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The Cauchy problem
for nonlinear wave equations
in the Sobolev space of critical order

M.Nakamura* and T.Ozawa,

Department of Mathematics
Hokkaido University
Sapporo 060, Japan

Abstract

We show the local in time solvability of the Cauchy problem for non-
linear wave equations in the Sobolev space of critical order with nonlinear
term of exponential type.

1 Introduction

We consider the Cauchy problem for the nonlinear wave equations in the Sobolev
space of critical order with nonlinear term of exponential type:

0fu(t,z) = Au(t, z) + f(u(t, 7)),
u(0,-) = ¢ € H"*(R™), 8,u(0,") =4 € H"2"L(RM),

where % is a complex-valued function, 82 is the second derivative of u with
respect to time, A denotes the Laplacian of spatial variables, and f is a complex-
valued function with two variables z and z. There is a large literature on the
Cauchy problem for the nonlinear wave equations(see the reference below and
their references).

As usual, we regard the above equation as the following integral equation

(NLW) ut) = V()¢ + U(t)y + Tf(u)(t)
u(0,-) = ¢ € H"*(R"), 0,u(0,") =y € H">"}(R").

*JSPS Fellow



Here V,U, and T are given by

V(t)¢ = F~! cost|¢|F o,
Uty = F~1(sin¢|¢])/|¢| Fy,

mszF*@m—mmmwwwn

where F' and F~! denote Fourier transform and its inverse, respectively.

Our purpose is to show the local solvability of (NLW) with the nonlinear
term f of exponential type, for example f(u) = u? exp(AJu|?), A > 0. The local
solvability of (NLW) with data in the Sobolev space H® x H*~! is already
shown by L.Kapitanski(0 < s < 1)[5] and H.Pecher(1/2 < 5 < n/2)[16] if the
nonlinear term is of a power type, such as [u[P~lu. As for the nonlinearity of
power type it seems natural that (V. LW) has a solution with data in H® x H*-!
inthecase 0 < s <n/2and 0 < p—1 < 2(n/2 — 5)7! in view of the scaling
argument on (NLW) (for details, see L.Kapitanski[5]). Indeed, the above two
authors have shown the solvability of (NLW) essentially in this case. On the
other hand, on the cases s = n/2 and s > n/2, it is believed that there is a local
in time solution of (NLW) for any large p and for any function which satisfies
f € Cl(C,C) and f(0) =0 respectively. The difference of the conditions for
the solvability among 0 < s < n/2, s =n/2, and s > n/2 is basically from the
embeddings H° C LP if 2 < p < n(n/2 — 8)", H* C LPif 2 < p < o0 and
HSCLrPif2<p< oo, respectively. Especially in the case s > n/2, the reason
why it suffices only to assume that f satisfies f € Clé(C,C) and f(0)=0is
from the fact

IFP@EL=I < sup  [fPEI< sup f9G), 0<k< [s],
felS L] l21<Clu el

where C is a constant which is from the embedding H* C L*, so that we need
not consider the behavior of f at infinity. In the second appendix in this paper,
we show the local solvability of (NLW) with s > n/2.

In the case s = n/2, the usual Sobolev embedding H* C L™ breaks down and
we cannot control the nonlinearity in L°°, Accordingly, we use the inequality[12,
13]

max((lu; LR, s BYR™) < Cq™/2|lu; H/2(R™),

where 2 < ¢ < o0 and C is independent of ¢ and u. Using this inequality, we
show the solvability of (IV LW) with the nonlinear term of exponential type.
Specifically, we use the above inequality to ensure the convergence of Taylor’s
expansion of f, and at this stage we need to assume the smallness of initial
data. If we suppose slower rate of growth of the nonlinearity, the smallness
assumption on the data is removed as is shown in the first appendix below.
Our method in this paper requires only easy part of more sophisticated
Strichartz inequality. We would emphasize here that as for the linear estimates



the L? framework could essentially suffice in our problem, namely, the local
solvability for the Sobolev space H® x H*~! with s >n/2.

Finally, we mention notations in this paper.

C denotes a positive constant independent of time and of the length of
the time interval in question. For T > 0, [0,T] denotes the time interval.

For s € R, [s] is the largest integer less than or equal to s. For £ € R™,
(€) = V/1+[€]2. We follow the notation of [1, Chapter 6] on the (homogeneous)
Sobolev and (homogeneous) Besov spaces. We make abbreviation such as B) =
Bi2(R"), By = B,(R"), H*S = H*I(R"), H*7 = H*9(R").

We frequently use the following facts

HYCH™, ifs>0,1<q< oo,
He = (Foo%, grny,
if s =(1-6)so+0s1,1/9=(1-6)/go+6/q with 0 < 8 < 1,

where H may be replaced by B.

2 Linear estimate

Proposition 2.1 (Linear estimate) For any § and p with 1 < g <2 and
p=n(l/§—1/2-1/n), T satisfies

ITh; L0, 75 LAR™)| < C(1 + T)jlhs L (0, T; H#I(R))].

