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Abstract. The spectra of the Toeplitz operators on the weighted Hardy space
H?*(Wdf/2r) and the Hardy space H?(d/2x), and the singular integral operators on the

Lebesgue space L?(df/2r) are studied. For example, the theorems of Brown-Halmos type
and Hartman-Wintner type are studied.



§1. Introduction

Let m be the normalized Lebesgue measure on the unit circle 7' and let W
be a non-negative integrable function on 7' which does not vanish identically. Suppose
1< p<oo. Let LP(W) = LP(Wdm) and LP(W) = L? when W = 1. Let H?(W) denote
the closure in L?(W) of the set P of all analytic polynomials when p # co. We will
write H?(W) = HP when W = 1, and then this is a usual Hardy space. H* denotes the
weak * closure of P in L. P denotes the projection from the set C of all trigonometric
polynomials to P. For 1 < p < oo, P can be extended to a bounded map of L?(W) onto
H?(W) if and only if W satisfies the condition

1 1 -1 Pl
(Ap) sup (m/Ide) <m/IW P dm) < o0

where the supremum is over all intervals I of T'. This is the well known theorem of Hunt,
Muckenhoupt and Wheeden [7], which is a generalization of the theorem of Helson and
Szegd [6).

In this paper, we assume that the weight W satisfies the condition (4,). For ¢ .
in L*, the Toeplitz operator T;" is defined as a bounded map on H?(W) by

TV f = P(¢f).

For o and § in L*, the singular integral operator So% is defined as a bounded map on

LP(W) by
SW%f=aPf+pB(I-P)f

where [ is an identity operator. If W = 1, we will write T;V =Ty and S o% = Sap. Almost
all results in this paper will be essentially shown using the following theorems. They are
called the theorems of Widom, Devinatz and Rochberg (cf. [1], {10] and [9]).

Theorem A. Suppose 1 < p < oo and W =| h |? satisfies the condition (A4,), where
h is an outer function in H?. Then the following conditions on ¢ and W are equivalent.

(1) T is an invertible operator on HP(W).

(2) ¢ = k(ho/ho)(h/h), where k is an invertible function in H* and hg is an
outer function in H” with | Ao | satisfying the condition (A4,).

(3) ¢ = vexp(U — iV), where « is constant with | v |= 1,U is a bounded real
function, V is a real function in L! and Wexp(gV) satisfies (A,).

Theorem B. Suppose 1 < p < 0o and W =| h |F satisfies the condition (A,),
where h is an outer function in H?. 5% is invertible on LP(W) if and only if both & and
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B are invertible in L* and /B = yexp(U — iV), where 7 is constant with |y |=1,U is
a bounded real function, V is a real function in L' and Wexp(gV) satisfies (A,).

Theorem C. Suppose Ty and Sug are on L%, where ¢,a and B are invertible ‘
functions in L.

(1) Ty is invertible if and only if ¢ has the form : ¢ =| ¢ | e where t is a real
function in L! such that

I£l" = inf{||t = 3 — @]l ; s € LF and @ € R} < 7/2

(2) Sap is invertible if and only if /8 has the form : /8 =| a/f | €' where t
is the same to that of (1). Hence S,p is invertible if and only if T,4 is invertible.

In this paper, we are interested in o/(T}}" ) and o(S¥), that is , the spectra of Ty
and So%.

For o = a; +ia; € Cand B = 6, +if: € C, put {o,8) = oy + azf; and
0(a, B) = arccos({a, B)/ | e || B ]) for a # 0 and B # 0. Set

tf={z€C; (z,0) > 1} and £; = {z € C; (z,a) < 1}
and Sfjﬂ denotes £ N Z{, where ¢ = 4 or — and j = + or -. For each pair (a, 8),

and if £ = —¢ and m = —j, then

(gl‘m)c —_ C\glm ») g:;‘lﬁ

For any bounded subset F in C, there exists a pair (o, ) such that Sgﬁ 2 E for some
(¢,7). In fact, there are a lot of such pairs (o, ). Now we can define a set which contains
E and is important in this paper. When | (e, 8) |=7 —2t and 0 < ¢ 5 7 /2, put

hH(E)=n{(Ep)e 5 €23 D E and £ = —i,m = —j}
for a subset £ in C. If t < s, then h*(E) C h*(E). If t = 0, then h°(E) is the closed
convex hull of E. For example, if E = [a, b] then
R(E) = Ale,r) N A(g,r)

b .a-b - o
c=2 to_ 2" cot2t and r = —— where A(c,r) denotes the circle of center ¢

