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NONLINEAR SCHRODINGER,
EQUATIONS IN THE SOBOLEV SPACE
OF CRITICAL ORDER
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Abstract. The Cauchy problem for the nonlinear Schrodinger equations is
considered in the Sobolev space H"/%(R") of critical order n/2, where the
embedding into L*°(R") breaks down and any power behavior of interaction
works as a subcritical nonlinearity. Under the interaction of exponential type -
the existence and uniqueness is proved for global H™2-solutions with small
Cauchy data.
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1 Introduction
In this paper we study the nonlinear Schrédinger equations of the form
0w+ Au = f(u), (1.1)

where u is a complex-valued function of (¢, z) € RxR", 9, =9/o6t, A
is the Laplacian in R™, and f(u) is the nonlinear interaction given by a
complex-valued function f on C. There arises a new interest in the Cauchy
problem for (1.1) in the fractional Sobolev spaces H* = (1 — A)~*/ 2L2(R™)
of order s > 0 [3, 4, 7, 8, 11-15, 18, 23-25]. To illustrate some of the latest
developments of the H*-theory for (1.1), take for example the single power
interaction

f(u) = AufP~u, (1.2)

where A € R and 1 < p < co. A homogeneity argument on (1.1) with (1.2)
indicates that the power p is critical [resp. subcritical] at the level of H* if
and only if p = 1+4/(n — 2s) [resp. p < 1+4/(n — 2s)], where we follow the
convention 0 < s < n/2 to keep the critical exponent 1 + 4/(n — 2s) finite
with the exception 1 < p < oo to denote the subcritical case at the level
of H* with s > n/2. Both in the critical and subcritical cases the available
results show the existence and uniqueness of local H*-solutions and, under
the smallness assumption on the fractional derivative (=A)*/2¢ in L2 for
the Cauchy data ¢ € H* with sp = n/2 — 2/(p - 1), the existence and
uniqueness of global H*-solutions. Here, when p is not an odd integer, an
additional assumption such as s < p is required to keep the smoothness of f
compatible with the behavior at zero. Concerning the number Sp, we notice
the following simple facts: (1) s = sq in the critical case. (2) sp < s in the
subcritical case. (3) p is critical at the level of H*. (4) 0 < s, < n/2.

As we see above, as regards the H*-theory with 0 < s < n/2, the power
behavior of the nonlinearity determines the order of the Sobolev space where
the smallness of the data is imposed to ensure the existence and uniqueness
of global H*-solutions. This is the right phenomenon, as is usual with other
nonlinear evolution equations with dilation structure, such as the heat equa-
tion with single power interaction and the Navier-Stokes equations, see [4, 5]
and references there for instance.

In contrast, when s > n/2, no specific behavior for the nonlinearity is
required for the H*-theory for (1.1) at least locally in time. In fact, when
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s > n/2, for the existence and uniqueness of local H*-solutions one has only
to assume that f € C¥(C; C) with f(0) = 0, where differentiability refers to
the real sense and & is the smallest integer greater than or equal to s. The
proof depends on the usual Sobolev embedding H* C L™ for s > n /2 in an
essential way.

The case s = n/2 may therefore be regarded as the borderline in two
aspects: (1) No power behavior of interaction amounts to the critical non-
linearity at the level of H™/2. (2) Pointwise control of solutions falls beyond
the scope of the H™2-theory, so that any argument similar to that of the
H*-theory with s > n/2 breaks down even for local theory without specific
behavior of interaction.

In addition to the critical phenomena described above, H™ 2-solutions
deserve attention as finite energy solutions for n = 2 and as strong solutions
for n = 4.

The purpose of this paper is to determine the critical behavior of non-
linearity that ensures the existence and uniqueness of global H*/2-solutions.
We prove the existence and uniqueness of global H™/2-solutions to (1.1) with
small Cauchy data under the nonlinearity of exponential type. This is remi-
niscent of Trudinger’s inequality [16, 17, 19, 22], which replaces the Sobolev
embedding in the limiting case on the basis of the exponential estimates in
terms of functions in the critical order Sobolev space H"*/2, To state the main
result more precisely we introduce the following notation.

