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Weak Coupling Limit Removing an Ultraviolet Cut-off
for a Hamiltonian of Particles Interacting with a Scalar
Field

Fumio Hiroshima,
Department of Mathematics, Hokkaido University
Sapporo 060 Japan

Abstract

A functional integral representation of a heat semigroup acting on a Hilbert space is
constructed. Its generator describes an interaction between particles and a quantized
field. By usiﬁg the functional integral representation, for the Nelson model with a
nonnegative mass we investigate a weak coupling limit which removes an ultraviolet
cut-off.. As a result, it is shown that a many-body Schrodinger Hamiltonian with the
many-body Coulomb potential (or the many-body Yukawa potential) appears in the

limit.



1 INTRODUCTION

The aim of this paper is to derive a many-body Schrodinger Hamiltonian with the Coulomb
potential (or the Yukawa potential) from taking a scaling limit of a Hamiltonian which
describes an interaction of an arbitrary but conserved number of nonrelativistic particles
and a quantized neutral scalar field. In particular, we pursue the study of “the Nelson
model”([1,2,4,8,9,11]) with a nonnegative mass. The model, for example, explains an
interaction of nonrelativistic nucleons and mesons. This paper .is inspired by [4] in which, for
the Nelson model with a positive mass, with a scalar potential and with the number of the
nonrelativistic particles fixed, introducing a renormalization, the author elaborates taking
a weak coupling limit and at the same time removing an ultraviolet cut-off. The main
problem we consider in this paper is to extend the results in [4] to the Nelson model with
the nonnegative mass, with a much more general scalar potential and with the number of
nonrelativistic particles unfixed.

A mathematical formulation of physical descriptions of interactions between particles
and quantized fields is, in this paper, reduced to a theory of self-adjoint operators acting in
the tensor product of two Hilbert spaces. We shall assume that the number of the space
dimensions in which the particles move and interact is three. Although the statistics of the
nonrelativistic particle does not play any role, in this paper, it is considered to be a fermion.
(Of course all the’results can be extended to the case where the particle is a boson.) Let 7
and F;, be the Boson Fock space and the Fermion Fock space over L2(R®), respectively,

%

Fo = Do L*(®%),
N=0

[®2: L2 (%)),

Ps

Fo =

4
1l

0
where ®J L*(R®) (resp. ®XL*R®)) N > 1, denotes the symmetric (resp. anti-symmetric)

N-fold tensor product of L?(R%) and ®J,L?(R%) = ®CL%(R3) = C. We denote the tensor



product Hilbert space by
L=F 0 F = DULE?) @ A,
Z=0

where L7,(R%”),Z > 1, denotes the set of square integrable anti-symmetric measurable
functions over R*? and L2,(R%) = C. The number Z counts the number of bare nonrel-
ativistic particles and is called “charge”. Moreover L2,(R%%)® F; is called “sector”. Let
a(k),a’(k),b(k) and b'(k) be the formal annihilation and creation operators in F; and the
formal annihilation and creation operators in F,, respectively, (which are defined by bilinear

forms) which satisfy the following canonical commutation or anti-commutation relations

la(k), a"(K')] = 6(k - k),
[a* (), a! (k)] = 0,
{b(k), b'(K)} = 6(k — K,

{bh(k), B (K"} = 0,

where af and b denote a or a! and b or bf, respectively, [4, B] = AB - BA, {A,B} =

AB + BA, and 6(z) is the delta function with mass = € R3. Formally we put

U(z) = x/(%r? / b(k)e*e dk,
W(z) = —— JEC

y(27)3

The Nelson Hamiltonian H is explained as an operator acting in the Hilbert space £ and,
formally, have the following form (a mathematically rigorous definition of the Nelson Hamil-

tonian is given in (4.1))

H= [ ) (—%A) Ua)ds © 1 - g [ W (2)p(@)¥(a)dz + 1 ® Jwle)at(k)a(k)dk
| =H,®I —gH;+1Q®H;,



where A is the Laplacian in L*(R%), g € R, m > 0, a coupling constant, a mass of the non-
relativistic particles, respectively, w(k) = vEZ+ 2, 4 > 0 and ¢r(x) a time-zero quantized
neutral scalar field in ;. “The weak coupling Hamiltonian” ([2]) is defined by

H, =Ha®I—AgHI+A2I®H§.
Let Vz, Z =0,1,2, .. be multiplication operators in L%(R3?) with some conditions and put

V= é[vze;z]. (1. 1)
. Z=0

The restriction of Hy, 4+ V to the sector L2,(R%%) ® F, has the form

1 Z
Ho + Vi, @oner = (“P2z + Vz) ®1—Ag X% $(z;) + A’ @ H
J:

2m
: LZ,(R3Z)®F}
1
= (———pQZ +Vz> ®I—AgH? + A’ I ® H;
2m . Lzs(Rsz)QD]:b
I
= HotVzol L. (®R7)eF,
Here pz = (p',...,p?) = (P!, P}, ..., %) = (—igr, —ia%-, - —iﬁz). In [1,2], introducing an
1 2 3

ultraviolet cut-off and defining HZ(A) + Vz ® I as a self-adjoint operator in
Lz =LY R¥?) @ F,

the authors show that, for all t € R and for each fixed Z > 1, the strong limit of e~ i4#&+Vz81)
as A — oo exists. On the other hand, E.Nelson puts an ultraviolet cut-off parameterized by

A > 0 on the interaction term H7 ([11]); he obtains a self-adjoint operator in £z;

1
HZ(A) = %p% @I+ gHE(A)+I®H;.

Defining a renormalization term F(A) which goes to minus infinity as A — oo, he shows the

existence of a self-adjoint operator HZ so that

s — lim e #tHZ(M)-g*ZE(A)) _ ~itHE
A—oo . .



However an explicit form of HZ is unknown. In [4], for each fixed Z > 1, the author defines

a scaling Hamiltonian in £ by
HZ(A)+Vz ® I — ?ZE,(A%)

= (-21—mp2z + Vz) QI+ AgHE(A*)+ A’ T @ H} — 2 ZE,(A%),
where the region of o > 0 is restricted to an interval in R, a scalar potential Vz is infinitesi-
mally small with respect to p% and E,(A®) a renormalization which goes to minus infinity
as A — oo. Then, only in the case of positive mass y > 0, he considers the strong limit of
e~ BE(N)+V28I-g*ZEu(A)) as A — oo, the so called “weak coupling limit removing the ul-
traviolet cut-off simultaneously (WCLUV)”, from the viewpoint of the pure operator theory.

He obtains

. —F zZ —_—n2 @ g Z
s— lim e WHZ(A)+Vz®I-g?ZE, (A%)) —e WH +Vz) ®Pb,

A—oo

where P, is a projection operator on a closed subspace in . Moreover he shows that
the self-adjoint operator HZ in L*(R%?) is the Z-body Schrédinger Hamiltonian with the

Yukawa potential;

1 0 gZ Z e—u[:c"—:cjl

/1 = omPz 471'2 |zt — 27|’

In this paper, as an extension of the previous paper [4], we consider WCLUYV of the Nelson
model with the nonnegative mass p > 0, with a much more general scalar potentials
Vz,Z = 0,1,2,... and with the number of the nonrelativistic particles Z unfixed. In this

situation, renormalizations should be
9Bu(A%) [0 (2)0(z)ds,

where [ U1(z)¥(z)dz is a formal description of the number operator in F,. We define a time-

zero quantized neutral scalar field with an ultraviolet cut-off ¢r(Z4.(z)) (for the definition,



see section 4) and put
Hy(A)y = H,® I - Ag / U (2)bp(ELa(2))U(z)dz + A2 @ HY + V. (1. 2)

The main interest in this paper is to be concerned with the strong limit of

exp {—z’t (H,,,(A)V - (gQEw(A") / xpf(x)\p(x)dx) ® I)}

as A — oo and to show explicit forms of the asymptotic limits.

