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1. Introduction and Terminology

Throughout this paper, A denotes a commutative semisimple Banach algebra with
Gelfand space ® 4. In ® 4, we consider the Gelfand topology, which makes ® 4 a locally
compact Hausdorff space. ® 4 is compact if and only if A has a unit element. G denotes
a locally compact abelian group (LCA-group) with the dual group G .

This paper is inspired by the following two theorems of R. Doss (2, 3].

Theorem A ([2]). A continuous function o on G is the Fourier-Stieltjes transform
of an absolutely continuous measure if and only if, whatever be € > 0, there is a compact
set K and a § > 0 such that, for any trigonometric polynomial p(z) = ¥ ¢;(—z,%),
the relations

Pl <1, [ | (&) | do <8 imply | S eo(n) I<e.

Theorem B ([3]). A continuous function o on G is the Fourier-Stieltjes
transform of an absolutely continuous measure if and only if
(i) there is a constant M such that for every polynomial

p(z) =Y c(-z,%), % €G,

the relation ||p|leo < 1 tmplies | T cio(v:) |< M;
(ii) whatever be € > 0 there is a compact set K in G such that, for every polynomial
p(z) =X c(—z,%), %€ G \ K, the relation ||p|lec < 1 implies | > cio(y:) |[< e.

In the above theorems, we can regard o as a linear functional on the space of
trigonometric polynomials, and interpret the conditions on o as a certain continuity of
o on the space of trigonometric polynomials. From this point of view, we will consider
the characterizations of the image of Gelfand transform of a commutative Banach
algebra.

span(®,4) expresses the linear span of @, in the dual space A* of A. Of course,
arbitrary element p of span(® 4) has the unique expression p = th P(p)p, where p is a
complex-valued function on ® 4 with finite support.



Definition 1.1. A family Q consisting of subsets of span(® ,4) is called a quasi-
topology for span(® ) provided the following two conditions are satisfied:

(i) Every U € Q contains the origin (zero-functional) of span(®4) .

(ii) For every U,V € Q , there exists a W € Qsuch that W c U N V.
In this case, each member of Q is called a quasi-neighbourhood for span(®,4) . Obvi-
ously, Q naturally forms a net by the set inclusion relations.

Definition 1.2. Let P and Q be two quasi-topologies for span(®4) . If, for each
U € P there exists a V € Q such that V C U, then Q is said to be stronger than P
and denote this relation by P < Qor Q> P . If P < Q and Q < P, then P is said to
be equivalent to @, and denote this by P2 Q. If P< Qand Pisnot equivalent to Q,
we denote this relation by P < Q or @ > P. One can easily see that the relation “ 2 ”
satisfies the equivalent conditions, and the relation “ <” is reflexive and transitive.

Definition 1.3. Suppose that Q is a quasi-topology for span(®,4) . A continuous
complex-valued function o on @ 4 is said to induce a Q-continuous linear functional on
span(® 4) provided for each € > 0 , there exists a U € Q such that

| - B@)ole) I<e (pel).
pedy
C(®4; Q) denotes the set of all continuous functions on ® A which induces Q-
continuous linear functional on span(®,) . For a quasi-topology @ for span(®,) ,
one can easily see that C(®4; Q) becomes a linear space in the natural way, and that
P < Q implies C(®4;P) C C(®4; Q) . But the converse does not necessarily hold.

Now denote by i the Gelfand transform of z € A, and let A = {z : z € A}. Also,
let us denote by Qy = Qy(A) a quasi-topology for span(®4) determined by quasi-
neighbourhoods of the form

U(z1, - Zni€) = {p € span(® ) | p(z:) [<e, i= 1,..,n},

where {z1, ..., £} is any finite set of elements from A and £ > 0. Of course, Q) is a local
base of the origin for the relative weak*-topology for span(® 4) - We shall see later that .
Qo is the smallest quasi-topology among the quasi-topologies Q for span(® ,4) satisfying
A= C(®4;Q) . In the case of A = LY(@), the group algebra of G, we can identify
®,4 with G , and also identify span(®4) with span(G), the set of all trigonometric



polynomials on G. For f € L!(G), the Fourier transform f is equals to the Gelfand
transform of f, and LY(G)" = {f : f € LN(®)}.
We denote by Qp = Qp(L'(G)) a family consists of the sets of the form

Uke={p €span(@) : |Iplls < 1, | |p(z)|dz <},
K

where K is any compact subset of G and € > 0 . In this case, it is easy to see that Qp
satisfies the conditions (i) and (ii) of Definition 1.1, but does not satisfy the following
condition:

(iii) For each U € Qp, there exists a V € Qp such that for any p € V there exists
aW, € Qp withp+W,cCU.

Therefore, Qp is a quasi-topology for span(®,4) , but it is not a local base of the
origin for any topology compatible with the operations on span(®,) .

Observe that Theorem A asserts that L'(G)* = C(G; Qp), and by Lemma 2.1 of
the next section, we have LY(G)" = C(G; Qo). However, as observed later, we have
Qo < Qp whenever G is infinite, and we could say that L'(G)" = C(®4; Qp)
describes L*(G)" more precisely than L}(G)" = C(&; Qp). From this point of view,
our main interest in this paper lies in , given a concrete Banach algebra A, to discover
and study a quasi-topology Q for span(®,4) which satisfies Qp < Q and A = C(® 4; Q).

In §2, we prove basic lemmas which are fundamental in considering quasi-topologies
in this paper. In §3, brief introduction on induced algebras and B ES-algebras are given.
An analogy of Theorem A for algebras A = C,(f) in the context of quasi-topologies
is pursued in §4. In §5, another quasi-topology Q. for span(®,) is introduced, whose
definition for general commutaive Banach algebras A was suggested by Theorem B.

The remainder sections of the paper are devoted to the study of the properties of
Banach algebras with respect to this quasi-topology Q.. In §6, conditions on A to
assure A = C(®4; Q) are pursued. Some concrete Banach algebras are studied in the
context of the quasi-topology Q. in §7 and §8; in §7, ones which satisfy A = C(® »; Q.),
and in §8, ones which satisfy A # C(®4; Q).