For any r with 1 <r <oo, L"=L"(R") denotes the Lebesgue space
on R".Forany s€R andany r with 1<r<oo, H: =(1—A)=*2["
denotes the Sobolev space defined in terms of Bessel potentials. For any r
with 1 <r < oo, H; denotes the homogeneous Sobolev space defined as the
space of classes of distributions u modulo polynomials such that (—A)*/2y €
L™ . Forany s€ R andany r, m with 1 <r, m < o0, B;" m denotes the
homogeneous Besov space defined as the space of classes of distributions u
modulo polynomials such that {2%7||¢; * u; L7||}*°, € I™ , where % denotes
the convolution in R™ and {¢;}*=_ is a sequence of functions such that
the Fourier transformed sequence {qASJ} forms the Paley-Littlewood dyadic
decomposition on the space R"\{0} of nonvanishing momenta. Analogously
the usual Besov space B ,, is defined on the basis of the Paley-Littlewood
dyadic decomposition on the whole momentum space R™ . We refer to 1, 10,
21] for general information on Besov and Triebel-Lizorkin spaces and their



homogeneous-counterpa.rts. For simplicity we set H* = Hj, He = H;, B =

r 25 B = B; 5 . For any interval I C R and any Banach space X we
denote by C(I;X) the space of strongly continuous functions from I to
X and by LY(I;X) the space of measurable functions % from I to X
such that Jlu(-); X|| € LY(I) . Let U(t) = exp(itA) be the free propagator,
namely the one parameter group which solves the free Schrodinger equation.
Forany r with 2 < 7 < 0o, we define 6(r) = n/2—n/r , namely the optimal
decay rate in time for the L" -estimate of the free propagator. Regarding
the space-time integrability properties for the free propagator, it is covenient
to call a pair of exponents (g, r) admissible if 0 < 2/qg=6(r) <1.The
Cauchy problem for the equation (1.1) with data wu(te) = U (to)¢ at time
to will be treated in the form of the integral equation

wt) = Ut-to)ufts) - i /t:U(t—T)f(u(T))dT (1.3)
= U(t)¢ —i(Gy, fu))(2),

where the second line is understood to define the integral operator Gy, .
The first line of (1.3) is formally equivalent to (1.1) with Cauchy data u(to)
given at finite time ¢, , while the second line will be used to denote the
Cauchy problem for (1.1) with Cauhy data ¢ at time to = 0 as well as
at to = %oo . To describe the nonlinear interaction f with an exponential
growth at infinity as well as with a vanishing behavior as a power at zero,
for A >0 we introduce the following assumptions (A)m with m >1 and
(B)m with m>0. '

(A)1: f € CH{C;C) and £(0) = 0.
There exists a constant C such that for all z € C
|f'(2)] < CeMt|z 2,
(A)m form >2: f e C™(C;C) and £(0) = 0. There exists a constant
Csuch that forall z€e Cand 2< k <m
IF(2)] < CMP 4,
F9E)] < c.



(B)o: f € C(C;C) and f(0) = 0. There exists a constant C such that
for all z;, 20 € C
1F(22) = ()] < O P ay]f 4 Xo0P o)z, — 1)
(B)m for m > 1: In addition to (A),, f™ satisfies the estimate -
for all z;, 20 € C
[f™(z1) = f™(2)] < (X 4 Xl 2y — 2.

Here f® denotes any of the k -th order derivatives of f with respect
to z and 2z and |f®)| denotes the maximum of the moduli of those
derivatives. We solve the equation (1.3) in the Banach space X defined by

X = CRHY)n () LYR;HM?) if n iseven,
0<2/g=6(r)<1

X = CR;H)n [ LYR;B°NB™?) if n isodd,
0<2/g=6(r)<1

with norm
lu; Xl = sup  |lu; LYR; HY?)|| if n is even,
0<2/q=5(r)<1
lw; XN = sup  (Jlu; LYR; B + |lu; LI(R; BX2)||)  if n is odd.

0<2/q=6(r)<1

With the notation above we now state the main result.

Theorem 1 Letn > 1. Ifn is even let f satisfy (A)ns2 for some X > 0.
If n is odd let f satisfy (B)(n=1)/2 for some X\ > 0. Then there exists € > 0
with the following property.