Since the number of the non-relativistic particles is conserved, this is essentially the same
problem as the one fixing the number of the nonrelativistic particles. However the situation
is of course even much more complicated in the nonnegative mass case. Before going into
details, it is helpful to give an overview of our discussion. The basic method presented here
is as follows: In the massive Nelson model with the number of the nonrelativistic particles
Z fixed, the author in [4] introduces a unitary operator which separates a renormalization
term and transforms the Hamiltonian HZ(A) to a Hamiltonian HZ(A) which is easy to
analyze WCLUV from the viewpoint of the pure operator theory. Nevertheless, in the
massless case, u = 0, we can not define such a unitary operator. To avoid this difficulty,
we introduce, ih this paper, a well defined unitary operator with an infrared cut-off K > 0,
which transforms the Hamiltonian HZ(A) to a Hamiltonian HZ(KA). The transformed
Hamiltonian HZ(KA) is, unfortunately, much more complicated than HZ(A). We shall,
however, prove that, for sufficiently large A > 0, we can find it possible to construct a
functional integral representation of the heat semi-group generated by EUZ, (KA). We shall
also show that the functional integral representation and the unitary transformation give a
good way to analyze WCLUYV of the Nelson model with nonnegative mass and with a much
more general scalar potential. Accomplishing several steps of simple arguments, we reach a
desired result for each fixed Z. Once we establish the existence and a concrete form of the

strong limit of e~*H&(A+V28I-ZEu(A®)) a5 A — 00 on L, We can easily extend the results to



the case of the strong limit of e~*(#Z(A)+Vz@I-ZE,(A%)) as A — 0o on each sector

Li,(R3Z)®F,
L?,(R*?) ® F;. Hence one can derive the strong limit of e~{(Fo()v—(s*Bu(A%) [ () ¥(z)dz)o1)

as A — oo on L.

We organize this paper as follows. In section 2, we present basic notations and facts
known in the constructive quantum field theory (3,13 and see references therein]. Section 3
is devoted to constructing a functional integral representation of a heat semi-group whose

generator has the form ([7])
1 :
Hformat = 5— Pz @ I = A’ + U+ V; @ I + I ® H;. (1. 3)

Here A = (A, ..., A3z) and U are symmetric operators in £ z holds satisfying some conditions.
The operator Hjormae is an abstract version of I?uzj (KA). Section 4 is the main section of
this paper. In this section, we give a definition of the Nelson Hamiltonian in the Schrodinger
representation in a rigorous manner and introduce a unitary operator with an infrared cut-off
K > 0. Moreover we analyze WCLUV of the Nelson Hamiltonian by using the functional
integral representation established in section 3 and the unitary transformation with the
infrared cut-off K > 0. In section 5, we give a remark on WCLUYV of the Nelson model in

the space dimensions d = 1, 2.

2 FUNDAMENTAL FACTS

In this section we define basic notations and prepare some concepts on the Schrodinger
representation of a symmetric Boson Fock space and a functional integral representation of
a heat semi-group. For a Hilbert space H over C, we denote the scalar product by < f, g >
and the associated norm by || f||3;, where the scalar product is linear in ¢ and antilinear
in f. For tempered distributions f and g, a symbol f denotes the complex conjugate of ‘f
and f (resp. g) the Fourier transform of f (resp. the inverse Fourier transform of g). We

denote the domain of an operator A by D(A). The notations CHR%;H),n = 1,2, ... denote



the set of n-times strongly continuously differentiable functions, together with bounded up
to n-times derivative, from R? to the Hilbert space H and C,(R?) the set of the bounded
continuous functions on R?. Let w = w(k) = VA + 12, k € R3, 4 >0, and S/(R™) the set of

real tempered distributions on R™. Let us define two Hilbert spaces as follows

Iy = [, D0 < o,

=2 Mdkdko < o0 }

Hoy = {fES'(R3)

W = {feSL(R?’“)

w(k)? +
For simplicity, we put ||f||H_% = ||f||_%. Let {¢(f)|f € H_1} be the Gaussian mean zero

random process indexed by H_1 so that the characteristic functions are given by

/Qe L=e , feH_y,

[N

where (@, du) denotes an underlying probability measure space. If we need, we regard ¢ as
the variable of the Gaussian random processes ¢(f). Similarly, let {®(f)|f € W} be the
Gaussian mean zero random process indexed by W on an underlying probability measure

space (@, dpg) with the characteristic functions
/ ¥ Napp = i1 £ ew.
Qg

A Boson Fock space F;, in the Schrodinger representation and a Euclidean Boson Fock space

& are defined by F = L*(Q,du) and £ = L*(Qg, dug),respectively, which are equipped with

scalar products

<OUN80) >r = 2<fig>y,

<N, 8(9)>e = 5<fig>w

respectively. “ the Wick product” : ¢(f1)...¢(f,) : in F; is defined by recurrences as follows:
L o(f) = (f),
¢(f1)--¢(fn) = $(f1) : $(fo)--d(fn) : Z (@(F1) (f)) 5 : B F2).-B(f3)--B(fa) 1,10 2 2,



where ¢(f) means to the omission of the term &(f). Set

Fo(f) = C,
T(F) = L{: ¢(f1)...0(fn) : [fieH 3.5=1,.,n}, n>1.

Here L{...} denotes the linear hull of the vectors in {...}. Then it is well known that F has

the following orthogonal decomposition

F = é In(F)
N=0

“The finite particle subspace” is defined by
0 N
= U |DT~nF) D {0},
N=0 |n=0 n>N+1
which is dense in F. Let T be a contraction linear operator from H_ 1 to W and h a non-
negative self-adjoint operator in H_ 1. Then a linear operator I'(T") from F to £ and a linear

operator dI'(h) in F are defined by

F(T)Q]: - Qg,
D(T): ¢(fr)d(fn): = : (T f1)..9(Tf) 1, fiy s fn € 'H_%,n >1,
dr(h)Qr = 0,

n

dU(h) : ¢(f1).d(fn) : = Z G(f1)-®(Bf;)ed(Fa) 2 fiy ooy fu € D(h),m > 1.

Here Qr =1 € F, Qs =1 € &£. 1t is easily checked that I'(T") can be uniquely extended to
a contraction linear operator from F to £ and we denote its extension by the same symbol.
Moreover since it is easily seen that dI'(h) is essentially self-adjoint on Fy, we also denote its

self-adjoint extension by the same symbol. We define a non-negative self-adjoint operator &

mH_1 b
2

Gf(k) = wk)f(k), feMH_y,
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with the maximal domain,i.e., D(@) = { f € *R¥)|wf € L2(R3)}. Let a family of operators
Je: H_% — W,t > 0, be defined by

If =6® f, fE'H__%,

where 6; is the delta function with mass at ¢ € R. It is well known that Jt is isometry.
Choosing the special operators j, and &, we define a family of isometries J;, and a non-

negative self-adjoint operator Hj by

']t = F(]t)’ .tZ O,

H, = dT(®).

The operator H, is called the free Hamiltonian in F. It is also known that J; is a positivity

preserving operator,i.e., for F > 0,
J.F > 0. - (2. 1)
The following fundamental relation between J; and Hb is crucial in the next section.
JrJ, = eltmsly, (2. 2)

We introduce basic subspaces in F. We denote by S(R™) the set of rapidly decreasing

infinitely many times differentiable functions on R™. Then we define

F = L{F(@(f1), -, 6(fm)), U yF €S®™), fi € H_y,j=1,..,mm>1},
FP =L{F € F*|F(¢) > 0,a.5.9 € Q} .