Let § satisfy 1/2<1/§ <1 forn=1,2, and 1/2 < 1/§<1/241/n for n > 3.
Then T satisfies :

ITh; L%2(0, T; L*(R™))|| < C(1 + T)[|h; L0, T; LIR™))|).
Moreover T is an operator from L'(0,T; H~!) to C([0,T]; L?).
Proof) By the inequality
| (sintlel)(€)) /lel] < min((€)/lel, ¢(€)) < C1 +1), (2.1)
we have '
[ITh; L2 (0, T; L2 (R™)) |
= 1 [ F S -1 pryars 0,7 R
< CL+T)||k LMo, T; HH(RM)|.

The two estimates in the proposition then follow by the embeddings H*% c H-!
and LY c H-L.



For the last part of the proposition, it suffices to show, with ¢t ¢ [0, T fixed,
ITh(t + €) = Th(t); L*| — 0 as ¢ — 0,
for any h € L'(0,T; H~1). We have
ITA(t + €) — Th(t); L?|
t+e t
= | U(t+e~7)h(r)dr — / U(t — 7)h(r)dr; L?||
0
t ° t+e
< ”/ {Ut+e-1)— U(t - 7)}n(r)dr; L?|| + ||/ U(t+ e - 7)h(r)dr; L.
) t
(2.2)

The first term on the right hand side of the inequality in (2.2) is rewritten as

/t” (sin(t+6— m)le| - sin(t ~ 7)j¢]
A €]

(5)) (5)"1Fh(7'); L2”dr.

Using the pointwise convergence as ¢ — 0 of the last integrand and (2.1), we
conclude by the Lebesgue convergence theorem that the first term on the right
hand side of the inequality in (2.2) converges to 0 as € — 0.

For the second term, we similarly have

t+e
Il Ult+e- T)h(7)dT; L2||
t

IA

t+e
S 1((sint +< = mlel/ie) (©) )= Frcr)s 22 ar

t+¢
< cu+T) / la(r); E-1]jdr

— 0 as e— 0.
: ]
Remark Using the interpolation, we may replace L*(R"), H #4(R™), and

LI(R™) with B$(R™), B;'*"‘ (R"), and BZ(R™) respectively in the above propo-
sition, where s is any real number and Bj denotes the Besov space.

Proposition 2.2 For any s € R, V and U satisfies

Vs L=(0,T; H*)|| < ||6; H?|l,
[U%; L0, T; B)|| < C(1 + T)}w; H*-1.

Moreover V' and U are operators from H*® and H*=! to C([0,T]; H®), re-
spectively.



Proof) The first inequality follows by the boundedness of cost|¢| and the
second by (2.1).

For the continuity of V¢ and U, we only prove that of the latter since the
other case follows similarly. It suffices to show that with ¢ € [0, T fixed

Ut + €)¢ — U(t)d; H*|| — 0 as € — 0. (2.3)

As before, passing to the Fourier representation, we have the pointwise con-
vergence with respect to the Fourier transformed variables and therefore (2.3)
follows by the Lebesgue dominated convergence theorem with (2.1). a

3 Estimate on nonlinear term

In this section, we consider estimates of the nonlinear term with growth rate of
exponential type.

To clarify what nonlinear term we consider, we define a class of functions.

Definition Let n > 1 be an integer and let A > 0. We define G, as

Gy = {fec(c,c)nct/i(c,C) | £(0)=0, |f'(z)| < ClzleM’,
[F®(2)] < CeN** for all k with 2 < & < [n/2]},
where the last condition is disregarded if [n/2] < 2.

Below we show some examples of the functions in G A
1. f(z) = 22Xl
2. f(z) = |2|P 1zt |2PeM: with p e (2,00) N (n/2, 00),
3. f(z) = eMel* 1,
4 f(z) = P(z)eMF,

and any linear combination of the above functions, where P(z) is a polynomial
of z and Z, having no constant and linear terms and ) is modified to be large if
necessary.

Lemma 3.1 If f is in G, then
L f()l s ClapPedr,

2
2. (=)= F(@2) < C Y |aeM |z - z),
i,j=1
3. 1 7 =) - Y (m)] < CNHF g ez — ),
for any k with 2 < k < [n/2] .



Proof) The lemma follows by direct calculations. For instance,

1£(21) = £(z2)]

1
< /0 [f'(tzy + (1 = t)zp)|dt]2; — 2,
S Cmax(|z],|z2|) exp(A max(|z1 |2, | 22]2)) ]2y ~ 22
< Clal+lzl)(exp(Na?) + exp(Alz2[?)) |21 — 22). O

In the following, to show the norm convergence of the power series expansion
of functions of exponential type we frequently use the inequality

max(llu; L)), lu; Bll) < Cq*/||u; B2, (3-4)

for 2 < ¢ < 0o, where C is independent of q.

Proposition 3.1 Letn > 1, let FE€G) andlet 1 < §<2, then
I£Cu); 20, T3 LY < C(A, 4, llu; (0, T; B™2)|))||u; L= (0, T )|,
17(w) = £(v); L2(0,T; L9)]

S O g llw; L0, T E*2)|| + ||v; L®(0, T; H/2)]))
(s L2200, T3 H*/2)|| + [lo; (0, T; E™2)|])lu — v; L>=(0,T; L),

for any u, v with ,
max{[|u; L%(0, T3 H/2)]|, llv; L(0, T; H™?)|[} < (2°Ae)1/2(1/4 — 1/2)1/2,
where the above constant C(A, §,z) decreases to a constant as z tends to zero.