(1) For any data ¢ € B. at time ty = 0 the equation (1.3) hasa
unigue solution u € X, where B, is the ball in H™? with center 0 and
radius €. Moreover there ezists a unique pair (¢4, ¢-) € HY2@® H™? such
that

lu(t) — U(t)ps; H?|| - 0 as t — +oo, (1.4)
lu(t) = U(t)¢—; H?| - 0 as t— —oco. (1.5)

3



(2) For any data ¢, € B, at time ty = +o0o the equation (1.3) has a
unique solution u € X. Moreover u satisfies (1.4). ’

(3) For any data ¢_ € B. at time ty = —oco the equation (1.3) hasa
unique solution u € X. Moreover u satisfies (1.5).

Remark 1. The assumptions of the theorem above cover for instance the
nonlinearities of the form

f(u) = £( M’ —1 - Mul2)u for n=1,
flu) = (X — 1)y for n=2, 3,
f(u) = £ —1) for n > 4,

with X > 0, which need not be the same as that of (A)m or of (B),,. The
nonlinearity of exponential type was studied in [2, 6] only in the special case
where =2, 3 and A <0. '

Remark 2. In the framework of pure H?* -theory the nonlinearity is
required to behave as a power w? at least p > 1 +4/n at the origin. On
the other hand, the nonlinearity is required to have the differentiability of
order greater than or equal to n/2 at the origin. To take those requirements
into account, it is sufficient to suppose that the nonlinearity should behave
as apower u® for n=1, u® for n=2,3, and «? for n >4 to keep
everything smooth. This is the reason why we have imposed additional power
behavior at the origin of the nonlinearity. Although there is a room to reduce
the order of power behavior at the origin to the minimal value 1+ 4/n, that
is outside the purpose of this paper since we intend to keep the exposition
not too technical.

Remark 3. To our knowledge, both in the local and global cases there
is no other work to treat the Schrédinger equation with nonlinearity of ex-
ponential growth in the H?® -theory with s < n/2. In view of Trudinger’s
inequality the growth rate as e*" at infinity seems to be optimal at the
level of H™/2. Note that the L* -norm is out of control of the H™2 -norm
even when the latter is infinitesimally small.

Remark 4. The theorem above proves the existence and asymptotic
completeness of the wave operators Wy : ¢y u(0) = ¢ on the small
asymptotic states ¢y in H™/2,



We prove the theorem in the next section. The method of the proof de-
pends on a contraction argument on (1.3) in X with metric on L%(R; Lm)
for an admissible pair of exponents (g, 7) in which the Strichartz type es-
timates for the free propagator fit naturally. For that purpose we prove that
all the norms appearing in the definition of X are reproduced by the right
hand side of (1.3) and that the metric on LY(R; L") is contracted. As is
usual with the estimation of the nonlinearity of exponential growth, we take
the corresponding power series expansion and reduce the problem to ma-
jorizing each term of the expansion in terms of the Sobolev and Besov norms
so that the resulting series of norms should converge. This requires detailed
information on the individual terms of the expansion regarding the growth
rate with respect to the exponent r of the L" -norm in the space variables,
since the argument here should be based exclusively on the H™2-norm but
be independent of the L* -norm. For that purpose we derive a sharp form
of the Gagliardo-Nirenberg inequality which states precise dependence of the
exponent r of the L" -norm on the associated bound, see Lemma 2.2 be-
low. As well as the problem described above on the norms with respect to the
space variables, there arises a problem on the norms with respect to the time
variable since no explicit dependence of the size T' of the time interval [0, T}
on the nonlinear estimate is required to make the contraction argument work
on the whole time interval (—oo, +o0). To be more specific, the contribu-
tion of time on the estimates occuring in the contraction argument should
be given in terms of the norm of X so that the argument could go through
regardless of the size of the time interval. The problem is naturally solved
by a simple power counting with respect to the time variable on the basis of
admissible pairs arising from the Strichartz estimates, where we remark that
no contribution of the time interval is given by the quantities associated with
the H™?2 -norm since X is continuously embedded in L*(R; H"?)

Before concluding the introduction we should mention that it was M.
Tsutsumi [23] who pointed out the lack of the H™/?2 -theory in the Sobolev
scale for the nonlinear Schrédinger equations. Actually that has been the
major motivation for this work and we would appreciate his insight on that
matter.