Then F* is dense in F and note that, for any F € F with F > 0, there exists F, € F
50 that ||[F — Fo||z — 0 as n — co. Hence if < G, F >z> 0 for any F € F2, it holds that
G(¢) > 0,a.5.¢ € Q. For proceeding our discussion explicitly, we give a unitary equivalence

of 7 and F,. Define Q = {1,0, 0,0,..}. Let the annihilation operator and the creation
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operator denote by a(f), f € L*(R?) and a'(g),g € L?(R®), respectively, which satisfy the
following canonical commutation relations on a dense domain:

[a’(f)’af(g)] = < fag >L2(R3)a

[0'(£),d}(9)] = o.

Using the formal annihilation and creation operator a(k) and af(k), we formally write

d(f) = [ ab(k)f(k)dk.
For a real-valued function f, we define

_ g d F o
¢F(f)_\/§{ T(\/—) (\/—)} \/.JEL(R),

we(f) = 55 {a'WBh) - Vo), VBfe @)

Moreover we define, for f = Rf + i3 f,

be(f) = Sr(Rf) +idr(SP)
me(f) = mr(Rf) +inp(Sf).

Define a map 7 from F; to F by

TQ =Qp,

T :6p(f1)--0r(fn) : @ = ¢(f1).$(Fn) 1, frs s fu € H_y,
and extend 7 by’ linearity. Here “the Wick product” : ¢p(fi)...0r(f,) : in F, is defined
by removing all the creation operators to the left side and all the annihilation operators to
the right side without the commutation relations. One can easily extend 7 to the unitary

operator from F; to F. We denote its extension by the same symbol 7. Then it can be

easily checked that

T'O()T = ¢r(f), f€ H_1,
T—ngT = H,
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hold as operator equality in F;,. The unitary operator 7 implements the following unitary

equivalence
L(=Fa®@Fp) 2 F, @ F = PIL[R?) @ F| = @ H.. (2. 3)

In what follows, we use the equivalence (2.3) whenever no confusion is to be feared and we

also call Hz “sector”.

3 FUNCTIONAL INTEGRAL REPRESENTATIONS

In this section, by using methods developed in the constructive quantum field theory ([3,13])
and Hilbert space valued stochastic integral ([7]), we derive a functional integral represen-
tation of the heat semi-group generated by formally defined Hamiltonians as (1.1) acting in

the Hilbert space £z. Throughout this section, we suppose that A,(z)’s have forms:

Au(z) = Pu(S(fur(2)), .., ¢ fun, (2))) + Ag(:v) ®I, p=1,..,32, (3. 1)

where P,(y1, ..., ya,) is a real polynomial, f, ; € C2(R3Z; H_1), and A} € C7(R3%;R). Before
constructing a functional integral representation of e tHormal  we remark that there exist
some differences between the quantized and the classical cases with respect to the vector
potential A,. The expression Hjypme is merely formal. The operator H ¢opmq is well defined
on the domain LP = C§°(R*?)®[Fy N D(H,)], but it is not known whether £ is a core
for Hyormar. Worse still, no concrete cores for H formal aTe known. It may be possible for
Hformal| £y Dot to have a unique self-adjoint extension. Then we have to make it clear which
self-adjoint extensions we choose in consideration. Then we take the following strategy:
We construct one self-adjoint extension of H Formal| cy Via a strongly continuous symmetric
one-parameter contraction semi-group. Concretely, at the beginning, we construct a family
of contractive self-adjoint operators Q,,s > 0, from which we derive a strongly continuous

symmetric one parameter contraction semi-group Gy,t > 0, by using an F-valued stochastic
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integral. Secondly,we shall show that its generator Hyo(A), which is a positive self-adjoint

operator, has the same action on the domain £ as that of
H(A) = —1—( QI — A)?
Next we define Hy(A) by a quadratic form sum
Ho(A) = Hy(A)+I ® H,. (3. 2)

Finally, by using a diamagnetic inequality for e~t#o(4) ((3.10),[7,9]), we shall show that the

following self-adjoint operator can be defined;
H(A) = Hy(A)+U+V, @ I-V_® I, (3. 3)
where U is relatively form bounded with respect to

1
Hf = —p}
F 2mpz®I+I®Hb

with relative bound < 1 so that U(-) is an F-valued continuous function on R3Z and V, €
Lj,.(R¥) and V_ is relatively p3-form bounded. We adopt H (A) defined in (3.3) as a
mathematically rigorous definition of the formally defined Hamiltonian H formal and give a
functional integral representation of e=*#(4). Note that we do not know whether (3.3) is the
Friedrichs extension of Hsma With a suitable domain or not.

In what followS, for simplicity, we put the mass of the nonrelativistic‘particles m = 1.
For each z,y € R*, A(z) + A(y) is a self-adjoint multiplication operator in . Hence we

can define a unitary operator on F by

U(a,) = exp {5(4(2) + AG) (= ~ 1)}

Let ps(z) be the heat kernel function, i.e.,

ps(z) = (2%5)‘% exp (—51;|x|2) , §>0, zeR*?.
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We define a family of contractive self-adjoint operators {Qs}s30 by the Bochner integral

(QF)(@) = [, p(z - y)U(z,9)F(u)dy,
(QF)(z)=F(z), FeLls zeR™

Note that Q,F is weakly right continuous at s = 0,
lsiﬁ)l (Q,F, G)., = (F, G).,, F.Ge L. (3. 4)
Then we show the following key lemma.

Lemma 3.1 Let G € Lz and F € LF. Then (Q,F,G) is differentiable at s > 0 and, in
s =0, it is right differentiable with

lim <Q.9 Qo

i F, G> = - (H(4)F,G), . (3. 5)

Lz

Proof: We show an outline of the proof. Put

3z
w0 = 3 (2 - ) - (40 + 4,)).

32 (924 (v) 0A,(y)
AD(z ) = (——" Ty — Yp) — 222 ) =1,..,32.
b (2,y) ngl o2 (Zn — Yn) dy, )

By the Fubini theorem one can see that

% <Qst G>Cz = 1 3Z /IR3ZX1R3Z J:dyp,g(ﬂ? - y){< ( y)%%z,G(x)>f

+{Umy {A;n(x, P+ 405} F ), 60), )

/R _ p(X)dx /R _dsT(z,z - X).

Applying the following well known inequality

16Nz < V2VNHTI|fll_s 1¥]l5, @ € Tn(F),
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and noting (3.1), by the direct calculation, we show that

/Raz del(z,z — X)l < e + el X| + 63| X|2
Here €1, €2, €3 are positive constants. Hence we have

im | p,(X)dX /}Raz Nz, z — X)dz = /Rsz Nz, z)dz

3—0 Jp3

= —(H(A)F, G>CZ .
Then we have

lim £ (Q:F,G),, = - (H(A)F,G)

510 ds Lz’

which,together with (3.4), implies (3.5). The proof is complete. |

We fix probabilistic notations. Let (£2,db) be a probability space for the 3Z-dimensional
Brownian motion (b(t))i>0 = (bu(t))pou=1,..32. Put z, +b,(t) = wu(t),p = 1,...,3Z and
w(t) = (wi(t), ...,wsz(t)). Unless any confusions arise, we write the variable of b(t) by b € Q.

We define two measure spaces (Q, dv) and (Qpg, dvg) by

R” xOxQ=Q, de®db®du=dy,

R¥? x Ox Qp =Qp, dr®db®dug = dvg.
Lemma 3.2 For allt > 0,the strong limit

s—1lim (Q4) =6,

n->00 2n

exists. Moreover G, is a strongly continuous symmetric one-parameter contraction semi-

group on Lz and has the following functional integral representation

(F,G,G), = /@,dy“F(_'—w(t))G(w(0))6"7'%0, F,Ge L, (3. 6)
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where

132 194
K(A,t) = Z/ Au(w(s))db,(s) + = Z/ —“((ﬁ@d —/ A(w(s)) o dbgs),
Ty
where [ ....db,(s) is an F-valued stochastic integral defined as a vector in L%(Q; F), the set

of F-valued L?-functions on Q.