Proof) We use d’Alembert’s criterion to verify the convergence of the Taylor
expansion of the functions of exponential type. By (3.4), we have

NF@BLI < P £

o0 AZ R

< €3 Gl L)
=0
oo ,\E X

< CZ F”"’ L(2+2£)q“2+2£
=0

< O @+ 200 |u; 12(0, T; HY/2)| 2,

£=0



Here we show the relation between the convergence of the last series and the
smallness of u in L>(0, T; H™/2). If we set a; as

ae = M{(2+ 20} Ju; L(0, T; H/2)]12¢/e1,

then to show the convergence of the series oo @¢ it suffices to require that the
limit of the ratio

Jim agy1/a; = Hm 20(1 4 1/(€+ 1)) gflu; L(0, T; H/2)||2
— 00 —_—00
= 2Xegllu; L®(0,T; H/?)|1?
should be less than one, from which the first part of the proposition follows.

In the following, let ¢*(¢) = (1 + 2£)(1/4 — 1/2)71, so that 2 < ¢*(¢) < o0
and 1/ = (1 +2£)/q*(£) + 1/2. We use the inequality (3.4) to estimate the
LT O norm of U, V.

In the same way as above, with (u;,uy) = (u,v) we have

[1£ () = £(v); L7

< C Y luie sl fu — o 23]
ivj:‘l
2L &t )
< cy 3 -ﬁllu;lu,-lulu —of; L9
ij=11=0 ~°
2 oo A‘
< €30 3 Flus 7O lug; LT G128 - v; L0, T; 12|
i,j=11=0
2 o0 Ae ¢
* 1+26)/2 n n
S 020 X GO g By V2P — v 1°(0, T; 12|
i,j=11=0
<

oo Ae
O 0 O (s L=(0, 5 H2) | + s (0,5 B2 42
=0

llw = v; L=(0, T; L),

where the convergence of the last series is guaranteed by the smallness of u and
v in L°(0,T; H"/?). m]

Proposition 3.2 Let n be even, let fE€G, andlet 1< §< 2. Then
17 () L0, 75 E™/2 )| < CA, 4, llus (0, T H™2)|us L (0, T3 H™/2) 2,
for any u with
llus (0, T5 H*2)]| < (20e)7/%(1/4 - 1/2)*/2,

where the above constant C(A, §,z) decreases to a constant as z tends to zero.



Proof) For simplicity we assume that [ is a function of u. General case
follows by a similar argument on functions of two variables and @. By differ-
entiating the composite function f o u, we have

n/2 &
@RI < ¢ 37 37 3 1@ ] 0% L),
) |a|=n/2 k=1 51-11;;-le:=° j=1

We separately consider the terms on the right hand side of the last inequality,
namely we first consider the term

I'=|1f'(w)o™/u; L3,

and then the terms of the form

k
I = | f® (u) ] 0% L),
j=1

with 81 + -+ 4+ i = & with |o| = n/2, 1Bil,-++,18k] 2 1, and 2 < k < m/2.
To estimate I, we set ¢*(£) = (1 + 2£)(1/§ — 1/2)71, so that 2 < 7" (¢) <
o0, 1/§=(1+2¢)/q"(¢) + 1/2. By the Hdlder inequality and (3.4), we have
I < JlueMulan/2y Lo

- Al 1+2¢ 2 §
< 3 Srlll+ronra; 1

=0

0

£
> s L @428y 10,7, 5|
=0 )

IA

0 4¢
< %_q*(z)(1+2£)/2”u;Loo(0, T, Hn/2)”2+2€,
=0
where the last series converges by the same argument as in the proof of Propo-
sition 3.1.
To estimate II, we set q*(€) = (k — 1 + 26)(1/§ — 1/2)~' and 1/g; = (1 -
26i/n)[q*(£) +1Bjl/n, § = 1,---,k, so that 2 < ¢*(£) < 00, 2 < g; < n and
1/g=2¢/q"(¢) + 2;7:1 1/g; . We use the interpolation inequality

10%ws L] < Cllus By )| =210V lu; Frm/2|21851/m, (3.5)

where the constant C is independent of £ because g5, j=1,---,kare allin a
compact set (2,n] (see [1, Th 6.3.1, Th 6.4.4] and [4, Lemma A.1]). We estimate
I as

k
I = fOw []6%uL)

j=1



IA

£=0

0 2L k
C > Sl [T 0%5u; 29
: =1

IA

o0 Ae . . _ i}
O ol 2O s B, |~ s E72|
=0

INA

A e
G FT O s L0, T B2 P (0, T3 B2,
=0

where the last series converges by the same argument as above. Combining
these estimates yields the propposition. a

Proposition 3.3 Letn be bdd, let f € G, and let § and p satisfy 1/2 < 1/§ <
1/2+1/2n and p=n(1/§—1/2 - 1/n). Then

lI£(u); L=(0, T B3/

C(As g llu; L°(0, T; H™2)|)[lw; L0, T; HM2)|2 if n=1,

£ (w); L=(0, T; By /44y

< C g llu; L=(0, T; H™)|)[lw; L2, T; HM2)||2 if n > 3,

IA

for any u with [lu; L®(H™?)|| < (23Xe)~1/2(1/§ — 1/2)!/2, where the constant
C(X,§,z) decrease to a constant as z tends to zero.