2 2sin
and radius r. If £ = A(0,1), then A*(E) = A(0,1/ cost). When T is a Toeplitz operator
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on H?, Brown and Halmos (cf. [2, Corollary 7.19]) showed that o(T}) C A°(R(¢)) where
R(¢) is the essential range of ¢. In this paper ‘we show this type results for Toeplitz
operators on H?(W) and HP and for singular integral operators on L?. When 4 is a real
function and T} is a Toeplitz operator on H?, Hartman and Wintner (cf. [2 , Theorem
7.20]) showed that o(T4) = h°(R(4)). In this paper, for real symbols we try to describe
the spectra of Toeplitz operators on H?(W) and H?, and singular integral operators on
L?. When ¢ is a continuous function, o(T}) is described using R(¢) and the winding
number of the curve determined by ¢ (cf. [2, Corollary 7.28]). In this case it is known
that o(T}") = o(T}) = o(Ts) for arbitrary weight W satisfying the condition (A,), and
for any p with 1 < p < oo, T} denotes the Toeplitz operator on H?. In this paper, we
study symbols ¢ such that o(T}") = o(Ty) for arbitrary weight W.

Now we collect the notations which will be used in this paper. R is the set of all
real numbers and Xy denotes the set of the real parts of all elements in X. [X]* denotes
the closure of X. D is the open unit disc. C is the set of all continuous functions on T'. If
v is a real function in L', then # denotes the harmonic conjugate function with v(0) = 0.

§2. Toeplitz operators on H*(W).

In this section, we fix arbitrary weight W satisfying the condition (A;) or equiv-
alently, a Helson-Szegé weight W. We call W a Helson-Szegd weight when W = e*+? y
and v are functions in LY and ||v|| < 7/2. For a Helson-Szegd weight W = e**?, put

tw = o]’ = inf{|lv - 5~ allw ; s € LE, a€ R}

When W = 1, (1) of Theorem 1 is a theorem of Brown and Halmos (cf. [2, Corollary
7.19]) and (2) and (3) of Theorem 1 is a theorem of Hartman and Wintner (cf. [2,
Theorem 7.20]). When ¢ is a piecewise continuous function, o(T}") is described when
W is arbitrary weight [10]. The symbol ¢ in Corollary 2 and (3) of Corollary 3 is not
necessarily piecewise continuous. It is known that o(T}") # o(T};) for some weight W
and some piecewise continuous symbol ¢ (cf. [4]). In Theorem 2, we determine weight
W such that o (T ‘ZV ) = o(T}) for arbitrary symbol ¢ in L and study symbols ¢ such that
o(T,¥) = o(T4) for arbitrary weight W. (1) of Corollary 3 is related with a particular
(corresponding to p = 2) case of [3, Theorem 6.1 and Corollary 6.2]. For if log W € VMO
then log W = u + ¥ for some real functions v and v in C. (2) of Corollary 3 shows the
known result [10] such that if ¢ is continuous, then o(T}") = o(T;) for arbitrary weight
w. |

Theorem 1. Let ¢ be a function in L*, let W be a Helson-Szegé weight and
t=tw.



(1) R(¢) S o(TF) C h(R(9)).