Proof: By the definition of Q;, one can see that

<F, (@s)” (@) G>£Z = [, do(Flutt+3), R (419G w(0)) )

where
einin = E{o(3)) ool (2)
<o) ()
) o2}
) -o(ese2)

Since, by (3.1), A, € Cy(R*; F),u=1,...,3Z, it is easily seen that in L2(Q; F),

H)
L2 F)

s— lim lim K, .(A,t,s) = K(A, t+s)

m—00 N—0

Then we have, by the Lebesgue dominated convergence theorem,

m—00 nN—0o0

i, Jim (5 (@) (@) €), = [ FGEFIG(O)eF e,

n

2 2n
Hence it follows that (Q#) is a Cauchy sequence in F and s — lim,_, (Q L ) has
the functional integral representation as in (3.6). The semi-group property and the strong

continuity of G; in ¢ can be easily checked by (3.6). Thus the proof is complete. o

Lemma 3.2 and Stone’s theorem yield that there exists a positive self-adjoint operator

Hy(A) so that

G; = e Hoo(4),
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Lemma 3.3 The self-adjoint operator Hyo(A) is a self-adjoint extension of H (A)| £y

Proof: Let F' € D(Ho(A)) and G € £F. Then we have, by Lemma 3.1,
<l (7o 1) @ F> = lim <1 {(Q ) —I}G F>
t ’ Lz n—oco \ ¢ 2% ? Lz
= lim Zli<2—n{c3, -I}G (Qf)jF>
. n—00 =0 on t 27 ’ "

t o,
= - / (H(A)G, e EudF) g5,
0 Lz

Lz

As t — 0 on the both sides, we get

(G, Hw(A)F),, = (H(A)G, F>CZ :

Thus the proof is complete. O

Remark 3.4 Since the operator H formal May be defined on a larger domain than LY, one
can extend Lemma 3.8 to a larger domain. Actually, putting

MZ = H?*®[Fy N D(Hy)],

H? = {u € G (R R) [[|0"ul|p2(aoz) < 00, K] < 2, },

we also show that Lemma 3.1 and Lemma 3.8 hold with L5 replaced by M ([7]).

Define Ho(A) as (3.1) and put Ho(A) = Hy for simplicity. We state the main theorem in

this section.

Theorem 3.5 Let A,(z) € D(H,),p=1,..,3Z, for all z € R%2, and
sup ||HpA,(z)||F < oo. (3.7
zeR?}Z

Furthermore we suppose that a multiplication operator U is a bounded operator on Lz and

U(-) is an F-valued continuous function on R3Z. Then, for F,G € L,

<F,e‘t(H°+U)G>£ = /5 dved F(w(t)) JoG(w(0))eK AN =BTy (3. 8)
z E
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where

K(A,t) = Z / oA (w( s))dbu(s)+z / JaA“(“’(S) ds = / T A(w(s)) o db(s),

EUL) = /0 JU(w(s))ds,

where [y ...db,(s) is an &-valued stochastic integral defined as a vector in L*(Q; £ ), the set of

& -valued L?-functions on ().

Note that (3.7) implies that J,A,(z) € C}(R x R*%; £) as the variable (s, ) € R x R%Z. Then
K(A,1) is well defined as vectors in L2(£; £).

Proof: By the strong Trotter product formula ([10]) we see that

<F7 e—t(H°+U)G>L = lin;lo <F7 (6_5177H00(A)e_2LnI®Hbe'z+lU) ” G>
z n— .

= llm Szn .
n—oo

Let £ = ¢ for simplicity for the time being. From the definition of Hyp(A) and (2.2), it
holds that

Sp = Jim (R (5 (@) %) (eI (7e (@) V) (ecaie ¥ 1))
( Je—<U J:) ( J. (Q—r) J*) ( Joe= ¥ Jg) JoG .

= k:-an;lo ]RSZX]R3Z2 % % R32211 dxdfldfgnpe(.’lf-i)Pe( -’21&)

v~

x (F(x), J; (EW(51)E,) (Be-Use(@?)Bree) (BreeWied(8) Ei) .

. (BUL530)E.) (EW.(a5.) Eo) (EUs(als) Bo) JoG(:vzn))f

khm SQn’2k, (3 9)
where J,J; = E, and &; = (2}, ..., ;"k) er3?* j=1 . 2

— k k— k
P (z5) = pe(w?_l - xyl')pe(%l' - ‘%2‘)--4’6(“’? - ‘”? ),
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. ok
W,(z;) = exp {%J,9 Z (A(x;.—l) + A(a:g)) (a;'g.‘l - :1:_’1 } , .’L‘? = x? 1 g;gk =z,
=1
Uy(z}) = exp (—eJSU(mj-)) .

By the Markov property of F,’s known in the theory of the constructive quantum field theory
[13], one can neglect E,’s in (3.9). Then it holds that

Sy g0 = /R y dx<JtF(w(t)),e{i =" or () L g U (e }JOG x)>

y

L2(:€)

where

. - k . '
]t) 12 ( (m t jt)) (m—1) ¢ jt
z — - A m s Jb t Jjt
Kk(2n 22 (A sz ty)) vale(Tx on T on
m ﬁ) (m—-1)t gt . i
X (w (zk. on + on w ( ok om + on , 7=0,...,2 1.
As is seen in the proof of Lemma 3.2, since 4 € C2(R3Z, F), we have

Jim Sy s = / i < P {zf_;l ($) - T, 7 U(())} e )>

?

L2(€)
where
AN ‘
K (Qn = /% Ji A (w(s)) o db(s).

Since J,A,(z) € CL(R x R%%; £), one can easily see that
2n_1
s—nlggo};/c( ) / J A (w(s)) o db(s)
in L*(; €). Since J,U(z) is E-valued continuous function on R x R3%, we have
n 1
11152102— Z J%U( ( )) / JU(w(s))ds,
in L*(%;&). Hence, again by the Lebesgue dominated convergence theorem, we get the

desired result. O
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Remark 8.6 (1) For any particle’s mass m > 0, the functional integral representation in

Theorem 3.5 is replaced by
<F, e't(H°+U5G / dvpJi F(w(t/m))JoG (w(0))eKm(At) g=Em(Ust),
where
Km(A,1) = /0 " JmsA(w(5)) 0 db(s), En(U,t) = E(U,¢).

(2) Since it is enough to assume that J,A,(z) € C}(R X R3Z:E),u = 1,...,3Z, to define the
& -valued stochastic integral fj J,A(w(s)) o db(s), for ezample, under the notations in (3.1),
the following is a sufficient condition to define the right hand side of (3.8):

fui() € R H ), fu;(z) € D(@), sup 1| us(@)ll-y < oo.

However, it is difficult to prove (3.8) for such A’s. One of the reason is that, since we do
not know a concrete core for Hporma, we can not use a standard limiting argument. The

following is a sufficient condition for (3.8)to hold
osl) € GRS, fui(@) € D@),  sup |I5fus(@_y < oo

We consider an extension of Theorem 3.5 to a much more general multiplication operator

U. From Theorem 3.5 and (2.1), the following diamagnetic inequality immediately follows
—4(H, _H(HZ
’(F,e H(H +U)G>£ZJ < <|F|,e t(HF+U)|GI>£Z. (3. 10)

Let us define for G € L3,

0, otherwise.

sgnG(z) ={ e 1G] #0,

Lemma 3.7 Let |U| be a multiplication operator which is HZ-form bounded with relative

bound €. Then |U| is Hy-form bounded with relative bound <e.
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Proof: Put F = sgn (e‘”’° (¢®\Il)), where ¢ € C{°(R3?) with Y 2 0and ¥ € F°. By
putting such F' and U = 0 in (3.10), we have

(veu,leha))  <(yvou,c g, .
Hence it follows that for a.e. (z,¢) € R3Z x Q,
=G| (2,0) < (e7#|G) (2, 9).
Then a fundamental calculation shows that for E > 0
(B + B)74 6] e,0) < (BE+ B) *161) (2,9), aee.¢) e R x Q.

