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two-dimensional quantum systems in singular
vector potentials: canonical commutation
relations, quantum algebras, and reduction to
lattice quantum systems
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Sapporo 060, Japan

Dedicated to the memory of the late Professor Wilhelm Fushchych

Abstract

Investigated are some representation-theoretic aspects of a two-dimensional quan-
tum system of a charged particle in a vector potential A which may be singular on
an infinite discrete subset D of R2. For each vector v in a set V(D) C R?\ {0},
the projection Py of the physical momentum operator P := p — aA to the di-
rection of v is defined by Py := v - P as an operator acting in L?(R?), where
p = (-iD,,—iD,) [(z,y) € R?] with D, (resp. D,) being the generalized par-
tial differential operator in the variable z (resp. y) and @ € R is a parameter
denoting the charge of the particle. It is proven that Py is essentially self-adjoint
and an explicit formula is derived for the strongly continuous one-parameter uni-
tary group {€*'V},cr generated by the self-adjoint operator Py (the closure of
Py), i.e., the magnetic translation to the direction of the vector v. The mag-
netic translations along curves in R?\ D are also considered. Conjugately to Py
and Py [w € V(D)], a self-adjoint multiplication operator Qv w is introduced,
which is a linear combination of the position operators z and y, such that, if
A is flat on R?\ D, then ﬂ\‘}&,w = {@Qv,w,@w,yv,Pv,Pw} gives a representa-
tion of the canonical commutation relations (CCR) with two degrees of freedom.
Properties of the representation W“é"w are analyzed. In particular, established

is a necessary and sufficient condition for r“',&’w to be unitarily equivalent (or

*Electronic mail: arai@math.sci.hokudai.ac.jp



inequivalent) to the Schrodinger representation of CCR. The case where w‘%w

is inequivalent to the Schrodinger representation corresponds to the Aharonov-
Bohm effect. Quantum algebraic structures [quantum plane and the quantum
group U,(slz)] associated with the pair {Py, Py} are also discussed. Moreover,
for every A in a class of vector potentials having singularities on the infinite
lattice L(w,w2) := {mw1 + nwa|m,n € Z} [the case D = L(wj,w2)], where
w1 € R? and wy € R? are linearly independent, it is shown that the magnetic
translations e' @i , J = 1,2, with A replaced by a modified vector potential are
reduced by the Hilbert space £2(L(w1,w2)) identified with a closed subspace of
L%(R?). This result, which may be regarded as one of the most important novel
results of the present paper, establishes a connection of continuous quantum
systems in vector potentials to lattice ones.

PACS numbers: 03.65.Db, 02.30.Tb, 02.20.-a
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1 INTRODUCTION

This paper is a continuation of the previous papers!~* concerning gauge theory (quan-
tum mechanics of a particle interacting with an external gauge potential) on a non-
simply connected space in two-dimensions. In such a gauge theory, a representation
of the canonical commutation relations (CCR) with two degrees of freedom is realized
by the position and the physical momentum operators if the gauge potential is flat.
The non-simply-connectedness of the base space is essential for this representation to
be nontrivial, i.e., not necessarily be equivalent to the Schrédinger representation of
CCR with two degrees of freedom. The unitary equivalence or inequivalence of the
representation to the Schrodinger representation is completely characterized in terms
of the local Wilson loops. An interesting feature to be noted here is that the celebrated
Aharonov-Bohm effect® may be mathematically well understood as the representation
inequivalent to the Schrodinger one. Some physical implications of the inequivalent
representation in the Abelian case (the case of quantum mechanics of a charged parti-
cle in an external vector potential) are discussed in terms of the Dirac-Weyl operator
(Ref. 2). Moreover, it is shown® that, in the case where the vector potential is given in
terms of the Weierstrass Zeta-function with singularities at z = mw; + inw;, m,n € Z
(wj >0, y =1,2), the inequivalent representation induces representations of quantum
planes (rotation algebras) and the quantum group U,(sl;) with |¢| = 1,4 € C.

In this paper we further pursue representation-theoretic aspects of a two-dimen-
sional Abelian gauge theory in which the vector potential may have singularities on
an infinite set of points in R? and show by bringing some new aspects to light that
such a gauge theory may have richer and deeper structures. We first demonstrate by
an explicit construction that, associated with the position and the physical momen-
tum operators, there exists a wide class of inequivalent representations of CCR which
includes those given in Refs. 1 and 6. The basic idea of the construction is to con-
sider projections of the position and the physical momentum operators to directions
of vectors in R?. As in the previous simpler cases discussed in Refs. 1 and 6, these
new discovered representations of CCR give new representations of quantum planes
and U,(sl,) if the singularities of the vector potential form an infinite lattice.