2. Basic Lemmas

The following lemmas are basic in considering the quasi-topologies in this paper.

Lemma 2.1. (i) A = C(®4; Q). (i) fQisa quasi-topology for span(®,4) such
that A C C(®4; Q) then Qy < Q.

Proof. (i) For each x € A, set Z(p) = p(z) (p € span(®,)). Then 4 = {Z:z€ A}
is a separating linear subspace of (span(®,4) )', the linear space consisting of linear
functionals on span(®,) , and hence the A-topology makes span(® 4) into a locally
convex linear topological space whose dual space is A. (cf. Rudin [15] p.64, 3.10
Theorem).

Let o be a continuous function on ®, , and set

a(p) = > _B(p)o(p) (p € span(®,)).
@

Then & is a linear functional on span(®4) . If o € C(®4, Qo), then & is continuous
for the fi—topology, and from above we can find an element z € A such that & = %,
so 0 = &. Conversely, we can easily see that every # (z € A) is Qp-continuous on
span(®,) .

(ii) Let Q be a quasi-topology for span(® 4) such that A C C(® 4; Q). Suppose that
Qo £ Q. Then there exists a U(z, ..., Zq;€0) € Qp such that

V & U(z1, ..., Zn; €0) (1)

for every V € Q. Since each Z; is Q-continuous by hypothesis, we can find a quasi-
neighbourhood V; € Q such that | p(z;) |< & for all p € V;. Then take a quasi-
neighbourhood V € @ such that V5 C ViN...NV, . By (1), we can find an element
po € Vo \ U(zy, ..., Zn; &), and hence | py(z;,) |> o for some io(1 < ip < n). But since
Po € Vo C V;,, we have | po(z4,) |< &, a contradiction. Q.E.D. '

Definition 2.1. Let us denote @, = Q;(A) a quasi-topology for span(® ,)
determined by quasi-neighbourhoods of the form

Us = {p € span(®,) : ||p||a < ¢},
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where € > 0 and || - || 4+ denotes the norm in A*.
Of course, Q; is a local bases of the origin of the relative norm topology for
span(® 4), and hence Qg < Q;.

Lemma 2.2. The following three conditions for A are equivalent:

(i) #P4 < oo.

(ii) There exists a Qq-neighbourhood U such that |p|| 4 < 1 for every peU.
(iii) Qo(A) = Q1(A).

Proof. (i) = (ii). Suppose that #®4 < oo, and @4 = {1, ...,.}. Since the
hull-kernel topology on ® 4 is a Ti-topology, it follows that for any i (1 <i<mn),

NjziKerp; € Kery;,

and so, there is an element z; € A such that @;(z;) = 6;; (1 < j < n). Then every
p € span(®4) has a representation p = p(p1)1 + .. + H(n)@n, and if we put M =
maXi<i<n ||| 4+, and consider a quasi-neighbourhood U = U(gy, ..., Za; (R M )Y € Q,
then a simple computation gives ||p|| s <1 for anypeU.

(i) & (iil). Straightforward.

(ii) = (i). Assume there is a quasi-neighbourhood U = U (zy, ..., Zn; €0) € Qo such
that ||plla- <1 (p € U). Then we have to show that #®4 < co.

Suppose the contrary. Then we can take mutually distinct n + 1 points ¢y, ..., Pnt1
in ¢ 4. Choose a nontrivial vector (ay, ..., an;) € C**! such that

a101(%i) + ... + Any1Pnta(zi) = 0

for all i = 1,...,n. We can assume without loss of generality that a; # 0. As observed
in the proof of (1) =>(ii) above, we can choose an element e € A such that

llell =1, @a(e) # 0,and @a(e) = ... = pay1(e) = 0.

Let ¢; = 2a;/(a11(e)) for each i = 1,...,n + 1 and set py = c1p1 + .o + Cop1Png1-
Then po(z;) = 0 for all ¢ = 1,...,n and so py € U, hence ||py||»» < 1 by hypothesis .
However, we have ||po||4+ >| po(e) |=| c1p1(e) |= 2, a contradiction. Q.E.D.

Remark 2.1. Let L'(G) be the group algebra of a LCA group G. Then, in order
for Qo(LY(G)) < @1(L}(G)) to hold it is necessary and sufficient that G is an infinite
group by the preceding Lemma.



- 3. Induced algebras and Multiplier algebras

Definition 3.1. We denote by Cpsg(®4) the set of all continuous complex-valued
functions o on ® 4 which satisfies the following: there exists a positive number 3 such
that

| Y #(e)o(e) 1< Blplla

pedDy
for every p espan(®,4) . We put ||o||gsg the infimum of such S.
It is easy to see that Cpge(®4) = C(®4; @1) holds. Cpgr(®P4) becomes a semisim-
ple Banach algebra under the pointwise multiplication and || - || gsg norm (see [18,
Lemma 1]). We call Cgsg(®4) the induced algebra of A.

Remark 3.1. If a € A, the Gelfand transform a of a satisfies

| 2_B(P)a(p) I< llalllipllas  (p € span(2a4)),

and thus & belongs to Cgse(®4), and ||@||zss < |la|| (a € A). Therefore A forms a
subalgebra of Cpsg(®4). As we will see later, in many algebras A we consider, A is a
closed subalgebra of Cpsg(®4), but on the other hand, as we will see in §8, there are
some algebras A such that A are not closed in Cpse(®4)-

A bounded linear operator T of A into itself is called a multiplier of A if z(Ty) =
(Tz)y holds for every z,y € A. M(A) denotes the set of all multipliers of A. M(A) con-
stitutes a commutative closed subalgebra of B(A), the Banach algebra of all bounded
linear operators on A into itself. It is well-known that each T" € M(A) can be repre-
sented as a continuous function 7" on ® 4 such that 7% = Tz (z € A) (cf. [6, 8, 20]).
We write M(4) = {T: T € M(4)}. |

An algebra A is called a BSE-algebra if M(A) = Cpgu(®4) holds ([18]). Since the
well-known Bochner-Schoenberg-Eberlein theorem for a LCA group G can be restated
as M(LY(G)) = Cgse(G), the group algebra L(G) is a typical BSE-algebra (cf. [18,
19)). '

Moreover, the second author and O. Hatori showed the following:



Theorem C ([18]). The disk algebra A(D), the classical Hardy algebra H*(D)
and any commutative C*-algebras are BSE. ‘

Remark 3.2. It is easy to see that any unital BSE- algebra A satisfies

A =C(®4; Q1) = Cpsr(Pa)- (2)

Therefore, A(D) and H®(D) satisfies the condition (2). In addition, we see that
any commutative H*-algebra, LP(G) (1 < p < oo, for compact G ), £1(S) and the
semigroup algebra L!(Ny), where Ni = {k, k+1,...} also satisfy the condition (2) from
the results obtained in [19)].