Hence we have

sup_[|IU1F(Ho + E)¥6||, < sup H|U|% (HZ+E)" 6| <.
Gl , =1 Z Gl ,=1 Lz
Thus the lemma follows. : O

We define a class of multiplication operators in L?(R3%).

Definition 3.8 We say that a multiplication operator W € Mu(Z), Z > 1, if, and only if,
with W = W, —W_ (W, is the nonnegative part of W and —W_ is the negative part of W ),
W_ is relatively form bounded with respect to p with relative bound < 1 and W, € L} (R3%).

Moreover we say that Vz € Mx(Z), if, and only if, Vz € Mx(Z) and Vz+ and Vz_ are

reduced by the closed subspace L2,(R3?) in L2(R3Z).

Theorem 3.9 Let U be an HZ-form bounded multiplication operator with relative bound < 1
so that U(-) is an F-valued continuous function on R*2, and V € My(Z). Then Theorem
3.5 holds with Hy + U replaced by Hy+U+V, @ I-V_Q I.

Proof: We show an outline of the proof. We assume, at first, V € L°(R3Z). Then, by virtue

of Lemma 3.7, Hy+U + V @ I is a well defined self-adjoint operator (KLMN Theorem [12)).
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The strong Trotter product formula for forms ([10]) and a limiting argument with respect
to V yield (3.8) with Hy + U replaced by Hy+U + V ® I in the same way as the proof of
Theorem 3.5. Next, for any V € M4 (Z), defining

n, otherwise, ‘'m, otherwise,

V+n={v+, Ve<n, {V_, V.<m,

as is mentioned above, one can see that (3.8) holds with Hy + U replaced by Hy+U + Vi, ®
I -V_, ®I. By using convergence theorems for forms as n,m — oo ([7.Theorem 4.13,

14.Theorem 6.2]), we get the desired result. o

We conclude this section with giving a typical example of functional integral representa-

tions. Let f = (fi,..., f3z) satisfy

% € L*(R%), fu(k)= fu=k), pn=1,..,32 (3. 11)

We introduce a notation f;(a:) for z = (z!,...,z%) € R3? as follows;

~ 1

fu(l') = —(m <f”(k)e—ikz-[€'+1]>v = 1’.“.,32,

where [s] is the integer part of s, the inverse Fourier transformation V is taken with respect
to the variable k € R®. Because of (3.11), f,(z) is a real valued function for each = € R®Z.

Then it is rather obvious that, for each z € R3Z, f,l(a:) € H_;. Thus multiplication operators

40 = [ oD = [ Az,

can be well defined in Lz . Put A(f) = (Ay(f), ..., Asz(f)). Let § = (41, ..., dsz), * =
(71,...,73z) and 7} = (71, ..., fsz) satisfy that §,(k) = §,(—k), 7u(k) = Tu(—k) and 7,(k) =
fu(—k), and

Oy Ty Ty 23
, ) € L*R%), n,m=-1,0,1,2,1=1,2, p=1,..,3Z. (3. 12)
Vo (Jwym (Jay < L (&) (
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We fix g, 7 and 7 in what follows. Define

1 3Z
Hpsp = %(pzébl—vA( +aZIA,,(r +ﬂZlA (A2 +1® H,,
p= H=

where o, # and 7 are real constants.

Theorem 3.10 Suppose that the absolute values of coupling constants v and 3 are suffi-
ciently small. Then Hj; 5 is self-adjoint on D(HZ) and essentially self-adjoint on any core

for HZ. In particular, L7 1is a core for Hy; 5. Moreover we have, for V € My(Z),

(F, e—t(Hav+-ﬁ+V+®’4V-®I>G>L = /6 dvp T F (w(t[m)) JoG(w(0))eFaraDe=BEv(H8I (3 13)
z E

where
3Z : t/m . ~
Cara®) = 2 {08 ([ imfele)) o 6
pu=1
t L~ t ~ 2
—ad (/0 ]ST#(W(S))d.S) - ,H/O Jsd (nu(w(s))) ds},
t
t) = ds.
By(t) = [ V(w(s))ds
Proof: For simplicity, we put 'l z2esy = ||l and Hys5 = HZ + Hgp + oH; + BHy; in this

proof. Suppose that V' € C,(R3?). Note that

o)l < 75 (2 stu

[+t 0ol < 25 (5 [ f »)

(A +1)2
< (|17
2

Hy q’“ﬁ“ “\/5f|\2ll\lf||f) , € D(H,).
By assumptions %, % € LQ(R3), one can see that H is infinitesimally small with respect to

y

) ) v € D(Hb.i)a

I ® Hy. Moreover we see that, by the above inequality, for ¥ € D(HZ),

A

Ou

(V)

~

Op

(V)"

2

2

2 n=-1

2

2

2 n=1

Ou

N

A
w

|Hr Y|, < Z{ (

;],_

2
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+ Z

\/_)n } |2 + I)\IJHLZ X const.,

”HH\IIHM . Zlﬂl( A 2n§1 (\/jn \?}i 2é (\/ﬁ‘%n 2)

X||(HE + I)¥||z, x const..

As a result, since v and f are sufficiently small, it holds that H r+aHp+ BHjj is relatively
bounded with respect to HZ with relative bound < 1. Hence, the Kato-Rellich theorem
([12]) yields that H, ;4 is self-adjoint on D(HZ) and essentially self-adjoint on any core for
HE. Next we prove (3.13). In addition to (3.12), we suppose that

wywp; € LA(R3).

Then 7@{7, Vwoj,wywp; € L*(R?) implies that A,(p) € C2(R3Z, F), and A (8(z)) € D(Hy)

for z € R3? with
sup [[HpAu(6(z))||r <00, p=1,2,..,32.
zER3Z

Hence, noting that H; and Hj; are regarded as F-valued continuous function on R3Z , by

Theorem 3.5, one can see that the right hand side of (3.13) is surely

<F, e—t(Ho(7A(é))-i'(aHI+ﬂHu)+V®-’) G> :
Lz

Since L is a core for H a,+7> by Lemma 3.3, we can see that
Ho(’)’A(@))'F(O&HI + ,BHU) +VReI= H@,-},ﬁ +V ®1I

as self-adjoint operators in £;. Hence (3.13) follows for such §’s. Next we suppose fhat 0
satisfies (3.12). Then the right hand side of (3.13) is well defined for such s (see Remark

3.6 (2)). One can easily find sequences 4(n) = ((n),, ..., 3(n)s,), so that
Ou o(n)y

l(x/c?)"‘ (ﬁ)”‘ 2

lim

n-—+00

=0, u=1,2,...,3Z,m=21,0—1.
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Then, for sufficiently small 3,~, £ is a common core for H sn),ha +V ®I = H(n),n €N.