(2) if ¢ is real valued, a = essinf ¢ and b = esssup ¢, then
R(¢) S o(T3") € Ale,r) N ARG )

a+ b .a— b a— b
where c‘— 5 -2 5 cos 2t andr__ZsinZt'
(3) Suppose W = e**? and X € [a,b] N R(4) in (2). Then lz :‘,\| = ¢ and

£ = m(1 — xg) for some measurable set E in T with 0 < m(E) < 1. A € o(T)) if and
only if :
| lmxe — ol = «/2.
* Proof. In (1) and (2), it is well known that R(¢) C o(T}"). Suppose W = e*t?, u
and v are functions in Lg and ||v]| < 7/2, and g = e**+%+i(#-%), Then W = |g|2.
(1) By Theorem A in Introduction, for A € C, T}, is invertible if and only if

T EDNS is invertible.
Suppose | (e, f) |= 7 — 2t and R(¢) C 5. If A € (E3)° with £ = —i,m = —j, then
T} is invertible. In fact, then (¢ — )/ | ¢ — A |= €*> where 0 < sy < 7 — 2t — 2 a.e.
or —m + 2t +2¢ < sy <0 a.e. for some € > 0. Hence|s,\—-g+t+e|§ g—t—e a.e.
or |s,\+-g-—t—é‘l§ g——t—s a.e.. Hence
é— A
| ¢—Al

= ei(s;\+v—ﬂ)

@ @t

and

. 7r
”s,\+v-—u||’S§—s.

Thus T B 2 is invertible by Theorem C and hence T,¥, is invertible. If A ¢ h(R(4)),
- g ..

then by definition A € U{(€43)° ; £ 2 R(4) and £ = —i,m = —j} and | (e, B) |=

m — 2t. By what was just proved, A & o(T,"). (2) By (1), o(T}¥) C h*(R(¢)) C h*([a, b])

for ¢ = tw. It is elementary to see that h*([a,b]) C A(c,r) N A(g, ). (3) The first part is

clear. The second statement is a result of Theorems A and C.

Corollary 1. Suppose ¢ = axg + bxgc where a and b are real numbers, a # b and
0 <m(E) <1. Let W = e“*?, then o(T}") 2 [a, 8] if and only if ||7xg — v > 7/2.

Corollary 2. Let E be a measurable set with 0 < m(E) < 1. Suppose W and ¢
satisfy the following (i) and (ii) :



(i) W =e*t" whereu € L, 9 = d(xg — Xe<) + ¢, ¢ € Cr and d is a constant

with 0 < d < /2.
(ii) @ = axg + bxgc where a and b are real numbers.

Then tw = d,
a— A

=7 —2d}.
e 2d}

o(T)V)={ e C; ag

and
r(R(¢)) ={reC; a.rgz—;‘\ =7 —2d or —7 + 2d}.
Proof. Put vy = I()(E——)(Ec), then h? = e®~* and |h|?/h% = €' = i(xg — xg¢).
If |[xg — xe<|' < 1, then |h|* = e® is a Helson-Szegd weight and so || |h[2/A? + zH>®|| <
1 (see [3, Chapter IV, Theorem 3.1]). On the other hand, || |A[?/h% + zH*=|| = ||i(x& —
XE<) + zH>|| = 1. This contradiction shows that ||xg — xg¢|' = 1. Thus

tw = 1nf{||d(xE - XE‘) —5= a”oo ; SE LE’,G € R}
dinf{||xg — xge — 3 — a|lw ; s € L¥,a € R}

= d.
then §/g = ") = expi{ii—d(xg — xg<)—q}. T A # aand A # b,

]

Put g2 = eu+z’;+i(1’4—v),

then
6—X _ a—) L b=
[6—X] — Ja=A BT oo x¥F

= expi{a(A)xg + b(\)xE-}

where a()) = arg(a—\) and b()) = arg(b—\). Thus (¢—N)§/ | 4—A | g = expi{a(\)xe+
b(A)xEge + % — d(xE — XE<) — q}. Since q € Cg, by the first part of the proof,

inf {lla(A)xe +bo(N)xe: —d(xg — Xg:) + i —q—3—a|lw; s € LF,a € R}

—b(A
a() — b( )—dinf{||xE—XE="-§—a”oo; s€ Lg,a € R}

2
_la(A) = b(A) 1 a—A
= 5 d_2argb_)‘ 2d|.
W . a— A a— A
Thus, by (1) of Theorem C A & o(T,") if and only if |arg — —2d|# 7. Harg Ty
a—A

0, then Iarg Z:;‘ — 2d| # 7 because d > 0, and hence a(T;V) ={A ¢ C; arg b:)\

7 — 2d}. The description of ‘hd(R(gb)) is a result of (2) of Theorem 1.