2 Proof of the theorem

In this section we prove the theorem. We first recall the basic estimates for
the free propagator on the homogeneous Besov spaces. For any s € R and
any r,m with 1 < r,m < oo, the homogeneous Besov space B is

deﬁned as the space of classes of d1str1but10ns u modulo polynomlals such
that

s Bl = (30 295 w; L) ™ < o0
Jj=—o0

with obvious modification for m = oo, where ¢; is deﬁned through the
Fourier transform by

$;(€) = $(277¢) - P(277t1¢)

with $ € CP(R™) satisfying 0 < b <1, PE) =1 for |€] < 1, and
D(E) =0 for |€] > 2. We now state the Strlchartz type estimates for the free
propagator U on the homogeneous Besov spaces B’ = B:z

Lemma 2.1 [4,8]. The free propagator U satisfies the following estimates.
(1) For any s € R and any admissible pair (q, r)

IU()é; LUR; B2)|| < Clo; 2.

(2) For any s € R and any admissible pair (g1,71) and (g2, 72), any
interval I C R possibly unbounded, and any t, in the closure I of I in

the extended real line RU {£co}, the operator Gy, defined by (1.3) satisfies
the estimate

G f; L (R; By )| < C||f; L%(R; B3 )|,

where the constant C s independent of I and t, and P’ is the ezponent
dual to p defined by 1/p+1/p' =1.

Remark. Except for the case where (g,7) = (4,00) for n = 1, the
usual Strichartz estimates [3, 7, 9, 12, 20, 26] are derived immediately from
Lemma 2.1 on the basis of the embeddings

B:CH® if 2<r < oo,
HCB ifl<r<2.
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Conversely, Lemma 2.1 is derived from the usual Strichartz estimates by
using the definition of the norm on B, the Minkowski inequality, and the
commutation relation between U and ¢ .

The following lemma is crucial in the proof of convergence of the series
of exponential type.

Lemma 2.2 Letl < r < oo. Then there exists a constant Co > 0 such
that for any q with r < g < oo the following estimates hold.

”u; L‘1|| < Coq1/2+(r-2)/(2q)”u; Hn/2”1—r/q”u; Lr”r/q,
llu; BY|| < Cog"/?+r=2/C0)||y; Fn/2||1=r/a||y; BO|I7/a,

Proof. We first recall the following estimate from [17, Inequality(2.6)).
For any p with 1 < p < oo there exists a constant C > 0 such that for
any ¢ with p<g< oo

llu; L9 < Cq'/? |lu; Hy/p=/a)].

For any r with 1 <7 < oo and any ¢ with r < ¢ < o0 we
define ¢ and p by a=1-r/q and 1/p = a/2+ (1 — a)/r. Note that
0<a<l, p<g<oo, n/p—n/q=na/2. By an interpolation inequality
(see [10, Lemma A.1] for instance), we have

s H/2=™%|| < Cllws H™?|*lu; L7,

where C is independent of ¢ since two numbers n/p—n/q and p range
over compact intervals. Combining two inequalities above, we obtain the first
inequality of the lemma since 1/p =1/2 + (r — 2)/(2¢q) by definition. The
second inequality of the lemma follows from the first by substituting » by
pj*u and taking the norm on 1>(L7). We note here that the 12(H™/2) norm
of {p;*u} isequivalent to the H™2 norm of .

QED



Lemma 2.3 Let (go,ro) satisfy

nf2<ryg<oo, 1<r< oo,
nf2<g<oo, 1<¢q< oo,
2/q0 + nfro = 2.

Let f be as in Theorem 1. Then there exists a continuous, nonnegative
function F defined on the interval [0,py] with py > 0 such that the
following estimates hold: For any admissible pairs (q1,71) and (go,70)
with 6(r1) + 6(r2) = n/ro, any p with 0 < p < py, and any u,v € X with
lw; X|I < o, Jlv; X < p,

1 (w) = f(v); L%(R; )| < F(p)l|u — v; L (R; L), (2.1)
If () = f(0); L% (R BYI < F(p)llu — v L2(R; B[, (2.2)

1 (w); L%(R; H®)|| < Fp)llu; L2(R; HX?)||  for n even, (2.3)
1£(u); L%(R; BY/*)| < F(p)l|w; % (R; B/ form odd.  (2.4)
Moreover, F satisfies ’

F(p) = O(p*) for n=1,
F(p) = O(p*) for n=2,3,
F(p) = O(p) for n>4,

l

as p — 0.