Proof) First we note that the following equivalent norm on the homogeneous
Besov norm on BY with v € Ri\Zand1<r<oo

14 * v]—v v v r dt
I el o {091 sup 680 — b s 2 g, ()

lyl<t

where 7, is the shift operator by y € R".
We consider separately the cases n = 1 and n > 3.

¢.Case n=1

In this case we set ¢*(¢) = (1 + 2¢)(1/§ — 1/2)~", so that 2 < g*(0) <
00, 1/§ = (1+2¢€)/q*(£) + 1/2. With (u1,u) = (u, 7yu), we estimate the norm
in the ingrand in (3.6) as

[1f () = f(ryu); LY
2

< C Y ey — ryul; 13
i1j=1
2 (<] Ae N
< C 30 > Frlhutu P ~ ryuls 1)
i,j=1l=0 ~°



= ,\l (&) y1+2¢
S O Gl LT Oy s 12y
=0

oo Ae
< CZ 7'_qn:(f)(1+2£)/2”,u‘;LOO(O, T; Hn/2)||1+2£“u _ Tyu;L2”.
=0
Therefore,
17 u); B3
< O, llus L=(0, T; E) ) lu; L(0, T; H™/2))|
o0
{/ (t—1/2 sup “u _ Tyu;L2”)2ﬁ}l/2
0 fyl<t t
S OO, lhus (0, T3 HY ) lus L=(0, 5 H™2)] s B3
< O, llus (0, T5 H™/2)|)lu; L= (0, T; H™2))2, (3.7)

where we have used the embedding H* - st with s > 0.

e Casen >3
Let N =[n/2 + y]. Note that N = (n — 3)/2.
In the case n = 3, we have N = 0, so that an argument analogous to that in
the preceding case works to yield
17 (u); B2+ |
S OO llus L0, T5 H™2)) lu; L0, T5 H™?)|||u; By/ )|
< O g lus L*(0,T; Hn/z)“)”"‘; L*=(0,T; H"/Z)Hz,
where we have used the embedding Bt C Bp? with s; > 52,1 <p< oo,

In the following, we assume n > 5, i.e N > 1. Let o satisfy |a| = N.

To estimate an equivalent norm on B;/ 2Hu » we rewrite the difference by
shifted functions as

0%(f(u)) = 8%(f(ryu))
N x .
> 2 Clakp{f®w H 8Py — F)(r u) H 9% 1,u}

k=1 81+ +8=a

18;121

N k

= > 2 ClakB{(Pm - 19 () [] 6%

k=1 A1+ +8=a Jj=1

185121
k j-1 k
+ R (Tyu) Z(Bﬂfu ~ 8%ir,u) H dPey H 8Pt ul). (3.8)
j=1 = €=j+1 :

10



We separately consider the terms of the form (f) (u) - F®O(ryu)) H§=1 OPiy
and of the form f&)(r,u)(0%u — 8Pir,u) HZ_:_% OPey H§=j+1 0Peryu.
We estimate the Li-norm of the terms in (3.8) of the first type as

k
107 () = £9 (0 T] 0% L7

J=1

k k
< C”e,\lul’lu - 7| H 0Piu; LY + C”eA[Tyulzlu e H 0Piu; LY,
=1 ' j=1
(3.9)

so that we have only to consider the first term on the right hand side of (3.9),
since the second term is treated analogously.

Weset g*(£) = (k—(n—3)/n+20)/(1/§-1/2) and 1/q; = (1-2|8;]/n)/¢*(£)+
|8;]/n. Then we have

25q ()<, 2Z¢gi<n, j=1,--,k,

k
1/§=2t/g"(t) +3/(2n) + Y _ 1/g;,
j=1

J=
||aﬂju;qu | € Cllw; Bg‘(e) ||1—2lﬂjl/n”u; Hﬂ/2”2lﬁjl/n, (3.10)

where the constant C is independent of £ by the same reason for (3.5). Using
these properties and the embedding H("~3)/2 ¢ [21/3 we estimate the first
term on the right hand side of (3.9) as

k
Ml |y — 1y Py, LI
Y

Jj=1
2 A k .
< Y Gl — ryul [T 8#w; 17
=0 Jj=1
. o0 Al ]
< CYy I L7 O124Ys; Bn gy |} ~Cn=3/m
=0
flus B2 |9/ ly — 1,0 =972
A (e ,
< CZ _qu*(l)(k ( 3)/n+2£)/2“u; Hn/2”2l+k”aNu _ aNTyu; L2”
=0
S Cn gk, [lus Lo, T; ™)) Ju; L0, T; H™2)|[* (10N w — 0¥ ru; L2|).

