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A New Estimate for the Ground State Energy
of Schrédinger Operators

| ASAO ARAI*
Department of Mathematics, Hokkaido University
Sapporo 060, Japan

to be published in Letters in Mathematical Physics

Abstract

A new estimate for the ground state energy of Schrédinger operators on
L*>(R™) (n > 1) is presented. As a corollary, it is shown that the ground
state energy of the Schrédinger operator with a scalar potential V is more
than the classical lower bound ess.inf g V(z) if V is essentially bounded
from below in a certain manner (enhancement of the ground state energy due
to quantization). As an application, it is proven that the ground state energy
of the Hamiltonian of the hydrogen-like atom is enhanced under a class of
perturbations given by scalar potentials (vanishing at infinity).

AMS Mathematics Subject Classification(1991). 81Q10, 47N50

1 Introduction and the main results

In this Letter we present a new estimate for the ground state energy of Schrodinger
operators and its applications. The method is based on a remarkable structure of
a class of symmetric operators on an L? space [1] (see Theorem 2.2 in Section 2
below).

Let £ = (zy,+++,2,) € R* (n € N) and a(z) = (a;j(z))i j=1,.» be an n x n real,
positive semi-definite matrix of the form

a(z) = b(z)*b(z), (1.1)

*Work supported by the Grant-In-Aid No.08454021 for science research from the Ministry of
Education, Japan.




where b(z) = (b;j(z))i j=1,..» 18 an n X n complex matrix. We assume that each
function b;; : z — b;;(x) is continuously differentiable on R™.

We denote by D; the generalized partial differential operator in the j-th variable
z;. We define a symmetric operator Hy on L*(R") by

Ho = - Z Dja_,-ka (12)
Jk=1 :
with D(Ho) := {f € L*(R")|f € D(D;),a;xDrf € D(D;),j,k = 1,---,n}, where
D(-) denotes operator domain. It follows that Hy > 0.
For p > 1 (resp. p = o), we denote by L (R") the set of functions f on R"
such that for all compact sets K of R", [i | f(z)[Pdz < oo (resp. ess.sup,cr»|f(z)| <
o0), where ess.sup denotes essential supremum. Let V be a real-valued measurable

~ function on R" such that

Ve L (RY). (1.3)
We denote the multiplication operator defined by the function V on L%(R") by the

same symbol V. It follows that V' is self-adjoint with D(V) D C§°(R™).
We consider a symmetric operator of the form

Ha,V = Ho +V (1.4)

on L*(R") with D(H,v) = C(R"™). The ground state energy (the lower‘ bound)
of H, v is defined by

:Eg(Ha,V) = (u, Hayvu)Lz(Rn), (15)

inf
w€CE (R |lull 2 Rny=1
provided that H, v is bounded from below, where (-, -)2(rny and || - ||z2(r~) denote
the inner product and the norm of L?(R") respectively.

If H,v is essentially self-adjoint and bounded from below, then Eo(H,y) =
inf o(H,v), the infimum of the spectrum of H,y (the closure of H,v). For the
main theorems stated below, however, we do not need assume that H, vy is essentially
self-adjoint.

The operator H, v with a(z) = (6;;); j=1,. is the Schédinger operator with the
scalar potential V:

Hy = —-A+ V, (16)
where A := 3", D} is the Laplacian on L*(R").
The function space

WR") :={f € L2,(R™) | fis real-valued, D;f € LE (R™),
D;Dif € Li,.(R"),5,k=1,---,n}  (L.7)

plays an important role in our theory. For each f € W(R"), we define a real-valued
measurable fucntion

D, v(z; f) = an [Dj(aje(z)Dif(2)) — (D; f(2)) ajn(z)Def(z)] + V().  (1.8)

Jik=1



We introduce
W,y = {f € W(R")|ess.inf,ern®, v (z; f) > —o0}, (1.9)

where ess.inf denotes essenti‘a,l infimum. In the case where W, v # 0, we define for
f € Wa,V
E,v(f) = ess.inf cpa®, v(z; ). (1.10)

The fundamental result of this Letter is the following theorefn, which gives a
criterion of the boundedness from below of H,y and an estimate for Eo(H, y) si-
multaneously.

THEOREM 1.1. Suppose that W,y # 0. Then H,y is bounded from below and
Eo(Hav) 2 sup E,v(f). (1.11)

fewa,V

Remark 1.1. We emphasize that, in Theorem 1.1, V is not necessarily essentially
bounded from below.