Another new aspect of the present paper is concerned with magnetic translations.
These objects can be defined in both continuous and lattice quantum systems in exter-
nal magnetic fields. Magnetic translations in the former systems in uniform magnetic
fields have been discussed in some detail (e.g., Refs. 7-10), but, it seems that investiga-
tions of magnetic translations in the case of non-uniform magnetic fields are missing in
the literature. In this paper we define, in the continuous quantum system under con-
sideration, magnetic (parallel) translations as the strongly continuous one-parameter
unitary groups generated by the projected physical momentum operators and study
their properties.

On the other hand, magnetic translations on lattice quantum systems have been ex-
tensively discussed in connection with models of the Hofstadter-type (e.g., Refs. 11-13
and references therein). Lattice models are usually defined by ad hoc procedures from



continuous quantum systems (e.g., “tight-binding approximation” or other analogies).
From a unified point of view, this situation is obviously unsatisfactory. It would be
natural and interesting to investigate if there exists any internal (non-ad hoc) reduc-
tion mechanism by which a lattice quantum system “dynamically ” emerges from a
continuous quantum system. In this paper we show that such a mechanism exists. We
regard this result as one of the most important new results of the present paper.

We now describe the outline of the present paper in more detail. As already men-
tioned above, we consider a continuous quantum system of a charged particle with
charge a € R\ {0} moving in the Euclidean plane R? under the influence of a perpen-
dicular magnetic field B. We denote by

A(r) i= (Ai(r), 4;(r)), r=(z,y) €R’, (1.1)
the vector potential of the magnetic field (up to gauge transformations), so that
B =D;A;, — DA, (1.2)

where D, and D, are the generalized (distributional) partial differential operators in
the variables z and y, respectively.
Let

D:= {an = (a.nlaanZ)}nEN (13)
be a set of points in R? such that a, # a,, if n # m and the set {a,;}2, (j = 1,2)
has no accumulation point in R. Then

M :=R?\D (1.4)

is an open set of R?. We assume that A is continuous on M. But A may be singular
on D and B may be a distribution on R? with support in D. Except for some general
aspects, it is essential for the theory presented below to be nontrivial that A has
singularities in D. The Hilbert space of state vectors of the quantum system under
consideration can be taken to be L?(R?).

The operators ,

, p1 = —iD,, py:=—iD,, ‘ (1.5)
acting in L*(R?) with domain D(p;) := {¥ € L*(R?)|D,V € L*(R?)} and D(p,) :=
{¥ € L*(R?)|D,¥ € L*(R?)} are self-adjoint, where, for an operator T', we denote
by D(T) its domain. The physical momentum operator (the velocity operator up to a
constant multiple) P := (Py, P,) is given by

Pj =pi- aAj? .7 = 1727 (16)

acting in L*(R?) with D(P;) = D(p;) N D(A;).
For each vector v = (vy,v;) € R?\ {0}, we define

2
Py:=v-P:=) v;P, (1.7)
J=1

4



We call it the projection of the physical momentum operator (or simply the projected
physical momentum operator) to the direction of v. The operator P; is a special case
of Py:
Pj=Pej, j=172a (18)
with
e; :=(1,0), ey:=(0,1). . (1.9)

We introduce a subset of vectors R2. Let
VAW = vw, —vuw;, Vv,weR%. (1.10)

Definition 1.1 We say that v € R?\{0} is in the set V(D) if the sequence {vAa,}2,
has no accumulation point.

By the assumption for D stated above, e; € V(D), j =1,2.

In Section 2 we prove the essential self-adjointness of Py with v € V(D) and clarify
the spectral properties of the self-adjoint operator Py (the closure of P,)(Theorems 2.4
and 2.5).

The essential self-adjointness of Py allows one to define the continuous magnetic
translations to the direction of v as the elements of the strongly continuous one-
parameter unitary group . ,
TA(t) := eV, teR, (1.11)

generated by P,. We prove that there exists no non-trivial finite dimensional subspaces
of L?(R?) left invariant by T{(¢) (Proposition 2.6).

Section 3 is devoted to a basic analysis of of the continuous magnetic translations.
We derive an explicit formula for T2(t) (Theorem 3.2) and, using it, we compute
commutation relations of T (s) and T (2) [s, t € R, w € V(D)](Theorem 3.3).

In Section 4 we define magnetic translations along curves in M and investigate their
properties.

Section 5 is devoted to analysis of representations of CCR appearing in the quantum
system under consideration. We frist introduce multiplication operators given as linear
combinations of the position operators

L=z, ¢:=Y. (1.12)
Namely, for vectors \f,W € V(D) linealy independent, we define

Qvw = (1.13)

VAW’

where q := (q1, ¢2)-
We denote by C*(M) the set of k times continuously differentiable fucntions on M

and by C¥(M) the set of functions in C¥(M) with bounded support in M.