Proof. We prove the lemma for real-valued functions for simplicity since
the proof for complex-valued functions is analogous if we regard f as a
function of two variables 2 and z. By the assumptions on exponents,
(g;,7;), 7 =0,1,2, satisfy

' 1/ry =1/ro+1/ry,
1/¢a=1/q0+1/q.

Moreover, (4qo/n,4ro/n) forms an admissible pair.
We first consider the case where n > 4. By the assumption (A)n/2, we
decompose f as f = fi+ fo with f1(0) = £2(0) =0,

|[fi(w)] < Clul,
[fa(w)] < (M ~ 1),

10



where A > 0 may be taken large enough if needed. We treat separately the
contributions of f; and f, . By the Hélder inequality in space and time,
we estimate

1 f1(u) = fi(v); L%(R; L")
< C(llu; L2 (R L)|| + Jlv; L2 (R; L)) |fw — v; L2 (R; L)), (2.5)
|| fo(u) - f2(v); L2(R; L™))|
< C) fj\é(”“%i Le(R; L™)|| + [[v¥; L@ (R; L™)|))||u — v; L2(R; L™)).
Jj=1J*
(2.6)

We estimate the first two norms on the RHS of (2.5) and (2.6) by using
Lemma 2.2 for the L™ norm in space and taking the L% norm in time of
the resulting inequality to obtain for instance

llus L (R; L)l < Cllu; L2(R; H™2) |47 |u; LAo/m(R; Livo/™)||4/m

< Cllus X, (2.7)
495 L (R; L)) = s L2 Lo
S 031(2]7.0)]-1-2/(71@)””’Loo(R’ Hn/2)“2]—4/n”u, L4q°/n(R; L4ro/n)”4/n
< CH (24 )it a0 ||y, X ||, (2.8)

where C; is a constant independent of j and we have used Lemma 2.2
with ¢ = 2jry and r = 4r¢/n. Combining (2.5) and (2.7), for u,v € X
with norm bounded by p we have

1f1(w) = fi(v); L4(R; L)) < Collu = o, L2 (R; L)) (2.9)
Combining (2.6) and (2.8), for u,v € X with norm bounded by p we have
1f2(u) = fa(v); L%(R; L))

0 jj+2/(nqo)

C Y ———(2xrgC2p?)||u — v; LU (R; L™)]], (2.10)

< .
< 7l

j=1

11



where the last series converges for all p with 0 < p < pp =1/ ((2Arge)1/2Cy) .
The inequality (2.1) therefore follows from (2.9) and (2.10), while (2.2) follows
by the embeddings B? ¢ L™ and L" C BY% for r > 2. We next prove
(2.3) for even n > 4. In view of (2.1) with f(0) = 0, it suffices to prove the
inequality of the form

£ (w); % (R; H*)|| < Fp)llu; L (R; HZ2)||. (2.11)
We estimate the LHS of (2.11) as

£ Cu); L%(R; £/
S C Y NMAWFBLER LY +C 3 |f5(u)du; LA(R; L)

le|=n/2 laj=n/2

) k
+C Y Y 1f®(a) I 8%tu; LB (R; L)), (2.12)
le|=n/2 B1+-+fr=c =1
2<k<n/2 [Bel>1

where o and {8} stand for the usual multi-indices for derivatives and
fi and f, are as in the preceding argument. We consider separately the
contributions of the derivatives f® with 1<k < n/2 on the RHS of
(2.12). The terms with f’ = f|{+ f} are estimated in the same way as in the
preceding argument and the first and second sums on the RHS of (2.12) are
bounded respectively by the RHS of (2.9) and (2.10) with ||u—v; L% (R; L™ I
replaced by |lu; L9 (R; H?/?)||. For the terms with f®) with 2 < k < n/2,
we define p, with 1</<k by

