u+”, where u_ and u, are given two constant
with the constraint u_ < u,.

3.1 Definition of weak solutions

First of all, we introduce the rarefaction waves. For any u_, u, with u_ < u.., the initial
value problem

Fo+ 77, =0 in R x (=1,00), (50)
"f‘(x’ —1) ='ug in Ry,
where ‘
R_=(-00,0), R, =(0,+00), (81)
gives a unique solution 7(z, t), which is explicitly written as
u-, zT<u_(t+1),
Fla,t)=4q =/(t+1), u-(t+1)<z<luy(t+1), (82)
U4, U+(t+1) <z
Following Nishikawa and Nishihara [12], we define
’I‘(l‘,t) = ﬂRx[O,oo)(x’t) for (x')t) € R x [Oa 00) (83)
We call r(z,t) the rarefaction waves.
From now on, we treat the initial data ug(z) belonging to
{ro} + BV(R). (84)
We often write up(z) as
ug(z) = ro(z) + vo(z), wvo € BV(R). (85)

Now we state the definition of weak solutions.

Definition 17 A function (u, q)(z,t) is called a weak solution of (13) with initial datum
ug(z) belonging to {ro} + L!(R), if (u, q)(x,t) satisfies the following conditions:
(i) u(z,t) belongs to

{r} + C°([0,00); L}(R)) N L=(R x (0, c0)). (86)
(ii) u(z,t) satisfies an entropy tnequality

0 < [l o Tualdet glu—al(u+ o)
—sign(u — a)(u — Ku)p}rdzdl, (87)
for any ¢ € R and 0 < ¢ € C§°(R % (0, 00)).
(iii) u(z,0) = uo(z) a.e.x € R.
(iv) q(z,t) satisfies the second equation of (13) with the above u(z,t).

Remark. Classical solutions are always weak solutions.
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3.2 Uniqueness of weak solutions

As in Subsection 2.2, we have the following theorem.

Theorem 18 (Uniqueness) Let u(z,t) and v(z,t) be two weak solutions of (18) with
initial data ug and vo in {ro} + L(R), respectively. Then,

[u() —v@llrm < lluo — wllzyw aet>0. (88)
As a consequence, q(z,t) are unique.

Corollary 19 (Ordering principle) Let u(z,t) and v(z,t) be two weak solutions of (13)
as in Theorem 18. Then, if ug(z) < vo(z) a.e. = € R, then,

u(z,t) <wv(z,t) ae (z,t) € Rx(0,00). (89)

Theorem 18 and Corollary 19 can be proved as in Subsection 2.2, so we omit the proof.

3.3 Global existence of weak solutions
Throughout the remaining subsections, we write
d=luy —u_|=uy —u_ >0, (90)

b= max(u_,u). (91)

3.3.1 Smooth rarefaction waves

We introduce smooth rarefaction waves w(z,t) proposed by Hattori and Nishihara [2].
Let us consider the initial value problem:

(92)

W + Wy = Wee,  In R X (—1,00),
Wz, —1) = us in Ry,

where Ry are in (81). For any u_; u, with u_ < u,, the problem (92) admits a unique
solution w(z,t). Following Nishikawa and Nishihara [12], we define

w(z, 1) = 0| pxjo,00)(x,8)  for (z,t) € R x [0,00). (93).
We call w(z,t) smooth rarefaction waves. If we put
wo(x) = w(,0), (94)

then w(z, 1) satisfy

{ Wy, + WWy = Wyy in R x (0, 00), (95)

w(x,0) = wo(z) in R.

We wish to mention here the properties of the smooth rarefaction waves in the following
lemmas, which will be often used in the remaining part of this paper.
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Lemma 20 [2] The smooth rarefaction waves w(z,t) given by (95) satisfy the following
properties on R x [0,00): for any p € [1, 00|, there are constants C > 0 such that

w € C®(R x [0, 00)), : (96)
u- <w(z,t) <uy and |w(z,t) —us| < Cyexp(—clz|?), (©7)
'wa:(ﬂf, t) >0, (98)

lwz (&)l o(r) < Cdl/p(l + t)—(1—1/p) (99)

fort > 0.

Lemma 21 [6] The smooth rarefaction waves w(z,t) also satisfy the following properties
for p € [1,00]: there are constants C > 0 such that

”alzz‘:;w(t)”L?R SCd 1+ —% k_%), k= 1’2’...’ 100
(R)
85wl ory < C(1+1)3%+173) | k=23,..., (101)
)l < | CA+OHT, 1<p<oo, 102
~ | Clog(2+dv?), p=1,
[|(w — T)z(t)“LP(R) <C(1+ t)—%(z—%) (103)

fort > 0.