We say that A with 4; € C*(M) (j =1,2) is flaton M if B(r) =0 for all r € M.
The flatness of A on M physically means the magnetic field B is concentrated on the
discrete set D in the distribution sense.



We show that, if A; € C*'(M), then
”\“/t,w = {LZ(R2)7 CS(M)a Qv,w, Qw,wpv, Pw} (1.14)

is a representation of the CCR with two degrees of freedom if and only if A is flat on
M (For the terminology on the representation theory of CCR, we refer to Ref. 6, §1).
We analyze properties of this representation. We see that results similar to those of
simpler cases in Refs. 1 and 6 hold in the present case too, generalizing them.

In Section 6 we give some remarks on quantum algebraic structures [representations
of quantum planes and U,(sl;)] associated with the representation W‘%w.

In the last section we consider the problem of reduction of the continuous quantum
system under consideration to a lattice one. For this purpose, we fix arbitrarily two
linearly independent vectors

w1 = (wi1,w12), w2 = (wa1,wy) € R? | (1.15)

such that w; A wy > 0 and take as D an infinite lattice
L(wy,w?) := {2, n|m,n € Z}, (1.16)
where

2, = mw; + nw,. (1.17)

The Hilbert space of state vectors of a quantum system on the lattice L(w,,w,) is
taken to be

C(L(w1,w3)) = {¢ = {0(2mn)}mnez]l  ©(2mn) €C, m,n € Z,
> [(2mp)|* < 00} (1.18)

mneZ

This Hilbert space can be regarded as a closed subspace of L%(R?) in a natural way.
Indeed, let S,,, be the interior domain of the parallelogram determined by the four
vectors 2,410 — 2y 2rgings — g 10 2mnts — @y Roting1 — 2pngy and
Xm,n be the characteristic function of Sy, ,. Then each element 3 € £*(L(w;,w;)) can
be reagarded as an element of L?(R?) by the correspondence

Y= @Z = Z "/’(nm,n)Xm,n € Lz(Rz)a

m,nez

so that, under this correspondence, #2(L(wy,w;)) can be identified with the closed
subspace

del,wz(Rz) = {‘II € L2(R2)I\II = Z lI’m,nXm,m \I’m,n € C> Z |II]m,n|2 < oo
m,ne€l m,neZ
(1.19)

T



consisting of elements in L?(R?) being constant on each S,, ,,. If the unitary operators
Th, =Th, 1), ji=12, (1.20)

leave L, ., (R?) invariant, then they are reduced by L, ., (R?) and their restriction
to L%, o,(R?) gives a set of magnetic translations on a quantum system on the lat-
tice L(w;,w,). In that case, models of Hofstadter-type on L(w;,w;) are obtained as
internal or “dynamical” reductions of models on the continuous space R? \ L(w;,ws).
Thus the problem is to determine the class of vector potentials A such that waj leave
L3, LW (R?) invariant. At first sight, such vector potentials may seem not to exist
except for some physically trivial cases. This is certainly true as long as one considers
regular vector potentials on R2. But, if the vector potential is allowed to be singular
on the lattice L(w;,w,), then the situation changes drastically. Indeed, in that case,
we can show that there exists a method of constructing vector potentials A for which
waj leave L}, ,(R?) invariant. Roughly speaking, the method is as follows. Let

) w; = Wj1 -+ ’I:U.sz, ] = 1,2, (121)

be the complex numbers corresponding to w; € R?, j = 1,2 (i := /=1). We take a
meromorphic function f(z) on C with poles at

Q= Mmw; + nwy, m,n € Z, (1.22)

such that df(z)/dz is an elliptic function with periods w;, j = 1,2 and define a vector
potential A by

Ai(r) = Sf(2), Ag(r) = Rf(z), r=(z,y) €R’ z=z+iy. (1.23)

We show that Tf‘wj themselves may not leave L, ., (R?) invariant, but there exists

a correspondence A — A of the vector potential such that T fwj do leave L, ., (R?)
invariant.

Unfortunately we have been unable to solve the problem of determining all the
vector potentials A such that waj (4 = 1,2) leave L7, ,,,(R?) invariant. We leave
this problem for future study.

We remark that, in the same way as in Refs. 3 and 4, the results presented in
Sections 2-5 can be extended in a natural way to the case of non-Abelian gauge theories.
If any signifiant aspects are dicovered in the non-Abelian case, then we shall report
them in a separate paper.