11



Substituting these estimates into (3.9) and then resulting inequality into the
honogeneous Besov norm, we obtain

k
® Nenj2—p k) () _ (k) Bio. T2 172
([ @ g 100 - (o) [T 0% 24175

S CO okl (0, T3 H)|)lus L=(0, T3 HY2)|Hfu; By/2+)
S COA &k, llus L0, T3 H2)|)|us L0, T H2)|H+1, (3.11)

where we have used the embedding H™/2 ¢ By 2+n,

We proceed to estimate the Li-norm of the terms in (3.8) of the second type.
We consider only the term

k
O (ryu)(8P1u — 9P Tyu) H 8% yu,

j=2

for simplicity, since the others are treated analogously.

Because of the property of f, we need to consider the norm in the integral
of Besov norm separetely according to the case k = 1 and the case k >2.

First we consider the case k = 1.

In this case, we set 1/¢"(¢) = (1 +2¢)~1(1/§ - 1/2). Then we have

k
17 (ryu) (6% w — 551 Tyu) H 8% yu; L]
j=2
o A 1+2¢6/ 4N N g
> ) 2o u — oV ru); 13
=0
o0 Ae .
> s LT O 2oy — g¥r i, 12)
=0

X "
S D e @Oy B P oy _ 9Ny 12
S =0

< OO G K [lus L0, T; ™)) |u; L0, T; B )10 u ~ 0% 70 2.

IA

IA

The corresponding Besov norm is estimated by

k
oo . snv o At
(V=3 s 70 r0)(09v0 — 08 r) [T 0P Lo Sy
Yy j=2

OO 8, by lfus (0, T5 H™2) ) [fu; L(0, T5 H™/?)|[fu; B2+
CO 4, b, lfus L(0, T; H™?) ) fu; L(0, T; H"/?)| |2, (3-12)

INIA
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Secondly we consider the case k > 2.

In this case, we set ¢*(£) = (k — 14 2£ - 2(N - B1)/n)/(1/G-1/2),1/q, =
1/2—(N = p1)/n, and 1/g; = (1 - 26;/n)/q*(£) + B;/n for § > 2. Under these
setting, we note that

25¢"(f)<o0, 2< 1 <2n/5, 2<q;<n, 2<j <K,
.

1/g=2t/¢"(t) + > 1/q;,
i=1

10%1u - aﬂlryu; L‘“.|| < ClloNu - 3NTyU; L2,
0% 33 L || < Cllus B, |25V Fro/2 st ;5 o,

where the constant C is independent of ¢ by the same reason for (3.5). Using
these properties, we have

k
1F9 (ryu)(9u — 9% yu) TT 0% 7y; 17))

i=2
o Ag k R
< Z Flllryulu(aﬂlu - 0%17,u) H 8% ru; LY
=0 j=2
%) AL ' '.
S O Gl 1O s B, o220/

=0
.”u; H"/2II2(N_Iﬂl|)/""aNu . 6N7-yu; L2|I.

The corresponding Besov norm is estimated by

IA

<

<

. k
®  Neno , oo dt
([ (enonras sup (179 (1) (0% — 6% 7yu) [ 0P4myu; LA S
y

=2

(=]
A e
C Y Jrllus T O|2|u; BL.  ||+=1=2¥ =181/
=0

Jlu; L0, T; H™/2)|| 2N =18 D/ [ B;/H—#”

cs %q*(f)(2e+k—1—2(zv—1m DI™/21y, [oo(0, T; H/2)|pe+s

£=0

C(A 4, k, [lus L%(0, T; H™2)||)|u; L0, T; H™/2)||*. (3.13)

In the case n > 3, collecting (3.8), (3.11), (3.12), and (3. 13), we obtain

17 (u); B4 < COA, 4, llus L0, T; H™2) s (0, T; H/2)[2. (3.14)

tion.

By (3.7) and (3.14), we have proved the required inequality in the proposi-

]
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By the embedding HSP ¢ B for 1 < p < 2 and Propositions 3.1, 3.2, and
3.3, we have the following proposition.

Proposition 3.4 Letn > 1, let A > 0, and let f € Ga. Let § and p satisfy
1/2<§<1/241/2n and p = n(1/§—1/2 —1/n). Then there exists a positive
constant Cy independent on X such that for any u and v with

max{||u; L=(0,T; H™/?)|, ||v; L®(0, T; HYH)|} < CA~12,
the following inequalities hold

IF@3 B2l < Colly L=, T B™2)|® forn evenorn =1,

1£(); Byl < Collus L0, T; HM2)|? forn >3 odd

17() = FE L < Co(llu; L0, T; H™2)|| + ||v; (0, T; H™/2)|))
[l = v; L*=(0,T; Lz)”,

where Cy is a constant depending on A and C;.

4 Theorem and its proof
Notation For T,R > 0, let X(T, R) and d be defined by

X(T,R) = {u € L=(0, T; H™/*(R™)) | [ju; L=(0, T; H™/*(R™))|| < R},
d(u,v) = [lu ~ v; L*(0,T; L*R™))||, for u,v € X(T, R).

Proposition 4.1 (X (T, R),d) is a complete metric space.