Lemma 22 The smooth rarefaction waves w(z, t) also satisfy: for any p € [1,00], there
are C > 0 such that

lwe(®)|rery < C(AY?P + 1)(1+8)~ VP fort >0, (104)
1w~ )() |l < CAL+B)(1+)2P  fort >0, (105)
lw — 7w (ax(ear)) < C(1 + b)Tlog(2 + dvT) (106)

foranya >0 and T > 0.

Proof. The inequality (104) can be obtained from Lemmas 20 and 21. Furthermore, it
follows from Lemma 21 that

Jw =)l = =@ = s - r(w - )s + wa}Oll o
< llw = ) (Ol Lyl ()] oo (ry + lIr (D)ool (w0 = T)o(E) | r(ry
+wez () || o)
< C+Db)(1+1)73¢3),
which gives (105). The estimate (106) can be shown in a similar way. ]
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3.3.2 Known result

Kawashima and Tanaka [6] proved that if initial perturbation to ry are smooth and small
in a certain sense, then smooth global solutions of (1)-(2) exist. Furthermore, utilyzing the
technique in 3], they showed that the solutions are asymptotically close to the rerefaction
-waves r(z,t) as t — oo.

To state their result, we define a functions space

F={fe{ro}+ (L*n L") (R); f' € H*(R)}
endowed with the norm

[fllr = Ilf = rollczneymy + ILf | a2cry-

For 6 > 0, we also define
M(6)={f € F;|fllr < 6}. (107)

Then,

Theorem 23 [6] Let p € [1,00]. Then, there are §o > 0, dy > 0 and C > 0; for any
up € M(6) and for any d < dy, there ezists a solution (u,q)(z,t) of (1)-(2) in

({w} + C([0,00); H*(R)) N C}([0,00); H'(R))), (108)
xC([0,00); H*(R)),
satisfying
fult) — ()|l ey < Coo(L+18)72073), (109)
llg(2) + 7o(t) llzory < Céo(1 + )29, (110)

fort > 0. The solutions (u,q)(z,t) are unigue in (108).

Remark. Note that |[r,(t)|z»(r) = d/P¢~(-1/P). This implies that (110) shows —r,(t) is
the principal term of ¢(¢) in LP(R) as t — oo.

In the subsequent part, we shall extend Theorem 23 up to BV (R)-initial perturbations
to ro(z). :

3.3.3 Global existence result

Our global existence result is stated as follows.

Theorem 24 (Global existence of weak solutions) For any u_, uy with u_ < u; and for
any ug(z) in {ro} + BV(R), there ezists a weak solution (u,q)(z,t) of (13) satisfying

u—r,q; € (| BV(Rx(0,T)) (111)
T>0

u—r € Lip([0,00); L'(R)), (112)

q € Lip([0, 00); WV (R)). (113)
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Furthermore, for dny T > 0, there are positive constants C(d, ||uo —rol|Bv(r), T) such that

[l = TllBvnr=)mx©o1) + 4|l BvEx Q1) < C(d, |lU0 — TollBV(R), T), (114)

) — u)lrm + llat) — ¢@)llwrrr < C(d, fluo — rollBvir), T)It — ¢ (115)
fort, t' € [0,T).

In the subsequent subsections, we give a series of lemmas, which enable us to prove
Theorem 24. Our strategy is to seek weak solutions of the form

u(z,t) = w(z,t) + V(z,1)
with the initial condition
u(z,0) = uo(z) = ro(z) + vo(z)
= ’U)o(fl?) + %($)7

where vp(z) is in (85). In this situation, we easily see from (102) and (103) that Vy(z)
belong to BV(R) and
“V6||BY(R) < fjuo — rollBv(ry + C. (116)

As in Subsection 2.3.3, we first treat Vp(z) belonging to W2!(R) and secondly BV (R).
But we already know in view of the procedure in the proof of Theorem 7 that it is sufficient
to treat V() belonging to W21(R). So, in the following, we only study the case that

Vo € W2(R).

3.3.4 The regularized problem
We consider a regularized problem for the first equation of (13):

€ €4, £ € — €
{u,,+uum+u Kuf =eu,, (117)

ué(z,0) = wo(z) + Vo(z) for Vo € W2H(R).
Then, we have the following global-existence theorem.