Remark 1.2. One can consider H,y as a quadratic form with form domain
Cs°(R™). In this case, the basic assumption (1.3) for V can be weakened to the
condition V € L{ _(R").

loc

Remark 1.3. Under the hypothesis of Theorem 1.1, H, y is bounded from below.
Hence it has a self-adjoint extension H, v, the Friedrichs extension. It follows that

EO(EG.,V) 2 SuprWa,V Ea,V(f)-

Remark 1.4. Consider the case where V is essentially bounded from below. Then
Wev # 0, since 0 € W, y. We have E,v(0) = ess.inf V(z). Hence Theorem 1.1
implies that .
Eo(H,v) > sup E,v(f) > ess.inf V(z).

feEWa v
Thus Theorem 1.1 may impove the classical lower bound ess.inf V(z). As Theorem
1.3 below shows, under an additional condition, (1.11) indeed gives an improved
lower bound.

The following theorem shows that inequality (1.11) is best possible in a sense.

THEOREM 1.2. Suppose that H,y has a real eigenvalue A with an eigenvector Q)
(i.e., O € D(H,yv) and H,yQ = M) having the following properties: (i) Q > 0, a.e.
; (1) Q € D(Ho) N D(V) and HoyQ = (Ho + V)Q ; (iii) fo := —logQ € W(R").
Then, fo € Wy v and H, v is bounded from below with

A= Ey(H,y) = Sup Eo.v(f) = Eav(fo)- (1.12)
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Remark 1.5. Theorem 1.2, which is a variant of [1, Theorem 1.2], shows that any
positive eigenfunction of H, y with suitable regularities is a ground state of H,v. We
note that there is a similarity between Theorem 1.2 and the Allegretto-Piepenbrink
theorem [2, Theorem 2.12] (cf. also Theorem 2.2 in Section 2 below).

Let .
vk(z) = ZDjajk((L'), k=1,---,n. (1.13)
and set
v(z) := (v1(z),--+,va(z)), z€R"™ (1.14)

THEOREM 1.3. Consider the case where V is essentially bounded from below and

set

Vo 1= ess.inf cpnV(2). (1.15)

Suppose that a(z) and v(z) are bounded on R™ and that there exists a point z, € R™
such that Vo = V(zo) and, for some R > 0,

ess.infjo_z > rV (2) > Vo, (1.16)
inf tra(z) > (R*+1)R sup |v(z)|, (1.17)
|z—zo|<R lz—zo|<R

where tr denotes trace. Then Eo(H,v) > V.

Remark 1.6. We can compute a constnat v such that Eq(H,v) > v > V. See
(3.11).

Remark 1.7. Obviously (1.17) holds for a(z) = (i) j=1,.n. Hence Theorem
1.3 can be applied to the Schrodinger operator Hy. In the context of quantum
mechanics, Theorem 1.3 establishes a mathematically rigorous basis for the folklore
that quantization should raise the ground state energy for a wide class of scalar
potentials bounded from below (this traditional picture comes from the Heisenberg
uncertainty principle).

This Letter is organized as follows. In Section 2 (resp. 3) we prove Theorems 1.1
and 1.2 (resp. Theorem 1.3). In Sectioon 4 we apply Theorem 1.1 to the Hamiltonian
of the hydrogen-like atom perturbed by a scalar potential and show that the ground
state energy is enhanced under the perturbation.



2 Proof of Theorems 1.1 and 1.2

Theorem 1.1 is proven by applying an extension of [1, Corollary 3.4], which, for the
reader’s convenience, we prove it frist.
We introduce an operator

Lj = ijk(m)Dk, J=1,---,n. ' (21)
k=1
on L?(R") with D(L;) = C(R™). Then we have
Ho=)_L;L; on CP(R™). : (2.2)

=1

For each f € W(R"), we define

Bof = - Y Dilap(=)Def), (23)
3 k=1
Lif = 3 bu(e)Dif. (2.4
k=1

We denote by (:) the expectation value with respect to the n-dimensional
Lebesgue measure:

(f) := /R fle)dz, feL'RM). (2.5)

LEMMA 2.1 1, cf. Lemma 3.3]. Let Q be an a.e. strictly positive function @ on R™
such that Q € W(R™) and Q! € L2 (R"). Let

Q;:=Q'L;0. (2.6)
Then, for all u € C5°(R™),
([ulQHo) = 3 {2Re ((Lju)ufy) — (jul?|y[%) }. (2.7)
J=1