4. Quasi-topologies Qp

In this section, we consider quasi-topologies Qp = Qp(A) for A = Co()).

Let Q be a locally compact noncompact Hausdorff space, and let A = Cp(2) denote
the commutative C*-algebra consisting of all continuous functions on 2 which vanish
at infinity. We can identify ®¢,q) with {2 .

Definition 4.1. Let Qp = Qp(Co(f2)) be the family of subsets Vi of span(f2)
determined by the form

Vics = {p € span(®): lpllosr <1, snd [ dip <o),

where K is any compact subset of 2, £ > 0 and | p | denotes the total variation of a
measure p € span(f2). An easy computation shows that Qp is a quasi- topology for
span(Q2). In this case, we have the following result.

Theorem 4.1. Cy(R2) = C(; @p).

Proof. Let 0 # f € Co() and € > 0. Weset K = {w € Q| f(w) |> ¢/2}, and
hence K is compact. Set § = £/(2||f]le), and let p be any element of Vks. Then



we can write p = Y cq P(w)é,, and it is easy to see that ||pllco)y = Twea | W) |-
Therefore we have

| 2 pw)fw) | < X 16W) Il fw) |+ X |8W) Il fw) |

wed weEK wiéK

£l D- 1 Bw) [ +(e/2) 20 1 5w) |

weK wEéK

£l [ 171 +(/2pllcucnr
< e/2+¢/2=¢.

IA

IA

Consequently, we conclude that f € C(Q; Qp).
Conversely, let f € C(Q; Qp) and € > 0. Then there exists a compact set K and
6 > 0 such that

| 2 pw)f(w) |<e/2

we
for all p € Vi 5. Then if we set K, = {w € Q:] f(w) > €}, we have K, C K. Actually,
if not, then there exists an element w € K, \ K. Since w € K., we have | f(w) |> &.
But since w ¢ K, and ||6.lco@) = 1, it follows that [, d | &, |= 0(< 6) and hence
bu € Vi, 50 | f(w) |< €/2, a contradiction. Therefore K, must be compact and so
f € Co(R2). Q.E.D.

5. A quasi-topology Q. and a local induced algebra C%sp(®4)

Definition 5.1. We denote by Q. = Q.(A) the family of all the sets Uk s deter-
mined by

Uks = {p € span(®4) : |[|p]la- £ 1 and Jq € span(P4) such that
lgllas < 6,8(0) = 4(p) (v € K)},

where K € K = K(®4): the set of all compact subsets of ®4 and 6§ > 0.



It is obvious that Q. constitutes a quasi-topology for span (®4). The introduction
of Q, is motivated by a wish to represent Theorem B in the context of the quasi-
topologies.

Definition 5.2. For f € Cpse(®4) and K € K, we put

| fllzsEx = sup{| Zp(w)f(w) |: p € span(@.), [Ipllas < 1,p(<p) 0(¢ € K)},

and so we have ||f|lsse,x < ||f|lBse. Further, we set

NfliBsEoe = Ii{gﬁcilfHBSE,K(= Iim || £l ssz.x),
C%ee(®4) = {f € Crse(®4) : ||fllBsEe = 0}

It turns out that C%gx(®4) is a closed ideal of Cpse(®4) (Corollary 5.4). We call
C%s5(®4) the local induced algebra of A. ‘

Lemma 5.1. For each f € Cpse(®.4), the following equality holds: |
|7 lss5e0 =, lim, sup{| () () |: p € Urca} 3)

Proof. <: For each Ux;s € Q. and K; € K with K; 2 K,

“p € span(® 4), ||pllas <1, B(p) =0 (v € K1)" imply “p € Uks".
Therefore we have

1fllzsmi: < sup{l S 5(p)F(¥) |: p € Uxs},

and hence

1fllasze < sup{l 3 5(@)f(¥) |: p € Uks}-

Taking the limit with respect to Uk in Q., we get the inequality “ <” in (3).
>: Let € > 0 and K € K be arbitrary, and choose a 6; > 0 so that

(1 + 8)|IfllBsekr + 61l fllse < || fllBsE .k, + & (4)

For each p € Ug,s,, there exists a g € span(®,) such that [|q|la« < 61 and §(v) =
P(¢) (¢ € K1). Then we get .

13 6 fl0) | < Z(p(w) a@)fle) | +1 Zq(«p)f(@ |
(1 + &) fllpsEx: + 51||f||BSE- (5)

AN

10



By (4) and (5), we have
i, s {| P | € Vica}

< sup{| S H() (@) |: P € Uy } < Il msmie, + . (6)
74

Since K7 € K and € > 0 were arbitrary in (6), we get the the relation “ >” in (3).
Q.E.D. |

By Lemma 5.1, we get the following result.
Corollary 5.2. C(®4;Q.) = Clsp(®a)-

Lemma 5.3. For each K € K and f,g € Cpsg(®4), we have
@ Wfgllzsex < [Ifllasex - ll9llBsEx-

(1) |If9llBsEc < |fllBsEc - |9l BSE, -

Proof. We can prove (i) in the same way as that of Lemma 1 of [18], and we omit
the proof. Taking the limit in (i) with respect to K € K, we get (ii). Q.E.D.

Corollary 5.4. C%cp(®4) is a closed ideal of Cpgp(®a).