2 BASIC PROPERTIES OF THE PROJECTED
PHYSICAL MOMENTUM OPERATORS

2.1 The physical momentum operator

The mathematical analysis of the physical mometum operator P in the present case
can be made quite similarly to that in the case where D is a finite discrete set (Ref. 1).
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But, for the reader’s convenience as well as later reference, we briefly describe some
basic properties of P;, j = 1,2. We introduce two sets

M,: = '{(.’B,y)ERzleR, y#an% TLEN}, (2'1)
M,: = {($7y)ER2|$¢an1a nGN,yGR}, (22)

which, by the assumed property of D, are open sets of R%. Let
Ui(z,y) := e'i“ftaxAl(”"y)d”', Us(z,y) 1= e J A2le)ay’ (2.3)

Then U; € C(M;), j =1,2. Since the Lebesgue measure of the set {(z,y)|z € R,y =
anz,n € N} (resp. {(z,y)ly € R,z = an,n € N}) is zero, U; (resp. U,) defines
a unique multiplication unitary operator on L?(R?), which we denote by the same
symbol Uy (resp. U;).

In what follows, we assume the following:

Hypothesis(A),: For a nonnegative integer k, A; € C*(M), j =1,2.

Proposition 2.1 The operator P; (j = 1,2) is essentially self-adjoint on CE(M;) and
the operator equations B
Pj = Uj—.lijj, ] = 1,2, (2.4)

hold.

Proof. The unitary operator U; maps C5(M;) to itself bijectively and, for all
¥ e C§(M;), PP = U;'p;U;¥, j = 1,2. Since p; is essentially self-adjoint on
C§(M;), it follows that P; is essentially self-adjoint on C§(M;) and (2.4) is obtained.
n

We denote by o(F;) (resp. 0ac(P;), 0p(P;), 0sc(F;)) the spectrum (resp. absolutely
continuous, point, singular continuous spectrum)_ of P;.
Proposition 2.1 (the unitary equivalence of P; to p;) and the well-known spectral

property of p; imply the following:
Proposition 2.2 Forj =1,2,
o(P)) = 0ac(Pi) =R, 0p(P)) = 0ue(P;) = 0, (2.5)

2.2 The projected physical momentum operators

Let V(D) be as in Definition 1.1. For v € V(D), we define
L(ap;v) = {a, + sv|s € R}, (2.6)
which is the straight line passing through the point a, with direction of v. Then

My (D) := R?*\ U2, L(a,; V) (2.7)

8



is an open set of R%
It is well-known that the angular momentum operator

L:= qips — ¢2;1 (2-8)

is essentially self-adjoint on C$°(R?) (e.g., Ref. 14, §3). We denote its closure by the
same symbol L. Then, for all § € R and ¥ € L?(R?), we have

(eLT)(r) = U(R(O)r), a.er € R? (2.9)
where .
ro= (55 ) 210

is the rotation matrix in R2.
We write v = (vq1,v2) € V(D) in the polar coordinate as

vy =vcosby, vy=vwsinby, v=|v|, 0<6y <2r. (2.11)

The function

v, A(R(Gv)r).

Ay(r) == . (2.12)
is in C*¥(R(—0y)My(D)). We define
Py(v) :=p1 — aAy. (2.13)

Proposition 2.3 The operator P;(v) is essentially self-adjoint on Cf(R(—6y)My(D)).

Proof. We need only to apply Proposxtlon 2.1 with A; and a, replaced by Ay and
R(—06y)a,, respectively. n
The following theorem is a generalization of Proposition 2.1:

Theorem 2.4 Let v € V(D). Then Py is essentially self-adjoint on C&(My(D)) and
the operator equation

eVl Pye~ L = y P (v) (2.14)
holds.
Proof. Let
P = (p1,p2)- (2.15)
Then it is easy to see that, for all § € R,
el pe~l = R(O)p on CP(R2). (2.16)
Hence . .
el v.pe I —yp,  on CP(R?). (2.17)

9



It is easy to see that
"™ C5(R(—6y)My(D)) = C5(My(D)) (2.18)

and ;

VL . Ae—ivE vAy on CS(R(—OV)MV(D))'

Hence ' .
eV PyemL = yPi(v) on CE(R(—6y)My(D)). (2.19)

It follows from Proposition 2.3, (2.18) and (2.19) that Py is essentially self-adjoint on
C5(My(D)). This result implies that (2.19) can be extended to the operator equation
(2.14). | n

Remark 2.1 If D is a finite discrete set, then Py is essentially self-adjoint for all
v € R?\ {0}.

By (2.14) and Proposition 2.2, we obtain the following result on the spectral prop-
erty of Py.