Moreover

s— lim Hn)¥ = (Hs2,+ VDY, Te L

n—=oo

which implies that, on £,

s — lim e (MW = g~HaratVeD) (3. 14)

n-—o0

On the other hand, (3.13) holds with § replaced by 6(n) and, then, put the right hand side
of (3.13) by I(n). Since one can see that

2

o ([ 12uw)dsu(s) = [ 5.5, 05 dtu(s))

L2(Q;8)
< const x/d /t Oy _ 6 2ds—>0
- Bl Ve o V|, ’
as n - oo, and, similarly,
o[58l ,_ 1 000, 0000)
0" Oz, 0o’ 9z, L)

< const. x /Qdu /Ot H\/a@“ - \/c_u-@(n)“Hst -0

as n — 00. Hence we have

s — lim ICé(n),-T-,ﬁ(t) = ’Céﬁ,ﬁ(t)

n—oo

in L3(€;€). A simple limiting argument shows that I (n) converges to the right hand side
of (3.13). Combining (3.14), we get (3.13) with V € Cy(R%2). For any V € M4 (Z2), by the

same limiting argument as in Theorem 3.10, we get the desired result. a

4 WCLUV OF THE NELSON MODEL

In this section, our first task is to define the Nelson Hamiltonian Hw(A)V with a scalar

potential V, the nonnegative mass 1 > 0 and a scaling parameter A > 0 in the Schrodinger
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representation in a rigorous manner as a self-adjoint operator in £ = DZ-o Hz. Moreover we
investigate WCLUYV of the Nelson Hamiltonian H,(A)y by using a unitary transformation
Uk(A) with an infrared cut-off K > 0 and a functional integral representation derived in
the preceding section. In what follows, we denote the 3Z-dimensional Brownian motion by
(B(2)iz0 = (BL())204=123,j=1,..2- Set

1, k| <A,
Ea(k) =
(k) { 0, otherwise.
Put, for each z € R% and K > 0,
Ex(k)e™ ),

y(2m) ; ( )

’ o V.
o 1 Sra(k)(I — EK(k))e"k””’ku)
Era )k (z) = ,
( A )K,p( ) \/(—2—71_)—3< w(k)

where the inverse Fourier transformation V is taken with respect to the variable k € R3. An

52(0) -

p=12375=1,.,2,

operator HZ(A), Z > 0, acting in £z = L2(R%?) ® F is defined by
1
HEZ(A) = %pé Q@I —AgHE(AY)+ A TQH,y,, Z>1,
HY(A) = A’I@H,,

where
& .
HZ(A®) = / _$(ELu(z))dz, Z>1,a>0.
R3
Proposition 4.1 ([11]) For any A > 0, the operator HZ(A) is self-adjoint on D(HZ) and

bounded from below. Moreover it is essentially self-adjoint on any core for HE.

Lemma 4.2 Suppose thatV; € M4(Z),, Z > 1, and S denotes the projection operator from

L. onto Hz. Then, for anyt >0, S and the operator e HHEMFVz4®I-V2_8I) j¢ commutative.

Proof: Since p%, Vz4 and Vz_ are reduced by L2,(R3Z), the operators e~P%® ¢~tVz+®I znq

e~ =Vz-@]) are commutative with S. Moreover since, for any ¥ € Hz,

(exp (—4(~gHF (1)) ¥) (2) = exp (~t(—g9(Eha (2)))) U (),
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and ¢(5%.(z)) is symmetric in z € R3Z, we see that
Se~{9H)) g = o~U-9H7) g,
Hence from the Trotter product formula it follows that
Se—t(H,%(A)-i—Vz+®I;Vz_®I)\I,
=s— lim S (e_%pzz&’e‘% —gHJ)e—%I@JHbe—ﬁVz+®16—%(—Vz-®I))” )

n—oo

= s — lim (e-%P2z®Ie—% —gHI)e-%IQbee—;';Vz+®Ie—%(—Vz-®I))n S
n—ro0

- e—t(Hg(A)-i-Vz+®ILVZ_®I) ST,

Thus proof is complete. 0O

Lemma 4.2 yields that HZ(A)+V;, ® I=Vz_ ® I can be reduced by the closed subspace
Hz in L. Define

Hi(A)yv, = Hi(MAVzr @ IV 1], .
Let Ny > 0 be the number operator in F,;
DO = { ¥ = (020520 € 2235 20l o < oo},
(NO); = ZU5, WeD(N).
For a set of scalar potentials V = {Vz}5_, with V; € M4(Z),,Z > 1, and V; = 0, we define
H,(ANy+eN, @ I = é HZ(A)v,+eNy ® 1, (4. 1)

Z=0

where € > 0. Hence, putting V' as (1.1), we may formally write H,(A)y as (1.2). Set

1 [ Epelk
Buld) =~ 55 /R uj\z(sc)) k.

At first, we investigate the strong limit of e~ H{(BE(N)—g*ZEu(A)) as A — oo on L with fixed

Z > 1. Put

57 zZ = o S —ikzd
TE = / Trr ! Z Zaell 21‘ Je . T ldz.
R3Z \/(QW)B ot w
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We define a unitary operator on £ with an infrared cut-off K > 0 by

Uk (g) = exp (—igrk).

Here notations 7x and 7 are defined in section 2. Put Ur(A) = Uk (;‘%)

Theorem 4.3 The unitary operator Uy (A) maps LF to D(HZ) with
Us(M) (HI(A) = 9*ZB(A%) U ()]
_ 1 g ? 2
where
Ax(8) = ([, 2 (Eaea®) d, [7 6 (Eaald) da,oo [ 8 (Ee)f(e)) de
K = \ sz ZA%) K1 ' Jesz A )R 2 10 feaz P \\FA K3 z )
Uk (A) = —gAHE(K) + g2VK<A> ® I~ ¢’ ZE,(K),

-~A° k) 1 — HK(k))e—zk(m ~zd)

V;\g(A) = VRZ.(A,J:) 2(271’)3 Z/]Ra wz(k)

dk.

Proof: Note that [[PL ® I, k], mg] = 0,u = 1,2,3,7 = 1,..,N. Then (4.2) follows from a

direct calculation. Details are omitted. O

Remark 4.4 If p > 0, we can put K = 0. Only in the case i = 0 we need to introduce the
infrared cut-off K > 0. Because, if u = 0, we can not define the unitary operator Uy(A),
since f—\A/—‘:—u -4 L2(R?). Furthermore, in the case p > 0, if we put K = 0, the term AHZ(K) in
the right hand side of (4.2) disappears. Then, the right hand side of (4.2) becomes a simple

form.
We set the right hand side of (4.2) by HZ(KA) and

HZ(A) = 1 pZ®I+A21®Hb
and define a symmetric operator R(A, K) by

HZ(KA) = HE(A) + Uk(A) + R(A, K).
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Let
1 Z e—#lzt=a'|
VZ = - —r
v (@) 4%% |zt — 27|’
2 _ \—'K(k —zk(:c —zJ)
VEi(z) = 27r 5 Z/RS 0 dk,

I -= k))e—zk(:c —azd)

Zc R

V() 27T)3 Z /m . 0 dk.
Note that Vi + Vi#° = VZ and V{ is bounded.

Lemma 4.5 Let 0 < a < §. Then, for any ¢ > 0, there ezists Ay and b(e) > 0 so that
for all A > Ao, D(-=AgHF(K) + ¢°Vk(A) ® I + R(A,K)) D D(HEZ(A)) = D(HE) and for
U € D(HE)

|(~gABF(K) + ¢?Vie(A) ® I + R(A, K)) ‘I’H.cz <e HHﬁ(A)\If”LZ +b(e) |||, -
Proof: From [4.Theorem 3.8 (1)] it follows that, with bi(e) > 0, |
|(*V(A) ® I + R(A, K)) \IIHLZ <e ”H,%\I;HM + él(e) el -
Moreover it follows that, with by(e) > 0, |
|—orm?OR||, < el|(T@ A%m) u]|, +b(e) 1%, -

Combining above two inequalities, we get the desired result. a

It follows from Lemma 4.5 that, for sufficiently large A > 0 and 0 < & < ~ , HZ Z(KA) is
self-adjoint on D(HZ) and essentially self-adjoint on any core for & Z(A). Especially,
a core for HZ(KA) with sufficiently large A > 0.