Proof. It is obvious that C%gg(®4) is an ideal of Cpsg(®4) from Lemma 5.3 (ii).

Let {fn}nen be a Cauchy sequence in Chgp(®4) which converges to f € Cpsp(®4) in
BSE-norm. Then,

| fllBsE,co < If — fullBsEco + || fallBSEeo < ||f — fallBSE — O(n — o0).

Thus we get f € C%sx(®4), and CYgp(®4) is closed in Cpsr(P4). Q.E.D.

11



6. Sufficient conditions for A = C%g5(®4)

A commutative Banach algebra is called Tauberian if Ag = {z € A : £ has a

compact support } is norm dense in A (cf. [9]).
Proposition 6.1. If A is Tauberian, we have AC Cop(®a).

Proof. Obviously, we have Ag C C%gx(®4). For each z € A, choose z, € Ay (n =
1,2,...) such that ||z, — z|| = 0(n — oo), then we have

|Z|| BSE,00 Iz — Zall BsE,c0 + | Zall BSE 00

<
< lz— 2l = 0(n — c0),

&

and hence € C%g5(®4). QE.D.

Corollary 6.2. (i) If A has a unit element, A C C%p(®4) = Cpsp(®a).
(i) If A is any one of the algebras L*(G) (1 < p < oo, G : compact), commautative
H*-algebra , £*(S) (for any set), then A= C%5(®4) = Crse(®s,).

Proof. (i) is trivial.
(ii) In each case of A, A is Tauberian and A = Cpsg(®4) (see [19]). Then (ii) follows
from the preceding proposition. Q.E.D.

Proposition 6.3. A= C%p(0,4) implies CBSE(CD 4) C M(A).

Proof. By Corollary 5.4, C3s5(®.4) is an ideal of Case(®a), and A = Chsp(Pa)
implies that for each element ¢ € Cpgr(®4), the mapping f — fo induces a linear
operator of A into itself, which turns out to be a bounded operator in the induced
norm |||a]|| = |la|| (a € A) by the closed graph theorem. Therefore we get the relation

Crse(®a) C M(4). Q.ED.

12



Proposition 6.4. Suppose that A is a commautative semisimple reqular and Taube-
rian Banach algebra. Further, we assume that A has an approzimate identity {ex}rca
such that sup{||Me,|| : A € A} = C < oo, where || M,,|| denotes the operator norm of
the maultiplication operator M,, on A induced by e\. Then, if Cpsr(®4) C M(A), A
is || - | ssg-norm dense in Cgp(®a). Moreover, if {ex}aca is bounded in the norm of
A, then we have A = Cgg(®4).

Remark 6.1. If {ex}ca is a bounded approximate identity, then it is clear that
sup{||Me,|| : A € A} < oco. Also, if an approximate identity is of the form {en}nen,
then we have sup{||M,,|| : n € N} < oo by the Banach-Steinhaus theorem. Thus
{en}nen satisfies the condition required in Proposition 6.4.

For the proof of Proposition 6.4, we need the next Lemma.

Lemma 6.5. For a,b € A and p € span(®,), define elements p + ap,ap + bp €
span(®4) by

(p+ap)"(p) = Blp) +a()p(e),
(@p+bp)(p) = alp)d(p) + bp)p(¥)
for each ¢ € ® 4, then we have the following inequalities:

) llp+ apllar < (1 + [|Mal)llpllas < (1+ llal)llpll 4

lar < [IMasslllipllas < lla+ blll|p]]a--

(ii) [|ap + bp

Proof. (i) ||lp + ap

a- = sup{] }_(B(¢) + a()B(p))2(p) |: = € A, ||=]| < 1}

sup{| D_p(@)(p) | + | D_p(0)aZ(p) |: = € 4, lz]] < 1}

sup{|lplla-llzll + lIplla llaz]| : = € A, ||| < 1}
1+ |MalDlipllae < (1 + llall)llpla--

IA

A*

IA IA

(@)llap+bpllas = sup{| > _(@(@)p(w) + blp)ple))2(p) |: 2 € A, |l2]| < 1}
v
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IN

sup{] D_5(¢)((a+1)z)"(¢) |: z € A4, ||zl <1}

< sup{|pllali(a +b)zl| : z € A, ||=]| < 1}
< [ Massllipllas < lla+bllllplas. Q.E.D.

Proof of Proposition 6.4. Suppose f € C3gr(®a), and let € > 0 be arbitrary.
Then, by Corollary 5.2, there exist K € K = K(®4) and 6(¢ > 6 > 0) such that

sup{| D_5(¢)f(p) |: p € Uk} <& (7)
¥

Since A is regular, we can choose ex € A such that ég(p) = 1 (¢ € K). Then there
exist A1 € A and A3 € A such that

llexes, —exll < &, (8)
llexer, —exnll < 6 9
Weput g = f— f &y € Cosp(®a). Since f - & belongs to A by the assumption
Cpse(®4) C M (A), we can prove the first assertion of the theorem by estimating the

BSE-norm of g.
Let p € span(®4) be arbitrarily chosen such that ||p||a- < 1. Then

IZP )g() l<lZ(p(<P) p(w)e’ﬁ(w))g(cp I+IZp e)En(@gle) |.  (10)

By Lemma 6.5, ||p—péx,|la« < 14+C, andif weput ¢ = ﬂ—c—(p—pe,\l), then t € span(®4)
and ||t]|a« < 1. Also, if we put

| q=tég = T C(peK — péy,€x) € span(®,),
we get by Lemma 6.5 and (8)
e Cllpex Pex 8k
1

6
- < —
Trollex —exenllipla < 75 <6

and §(¢) = t(p)ér () = t(p) (p € K). Thus t € Ukp. In the same way, we have
t1 = potés € Ukgs. In fact, by Lemma 6.5 we have '

<

C

<1,
I<i3c

tillar < 75 litha 1 Mey,

1
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and if we put q; = t,€g, we have

laallae = ”1+C'(1+C(p p-&))exexllar
1
< (1+C) ||P||A l(ex — ex,ex)exll
1 Cé

< ——lex — ol < e < 6,

and q1(p) = ti(p) (¢ € K).
Consequently, we get t,t; € Uks. Hence by (7), we can estimate the right hand

side of (10) as follows:

I;(ﬁ(w) — D(P)Ex(9))g(o) |
| | Z(ﬁ(w) — B(P)en () f(v) — Z(ﬁ(w) - B(P)Exi(0) f(#)En () |
< (1 +0) | Zt(w)f(w) | +(1+C)? Et1(so)f(<p) |

< (1+C)e+ (1+C)P%e=(1 +C’)(2+C)e, ; -y
and by (9) ;
| > p@En(p)g@) | = | X B(er)ex(e) — blp)ex(@)en(®) fle) |

< lpllall(&F — &xéxg) fliBse < ||€x; — €xéxllBsell fliBse
< llex, —exenlllifllzse < 6llfllBse < ellfllsse.  ~ (12)

By (10), (11) and (12) we get
lglese = sup{| Y B(¥)a(y) | p € span(®a), [|plla < 1}
< (L+CO)(1+20) + || fllsse)e

Since & > 0 was arbitrary, f can be approximated by elements of A in BSE-norm.
Finally, suppose A has a bounded approximate identity {ex}aea With |les|| £ C <
oo (A € A). In this case, we note the following (a) and (b):

(a) M(A) C Cpgg(®4) by Corollary 5 of [18]. This fact with the assumption
Cpse(®4) C M (A) implies that A is BSE, and hence BSE-norm on Cggg(®4) is
equivalent to the multiplier operator norm by Corollary 6 of [18].

(b) |Mall = sup I|a-$ll2§glzlla;ex/cll 2 ||all/C  (a € A).

ZEA0<||z||<1
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It follows from (a) and (b) that the BSE-norm of A is a complete norm, which
implies Cgp(®4) C A since each f € Chgp(®4) is a BSE-norm limit of a sequence
of elements in A as we have shown above. Since A is Tauberian, the reverse inclusion
follows from Proposition 6.1, and thus we get Chgg(®4) = A. QED.

Theorem 6.6. Let A be a commutative semisimple regular and Tauberian Banach
algebra with a bounded approrimate identity {ex}». Then the following two conditions
are equivalent:

(i) A= Clsp(Pa). A ‘

(ii) A is a BSE-algebra, i.e., M(A) = Cpse(®a).

Proof. (i) = (ii) Since A has a bounded approximate identity, we have M(A) C
Cpsu(®4) (cf. Corollary 5 of [18]), and the reverse inclusion follows from Proposition
6.3.

(ii) = (i) Since A is BSE, we have Cpse(®4) C M(A) , and since A has a bounded
approximate identity, (i) follows at once from Proposition 6.4. Q.E.D.

The next corollary is essentially a restatement of Theorem B.
Corollary 6.7. LI(G)A = O%SE(CI)LI(G)) = C((I)Ll(g), Qc)

Proof. It is well-known that L!'(G) is a commutative Banach algebra which is
semisimple, regular, Tauberian with a bounded approximate identity. Moreover, LY(G)
is BSE (see [18]) by the Bochner-Schoenberg-Eberlein theorem. Therefore the conclu-
sion of the corollary follows at once from Theorem 6.6 and Corollary 5.2. Q.E.D.

16



7. Algebras which satisfy A = C%gp(®4)

In this section, we study some concrete Banach algebras A which satisfy A=
Chsp(®a).

For a LCA group G, M(G) denotes the space of all the bounded regular complex
measures on G. For each u € M(G), i expresses the Foureir-Stieltjes transform of u.
For a Haar measurable subset E of G , we use the following notations:

M,(E) = {u : a discrete measure whose support is a finite set contained in E}

Io(E) = {f € L}(G) : § vanishes on a neighbourhood of E} .

Ino(E) = {f € Ib(E) : f has a compact support in G\ E} .

I(E) = {f € L(G) : f vanishes on E}.

The following result is known.

Theorem D (18], [11]). Let f be a Haar-measurable complex function defined
on a Haar measurable set E C G. If there exists a constant C such that

| [ fdu < Cllidlee (u € Mi(E)),
there exists a v € M(G) such that |[v|| < C and ¥ = f a.e. on E.

Lemma 7.1. Let E be a closed subset of G. Then in both cases A= L*(G)/I(E)
and A = I(E), we have Cpsp(®4) C M(A).

Proof. We remark first that in the case of A = I(E), ®4 can be naturally identified
with G\ E, and in the case of A = L(G)/I(E), ® 4 can be naturally identified with E.
Therefore each p €span(®4) can be expressed in the form p(z) = ¥.cr (V) (—2,7),
where F = G\ E in the case of A = I(E) and F = E in the case of A = L(G)/I(E).

Let 0 € Cpse(®4) be arbitrary. Note that for each p € span(®,4) we have,

(i) in the case of A = I(E): |

Ilpllas = sup{l 3 (S |: £ € I(E), I fll < 1}

YEF

< sup{| Y- p(S () | £ € LNG), Il < 1} = [Iplo-

yeF

17



(ii) in the case A = L}G)/I(E):
lpllae = sup{| 3 BNFW) |: [f] € LG/ IE) Nf Mzxeyrm < 1}

yeF

= sup{| Y B(NF) |- £ € LY(G), Ifll: £1} = liplleo-

v€F
Therefore we get for each p € span(F),
| > 8(Me() I llollsssllplla < llollzselllplleo- (13)
yeF

Obviously, (13) is equivalent to

| [ odu I< llollassllls (u € My(F)). (14)

By Theorem D, (14) implies that there exists a v € M(G) such that |r = o, |lv|| <
|loliBse. Therefore, it follows easily that o belongs to M(A) in each case of A = I(E)
and A = LY(G)/I(E). Q.E.D.

Theorem 7.2. For each closed subset F of G, the quotient algebra A = LY(G)/I(F)

is BSE, and satisfies
A= Csp(Pa) = C(@4; Q). | (15)

Proof. Obviously, A has a bounded approximate identity, and hence we have
M(A) C Cpsg(®4) by Corollary 5 of [18].