Proof. Let J. (¢ > 0) be the Friedrichs mollifier and Q. := Jy/,Q, m =1,2,---.
Then Q,, € C®(R"™). Moreover, for all compact sets K of R, p € [1,00), and
Jk=1,--+,n,

Q0 — Q| zox) = 0, (2.8)
|1 DiQm — Dif| 22y — 0, (2.9)
||Dj.Dka - DjDkQ”Ll(K) — 0, (2.10)



as m — oo. We have alsoforallr > 0

Ii?<f Qm(m) > ess.infyjcrym-10(z) > 0, (2.11)
sup Oy () < €85.5UP <y pm-12(2) < 0. (2.12)
Jzj<r

By integration by parts, one can easily show that (2.7) holds with § replaced by
.. Then a simple limiting argument using (2.8)—(2.12) gives (2.7) (we need to take
a subsequence {Q;}2; of {2y, }m such that Q,,; — Q a.e. as ¢ — oo on the support
of ). O

THEOREM 2.2. Suppose that there exists an a.e. strictly positive function Q on
R" such that @ € W(R"), Q' € L (R"), and

HoQ)(z) + V(2)Q(z) > MUz), ae.rz, | (2.13)

with a real constant . Then Eo(H,v) > A.

Proof. This follows from Lemma 2.1 and a simple application of [1, Theorem
1.1] (take ¥ = Q1 Hy( as the vector ¥ in [1, Theorem 1.1]). O

LEMMA 2.3. Let f € W(R") and set
Qs =e’. (2.14)
Then Q; € W(R™), Q7' € L2, (R™) and
Dy = —(D; )y, DiDiSdy = [-DiD;f + (D;f)(Dif)1. (2.15)

Proof. Let f,, = Ji/mf. Then f, € C°(R"™) and, for all r > 0,

sup [fn(@)| < sup |f(2)] < 0.
|z]<r lz|<r+m-1

Moreover, (2.8)-(2.10) with Q,, and Q replaced by f,, and f respectively hold. Let
u € CP(R™) and suppu C {z € R"| |z| < r}. By integration by parts, we have
(Qy,.Dju) = ((D; frm)84,,u). Using the elementary inequality

le* —€f| < |s — tlemx 5t eR,

we have
(95 = ) < e sup u(a) ([ Vfnlo) = 1(o)de)

zeR"

Hence limy,_oo(Qs,u) = (Qyu). Similarly imm,—oo((D;fm)Q4u) = ((D;f)Qu).
Hence ((D;f)Qy)u) = (5Dju), which means that D;Q; = —(D;f)Q;. The cond-
tion f € LS, (R") imlpies that Qf, Q7' € LS (R™). It follows that D;Q; € L} (R™).
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In the same way, we can prove the second equation of (2.15) and D;D;Q; € LL (R™).
D .

We are now ready to prove Theorems 1.1 and 1.2.

" Proof of Theorem 1.1

Let f € W, v and Q; = e/, Then the conclusion of Lemma 2.3 holds. By direct
computation using (2.15), we have

HoQy(2) + V(@)Qs(2) = Buy(e; ) (z)

> E,v(f)Q(z), ae.z.

By this fact and Lemma 2.3, (} = §); satisfies the assumption of Theorem 2.2 with
A= E,v(f). Hence Eo(H,v) > E,v(f). Thus the assertion of Theorem 1.1 follows.
[ .

Proof of Theorem 1.2

We can write Q = e~ %. Then the conclusion of Lemma 2.3 holds with f = fo
and 0y = Q. Hence Hof) = HoQ) and HoQd(z) + V(z)Q(z) = AQ(z), a.e.x, which
implies that ®,v(z; fo) = A, a.e.z. Hence fo € W, v and E, y(fo) = A\. Thus, by
Theorem 1.1, we obtain Eo(H,y) > A. On the other hand, by a simple limiting
argument, one can easily see that Eo(H,v) < A. Hence Eo(H,v) = A = E, v(fo).
The last equality of (1.12) follows from this fact, supsey, , Eo,v(f) 2 Ea,v(fo) and
(1.11). O

3 Proof of Theorem 1.3

The idea of the proof is to find a “trial function” f in W, v such that E, v(f) > V.
Let ¢t,0 > 0 and

fra(@) = ty/(z = 20)? + 2>
Then f;, € W(R™). By direct computation, we have for all z € R™
t
(= — z0)* + o7 i
to(z)(z —20) (2 —zo)a(z)(z — zo)
\/(a: — 20)? + 0 (z — z0)? + 0?