Theorem 4.1 Let A > 0 and let f € Gy. Then there ezists a positive con-
stant Co independent of A such that for any initial data (¢,9) € H2(R") x
Hr2-1(R™) with

165 H*2(R™)|| + |[ys ™2~ (R™)]| < Coa~V2,

(NLW) has a unique solution u € X(T,R) for some T,R > 0.

Moreover, u € C([0,T); H™/?). Let {(Dmy> ¥m) I, be a sequence in H™/? x
H™/2=1 which converges to (¢,%) in H™? x H/271, Then for m sufficiently
large, the corresponding solutions u,, belongs to X (T, R) and converges to u in

X(T,R).

Proof) Let §,u,C1, and Cy be as in Proposition 3.4.
By Propositions 2.1, 2.2, and Remark in between, for ¢ € H? o € /271,

14



and u € X(T, R), we have

12(w); L=(0, T; H™/2)||
< Ve L=, T; H2)|| + |Uy; L= (0, T; H™/2)]
HITF(w); L=(0,T; H™/?)||
(L + CY(lIg5 H™2|| + l|lo; H™272|)) + CT|w; H/2-1|
{ o1 + T)T|| f(w); L=(0, T; B;/z)” fornevenorn=1,
C(L+ )Tl 5 (u); L>(0, T; B;/H")" for n >3 odd .

IA

We now set Cy = Cy /(1 + C) and let (¢, ) satisfy
165 H™2)1 + [ H™/2|| < Co(re) /2.
Then we choose R as
(T O)(lles B2 + s B™271) < R < Cy(Ae) ™22, (4.15)
By Proposition 3.4, we obtain
[12(u); =0, T; E*?)| < R+ CT|jy; E**~Y|| + C(1 + T)TC, B?,
and therefore, for sufficiently small T
1@ (w); L(0, T; E™%)|| < R,

which ensures that & maps X(T, R) into itself. In the same way as above, we
have

d(2(u), ¥(v))

IT(f(w) = £(v)); L=(0,T; L2)]|

C(L+T)T||f(w) — f(v); L=(0, T; LY)||

C(L+ T)TCy(lu; L=(0,T; H™?)|| + [lv; L®(0, T; H™?))))
[lw — v; L=(0,T; L?)|)

C(1+ T)TCyRd(u,v),

INIA )

IN

and therefore, for sufficiently small T, ® becomes a contraction in the metric
d. We have thus proved the existence and uniqueness of fixed points of ® in
X(T,R).

The continuity in time of the solution is derived from the Propositions 2.1
and 2.2.

We proceed to the continuous dependence on the initial data. In view of
(4.15), R and T are determined only by the size of the norm of initial data,
so that T and R are independent of approximating sequences in the sense that

15



Un € X(T, R) if m is sufficiently large.
With m sufficiently large, we have
At um) < V(B = )i IR0, T3 D)) + (U6 = o)y L2(0,T 17)]
HIT(F () = f(um)); L=(0,T; L2)||
< ”¢ = bm; Loo(o’ T, L2)” + C(l + T)“¢ = Um; LOO(O, T; H—l)”
+C(1 + T)TCoRd(u, ur,), '

where T is chosen so small that C(1 + T)TC,R < 1. Using the embeddings
H"/? ¢ L? and H"/2-1 ¢ H-!, we have

{1 - C(1 +T)TCR}d(u,upm)
< 6= 6m; L, T; H™?)|| + C1 + T)||¢ = m; L(0, T; H™2-Y),

so that we conclude that d(u, u,,) — 0 as m — oo. o

5 Appendix 1; Nonlinearity with lower growth
rate

In this section, we show that the smallness assumption on the initial data (6, %)
is removed in the local existence theorem at the cost of lower growth rate of the
nonlinearity.

To be specific we introduce:
Definition For A > 0, ,
G = {fe0(C,ONCMA(C,C) | £(0)=0, |F(z)] < Clafe],
[F®)(2)] < CeM for any k with 2 <k < [n/2]},
where the last condition is disregarded if [n/2] < 2.
The following functon belongs to G):
f(z) = zmerlel,

where m > max(2, [n/2]) and u < A.

Concerning Propositions 3.1, 3.2 and 3.3, the assumption on the size of
the norm of u and v is not necessary if G, is replaced by G throughout the
statement of the propositions. Indeed we show the convergence of the series
of norms arising from the power series expansion of e**l or e*®l without the
smallness of the norms of « and v. For instance, for the first part of Proposition

16



3.1, by (3.4) we estimate
IF@i Ll < Clljufre; L)

A e s
< €Yl L
£=0
A .
< CZFIIu;L(2+e)qII2+e
=0
o0 Ae
S O3 G+ 0Oy 10, T; B )P+,
=0 °

Here the last series converges since limg_.o agy1/ae = 0, where

ae = M{(2+ )G} +9/2|u; L (0, T; H™2)||¢/ 41,

Using the fact above, we now have the following theorem.

Theorem 5.1 Let A > 0 and let f ¢ G'\. Then for any initial data (6,0) €
H"/*(R") x H"/2~1(Rn), (NLW) has a unique solution u € X(T, R) for some
T,R>0.

Moreover, u € C([0, T}; H"/?). Let {($m,¥m)}2=; be a sequence in H™? x
H"/2-1, Then for m sufficiently large, the corresponding solution u,, belongs
to X(T, R) and converges to u in X(T, R).