Conversely, M(A) 2 Cpsg(®4) follows from Lemma 7.1, and hence A is BSE.
Therefore the first equality in (15) follows from Theorem 6.6 since A is a commuta-
tive semisimple regular and Tauberian Banach algebra with a bounded approximate
identity. The second equality in (15) follows from Corollary 5.2. Q.E.D.

We note that Theorem 7.2 is a generalization of Corollary 9 of [18]. Next, we
consider the problem under what conditions the closed ideals I(E) of L'(G) are BSE
(cf. [18]).

This problem is closely related with the strong Ditkin sets. For the definition of
the strong Ditkin sets, we follow Saeki [17].

Definition 7.1. A closed subset E of G is called a strong Ditkin set if there exists
a family {uy € M(G)}xca of measures which is directed, in the sense that the index
set A is a directed set such that

18



(2) sup{llusllz : A € A} = C < oo, where |lulls = sup{llf * mll : f €
I(E), | fll. < 1},

(b) fix = 0 on some neighbourhood of E depending on (A € A),
(c) imaea [lf *a = flli =0 (f € I(E)).

Definition 7.2. We denote by £4(G) the discrete coset-ring of G, i.e., the Boolean
algebra generated by the cosets of all subgroups (whether closed or not) of G.

Lemma 7.3. Let E be a closed subset of G, and suppose there exists a deirected set
of measures {u, € M(G)}uca which satisfies conditions (a), (b) and (c) of Definition
7.1. Then we can construct a dircted set of functions in Ioo(E) which satisfies conditions
(a), (b) and (c) of Definition 7.1. Moreover, if {1r},ca is norm bounded, then we can
also construct it as norm bounded.

Proof. We first remark that under the conditions (b) and (c) in Definition 7.1,
Is(E) is norm dense in I(E). Therefore we have

lpallz = sup{|lf * pall : £ € I(E), |Ifl: £1} (A € A). (16)

Let {ug}scp be an approximate identity of L'(G) such that i has a compact
support and |lugll; = 1 for each B € B. Then {u * ug}n geaxs is a net in Ip(E)
with an index set A x B. That {uy * ug}(rs)caxp satisfies (a) and (b) of Definition
7.1 is obvious. To show that (c) is also satisfied, let f € I(E) and € > 0 be arbitrarily
chosen. Then by (c), there exists A\g € A such that ||f —f*puall1 <€/2 (A € A, X < A).
Choose By € B such that ||ug % f — f|l1 <€/2C (B > Bp). Then by (16) we have

< lpa* (g f = lla+ llea* f = fla

< sup{|lus*glli: g € I(E), llgll < &/(2C)} +¢/2
lall - €/(2C) + €/2

C-(e/2C)+¢e/2=¢ (<A 00 <P).

lleex % wg * f = flla

IA

Thus {u*ug}aseaxp satisfies (c). Moreover it is easy to see that, if {a}aca is norm
bounded in M(G), then {u * ug}a gcaxs is also norm bounded in Ip(E). Q.E.D.

To proceed our study, we need the next lemma, which is a generalization of Theorem
1 of Gilbert [4].
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Lemma 7.4.(Saeki [17]) If E is a closed subset of G which belongs to ¥4(G), E
has a norm bounded net {p\}rca C M(G) which satisfies the conditions (b) end (c) of
Definition 7.1, and hence E is a strong Ditkin set.

The proof of Lemma 7.4 is contained in the proof of ” (iii) = (i)” in Theorem 7 of
[17). (Thoerem 7 of [17] is stated under the assumption that E has no interier points,
but its proof of ”(iii) = (i)” is valid without this assumption).

Theorem 7.5. Suppose that E is a closed subset of G. Then the following two
conditions are equivalent: |

(i) I(E) is BSE.

(ii) E is an element of £4(G).

Proof. (i) = (ii) Suppose that I(E) is BSE. Then by Corollary 5 of [18], I(E)
has a bounded weak approximate identity {@x}xca in the sense of Jones-Lahr: that is,
sup{lluslls : A € A} = C < o0, and limy 82(1) /(1) = F(0) (f € I(E),y € G\ B). We
may regard each u, as defining a finite measure, say p on G, the Bohr compactification
of G. By the compactness of the C-ball of a conjugate space in the weak*-topology
and the Riesz representation theorem, there exists a finite measure u on G which is a
limit point of some subnet of {uy : A € A} in the weak*- topology of M(G). From this

.. v_ )0 (veE),
“(7)’{1 (ve 8\ E).

we can conclude that

Thus p is an idempotent measure in M(G), and by Cohen’s idempotent theorem
([1], [16}), E belongs to Y4(B) (cf. the proof of Theorem 1.1 [14]).

(ii) = (i) Suppose that E € ¥4(G). Then by Lemmas 7.3 and 7.4, it follows that
I(E) has a bounded approximate identity consisting of functions in Ioo(E). Therefore
by Corollary 5 of [18], we have M(I(E)) C Cpse(®r(g)). The reverse inclusion follows
from Lemma 7.1, and we get Cpsp(®rr)) = M(I(E)). QE.D.

Corollary 7.6. If E is a closed subset of G which belongs to £4(G), then
I(E)" = Chsp(®rs)-

Proof. As we have shown in the proof of Theorem 7.5, I(E) has a bounded approx-
imate identity consisting of functions in Iog(E), which implies that I(E) is Tauberian.
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Of course I(E) is a commutative semisimple, regular Banach algebra, and so we get
I(E)* = C%g5(® (&) by Theorem 7.5 and Theorem 6.6. Q.E.D.

Remark 7.1. When E = @, Theorem 7.5 (ii)=> (i) reduces to the Bochner-
Schoenberg-Eberlein theorem (BSE-theorem) and Corollary 7.6 reduces to Theorem
B. Therefore Theorem 7.5 and Corollary 7.6 can be seen as a generalization of BSE-
theorem and Theorem B, respectively.

Theorem 7.7. Any commutative C*-algebra A satisfies A = C%sp(P4).