Theorem 2.5 For all v € V(D),

o(Py) = 0ac(Py) =R, 0,(Py) = 0o(Py) =0, (2.20)

2.3 Nonexistence of non-trivial finite dimensional subspaces
left invariant by continuous magnetic translations

Let T2(t) be defined as in (1.11). The following fact is important in considering the
algebra generated by the magnetic translations T;f;.(t), Jj=1---,n(n €N, v, €
V(D).

Proposition 2.6 Lett € R\{0} and v € V(D). Then there exist no non-trivialﬁnité
dimensional subspaces of L*(R?) which are left invariant by TA(t).

Proof. Suppose that there exists a finite dimensional subspace K # {0} of L?2(R?)
which is left invariant by T (¢). Then T (t) is reduced by K. Since T:A(t) is unitary
and K is finite dimensional, the reduced part T (t)[K has an eigenvalue \o with
|Ao| = 1. This is also an eigenvalue of TA(¢) on L2(R?). It follows from the spectral
theorem of self-adjoint operators that P, has an eigenvalue of the form (arg Ag+27n,)/t
(no € Z). But this contradicts the fact that op,(Py) = @ (Theorem 2.5). Thus we obtain
the desired result. ]

10



3 CONTINUOUS MAGNETIC TRANSLATIONS
GENERATED BY THE PROJECTED PHYS-
ICAL MOMENTUM OPERATORS

3.1 Explicit representations

Let
pv=v-p, vER: ' (3.1)
Then we have for all ¢ € R and ¥ € L*(R?)
(v T)(r) = ¥(r +tv), ae.r € RZ (3.2)
Let T2 (t) be defined by (1.11). Proposition 2.1 implies that, for all ¢ € R, |
TA() = P = Ule™U; = Ute ™o U;, j=1,2. (3.3)

For two vectors a,b € R?, we denote by f: A(r) - dr the line integral of A over the
straight line from a to b.
Using (3.3) and (3.2), we can obtain an explicit formula for T;j(t):

Theorem 3.1 For allt € R, and ¥ € L%*(R?),
. te, N e
(TAOW)r) = eofe ARG 4 o))
= emiale U AE) (e gy(r) s, (3.4)

Theorem 3.1 can be extended to the case of the magnetic translation TA(t) with
any vector v € V(D):

Theorem 3.2 Let v € V(D). Then, for allt € R and ¥ € L%(R?),

(TARY) (r) = e AEYEg(r 1 1)

= et APy g (1),  ae.r. (3.5)
Proof. By Theorem 2.4, we have for allt € R
T“,A(t) — e-—’ievLeit’u}‘-ﬁ (V)eievL. ) (3.6)
Let ¥ € L?(R?) and set R(—0y)r = (z(v),y(v)). Then we have by (3.4)
2(V)+tv

(T2 (t)w) (r) = e dery AVEIONE G 1 4 1R (0, )er),  aer.

Noting that vR(6y)e; = v and
z(V)+iv , ;. 1 _ r+tv , ,
/x Yy Ay = /0 v A(r 4 \v)d\ = / A(r) - dr',
we obtain (3.5). n

11



Remark 3.1 We have for all t € R\ {0} and v € V(D)
tpv = th (3-7)

which implies that
TA(t) = TA(1). (3.8)

Thus, as for the magnetic translations generated by Py, it is sufficient to consider the
unitary operator

TA :=TA(1). (3.9)

3.2 Commutation relations

Let v, w € V(D) such that v and w are linearly independent, and set

Cr(viw): = {r+Av|0<A<1}o{r+v+Aw|0 <A <1}
ofr+(1-A)v+wl0<A<1}
ofr + (1= w0 <A <1}, (3.10)

which is the closed curve starting and ending at the point r, forming the circumference
of the parallelogram with vertices r, r+ v, r+ v +w, r + w. We introduce

Myw(D) := R?\ UL, [L(ag; v) U (L(an; v) — W) U L(ag; w) U (L(am; w) — v)].

n=1
(3.11)
Note that, if r € My w(D), then Cy(v,w) does not intersect D. We define
oA (r) = / A(r')-dr', r € Myw(D), (3.12)
! Cr(V,W)

which physically means the magnetic flux passing through the interior domain of
Cr(v,w). Since the Lebesgue measure of R* \ My (D) is zero, the function @;’}’w
defines a unique multiplicatoin self-adjoint operator on L?(R?). We denote it by the
same symbol.