(z — zo)[tra(z) — a(z)](z — z0) + o*tra(z)}

Qavv(x; ft:@) =

2+ V(z).

Noting that tra(z) — a(z) is positive semi-definite, we obtain
2
o*tra(z) tv(z)(z — o)
O, v(z; fie) = t
V(i e (e —z0)? + &P\ [z — 20)2 + o2

_(z = =zo)a(z)(z — 20)
(z — z0)? + 0?

2 4+ V(z). (3.1)

7



To estimate the right hand side of (3.1) from below, we first consider the case where
|z — zo| < R. We set

Lg(a): = Iz_iagfI'SRtr a(z), (3.2)
Ap, = = sup ”a(m)“7 Up = SUp IU(-’L‘)I, (33)
|z—zo|<R lz—zo|<R

where ||a(z)|| is the norm of a(z) as a bounded linear operator on C". Since Lg(a) >
0 by (1.17), it follows that a,, > 0. By the fact that, for |z — zo| < R,

(z — z0)? < R?
CEEN R R

we have ,
Qa,V(m;ft,g) Z C(t,g),
where
. 1 9 9. 3 a, R?
C(t, g) = W‘ [LR(G)Q - va(R + o )] t— _Rznl-f-—gz—tz + VZ) (34)
Let o > 1. Then, by (1.17), we can show that
LR(a)92 > Vg (R2 + QZ)R'
Hence, putting
— 1 2 2, 2
b= e [Lr(a)e — v R(R* + 0 )| >0, (3.5)
we have for all ¢ € (0,%;) and |z — 2| < R
Do, v(z; fr,0) 2 C(t, 0) > Vo . (3.6)
We next consider the case |z — zo| > R. Let -
At = sup |la(e)ll, vg = sup |o(z)], (3.7)
je—zo|>R lz—z0|>R
Vr: = essinf,_,5rV(z) > V. (3.8)
Then we have
Doy (2 fro) 2 D(t)
where '
D(t) := —vp,t — ap,t* + Vz. (3.9)
We define a constant ¢; > 0 as follows: in the case a,, > 0,
—vg, + /Y% +4a,, (Ve — W
ty = V0 +4an(Ve — V) > 0. (3.10)
2a,,

8



In the case a,, =0,

Ve — Ve -
ty 1= il (3.11)
UR2
where 3 := oo if v, = 0. Then we have for all t € (0,¢;) and |z — zo| > R
Q. v(z; fip) = D(2) > Vi (3.12)

By (3.6) and (3.12), we obtain

Ea,V(ft,g) 2 7(t7 Q) > VE)) te (Oanﬁn{tlat2})7 [ > 17

where
(%, 0) :== min{C(t, 0), D(t)}. (3.13)
Hence, by Theorem 1.1, we have for all ¢ € (0, min{¢;,¢,}) and o > 1
Eo(Hav) 2 7(t, 0) > Vo. (3.14)
- .

4 Application to the Hamiltonian of a perturbed
hydrogen-like atom

The Hamiltonian of the hydrogen-like atom is given by
Z
Hypya = —A — l_wT (4.1)
on L*(R") with Z a positive constant (the physical case is the case n = 3). A simple
application of Theorem 1.2 shows that Hyyq is bounded from below with

Z2

EO(thd) = _(n — 1)27 (42)
see [1, §4.1].
We consider a perturbation of Hyyq by a nonnegative potential U on R":
VA
H:=thd+U=—A—m+U (4.3)

with D(H) = C°(R™). We want to show that the perturbation U with an additional
condition enhances the ground state energy of the hydrogen-like atom even in the
case ess.inf.,cgaU(z) = 0.