Theorem 25 (Global existence for (117)) Let € > 0. Then, for any initial datum ug(z)
in {wp} + W%I(R), there exists a solution uf(z,t) of (117) in

{w} + (C([0,00); W*(R)) N C'([0, c0); L' (R)))- (118)

In particular, the solutions u®(z,t) satisfy that for any T > 0, there are positive constants
C(d, lluo — rollav(my), €IV ll L2 (ry, €, 1) and C(d, |lug — TollBv(r), T') such that

ll\f‘% C(d, lluo = roll vy €llVo lLiry, €, T) = C(d, |luo — roll vy, T) (119)

[u* = 7llwiiaxemy < Cd, lluo — TOHBV(R)ve”Vo”“L‘(R)vE’ 7). (120)

The solutions are unique in (118).
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To prove Theorem 25, we seek solutions u®(z,t) of the form
u¥(z,t) = w(z,t) + V¢(z,t).

Then, the equation that V*(z,t) should satisfy is

{ VE+ (V) + VEVE + VE — KV = eV, + ey — Wag + Ktgs, (121)

Ve(z,0) = Vo(z) € W2L(R).

As in Subsubsection 2.3.3, we wish to obtain global solutions of (121). To do this, we
need a local existence theorem and a priori estimates, which are stated as follows.

Lemma 26 (Local ezistence for (121)) Let € > 0. Then, for any Vo, € W2(R), there
is a To > 0 depending on € and ||Vy|lwz21(g) such that there ezists a solution V¢(z,t) of
(121) in

C([0, To); W*H(R)) N CH([0, To}; L' (R)).-

The solutions are unique in the above space.

The proof of Lemma 26 is omitted in the same reason as in Subsubsection 2.3.3.

Lemma 27 (A priori estimates for (121)) Let e > 0 and T > 0. Assume that V¢(z,t) is
a solution of (121) in

C(0,T); W*'(R)) n CX(0, T); L}(R)

with the initial datum Vo € W2Y(R). Then, the following inequalities hold: there are
constants C > 0 depending on d and b such that

V@l < Vollrm + C(1 +€)log(2 + t), (122)
IVetVE@)zrcry < C{IVE Il Lrcry + €llVE llLacmy + 1+ €31 + 2)°, (123)
Ve Ollmy < CUIVY Il + 1) + CUIVsllLimys 867 1) (124)

for0<t<T.

Outline of the proof. Here we only show an outline of the proof of (123). Other estimates
can be shown in a similar way. Furthermore, we only do formal computations, for all
computations in the following can be justified as in the proof of Lemma 9.

Differentiating (121) with respect to =, multiplying it by g,(V) (where g, is in (56)),
and integrating it over R x (0,t), we have

Ve (¢
/ / A)dAdz — / / o (A)dAdz
// NV wVE)dzdr
Rx(0,1)

VE)(VEVE),dxd / (VE)VEdzd
+././12x(0,t)g ( )( ) * T+/Rx(0t) ) var

t
< 5 1 — € 2
< [ Ve odr —e [ o (VE Ve dadr |
t
+e+2) /0 W (7)1 - (125)
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We denote by J(c) the third integral in the left hand side. An integration by parts gives

— — / € VE Ed d
H0) = =[], 0 BVVEnVidzdr
_ / Ve Ve ed
././RX(O,t) ga( :z:) a::z:wIV zdr
= Ji(o) + (o).
By virtue of (99) and the procedure utilized in the proof of Lemma 9, we obtain
' t
|1(0)| < Co /0 llwe(r)]|Lamydr < Cdot.
For Jy(o), we compute:
VG
= — . | gl (N ddw,Vedzd
Jo(o) //Rx(oﬂa /0 ga(}\) w,Vedzdr

—15

- .//;u(o t)/ ](”\ )dA( me€ + w, VE)dzdr.

Then, it follows from (101) that

B < 2 [ el IV s
e R AT

Thus, letting o0 — 0 in (125), we arrive at |

VzOllww < 1Vollwew + C(l +¢)

+ @+ IV
Similarly, we can obtain
IVE@llm < IVEO) 1 + C(1+€)(1+b)
+ [ ot@+ B+ + 1+ )PV s

Adding (127) and (128), we have

VeVl Li(r)
< ||Vm,tV€(0) e + C(l -+ 6)(1 + b)

t D
+/0 C{U+d+0)A+ )"+ 1+ 7) > PH Vo V() mydT

Applying the Gronwall lemma to (129), we obtain

Ve VEO L1y
< (Ve VEO)lLa(ry + C(1 + €)(1 + b))(1 + ¢)CU+d+),

(126)

(127)

(128)

(129)

~ After clearing the right hand side, we get (123). The proof of Lemma. 27 is complete. O

Combining Lemmas 26 and 27, we obtain
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. Proposition 28 (Global existence for (121)) Let € > 0. Then, for any Vo € W2(R),
there ezists a solution V(z,t) of (121) in '

C([0,00); W'(R)) N C*([0, 0); L'(R)).
The solutions are unigue in the above space.
Finally, we prove Theorem 25.