Theorem 2. Let ¢ be a function in L* and let W be a Helson-Szegd weight.
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(1) tw = 0 if and only if o(T}") = o(T}) for arbitrary symbol ¢ in L*°.
(2) o(T4) 2 o(T}") for arbitrary Helson-Szegé weight W if and only if for any

6—A _
A ¢ 0'(T¢), m = €e and ||£||’ =0.
Proof. (1) Suppose W = e*+?, ty, = 0 and g2 = e*t¥+ilE-v) If ) ¢ o(Ty), then

by Theorem C lz : Y = e and |||’ < 7/2. Hence
é—X @ . .
— = =expt({+U—v
g g~ PHEFEY)

and since tw = 0,

inf {|{+@—-v—3—alle; s€ Ly and a € R}

= inf{l|{ -3 —alle; s € L and a € R}
™

5
Thus A ¢ o(T}") by Theorems A and C. Similarly we can show that if A ¢ o(T}))
then A € o(Ty). Suppose o(T,}") = o(T}) for arbitrary symbol ¢ in L. If ¢t = ty is
nonzero and W = e**? is a Helson-Szegd weight, then T is invertible where ¢ = e~**
and k = 7/2t — 1. For inf{||kv —3 — alloo ; s € L¥ and a € R} = kt = 7/2 — 1. On the
other hand, T;V is not invertible. For

o 5= expifi— (k +1)0)

@ |

and

inf{}}a — (k+1)v =3 —afloo ; s € L¥ and a € R} = (k + 1)t =

LG

where ¢g? = eutitii-v)
(2) Suppose for any A ¢ o(T}), |z - ;‘\l = ¢ and inf{||f — 5 — a]jos ; 5 € L and

a € R} = 0. We will show that ¢(T;) 2 o(T}") for arbitrary Helson-Szegd weight W. If
A& o(Ty), W = e**? is a Helson-Szegd weight and g? = e*+7+i(#=v) then

$—A g _ RICEE
l6-2Al g

and inf{]|£+ﬁ—v—§—a||°° ; € LY, a € R} < 7/2 by the hypothesis. This implies that
o(T}¥) # A. Conversely suppose that o(T;) 2 o(T}") for arbitrary Helson-Szeg8 weight

W. If X ¢ o(Ty), then ﬁ =e‘and b=inf{|{-5—allw; s€ L¥,a € R} < 7/2. If

b0, put W = et and g% = e~ where k = % — 1, then W is a Helson-Szegé weight.

However T§" is not invertible and so A € o(T})"). This contraciction implies that b = 0.

8



Corollary 3. Let ¢ be a function in L*.

(1) W = e**?) u and v are real functions in L™ and C respectively, then
a(TW) = ¢(T,) for arbitrary symbol ¢ in L*®.

(2) If ¢is afunction in C or H*®, then a(T,ZV ) = o(T;) for arbitrary Helson-Szegé
weight W.

(3) ¥ ¢ = axg +bxg:, 0 <m(E) <1 and a,b € C with a # b, then there exists
a Helson-Szeg6 weight W such that O'(T;V)EO'(T¢).

Proof. Since tw = 0 because v € Cg, (1) of Theorem 2 implies (1). Suppose
¢ is a function in C and A ¢ o(T}"") for a Helson-Szegd weight W’ = e**?. Since

R(¢) S o(T3),

—_266

6= g

where m is an integer, £ € Cg and g2 = **?+{#-%) By Therems A and C, we can show
m = 0. As W' =1, (2) of Therem 2 implies that ¢(T) 2 o(T}}") for arbitrary Helson-
Szegé weight W. The converse is trivial. Suppose ¢ is a function in H* and A ¢ o(T} )
for a Helson Szegé weight W' = e***. Since R(4) C o(T}"'),¢ — X is invertible in L®

and so ¢ — A = qh where ¢ is inner and A is invertible in H®. Since h = e’ and
= log|h| € L*,
¢ A i€ _i(i~v)