Theorem 3.3 Let v and w be as above. Then
TATS = exp (—iad® ) TATA. (3.13)
Proof. Using Theorem 3.2, we have for all ¥ € L%(R?) and a.e.T
(TATAG)(r) = eiofe AEYa o LA g L oLy (3.14)
from which (3.13) easily follows. |
Remark 3.2 Formula (3.13) is a generalization of a formula established in Ref. 1 [see

(2.1) in Ref. 1 which corresponds to the case where v = e;, w = e, and A may be
singular on a finite discrete set of points].
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4 MAGNETIC TRANSLATIONS ALONG
CURVES

In this section we consider magnetic translations along curves in M. Throughout this
section we assume that

V(D) = R?\ {0}, (4.1)

so that, for every vector v € R?\ {0}, the projected physical momentum operator Py
can be defined as a self-adjoint operator.
An example of such D is given by D = L(w;,w;), the infinite lattice given by

(1.16).
Let C be a continuous curve in M with parametrization C = {u(s)|s € [a,b]}
(—oo < @ < b < o©). Let {sg,51,°+,8,} be a partition of [a,b] (@ = so < 51 <

cer < 81 < 8, = b) such that maxg=y..,(skx — Sk~1) = 0 (B = o0) and Auy :=
u(sg) — u(sg-1), k=1,--+,n. Then we define

U(C) :=s- 1}1_{1010 e~iPaun g=iFau, .y .. c~iPau, (4.2)
if the right hand side (r.h.s.) exists, where s-lim means strong limit. It follows that
U(C) is unitary. We call U(C') the magnetic translation along the curve C.
We introduce

0] = [ A(r)- .

(€)= [ A)- dr, (43)

the line integral of A along the curve C. For r € R? we define a curve C; by
Cp:i=C +r—u(b). (4.4)

We denote by F(C) the multiplication operator by the fucntion: r — e®(Cr).

(F(O)T)(r) = **DY(r), e L}(R?), a.e.r € R%, (4.5)

Remark 4.1 In the case where A has singularities on D, the function: r — ®(C;) is
originally defined only on R? \ U,en{a, + u(b) — u(s)|s € [a,b]}. But, the Lebesgue
measure of the set U,en{a, + u(b) — u(s)|s € [a, 8]} is zero, so that e*®(Cr) defines a
unique multiplication unitary operator on L?(R?).

Theorem 4.1 The r.h.s. of (4.2) exists and
U(C) = F(C)ePu@-uwm, (4.6)

Proof. Let ) ) )
Un(C) = e_iPAun e"iPAun-l . e_".PAul .

By applying (3.5) repeatedly, we have for all ¥ € L*(R?)

(Un(C)T)(r) = ¥ ((Pur-unr T) (r), ae.r.

13



with .
n— T—-AUg41—AUgyz——AUy,
2.(r)=Y [

k=1 r—Aug—Algy; ——~Aly,

Hence

o |G (6) — (F(O) o wy )
I

It is easy to see that, for all r € R*\U,en{a,+u(b) —u(s)|s € [a, 8]}, lim,_ ®,(r) =
®(Cr) and

£io®n(r) _ em<1>(0r)‘2 U (r — u(b) + u(a))2dr.

eiotn(8) — =@ g (r — u(b) + u(a))* < 4T(x - u(®) +u(@)

Hence, by the Lebesgue dominated convergence theorem, we have

lim eia@n(r) _ eiaQ(Cr)
n—oo JR2

Hence (4.6) follows. |

* 19 (r — u(b) + u(a))*dr = 0.

Remark 4.2 (1) Suppose that C is continuously differentiable. Then we can show
that U(C') is the product integral of the operator valued-function: s — —Pyy(s)/as 0N
the interval [a, b] ( For product integral, see Ref. 15).

(2) By (4.6), we have for all ¥ € L%(R?)

(U(C)T)(r) = °%C)P(r + u(a) — u(b)), ae.r. (4.7)

Let E = M x C be the trivial vector bundle with base space M, fibre C and structure
group U(1) (the one-dimensional unitary group), and V; = C be the fibre at the point
r € M. Then the r.h.s. of (4.7) geometrically means the parallel transport of the
vector ¥(r + u(a) — u(b)) € Viju(a)-u(p) to the point r along the curve Cr with the
connection one-form —iA := (—i)(A;dr + A,dy) (see, e.g., Ref. 16).

As a corollary of Theorem 4.1, we obtain the following:

Theorem 4.2 (i) We have

UC) = e Puw-ue F(C)* (4.8)
= 8- nh_)nolo e'Paws giPau, ., giPau, (4.9)

(ii) Let Cy and C2 be any continuous curves in M such that the terminal point of

Cy conincides with the initial point of Cy, so that the composition Cy o Cy is also a

continuous curve whose initial (resp. terminal) point is that of Cy (resp. that of Cs).
Then

U(CY)U(Cy) = U(Cy 0 Cy). (4.10)

14



Proof. (i) Equation (4.8) follows from taking the adjoint of (4.6). In general, if uni-
tary operators V,,,V on a Hilbert space satisfy s- limp,—o V, =V, then s- limg,o, V> =
V*. Applying this fact, we obtain (4.9).