Proof of Theorem 25. For V¢(z,t) constructed in Proposition 28, u(z,t) = w(z,t) +
V#(z,1) is a classical solution of (117). Furthermore, by virtue of Lemma 27, (106) and
(116), we have for any T > 0

”VE”WI’I(RX(O,T)) + flw — "‘IIWm(Rx(o,T))
C(||%IIW1’1(R)7 E”‘/OI,“LI(R)) £, T) + C(dv T)
C(d, lluo — rollBvir), €llVy L1 (r)s €4 T).

flu® — THWLI(Rx(o,T))

IA N IA

The above constant satisfies (119) and (120) for any T > 0. The proof of Theorem 25 is
complete. O

3.3.5 Outline of the proof of the global existence theorem

Outline of the proof of Theorem 24. As in Lemma 13, we can find a subsequence {V*}2,
of {V¢}.s0 and a function V(z,t) in

Lip([0,00); L*(R)) N L*°(R x (0, 00))
N BV(R x (0,T))

>0

" such that

loc

VESV  a e (z,t) € R x (0,00),

as k — oo. Furthermore, there are positive constants C' depending on d and b such that

{ VE—=V  in LL(R % (0,00)), (130)

V) = V() lew < CUIVallevm + 1)1+ T)C|t - t/| (131)
for ¢, t' € 0,7,
IV (Ol < IVollerym + Clog(2+t) fort >0, (132)
”V“L'(Rx(o,’l')) S ’]'(“‘/0 LY(R) + C'log(2 + 71)), (133)
IDVII(R % (0,T)) £ CUIVsllr(my + 1)(1 + T)°, (134)
IVlerx01)) < CUIVollLim + 1)1+ T)¢ (135)

for any T' > 0.
Now, if we let k — o0, then the sequence

u¥(z,t) = w(z,t) + VE(z, 1)
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has the limit. Define

u(z,t) = klim ub(z,t) for ae. (z,t) € R x (0,00).

—rO0

Then, there holds:
u(z,t) = w(z,t) + V(z,1).

To verify (114) for u — r, we take the inferior limit as k — oo in (120) along the sequence
{uF}2,. Then, we obtain (114) for u —r. The inequality (115) for u, is directly obtained
from (104) with p = 1 and (131). Finally, multiplying (117) by ®s(u¢)¢$, where ®; is in
(69) and ¢(z,t) > 0 is any test function on R X (0,00), we proceed as in (70)-(71). Thus
we find that u(z,t) = w(z,t) + V(z,t) satisfies the entropy inequality (87). Thus, the
function u(z,t) is the desired weak solution of (13). Furthermore, it is easy to check that
q = —K,u with the above u satisfies (114) and (115). The outline of the proof of Theorem
24 is complete. ]

3.4 The stability of the rarefaction waves

For § > 0, we define

N(©) = {€{ro}+BV(R);3' e M(6),i=1,2 s.t.
YH(z) < ¥(z) < ¥*z) ae z € R},

where M(6) is in (107).
Our main result of the present paper is the following.

Theorem 29 (Stability of the rarefaction waves) Let p € [1,00] and let & and dy be the
positive numbers established in Theorem 23. Then, for any ug € N (&) and for any d < &,
there is a constant Cg, > 0 such that the weak solution u(z,t) obtained in Theorem 2/
satisfies 1
~1(-1
lu(8) = () le(m) < Caoo(1+1)73077) (136)

fort > 0.

Remark. It does not seem to be able to obtain the optimal asymptotic behaviour of g(t)
at present.

Proof of Theorem 29. Since ug € N(fo), there are functions u$ € M (&) such that
up(z) < up(z) <ul(z) ae zeR. (137)

It follows from Theorem 23 that for initial data uf, i = 1,2, there exist the solutions
ut(x,t) in
{w} + (C([0, 00); H*(R)) N C'([0,00); H'(R)))
satisfying
() = ()l ogry < Canbo(1 +2)™307%) (138)

for t > 0. We note that ui, i = 1,2, are also in L*>®(R x (0,00)). We can also prove that
u* € {r} + C([0,00); L}(R)).
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This is shown by a tedious calculation used in the proof of the local existence theorem and
by L(R)- a priori estimate. We omit the details. Furthermore, it follows from Theorem
24 that for initial data ug(z), there exists the weak solution u(z,t).

Thus we can now apply Corollary 19 to (137) and we have

ul(z, 1) < ulz, t) < uv¥(z,t).

Then _
lu(=,1) — r(z,%)| < max |u'(z,¢) — r(z,2)|.

Applying (138) to the above, we get
lu®) —r@llrw < maxlut) - rE)loe
< Cabo(l+1)73073),

This completes the proof of Theorem 29. O
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