T —=gqe"e

l6—Al g

where g2 = ¢**3+i@-v), By Theorems A and C, we can show that g is constant. As in
case ¢ € C, we can show o(T}) = o(T}) for arbitrary Helson-Szeg6 weight W. This
completes the proof of (2). Suppose ¢ = axg + bxge, 0 < m(E) < 1 and a,b € C with
a # b. To prove (3), without loss of generality, we may assume that a and b are real
numbers. By a theorem of Hartman and Wintner (cf.[2, Theorem 7.20]), o(T}) = [a, b).
If ) ¢ [a,5],

tQI

=X
|6 — Al
where a()A) = arg(a — A) and b()) = arg(b— A). By the proof of Corollary 1,

= expi{a(A)xe + b(A)xE}

. . , 1 = A
inf{||a(A)xg + b(A)xE: —3—al|oc ; s € LY and a € R} = 3 argz_ /\‘ #0

and hence by (2) of Theorem 2, there exists a Helson-Szegé weight W such that
a(TZV)ga(Td.



§3. Toeplitz operators on H?

For 1 < p < 00,T} denotes a Toeplitz operator on H?. We will write T; = T,.
By a theorem of Widom, Devinatz and Rochberg (cf.[8]), we know the invertibility of T}
and by a theorem of Widom (cf. [2, Corollary 7.46)), o(T}) is connected. If 1 < ¢ < 2 <
p < oo, then A; C A; C A,. It is more difficult to describe o(T§) than o(T%). In this
paper, we study only o(7}). When p = 2, (1) of Theorem 3 is a theorem of Brown and
Halmos and (2) is a theorem of Hartman and Wintner. (3) of Theorem 3 is known in [10]
for arbitrary 1 < p < oo. Our proof is different from it.

Theorem 3. Suppose p > 2 and ¢t = (p — 2)7/2p.
(1) If ¢ is a function in L*, then o(T}) C h*(R(4)).
(2) If ¢ is a real function in L, a = essinf ¢ and b = ess sup ¢, then

[a,b] C o(T7) € Ale,r) N Ae,r)

where ¢ = a+b—ia—bcot2t and r = — a.—b
2sin 2t

hence o(T}) = [a, b].

(3) If ¢ is a function in C, then o(T%) = o(Ty).

Proof. (1) If A ¢ h*(R(4)), then by definition A € U{(€53)° ; 833 2 R(¢)
and £ = —i,m = —j} and | 6(c, B) |= 7 — 2t. Hence (¢ — ))/ | 6 — A |= e**> where
0 < sy < 7m—20—2 ae or —7+2t+2 < s, <0 ae. for some ¢ > 0. Put
vy = s,\—-g-+t+e or vy = s,\+§—t—e, then |[vy |l < g——t—e. Put g2 = e~ +"1 then g2

. In particular, if p = 2, then ¢ = 0 and

: 7 -2
is an outer function and | g |>= e=%. Then ||§'v,\||oo < % because ||v)||eo < er-— ____(p 5 )7r.
74

Hence | g |F satisfies (4;) condition and so | g |” satisfies (4,) condition by (cf. [3, Lemma
6.8]) because p > 2. Since (¢ — A)/ | ¢ — ) |= a(g/g) for some constant  with |a|=1,
Theorem A impties (1).

(2) We may assume that ¢ is not constant. By Theorem A, R(¢) C o(T7).
Suppose A € [a,b] and A ¢ R(4), then (¢ — A)/ | 6 — A |= 2xg — 1 for some measurable
set £ in T. If A ¢ o(TY), then by Theorem A, there exists an outer function Ag in HP
such that 2xg — 1 = hg/ho. This implies that h3 is a real function in H! because p > 2.
It is well known that only one real function in H! is constant. Hence ho is constant and
this contradicts that ¢ is not constant. Thus [a, b] C o(T3). Now (1) implies (2).

(8) X ¢ R(9), then (¢ — )/ | ¢ — A | is a continuous function and hence

¢—A - 17
Ik

where £ is an integer and v is a real function in C. Put g% = =™, then | g [2= e~%.
Since v is continuous, for any € > 0,% = s +1 where both s and ¢ are in C and Itlleo < €.