THEOREM 4.1. Letn > 2 and U > 0. Suppose that there ezxists a constant
R > n(n—1)/2Z such that

ess.inf|;<rU () > 0. (4.4)

9



Then
EO(H) > EO(thd)- (4.5)

Remark. The conclusion of Theorem 4.1 is nontrivial only if ess.inf.,cr-U(z) =
0. As the proof below shows, we can compute a constant § such that Eo(H) > 6 >
Eo(Hypya), see (4.25). This gives an estimate for Eo(H). '

Proof. We set r = |z|, z € R", and

i zZ
Bz f) = ry(a 1) = Af(z) - 2 DS - 24 UG),  (49)
=1
wherer V(z) = —Zr~! + U(z). We take as a trial function
gsa(z) =rs+alog(l+r), ze€R"

where s > 0 and o > 0 are parameters to be chosen suitably. It is easy to see that
9s,« € W(R™) with

. - % @
-DJgs,a(m) i (3 + 1-]-7‘) s
_ 6jk ( o ) ;T (5% or
DiDjgsa(z) = r S+1+r r3 3+1+7‘+(1+7')2 .
Hence _
' _(n=-1(s+a)-Z (n—1)a a ( a )2
D(z; g50) = - T, TETE s+ s +U(z). (4.7)
Let
Ur :=ess.inf,<p U(z) > 0. (4.8)
Take s, > 0 such that
(n=—1)(s+a)>Z (4.9)
Then, for r < R, we have
®(z; gs,0) = b1(s, 0, R), (4.10)
where ) 7
61(s,a, R) := (n— )(SR+ @) - —an —(s+a)® + Ug. (4.11)
Let
Ur —n+4/n?+4 (UR + (nzi)z)
] = 7, Qg = ) ; (412)

10



For all a € (0, min{e;, @;}), the interval

Li(a):= (O, \UR—-an+(—n—fz-l—)2-—a) (4.13)

is not empty. We define a set
S1:={(5,0)|0 < a < min{en, a2}, s € 1(a), s and a satisfy (4.9)}. (4.14)

This is a non-empty set. It follows that, for all (s,a) € Sy, 61(s, @, R) > Eo(Hypya).
Hence

ess.inf.<p ®(; g5.0) > 61(s, a, R) > Eo(Hypya), (s,0) € S1. (4.15)
We next consider the case r > R. We set
Ug := ess.inf,5>r U(z) > 0. (4.16)
Then we have
Q(m;gs,a) 2 52(53a,R)a (417)
where .
___oan a ,
bals,0 B) = — 15 (.s-l— T R) UL (4.18)
Let
_ (1+R)Z2?
s = Lo (4.19)
(—-n-I- n2+4(Uﬁ+%)) (1+R)
(n-1)
Qg4 = . (420)
2
Then, for all @ € (0, min{es,a4}), the interval
i , __on A _«
L(a) := (0, \]UR TR + mo17 1% R) (4.21)
is not empty. By virtue of the condition R > n(n — 1)/2Z, we have
214+ R)Z n(n —1)
s = =) (1 ) >0 (4.22)

Then the set
Sy :={(s,@)|0 < a < min{es, a4, 05}, s € L(a), s and « satisfy (4.9)}  (4.23) “
is not empty and, for all (s, ) € S;, we have 6,(s,a, R) > Eo(Hpyq). Hence

ess.inf,> R®(2; gs,0) > 62(s, ¢, R) > Eo(Hpya), (s,a) € S,. (4.24)

11



It follows from (4.15) and (4.24) that, for all (s,a) € $; N S,,
ess.inf ern V(2; gs,0) 2> 6(s, @, R) > Eo(Hyya),

where :
6(s, o, R) := min{é:(s, a, R), 62(s, @, R)}. (4.25)
(Note that S; NS, # 0.) Thus, by Theorem 1.1, we obtain
Eo(H) Z 6(8,0!,R) > Eo(thd), (S, a) € Sl N Sz. (426)
o ' | |

In the following examples, we take n > 2.

EXAMPLE 4.1. The Yukawa potential. Let 0 < A <1, m > 0 be constants and
1— —-mr

U(z) = ﬂ__;\e_)

Then H becomes the Schrodinger oper#tor with the Yukawa potential —Z e~ /r:
Zie™™

r

> 0.

-HYukawa =—-A—

It is obvious that, for all R > 0, (4.4) is satisfied. Hence we can apply Theorem 4.1
to conclude that

Eo( Hyukawa) > Eo(Huya)-

EXAMPLE 4.2. The Hamiltonian of a quantum system of a charged particle inter-
acting with two fixed electric charges, one positive and the other negative, is given
(up to a constant multiple) by
Z
Hy=-A-— 47

2] " Jz o]

where zo € R" is a fixed point and g > 0 is a constant. It is obvious that U(z) :=
g/ |z — zo| satisfies (4.4) for all R > 0. Hence we can apply Theorem 4.1 to conclude
that

Eo(Hy) > Eo( Heya)-
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