1/pe = pefr1 + (1 — pe)/s,

where p; = |B|/|a] ‘and s = (2j +k — 1)ry with j > 0. By the Holder
inequality in space, the convexity inequalities between the homogeneous
Sobolev spaces [10;Lemma A.1], and Lemma 2.2 with g = s = (27 +k—1)rg
and r = 4rg/n, we estimate the last norm in space on the RHS of (2.12) by

k

£ () TT 0Peu; L2

=1

0 A] 24 k /3 T"
< O gl To%w 1)
7=0 =1

12



< CZ——lIu L“’ |2JH”u Hlﬁzl

IA

¢ Z .—,IIU; L s HY2|

CZ ng+k 1((2j+k‘— 1)rg )+ (k= 1)/2+2/(nqo)"u Hn/2”2_7+k 1-4/n
j=0J

-nu, LA/ |14 s 222, (2.13)

where Cj is a constant independent of j. We take the L% norm in time of
(2.13) for u € X with norm bounded by p and use the Holder inequality
in time to obtain

£ % (w) H 8%tu; L%(R; L")
=1

— 1)i+(k=1)/242/(ng0)

< Cpk-—lz (2j+k

< 5 (CoX?rg/?p)% |lu; Lo (R; HE/2)),
Jj=0 :

(2.14)

where the last series converges for all p with 0 < p < py, so that the LHS
of (2.14) is bounded by the RHS of (2.11). Collecting those estimates above
yields (2.11), as required. We now prove (2.4) for odd n > 5. In view of (2.1)
with f(0) =0, it suffices to prove the inequality of the form

I1£(w); L%(R; BY*)|| < F(p)|lu; L% (R; BY/?)||. (2.15)

We write n as n=2m+1 with m > 2 and we estimate the B"/ 2 norm
on the LHS of (2.15) as '

1 (u); B2
< C X o (fw); B

|al=m

< C ¥ IfiesBLI+C 3 |lfsworu; BY?

|e|=m |a|=m

DD nf(’“)(u)IIaﬂ'u.;B:{ﬁL (2.16)
£==1

laj=m Bi1++PBr=c
2<k<m  |Be]21
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where we have decomposed f' as f' = f{+ f} with fi(0) = f3(0) = 0,

|fi(w) = £1(v)] < Clu -],
|£3(w) = f30)] < C((M = 1) + (" 1)) Ju -],

We consider separately the contributions of. fi, f3,and f®) with 2<k<m
on the RHS of (2.16). As for the latter, it follows by assumption that for all
k with 2<k<m, f*¥(0)=0 and

FOw) = FO@) < @M + MP)u— o,

- To estimate the Besov norms on the RHS of (2.16) we use the followmg
equivalent norm on B" with 0<o <1

oo 1
s Bl = ([ 717 sup |y — w; L7t )7,
0 lyl<t

where 7, is the space translation by y € R”. For the terms with fi on the
RHS of (2.16) we define p, and p; by

1/po = po/ro + (1 — po) /1,
1/pr=pa/ro+ (1 — w)/r1,

where po=1-1/n and p; = 1/n. The terms with f| are estimated as

1fi(w)au; B/

< ([ smp i) = fiw)s L Pt ) o 1)
i 1] 10 Bl

< Cllws B2 llus HZ /2] + Cllus L | [lu; B2

< Cllus B 1w B2, (2.17)

where we have used the Holder inequality, the embeddings B0 C L™ and
B”/ 2 H ”/ 2, and the following convexity inequalities

14



lw; B2l < Cllw; BY, |14 |w; B/,

T1
llu; HE=D2) < Ol L7 || |jw; H2||o.

Taking the L% norm in time of (2.17), we conclude that the contribution
of fi on the RHS of (2.15) is bounded by the LHS, as required.
For the terms with f; on the RHS of (2.16) we define p, and p; by

1/po= po/s + (1 — po)/r1,

1/pr= /s + (1 = p)/ry,

where pg =1—1/n, y; = 1/n, and s = (2j + 1)ry with j > 1. The terms
with f; are estimated as

1 f5(w)0u; BY?|

00 o o 1/2
< (7 omp I(falryn) = F()o%us L7t )
Y=

+CI 5w L] [0 BLL?|

% )i i N . cn
< O3 Sl L1 s BP0 L) + Cll (s L™ s B2

j=1J

M 50112541 n /2
< O3 Sllus B s Br?