Corollary 4.6 Suppose that 0 < a < 3 and A is sufficiently large. Then le(A) maps
D(HZ(A)) onto D(HZ(KA)) with

Urc(A) et BEM o (A) = et HEEN), (4. 3)
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Proof: Since A is sufficiently large, L¥ is a core for HZ(KA). Then the equality (4.2) can
be extended to the equality on the domain D(HZ(K A)). Then (4.3) follows. O

Lemma 4.7 Let 0 < o < §. Then, for sufficiently large A; etHE(EN) has the following

functional integral representation:

<F, e‘tﬁg(KA)G> = ‘/6 duEJAth(w(t/m))JOG(w(O))e’C"(t)e_E"(t)@I. (4. 4)
Lz E
where

—A® (/0 jA%éK(w(s))ds)} ,

Ext)=¢" [ (VE(Aw(s) - ZEy(K)) ds.

Ka(t) =g { Z Z o (/ Jmnra(Zna)ic,u(w(s)) o db (8))

Proof: Since, for sufficiently large A > 0, £ is a core for HZ(K A), (4.4) follows from Lemma
3.3 and Theorem 3.5. ' m|

Remark 4.8 Without the unitary transformation Uk (A), of course, we can get a functional

HHZ(A)~g

integral representation of e~ "ZBo(A) directly. However, in that case, we meet a

difficulty in which we cannot control divergent terms as A — oo in the Hamiltonian. An

essential effect of introducing the unitary transformation is to separate divergent terms in

HE(A) (see (4.2)).
We state the main theorem in this section.
Theorem 4.9 Let0 < a < % Then

o 1 4
s — lim e~ Hu()=g"2Ee(A") = ~H(FpE+aVE) g B,
—00

where P, denotes the projection operator onto the subspace {Qr|z € C} C F.
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Before proving Theorem 4.9, we need some lemmas as follows

Lemma 4.10 Let0 < a < % and F; € F* so that

Fi=e®, fieH y,l=1,.,M
<ty <t and put FE(t) ¢! Lim1 X2 ) Thep for

Suppose that 0 < t; < ty < ....

(x,b) € R3Z x Q,
Jim [ dupFER)eR® = I, < Oz, By >y e h(VEGOISZE00) (4 5)
Proof: For simplicity, we put the mass of the nonrelativistic particles m = 1 in this proof.

Since the integral on the left hand side (L.H.S) of (4.5) is calculated as follows

L.H.S.of (45)= lim exp { —% (26115 + Iy — IIA)}

where
IIIA = <Z]A2tlfl+ZZA/ jAz HAa Rﬂ(w(s))odb’(s)
=l u=1
~A e d> ,
g/ Az (s))ds "
2
I, = +ZZ /jAz (Eae)iu(w(s)) o dbi(s)||
Jj=1p=1 w
I, = HAg / jAzséﬁ,(w(s))ds
0 w

We estimate Iy, 15, I1], separately.
2

% [ ires(EneYepl(s)) 0 dbi(s)
K= W

a2y, fi

M
I = ’ 2
=1 j=1
M zZ 3
+2R <ij,fz Z >
7j=1lp=1

[ el o (s
w

A

=1
Iy + I3 + 2RI
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Then one can see that, by the definition of the operator j,,

M

i = fim 3 (e
i,j=
M 2
= Y lIAIR, (4.6)
i=1

Noting that j, is isometry from H_ 1 to W, we have

[ ) A

K
, 2
. OBk (w(s)) S
JA2s axf; (2—“7()—3/1( rdr,

where S? denotes the volume of the 2-dimensional sphere. Hence, noting that 0 < a < —;—, it

holds that

' 2
zZ 3 t
. 9 L=\ j
Jim [ a3 L[ ay(Eae Vi ulw(s))ab )
j=1lp=1 0 w
Z 3 g2 t . 2
= 1 /d —_/ d ] 8 E o ]’
Ao Jo Mjglllgl A2 Jp s”]A2( A )A’“(w(s))llw
. 3Ztg?S? 1 qA°
S = F/ ol

=0,

which implies that, since “£ 7 jaz,(Z Aa)’I‘(,y(w(s))dbﬂ(s)” is the W-valued Martingale,
2

Z 3 g t : )
Y32 [ivsErliu o)) =o. (4. 7)

w

Moreover
. 2
2 t . O(Epe)k,(w(s)) - 3Ztg?8?2 1 [A®
. g . AeJK g
lim —/ s 24 ds < lim ——————/ r3dr
Ao ;,;A 0 Iaz oz, W T Ao (27)3 A2 Uk

= 0.
Hence we have

3 2
AL I =0
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By (4.6) and (4.7), we have
. 3 _
A15101° I; =0.
Consequently
” .
—00 I=1 2

Next we consider II,, which is the most complicated and essential to derive the Z-body

Coulomb (or the Z-body Yukawa) potential. Note that

ﬁ(k, ko) = _\/%e—ikotf(k)'

Then we have
2

_ 220 / dkdk,

T (27m)3 Jroxm w2(k) + k3

—zkol\2 K(k‘)e ~ikwd (s)ds

7k

2
2¢° / — dky 1 t ik Z
:.'kdk‘/ _ / ikgs zkw(s)d
(2m)3 Jps x(k) Rw2(k-)+% V2r Jo ¢ ;e ’

By the Lebesgue dominated convergence theorem, one can see that

2

. _ 292 '—'K dk 1 t —ikgs Z —ikwi (s)
lim 17, = (%)3/“&3 /dko \/%/o e gle ds
2
2 =, Z )
2g / —K (k)dk ¢ Ze—ikwf(s) ds
@ Jee "W2(k) o |5
k)e—zk(w'(s)—wf(s» oo

- {/ ds—L_ 27r)32/w T dk = g°Z [ dsEu(K) |-
= —4 /0 (9*VE(W(s)) + *ZE.(K)) ds. (4. 9)

~ Here in the second equality in (4.9) we use the unitarity in L?(R%) of the Fourier transfor-
mation with respect to ko. Note that II, is monotonously increasing as A — oo. Finally we
consider II11,. From (4.7) and (4.9) we have

M t -
Aim 171y = Jim <ZjA2t,fla“Ag/0 jAstK(w(s))d'S>
=1

w
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_ o =20 dkdkg M, koAt f (k) 1 g
J st (27r)3 Rxr V21 = w(k)+kE Jo 2r

oA lti—slw(k) 7 f

. - g I\ (k) —ikwd
= lim = dk / thw(s) 4.
A—oo /(271')3 A Jgs 1=1 Z

Hence by the Schwartz inequality

. . 9 o~ 2A%[ti—=s|w(k) Ex (k)
AIEEOIIIIAI < 1\1520 \/(2—lele| 5A</ I w(k)2dk

Then by (4.8),(4.9) and (4.10) it holds that

lim e~ sUa~Ia+2II13) _ = (s 2VZ(w(s))+g2ZEw(K))ds 42511!”1“2_%.

A—o0o

Thus the proof is complete.

Lemma 4.11 Let0 < a < 3. Then, for F,G € F and (z,b) € R3? x Q,

lim [ dppTa RGN = (F, P,G) e s (PR 028010 )b

A—oo Qx

Proof: At first We assume that F, G € F* so that, with f € S(R"), g € S(R™),

/ F(t1, o tn)e Zim Ut gy gy

F= !
\/ 27r)"
/ g( 81, asm J— ¢(gl st
/27r)m R™

.ds,,.

e—iAzslco EK(k) i e—ikwj(s)

(4. 10)

(4. 11)

Then from Lemma 4.10 it follows (4.11). Since F* is dense in F, one can easily see (4.11)

for any F,G € F by an approximation argument.
The proof of Theorem 4.9

It is easily seen that

s — lim Ug(A) = I.