(i) This easily follows from applying formula (4.6). u

Let a <t<band
C(t) = {u(s)|s € [a,1]} (4.11)
Then the correspondence t — U(C(t)) gives an operator-valued function from [a, b
into the set of unitary operators on L?(R?). We want to derive a differential equation
for U(C(t)).
For a Hilbert space H, we denote by B(H) the set of bounded linear operators on
H.

Lemma 4.3 Let H be a Hilbert space, and V and W be B(H)-valued functions on
[a,b]. Assume the following (i) and (it): (i) V is strongly continuous on H; (ii) there
exist subspaces D; and D, of H such that V and W are strongly differentiable on D,
and D, respectively and W (¢t)D,; C D, for allt € [a,b]. Then the B(H)-valued function:
t — V()W (t) is strongly differentiable on D, and, for all ) € D,,

d dV (¢ dw (t

Lyewew = “Oww vy By, tela,  @12)
where dV'(t)/dt (resp. dW(t)/dt) denotes the strong derivative of V(t) (resp. W(t))
on D; (resp. D,). :

Proof. Let X (t) = V(t)W(t) and ¥ € D,. Then we have for all ¢ € (a,b) ande € R
with |e] sufficiently small

X(t+e)—X(t)¢_ dv(t )
€ dt

Wity — V() )
= V(t+o) {W(t L d‘f;t(t)zb}

dW (t) V(it+e)-V(t) dV(t)
— w+{ ~ -— }W(t)¢.

By the strong continuity of V and the principle of uniform boundedness, we have
suP;era ) ||V (1)|| < oo. Using this fact and the assumed properties of V and W, we
obtain the desired result. [ ]

Let

W),
dt

+V(E+e) - V(D)

M¢ = R?\ Upen{a, +u(t) —u(s)|s,t € [a, b]}. (4.13)

Theorem 4.4 Let C be continuously differentiable. Suppose that Mc is an open set
and Hypothesis (A), holds. Then the operator-valued function U(C(-))* on [a,b] is
strongly differentiable on C}(Mc¢) with

d

dtU(C( )) U= iU(C(t))*Pdu(t)/dt\p, te [a,b], Ve Cg(Mc) (4.14)
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Proof (Outline). Let V(¢) = e Pu@-uw and W(t) = F(C(t ))*. Then we have
U(C(t))* = V(t)W(t). It is not so difficult to show that V is strongly continuous on
L*(R?) and strongly differentiable on C3(R?) with

40
Cdt

(cf. the proof of Theorem 4.1). Let ¥ € C}(Mc). Then

(W(t)T)(r) = exp (——ia /at A(u(s) —u(t) +r)- d];—i'g)ds) ¥(r).

v = iv(t)pdu(t)/dtllj’ ¥ € Co(R?)

It follows from this formula and the present assumption for A that W (¢)C3(M¢) C
C3(Mc¢) and W (¢) is strongly differentiable on C}(M¢) with

(dvz't(t) ) ()

= exp (—ia /at A(u(s) —u(t)+r)- dl;(:)dS)
y (—iadl:ii) ;1 [ d“f(t (8;40)(u(s) — u(t)+r)5d—udkT(S)ds) (r),

where 0, := 0/0z, 0, := 0/0y. On the other hand, we have
(ipdu(t)/dtW(t)\Il)(r)
du(s)

~ exp (-m /:A(u(s)——u(t)-l-r). i ds)
[ [ a2 o

+ ((W(t )pdu(t)/dt\I;)(r)'

By applying Lemma 4.3, we obtain (4.14). |

Remark 4.3 (1) It follows from Theorem 4.4 that

d
dt
where (-, -); denotes the inner product of L?(R?). But, in the case where A has
singularities on D, it seems difficult to find a dense subspace D on which U(C(t)) is

strongly differentiable and such that U(C(t))D C D(Pug)/ar)-
(2) If A is differentiable on the whole space R?, then U(C(?)) is strongly differen-

tiable on C}(R?) with ,
AU(C(0)/dt = i PasgyyseU (C(), W € CYR?),

—(T,U(C(1))®)2 = (t:Pau)a¥, U(C(1))®)s, Ve Cy(Mc), ® € L*(R?), (4.15)
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5 REPRESENTATIONS OF CCR