Proof. Obviously, A satisfies all the conditions for A in Theorem 6.6. Moreover A is
BSE (Theorom C), and hence we get the desierd conclusion by Theorem 6.6. Q.E.D.

Remark 7.2. It is easy to see that Theorem 7.7 can be proved easily by direct
calculations.
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8. Algebras which satisfy A# CYsp(®a)

In this section, we investigate some Banach algebras A which satisfy A+ CYsp(®a).

At first, let us consider the Segal algebra SP(G) for a noncompact locally compact
abelian group G.

For a noncompact locally compact abelian group G and p(1 < p < 00), let S?(G) =
LYG) N L?(G), and define a norm in SP(G) by

151l = max{{ifll1, I fllp} (f € SP(G))-

It is known that SP(G) become a commutative regular semisimple Banach algebra
with the convolution multiplication (cf. [10] Theorem 6), and the Gelfand space can be
identified with G. SP(G) belongs to the class of a Banach algebra called Segal algebras
(cf. [12], [21]). ,

We will show that SP(G) is a BSE-algebra, and that the relation SP(G)"CxCo(®@sr(c))
holds. The proof of the following lemma is due to [5].

Proposition 8.1.  Let G be a non-compact locally compact abelian group, and
G be the dual group of G. Suppose 1 < qg< 00, and 0 # f € span(G). Then we have

If = gllo = I fllo for each g € L(G).

Proof. Suppose that the proposition is not true, that is, there exists g € L(G) and
29 € G such that ||f — glle <| f(20) |- We put

1= 31 f(a0) | =If — glle) >0, an

and we will get a contradiction.

Since f is an almost periodic function on G, there exists a finite set F' C G such
that; for each y € G, we can choose 7(y) € F so that ||fy — frg)lle < €, Where f
denote the translation of f by y, fy(z) = f(z —y). By the continuity of f, we can
choose a compact neighbourhood Kj of 29 such that

| f(z) |2] f(20) | & (2 € Ko). (18)
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Here we define a compact set K by K = Ky — Ko+ F — F. Since G is non-compact,
we can choose a sequence {u : k= 1,2,....} C G such that’

| uo =0, u, € UMK +w), n=1,2,.. (19)
Let o = 0, and set

Tn = Uy — T(Up), Kn=2p+ Ko, n=1,2,... (20)
Then, it follows easily that |

fan = Flloo = 1 fun = Frumlleo <€ (21)

Also, note that
Ko.NKp=0 (n>m). | (22)

For, if not, z, + k; = Zyy + ky € Ky N K, holds for some &y, k2 € K. From this relation
with (20), we have 4, = U — T(um) + T(tn) + k2 — k1 € U + K , which contradicts
(19).

Now, by (18) we have

| f(z —zn) 2] f(20) | =& (2 € Kq), n=1,2,... (23)
By (21) , | f(z —2a) = £(&) | | fsn — flleo < € (z € G). This relation with (23) gives
| f(2) 12| fz —zn) | —€ 2| f20) | —2¢ (z € Kp), n=1,2,... (24)
On the other hand, (17) implies
| f(z) —9(@) IS If — gllo =] f(20) | =3¢ (z € G). (25)
By (24) and (25), we have
| 9(2) [2| f(2) | = | f(z0) | +3e 2 € (z € Ku), n=1,2,...  (26)

From (26), we can lead a desired contradiction:
lola> Y [ stz = oo.
n=1 Kan
Q.E.D.
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Lemma 8.2. (cf. [10] Theorem 4 ) Let t be a function in L*(G). and let T; be a
linear functional of SP(G) defined by

() = [ f@t@)de (f € SC)),
then we have
”Tt”S”(G)" = inf{”g”oo + "h”q it=g+ h, g € Loo(G)a he Lq(G)}1

where, q is the conjugate exponent of p.
Proof. <. For each expression t = g+ h,. g € L*(G), h € LI(G), we have

| TS |

IA

| F@s(@yz|+| [ 1@hiz)ds]
171l + NFplAll

<
< 1IflsCllglleo + lIAlla),

for every f € SP(G). thus the inequality < holds. ,
>. Let A= LYG) @ L?(G) be the Banach space with the norm defined by

(1, f) | = max{l f1ll, 21} ((fr, f2) € LY(G) @ LP(G)).
SP(G) can be embedded in A by the isometric isomorphism
S:SP(G)— A, f-(f,])

Since the dual spaces of L'(G) and LP(G) are L*(G) and L(G) respectively ([7] p.
148 (12.18) Theorem ), the dual space of A can be identified naturally with the Banach
space L*(G) & LY(G), in which the norm of elements are defined by :

l(g: W)l = llglleo + llRllg (g, k) € L*(G) ® LHG)).

Therefore the linear functional T, 05! of the closed subspace {(f, f); f € SP(G)} has a
Hahn-Banach extension to A, which can be expressed by an element of L*(G) @ LY(G)
say, (go, ho), and hence

() = [ f@g()ds+ [ f@ho()dz -

- /G £(2)(go(z) + ho(z))dz  (f € SP(G)).
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Since SP(G) contains every characteristic function of a Borel set of finite Haar measure,
we have t(z) = go(z)+ho(z) a. e. on G. As the norm of T; is the same as its extension,
we have

T2l = llgolleo + liollg,
and inequality > follows. Q.E.D.

Theorem 8.3. Let G be a non-compact locally compact abelian group, and let
1 < p < 0o0. For SP(G), we have the following relations:

(i) Crse(®sr(@) = M(G)" = M(SP(G)".

(if) SP(G)"CxCsr(®sr(e)) = LG

Proof. (i) Since ®gr(g) = G, we can identify span(é) with span(®gr(q)). If q is the
conjugate exponent of p and t € span(G), we can caluculate ||t||gr(g)- using Proposition
8.1 and Lemma 8.2 as follows: '

[tlse@)+ = inf{llflleo + llglle} : ¢ = f + g, f € L*(G), g € LUG)} = [[tl|oo-

Therefore we have Cpgp(®srg)y) = M(G)" by the BSE-theorem. But it is known
that M(SP(G)" = M(G)" (cf. [8] Corollary 3.5.1), and hence (i) holds.
(ii) In the same way as in (i) above, and with Corollary 6.7 we have

SP(G) Cz LHG)" = Chsp(®se(a))
and thus (ii) holds. Q.E.D.