10



Suppose £ = 0. If ¢ < 7/p, then | g |P=| ¢ |¥= exp (—g—%) = exp (—gs— gf) and

”gt”o<> < g Hence | g [P satisfies (4;) condition and so (A4,). By Theorem A, T%_, is
invertible and so A ¢ (7). Suppose £ # 0. If T5_, is invertible, then by Theorem A

6=) _ 4 _|EI[AP
TSy kA

where k and k7! are in H*, and & is an outer function in H? with | & | satisfying (Ap)
condition. Since z° | g |* /g% =| kh? | /kh%,2'f > 0 a.e. where f = kh%/g2. If £ > 0, 2'f
is a nonnegative function in H'/? and hence it is constant. This contradicts that z¢ is
zero on the origin. If £ < 0,2 [1+2¢| /(1 +2%)? >0 and so (1 +2)%f > 0 a.e.. Thus
(142%)*f is a nonnegative function in H*/2 and so f = ¢(1 + z*)? for some constant ¢ > 0.
This contradicts that f~1 ¢ HY2,

§4. Singular integral operators on L2

By Theorems A, B and C, we can expect that o(S,s) is strongly related with
o(Ty) and o(Tp). (1) of Theorem 4 is an analogy of a theorem of Brown and Halmos, and
(2) of Theorem 4 is an analogy of a theorem of Hartman and Wintner.

Theorem 4. Suppose o and f are functions in L.
(1) R(e) UR(B) C o(Sap) S A*(R(c) U R(B)) where t = 7 /4.
(2) If a and B are real functions in L%,

{h(R(e)) N R(R(B))°} U {R(R())* N h(R(B))} C 0(Sap) € Ale,7) N A(G,7)

a+db .a-—-b>
2 '

where a = min{essinf @, essinf §},b = max{esssup o, esssup f},c =
a—b

and r = —
(3) fBisin C,
o(Ta) N{A € C; i(B,)) =0} UR(B) C 0(Sap) C (Ta) U o(Tp).

(4) Ifboth o and B are in C, then 0(Sup) = {o(Ta)Ua(Tp)}\{} € C; is(a, A) =

(B, A) # 0}.
(6) Suppose both a and 8 are in C. If § is a real function, then o(Sap) = 0(To)U
h(R(B)) and hence if both & and § are real functions, then o/(S,s) = A(R(a) U h(R(B)).
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(6) If o and B are functions in H*, then o(S.s) = [a(D)]¢ U [B(D))¢.

(7) If a and B are functions in H*, then o(S,s) = [a(D)]¥ U [B(D)]"\{) ¢
R(a) UR(B) ; Ty,5, is invertible} where g, is the inner part of & — A and p, is the inner
part of B — A.

(8) If a and B are inner functions, and singa # singf, then o(S.3) = [D]?,
where singa and sing denote the subsets of 8D on which o and 8 can not be analytically
extended, respectively.

Proof. (1) By Theorem B, it is clear that R(a) U R(B) C o(S.s). If A ¢
h*(R(e) U R(B)), then (@ —A)/ | a— X |= &> and (8= ))/ | B— X |= e** where
0 <sy,t) < 5 ¢ aeor —% +¢e < s),ty L0 a.e. fro some € > 0. Therefore

oa—A ~

s exp(U — V)

where U = log | @ — A | —log | 8— X |and V = t, —sy. Then U is bounded and
~expV = exp —(tx — s1)~ and ||ty — si]je0 < -72£ — &. By Theorem C, S,_» -, is invertible.

(2) If @ and B are real functions and A € h(R(e)) N A(R(B))°, then o — A is
a real function which is not nonnegative or nonpositive, and 8 — A is a nonnegative or
nonpositive function which is invertible in L®. (a — A)/(8 — )) is a real function in L*®
which is not nonnegative or nonpositive. If S, is invertible, then by Theorems B
and C both a — A and # — ) are invertible in L*, and