J=l1
<

© N o
C E }—'Cg]'l’l((zj +1)T0)]+1/2+2/(nqo)”u; Hn/2”2'7+1_4/"
=

Nlus Bl lu; B2, (2.18)

where we have used the Hélder inequality with 1/r) = 1/r + 1/r = 2j/s +
1/po + 1/p1, the embeddings and convexity inequalities as in the preceding
argument with ry replaced by s, and Lemma 2.2. Taking the L% mnorm in
time of (2.18), we conclude that the contribution of f} on the RHS of (2.15)
is bounded by the LHS for any 4 € X with norm bounded by p in the
interval [0, pp), which ensures convergence of the resulting series as before. -
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For the terms with f®) on the RHS of (2.16), namely f®)(x)3%y.- .. 5%y

with 8y +-- 4+ G = and Sy, -, B # 0, we write the corresponding first
difference in the equivalent Besov norm as

7y(FOu) [[ %) = O (w) [T8%u
£ £
= (f®(r,u) - FE(w)) 1 6%
£
+ 2 fO)(n 0 - ) [[ o u [ % (2.19)

a<t b>¢

and we denote by I and I the first and second line on the RHS of (2.18),
respectively. For the term I, we define p, with 0 <a <k by

1/pa = )ua/rl + (1 - /‘l‘a)/S»

where po = 1/n, p, = 2|G,|/n fora #0, and s = (27 + k)rg for j > 0.
We estimate

( / ™2 sup ||T; L"||2dt )1/2
0 lyi<t .

O N
< O X Spllws L1l By T] fl0%u; L]
j=0J* £

= N 50125+k|(,,. n/2
< O3 Sl B B2
j=0J"

N VA ) _ , ,
< CZ 3703”’“((2] + k)r0)1+k/2+2/(nqo)l|u; Hn/2”21+k—4/n
= J! |

Nets Bl mll* s B/, (2.20)

where we have used the Holder inequality with 1/ry = 1/rg+ 1/r; = 2j/s +
30 1/pa, the embeddings and convexity inequalities between the homoge-
neous Sobolev and Besov spaces, and Lemma 2.2. For the term I, we difine
Do with 1<a<k by

l/pa = /’La/rl + (1 - /,La)/S,

where i = 2|fal/n for a# £, py= (2|6 +1)/n, and s = (2 +k — 1)rq
for j > 0. In the same way as above, we see that the integral on the LHS of

16



(2.20) with I replaced by I is estimated by the RHS of (2.20) with k replaced
by k — 1. Taking the L% norm of (2.20) and the corresponding inequality
for I, we have for u € X with norm bounded by p

k . :
1F® () TT 8%w; L% (R; B/

=1

) 0o 2] +k J+k/2+2/(ng)
S C(pk 1+pk)Z( )J‘
j=0

llu; L (R; B/, (2.21)

(CoX2rg"? )

where the last series converges for all p with 0 < p < po, so that the LHS
of (2.21) is bounded by the RHS of (2.15). Collecting those estimates yields
(2.15), as required. This proves the lemma for n > 4. ‘
We now comment briefly on the lower dimensional case n < 3. The
method of proof above works as well with minor modifications and the only
essential difference arises in connection with the power behavior of nonlin-
earity as u — 0. To be specific, the power p at the origin should satisfy
p > 1+ 4/n. For instance, to ensure (2.8) for all dimensions, one has to im-
pose the condition that 2j > 4/n. This determines the behavior of f/ (u) as
u — 0, so that the assumptions of the theorem fit into the argument above.

QED

Proof of the theorem. We solve the equation (1.3) by a contraction
argument. For that purpose it suffices to show that all the norms appearing
in the definition of X are reproduced by the RHS of (1.3) and that the metric
on LIR;L") oron LYR;BY) is contracted for an admissible pair (g,r).
The smallness assumption on the data is required to ensure the invariance of
a closed ball in X under the mapping (1.3) with restect to w € X . The
size of radius of the ball in X is accordingly chosen to be small enough.
The contraction argument on (1.3) is carried out on the basis of Lemmas 2.1
and 2.3 and yields a unique fixed point u € X for any data ¢ at tp=0
or at to = oo with the H™? norm sufficiently small. The asymptotic
conditions (1.4) and (1.5) are proved in the same way if one replaces the
whole time interval by the interval I = [t,4+00) or (—oc,t] in the relevant
estimates, so that the required convergence follows from the integrability in-

17



time of solutions in X. The existence of asymptotic states ¢+ follows by
the standard Cook-Kuroda method.

QED
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