Proof) Since f € G, the conclusion of Proposition 3.4 holds without the
smallness of the norms of » and v, so that the restriction R < C, (Ae)~1/2 in
the proof of Theorem 4.1 is not necessary in the sequel.

Let To,R > O and let 0 < T < Ty. In the same way as in the proof of
Theorem 4.1, for any ¢ € H™/2, 4 € H™/?-1 and u,v € X(T, R),

12 Cu); L=(0,T; H™/2)|
< g B3|+ C(L+T)||w; B™?7Y|| + C(1 + T)TC, R2,
d(2(u), 8(v)) < C(1 + T)TCyRd(u, v).

Therefore, if we choose R and T such that

ligs H™?|| + C(1 + To)||; H2~| < R,
ll6; H™?|| + C(1 + T)||w; H"271| 4 C(1 + T)TC,R? < R,
C(1+T)TC,R < 1,

then @ is a contraction map on (X(T, R), d).
The rest of the proof proceeds in the same way as in the proof of Theorem
4.1. O
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6 Appendix 2; Local Cauchy problem in the
Sobolev space of supercritical order

In this section, we show the existence of local solutions in the Sobolev space H*
with s > n/2.
In this case we make extensive use of the embedding

H® c L*n L.

Definition For s > 0,
G(s) = {fecC!(c,c)ncll(c,c)lf(0) =0}

Let s > n/2, let f € G(s), let j be an integer with 0 < J < [s], and let M
be a nonnegative, monotone increasing function on the interval (n/2,00). Then
w(k, M(s)) be defined by

[s]
w(k, M(s)) = sup |£'(2)] + Z sup |zk_1f(k)(z)|,
[z1SC(s)M(s) k=0 [21SC(s) M(s)
where C(s) is defined by

C(8) = inf{C; [lu; L®|| < Cllu; H*|| for all u € H*}.

Proposition 6.1 Let s > n/2 and let f € C1(C,C). Then

IF@:L¥ < w(0,|lu; (0, T; H®)|)ju; L®(0, T; L2)),
£ (u) = F(v); L?|| < W(O,maX(llu;L“(O,T;H’)ll,llv;L“(O,T;H“)ll))
|l = v L*>(0,T; L2)||,

for any u,v € L>(0,T; H*).

Proof) We only prove the first inequality, since the proof of the last is
analogous. We have

I1£u); L2

1

! 9: 2

I / £ (Buyuds; L7
w(0, [Ju; L (0, T; H*)|))||u; L2]]. o

IA

Proposition 6.2 Let s > n/2 be an integer and let f € G(s). Then
IF@; Bl < Cuols, flus L°(0, T; H)||)fus L (0, T; &%),
for any uw € L>(0,T; H*?).
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Proof) We estimate

[1£(u); B2
s k
DD DI DI LI | ELI A
|erj=s k=1 ﬁ1+l~ﬁ“.T§f=a j=1
s k
S O3 X M) Lo T] 6% us 20851,
la|=s k=1 81+ -+ =a j=1
185121 .

where we have used the Holder inequality with 1/2= E?=1 |8;1/2s.
By the Gagliardo-Nirenberg inequality, we have

(165 u; L2/ < Cllu; Hs”Iﬁjl/s"u; L= 185l/s,

so that

117 (w); 22|

IA

C > lhus Z[F | #9) (w); L s £
k=1

Cu(s, [lu; L=(0, T; H)[|)||lu; L=(0, T; H?)|. o
Proposition 6.3 Let s satisfy s > n/2 and s ¢ Z and let f € G(s). Then

17 Bl < CulO, I 220,75 B*) )l 220,75 B i s < 1,
I B < Cuo(ls], llus (0, T3 HO)l) s L0, T5 B2 if s > 1,

for any u € L>(0,T; H?).

IN

Proof) For definiteness we consider the sase s > 1lonly. Thecase0<s <1
is treated in the same way.

We use the equivalent norm (3.6) on the homogeneous Besov space.

First we consider the case [s — 1] = 0.

For the modulus of continuity in (3.6) for the Besov norm on Byl = f3-1
with 1 < 5 < 2, we have

£ (w) = F(ryu); L% = II/0 F'(ryw +6(u = 7yu))(w — 7yu)ds; L2
Cli sup 17/ (2)I(w = myu); L2

|zl Smax(lul,|ryul)

< Cw(O,flu; L0, T; B*)|)|lu - yu; 12|, (6.16)

IA

and therefore

I1£(u); B ™)) < Cu(0, llus (0, T; B2 )lfu; L(0, T; B>~
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Second we consider the case [s — 1] > 1. For the modulus of continuity in
(3.6) for the Besov norm on B! = H3™! with s > 2, we have

0%~ (w)) — 8%~ #(ryu)); L2

[3_1] k
S C X X X AURE - 19 [T 0% 12y
leel=[s—1] k=1 81+ +8y=a j=1

18121
k
+C D1 F® (ryu)(8P5u — 8P r,u) [T6%uT] 0% ryu; L2} (6.17)
j=1 i<j i>j

We consider two types of the terms on the right hand side of (6.17) individ-
ually.