A—oo

O
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Hence, by Corollary 4.6, and uniform boundedness of e~tHZ(KA) gnq ~t(Z5P*+4°VZ) ® By, it
by

is enough to show that for any ©, ¥ € C°(R¥%2)RF,

lim <®,e—t§5(KA)\Il>

A—=o0

N <@,e't(#p2+v"z) ® Pb‘I’>

Lz ACZ

Let
O=u®F, ¥Y=vQ®QG,
where F and G are the same as those in the proof of Lemma 4.10 and u,v € C°(R%?). Then

<@, e—tfz.%(KA)\p> = / dxdbu(w('t__/m))v(w(o))e—EA(t) / dpg ThaF JoGela®,
Lz R3ZxQ Q=

We, at first, deal with E,(t) = g2 f; (VKZ-(A,w(s)) - ZEw(K)) ds. Since

z 1 z 1 Z 1 AT i g
VE(A 2.z )=-—27T2Z — / oy sin(r|z* — z7|)dr,

using a contour integral, one can easily check that there exist §; > 0 and 6, > 0, which are

independent of A > 0, so that
VE(A,w(s))| < 61|VE(w(s))| + 62, u2>0. (4. 12)

Set

b ghlwi(s)—wi(s)]
0 |wi(s) — wi(s)|

The measure of {}y is zero. One can easily check that for (z,b) € [R3Z x Q] \ Q,

Qo = {(x,b) eR¥ x

ds:oo,z';éj,i,jzl,...,Z}.

Jlim V(A w(s) = VE(w(s)) <oo, a.esel[0,4]. (4. 13)

Combining (4.12) and (4.13), one can see that,for (z,b) € [R®2 x Q] \ o, by the Lebesgue

dominated convergence theorem,

hm / dsVE(A,w(s)) -/ dsVE(w(s)).



36

Hence for almost everywhere (z,b) € R3Z x ),

lim e Br® — o~ f; ds(g2VE<(w(9)) =9 ZEw(K))ds

A—oo

On the other hand, under the notations in the proof of Lemma 4.10, we see that

| K] < edTIn, (4. 14)
As is seen in the proof of Lemma 4.10, the right hand side of (4.14) is monotonously increasing
as A — oo. Hence we have, from the definition of F' and G,

’/ dppTpFJpGe 0| < e~ Jo (VR 7 2Bu (K)) s
Q5 :

/,R,,+,,, F(£)g(s)dtds
g

= Cye Jo(PPVE@E)+e 2Bu(K))ds.

Then,by (4.12), we have for almost everywhere (z,b) € R3 x Q,

u(w(t/m))(w(0))e~Er /Q dup T F JoGeki®
E

< |_—u(w(t/m))v(w(0))|0fge“ fO‘(y2V£(u(3))+g2ZEw(K)—61[Vf(w(s))|—62—g2ZEw(K))ds' (4. 15)
Since we see that

<|u|,e—t(—ﬁP%+61VMZ_62+ngRZ—)|v|> < 00,

L2(RSZ)

the right hand side of (4.15) is integrable. By (4.11), we have

lim <@, e"tﬁ'%(KA)\Il>

A—00

= lim Qdar:dbu((,u(t/m))v(w(O))e_E"(t)/Q dMEJAthJOGe’Cf(t)
E

A—oo JR3Z «

Lz

- dzdbu(w(t/m))v(w(0))e™ Js (8PVE(w(9)+9*VE (w(s)) )ds (F, P,G) .
Q

R3Z x

= <u,e-t(#;p2+g2vuz)v> (F,P,G) .

L2 (RSZ)

The proof is complete. |

From Theorem 4.9 it immediately follows the following corollary.
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Corollary 4.12 Let0 < a < 1 and Vz € My(Z). Then

s — lim e UHE(MHVz481-Vz-8I-¢*ZEu(A%)) _ o~t(55P%+Vz+ V7 +4?V7?) ® P, (4. 16)

gl

Proof: At first, for Vz € C,(R3%), it can be easily seen that

Ugc(A) e HEEM+V20D 1 () - e~HHE(N)+VzeD) (4. 17)
By a limiting argument as in Theorem 3.9, one can extend (4.17) with +V ® I replaced by
+Vz4+ ® I-Vz_ ® I. Hence from Theorem 4.9 it follows (4.16). ]

Since VZ(z) is symmetric in z € R3Z, for V, € Mx(Z),, =P34V ~Vy_ + g*VE is
reduced by the closed subspace LZ,(R%?) in L%*(R®Z). For a set of scalar potentials V =

{Vz}%, with V; € My (Z),,Z > 1, and Vj = 0, put

Nl oo : 21,2 _
ze?o %P2+VZ+"VZ— + gV, Lgs(msz)] = Hooyy,-

By Corollary 4.12 it immediately follows the following corollary.

Corollary 4.18 Let0 < a < § and V = {Vz}§_, with V; € My(Z),, Z > 1, and Vo = 0.
Then

. — —g2 -
s — lim e HHu(Mv-"Eu(A)Ny®I) _ o—tHw,vy, ® Py.

A—oco
Proof: By Corollary 4.12, for ¥ = (¥, ¥,,....) € L, e‘t(HfFA)+Vz+®I;V2_®I—y2ZEw(A"))\IIZ
strongly converges to e~ mmPLHVzs Va4V ®P,¥z as A — oo with a uniform bound with

respect to Z. Hence we see that, by the Lebesgue dominated convergence theorem,

oo
. —HHZ g2 o . M HZAVL - 2 o
s~ lim ¢ FEWY S EOMBDY = 5 iy @) e~ HFEN V241 Vs 0I-¢ 2B (A g,
A—oo A—co
Z=0
T —t(—l—p2 Vg, Vg +g2VZ)
= @ e 2m ¥z + - n ®Pb \IJZ_
Z=0

Thus the proof is complete. O
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5 CONCLUDING REMARKS

(1) Let Vz =0,Z > 0, in Corollary 4.13. Formally we may write

e Hle—yl
-y

(2) For each Z > 1, define a self-adjoint operator in each sector H; by

Heoy, = [ W(0) (~5-4) W(z)dz - Z"— [v@)wiy) U(y)¥(z)dady.

|z

R.H.S of (4.16) = ¢"*Hs @ P,

We can also investigate WCLUV of the massive Nelson model with a set of scalar potentials
V ={Vz}3, with Vz € M4(Z), in the space dimensions d = 1,2, 3 by functional integral
representations, restricting ultraviolet cut-off parameters 0 < o < ﬁ"f' Without the proofs,
we only show the Hamiltonian Her s in the case where the space dimensions d are 1,2 and 3
in Fig.5.1. Since, in the case where d = 1,2 and p = 0, each scalar potential in Hesz does

ot converge, we can not hope to get nontrivial WCLUV of the massless Nelson model in

the case d =1, 2.
HZ, ' Renormalization E,,(A%) @ o

2 Z gmnlet-sd) Epalk)
d=3 #pzz - f'r—r E,-<j e [7==7] + VZ —_Tz(zl,r) fma k2+li dk M > 0{0<acx< %

-9 2 Jo(r|zi-zad Eaa(k
d=2 | 520} - 50 Jo AT ar 4V, |~k [ 32 ®ak | p>0]0<a<?
i=1 Lpy - LyZ ety 0 00 1

= 2mPzZ ~ g Zi,j:l m +Vz n> <a<

Fig.5.1

Here Vz € M1(Z), , and J; is the Bessel function with the order 0, i.e, J, () =302, ;,%—Q—:l_%—)- (%)2"..
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