I o
B-=X " |B-2A
where inf{|[t — 3 — || : s € L and @ € R} < 7/2. Let g = e~ then ¢ is a real
function in H'. Since only one real function in H' is constant, g 1s constant and so
it contradicts that (¢ —A) | B~ X | /(B —A) | @ — A | is nonconstant. This implies

that h(R(e)) NA(R(B))° C 7(Sap). The same method shows that h(R(a))° N A(R(B)) C
0(Sap)- Since R(a)UR(B) C [a,b], by (1) 0(Sas) C k*([a, b]) where t = x/4. This implies

(2). . _
(3) Suppose A € o(To) N{A € C; ix(B,A) = 0}. Then f—A=|f—A|e" and
v € C because J is continuous. If S,_, 5-, is invertible, then by Theorem B

e‘it

a— A .5
=~ C(U ~iV)
B—=A
where « is constant, U is a bounded real function, V is a real function in L! and expV
satisfies (A;) condition. Hence

a—A=qexp{U +log|f—A|—i(V —v)}

U+log | B~ A|isin L* and e"~7 satisfies (4;) condition because v € C. By Theorem
A, this implies that A ¢ o(T,). This contradiction shows that A € ¢(S,s) and hence
o(Ta) N {X € C; i(B,)) = 0} UR(B) C 0(Sap). If X ¢ o(Tw) U o(Ts), then by
Theorem C and [2, Corollary 7.28] @ — A =| e — X | et and B — A =| B — ) | € where
inf{||t -3 —a|lc ; s € LY and a € R} < 7/2 and £ € C. Therefore
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a—A — |01")\|e.-(:-z)
B—=Xx [B=A]
and hence by Theorem C X ¢ o(S,p).
(4) X ¢ R(a) UR(B) and i,(a, A) # i,(B, A), then & — X =| @ — A | z%e™ and
B—A=|B— )| ze"” where u and v are in C, and £ and ¢ are integers with £ # t. Hence
a—X Ja-=-)|

B=X"1B-x|"
and £ — ¢ # 0. By Theorem C, we can show that A ¢ o(S.s). This implies that {o(T},) U
o(Te)I\A € C 5 i, d) = is(B,)) # 0} C 0(Sap). K X ¢ {o(Te) Ua(TH\{X €
C; o, A) =4(B,A) # 0}, then a — A =| a— A | 2% and f— ) =| B— X | 2%€™ where u
and v are in C, and £ is an integer. Hence (a —A)/(B—A)=(Ja=A|/|B = X |)ei),
By Theorem C, A ¢ 0(Sap). This completes the proof of (4). (5) is a result of (4).

(6) If A € o(D)\R(e) UR(B), then a — A = gh and B— )\ = pk where ¢ and p are
inner, and h and k are invertible in H*. Hence (a—\)/(8—)) = gph/k and so by Theorem
C A € 0(Sap). This shows that a(D)\R(a) U R(B) C 0(S.s). By the same method we
can show that B(D)\R(a) U R(B) C o(Sap). By (1), [e(D))* U [BD) C 0(Sap). If
A ¢ [e(D)]¢ U [B(D)]¥, then @ — A = h and 8 — A = k where both A and k are invertible
in H*. By Theorem C, A ¢ 0(S,p). '

(7) If X € [(D)*'\R(a) UR(B), then a — A = gphy and B — X = pyky where
both ¢y and p, are inner and both Ay and ky are invertible in H*. Hence (o — A)/(8 —
A) = @brha/kx. I Ty,5, is not invertible, by Theorem C ) € o(S,s). This implies
that {[a(D)]” U [B(D)I'I\{X ¢ R(a) UR(B) ; Ty, is invertible } C o(S,p). If A ¢
[a(D)]* U [B(D)], then A ¢ 5(Sap) as in (6). If A ¢ R(a) UR(B) and T3, is invertible,
then by Theorem C X ¢ o(S,5).

(8) o(Sap) € [D]¢ by (7) and so if A ¢ (R(a)UR(B))N[D]%, then the inner part
of @ — X is ¢ = (@ = A)/(1 — Aa) and the inner part of 8 — X is py = (8 — A)/(1 — AB).
Then singgy = singq # singp = singp,. By [6, Theorem 1], T,,5, is not invertible. By
(7), this implies that o(S,s) = [a(D)]¥ U [8(D)]¥ = [D]°.

l-—tet(u—v)
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