To estimate the terms of the first type on the right hand side of (6.17), we
set 1/¢* = (1/2)(1 - 6), 6 =[5 - 1]/(s — 1), p =(n/2)8. Then we have

k
V2=1/g"+3|8;/(2s - 2),

i=1

and therefore by the Holder and Gagliardo-Nirenberg-Sobolev inequalities,

k
IS ) = 79 (ryu)) 107w 2

Jj=1
k
S D@L s 27 T 0P L2e-D/8s)
Jj=1
S € suwp  |FED @)l — ryu; B lug LR fu; Ero-1 e,

[z|<llu; Lo||

Returning back to the Besov norm, we obtain

oo k
[s]—s - 3age it..
{ /0 (E57° sup (P w) = £ B (1) [T 0% L2 S 11/2

=1
S G sup  (F) s H s L e
=< lluiLee]|
S €  sup RNy B, (6.18)
l=1<CC8) uir|

where we have used the convexity property of the embedding
llws 42| < Cfus B2 |1~ s E7/2))0
since p1 + s — [s] = (s — 1)(1 - 8) + (n/2)8.
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To estimate the terms of the second type on the right hand side of (6.17),
weset 1/g; = (1/2)(1~6)+|8;]/(25~2), 6 = [s—1]/(s—1), ki = |Bjl+nb/2~
n|B;l/(2s ~ 2), and 1/¢; = 18:l/(2s — 2) if i # j. Then we have

k

/2= "1/q,

=1

and therefore by the Holder and Gagliardo-Nirenberg-Sobolev inequalities,
179 ()@ = 08 7y) T] 6% T] 07y 27

i<j i>F
S 1FO(ryu); 201055 u — 8% ryu; L9 | A
i#]
< € sup fBE)|ju - ryuy B

lz[<llu;Lee|
[l L°°“"“1‘([3—1]—lﬁj|)/(s—l)”u; Ho=1|([s=11~185D/(s-1)

Returning back to the Besov norm, we obtain

{ /0 (¢lel=s sup| 1O (ryu) (05w = 05 7,u) T] 6% T 05ru; 172
Yy

i<j i>j

-}

< O sup ([ (g)||u; Erste-lel)
JzISllu; Lo
s L2+ =Co=11=183D/ o= Fra=1 | To=11-18D /(a1

< € sup R oY), (6.19)
lsl<C(s)lluw; e

where we have used the convexity property of the embedding
”u;}:{l‘:’*‘ﬂ"[s]” < Cllus I‘lrs—1”1—9+lﬂjll(s—1)”u; I;n/zne—lﬂjl/(s—l)
since pj+ 8 = [s] = (5 = 1)(1 = 0 +18;1/(s - 1)) + (n/2)(6 — |8;1/(5 — 1).
By (6.17), (6.18) and (6.19), we obtain the required inequality for [s—1] > 1.
a
Remark In the second inequality in Proposition 6.3, we may replace H;‘l by

H3 if we impose additional differentiability by one on f. The proof is almost
the same as above.

We introduce the function space as follows.
Notation Let s > 0. For T,R>0,let Y(T, R) and d be defined by

Y(T,R) = {u € L®(0,T; H*(R™)) | ||lu; L®(0, T; H*(R"))|| < R},
d(u,v) = ||u - v; L%(0, T; L*®R™)|), for u,v € Y(T, R).
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Proposition 6.4 (Y(T,R),d) is a complete metric space.

Theorem 6.1 Lets > n/2 and let f € G(s). Then for any initial data (¢,9) €
H*(R") x H*"Y(R"), (NLW) has a unique solution u € (Y(T,R),d) for some
T,R>0.

Moreoveru € C([0,T] : H®). Let {(Brm» ¥m)}5=; be a sequence in H® x H!
which converges to (¢, ¥) in H® x H"', Then for m sufficiently large, the
corresponding solution uy, belongs to Y (T, R) and converges to v in Y (T, R).

Proof) By the Proposition 2.1, 2.2, 6.1, 6.2 and 6.3, for any u € Y(T, R) we
have

12(«); Y(T, R)|

< g Holl+ CQ+T)||w; B=-1))
+{ CL+DTYf(u); L0, T; H®)|| if 0<s<1,
CA+D)T|f(u); L0, T; H*1)|| if 1<),
< llgs Hol| + CA +T)||jw; H*1|)

FOW+ TYTw([s], 1 L2(0, T B*)jus L=(0,T; |
< B+ CQA+T)lly; B
+C(1 4+ T)Tw([s], R)R.

Similarly we have

d(2(u), 2(v)) CL+T)T|f(w) - f(v); L=(0, T; L)

<

< C+T)Tw([s], max(|lu; L°(0, T; H*)||, flv; L(0, T; H)|)))
flu — v; L0, T; L%))|

< CQ1+T)Tw((s], R)d(u,v).

We choose R sufficiently large and T sufficiently small so that

165 2|l + C(1 + T)ljw; H*~*|| + C(1 + T)Tw([s], R)R < R,
C(l+T)Tw(s},R) < 1.

Thé rest of the proof proceeds in the same way as that of Theorem 4.1. O
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