Theorem 8.4. Let A = L'(N;) be the semigroup algebra of N, where k is a
positive integer and Ny, = {k,k + 1,...} is an additive subsemi-group of Z. Then we
have A ¢ Co5p(®4). '

Proof. Let k be a natural number. Set Ag = {z € C : 0 <| z |< 1} and for each
z € Ay, put

¢.(a) = i anz" (a = (ax,ry1,...) € L'(VR)).

n=k

Then ®r1(n,) = {¥: : 2 € Ag}, and note that |

Pl =sup | D ples)2" |
n2k z2€Ag
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for every p € span(®ri(w,)). Let & = (1,0,0,...). Then we assert that & is not an
element of C%gx(®4). Suppose the contrary. Then by Corollary 5.2, there exists a
Q.-neighbourhood Uk s such that

| > Bles)2* [<1/2

zZEAD

for every p € Uk,s. Take a small p(1/v/2 > p > 0) such that {p, :| 2 |< p} € K°.
Moreover choose a natural number ng such that

5 =10 < T3
and let 2g, 21, ..., Zno—1 De Mo-points on the circle: | z |= p and set

— 5k sk _ sk
Co = 24,C1 = 215 +++5Cnp—1 = Zpy—1-

We consider the following functional py € span(® 4) defined by
ng—-1
Po= Y CoPr,-
n=0

In this case, pp € Uk,s because pg = 0 on K and

Ipollzavys = sup| Y Bolpa)z" IS Do 1 Boea) Il 2 F

n>k  zeAq z€00
no—1 :

= Y lenllza [F< nop®™ < 1.
n=0

Therefore we have

| > Bolpa)2* 1< 1/2.

zZEAp
On the other hand, we have

ng—1
| 3 Do)z =] Y enzh |=mop™ 2 1/2.

z€Ap n=0

This is a contradiction. Consequently, 8 € L1(Np)" \ C(®r1(vyy; Qe(L (Ni))). Q.E.D.

In the following, f’ and f'(z) denotes the derivative of a function f and the deriva-
tive of f at z, respectively. |
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Theorem 8.5. Let A = C*([0,1]) be the set of functions consists of all the con-
tinuously differentialble functions on [0,1).. With pointwise addition, multiplication and
the norm defined by || f|| = maxzep(| f(z) | + | f'(2) ) (f € A), A forms a unital
Banach algebra (cf. [9] p.92) and the Gelfand space of A can be identified with [0,1].

In this case, we have the following relations:
(i) Crse(®a) = Lip; ([0, 1)) = {g € C([0,1]) : p(g) < oo},
where p(g) = sup{| (9(b) —g(a))/(b—a) 0 <a<b<1}.
(i) A = M(A) Cx CYs5(®a) = Crsu(®a)-

Proof. (i) To simplify the expressions, we put B = {g € C([0,1}) : p(g) < c0}.

C. Let 0 € Cpse(®a) be arbitrary. For each z1,z2 € [0,1] (z1 < z32), we put

p= 572 (6z, — 6z,), where 6;(f) = f(z) (f € A). Then

sup{| p(f) |: £ € A, | flla < 1}

Iplla =
f(z2) = fz1)
= el <
sup{| =2 == | f € Allfla< 1}
< sup{| fi(@1+0(z2—71)) [0<O<1,fE€Aflla<1}
< 1 (since ||f'lfloo < [Iflla),
and hence
~ 6:: "6:1:
lolisss 2 sup{l S-p(@)o(a) | p= 22 (0<21 <2 <1} = p(0).
That is o € B.
D . Let o € B be arbitrary, and let ¢(z) be a function on R defined by
T+1, if —1<z<0
oz) =4 —-z+1, if 0<z<1
g, otherwise.

Put ¢,(z) = no(nz) (z € R), n = 1,2,...,, and we have ||¢,|; =1, n = 1,2,....

define the convolution of o with ¢, by
1
0 % ¢u(z) = fo 5z —t)da(t)dt (0<z < 1),

where &(z) is a function on R such that & = ¢ on [0,1] and =0 on R\ [0, 1].
Now we claim that the following (a), (b) and (c) hold:
(a) o * ¢, € CY([0,1]) = A.
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(b) llo * gulla < llolle + p(0) < 00

(c) imy o0 0 * Pp(z) = 0(z), (0L < 1)
If we show that the above claims are true, we get by Theorem 4, (i) of [18] that
o € Cpse(Pa).

(a) Obviously, & is absolutely continuous, & = ¢’ a.e. on [0,1] and, & = 0 on
R\ [0,1]. Moreover, it is easily to see that p(¢) >| o'(z) | a.e. on [0,1]. Hence we get
by Lebesgue’s dominated convergence theorem:

L ortue) = pm [TEXRHZTED g g,
_ fol'lliil(l)a(x_‘_h—t’)l_a(x_t)%(t)dt
= /0 15/(33 —t)@a(t)dt a.e.on [0,1]. (27)

Therefore, the continuity of (o * ¢,)'(z) follows easily from (27), and we have o * ¢, €
c([o,1]) = A.

B llo*dalla < llo* balleo + (o * Ba) llco
1 . 1
sup | [ 6(z —gu(t)et | + sup | [ (@ —t)gnt)dt |
zefo,1] JO z€f0,1] JO

< llolleo + llo'lleo < llolles + p(0) <00 (n=1,2,...).

IA

(c) follows immediately by a direct calculation.
Thus the proof of (i) is complete.

(ii). Since A has a unit, the relations A = M(A) and C%g5(®4) = Crsr(®a) are
trivial, and the relation A C; C%g5(®4) follows from (i). Q.E.D.

Remark 8.1 Theorem 8.5 provides an example of a Banach algebra A which sat-

isfies all the conditions of Theorem 6.6 without being BSE.
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