In this section we show that, associated with the projected physical momentum oper-
ators, there exist representations of the CCR with two degerees of freedom and give a
complete characterization on the unitary equivalence or inequivalence of the represen-
tations to the Schrodinger representation of the CCR with two degrees of freedom. The
inequivalent representations correspond to the Aharonov-Bohm effect (Ref. 5). The re-
sults of this section include generalizations of those of the previous works (Refs. 1 and
6). '
Let Qv,w [v,w € V(D)] be the self-adjoint multiplication operator given by (1.13).
It is easy to see that, if A; € C*(M), j = 1,2, then the set {Qv,w,Qw,v, Pv, Pw} of
self-adjoint operators has the following commutation properties: for all ¥ € C2(M),

[Qv.ws _v] U =10, [Qwy, Pw]\Il =V, (5.1)
[Qv w, Pw]¥ =0, [Qw \'2) ] =0, (5'2)
[Qvw, Qwv]¥ =0, (5.3)
[Py, P]¥ = ia(v A w)BU. (5.4)

Remark 5.1 Let G; be the algebra generated by elements @;, II;, F, j=1,---,4d,
with identity I, obeying the commutation relations

[Q;, Q] =0, [Q; L] = kI [IL;, 0] = iFs, [Fik, Qe =0,
j’kaez 17"'7d'

These relations have an origin in a quantum theory of a charged particle in an external
electromagnetic field on R¢, where @; and II; are realized as the position and the
physical momentum operators, and may be regarded as an extension or a deformation
of the CCR with d degrees of freedom. A special class of representations of Gy is
discussed in Ref. 14 in conncetion with exactly solvable models. Relations (5.1)—(5.4)
show that, if A is in C®°(M), then the operators Qv w, Qw,v, P, and Py, restricted to
the subspace C§°(M) give a representation of G; with the correspondence

Q1 — Qvw, Q2= Qwyv, I — P,, M — Py, Fi,— a(v Aw)B.
It would be interesting to classify Hilbert space representations of the algebra Gy.
The following fact easily follows from (5.1)-(5.4):

Proposition 5.1 Assume Hypothesis (A),. Then the set w“',"w given by (1.14) is a
representation of the CCR with two degrees of freedom if and only if A is flat on M.

We denote by F(D) the set of vector potentlals A which satisfy Hypothesis (A),
and flat on M.
The following example shows that the set F(D) is large to some extent.
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Example 5.1 Let a, = a,; +1a,2 € C (n € N) be the complex number corresponding
to the vector a, and D := {a,}52,. Without loss of generality, we can assume that

lai] < laz| < |as] < -+ . By the assumption for D, we have a, — 00 as n — 0. Let
Cn,i Cn,2 Cn.k
P = : ceog — Tfn
n(z) Z—a, (z — an)z (z _ an)kn

where k, € N and ¢,; € C (j = 1,---k,) are arbitrarily given constants. Then, by
the Mittag-Leffler theorem, there exists a meromorphic function f(z) on C having the
following properties: (i) f is holomorphic on C \ D; (ii) the principal part of f at
z = a, is given by P,(z). Let A = (Ay, Az) with A;, j = 1,2, given by (1.23). Then
A; € C*(M). Moreover, the Cauchy-Riemann equation for f implies that A is flat on

M and divergence free:
0,A1+0,A2 =0 on M. (5.5)

Hence A € F(D). |
The special case

A _

Te e — {L2(R2)7 Og(M)a {Qj,Pj}§=1} [A € ‘F(D)]

of the above representation of CCR with D being a finite discrete set has been analyzed

in detail (Refs. 1, 2 and 17). Similar analyses can be made in the present general case.

We first consider irreducibility of the representation “\é,w with A € F(D). For this
purpose, we introduce two kinds of commutants.

A weak commutant of the representation W“’,"w may be defined by

(rie): = {T € B(L*(R?)|(TSY,®), = (TY,S9), for all ¥, & € CZ(M)
and S = QV,W) QW,V7 PV7 PW} (56)
We set '

vaw(t)’= ethv’w, t E R- (5-7)

Another commutant is associated with the operator algebra generated by
W\J},w = {Uyw(t), Uwy(t), Ty (2), Ta(t)lt € R}, (5.8)

le.,

(W) == {T € B(L*(R?))|TW = WT for all W € W2, }. (5.9)

It is easy to see that
(W) C (mea)' (5.10)

" Theorem 5.2 Let A € F(D). Then (W“l:w)l = (W2,) = CI, where I denotes the
identity operator on L*(R?).
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Proof. Since v and w are linearly independent, g; (resp. P;) can be written as a
linear combination of Qyw and Qwy (resp. Py and Py). Hence we have (W“f‘,w)’ =
(71'(,,““1’e2 ). On the other hand, in quite the same way as in the proof of Theorem 3.8 of

Ref. 17, we can show that (71";'*11‘32 ) = CI. This result and (5.10) imply (Wéw)’ = ClI.
]

We next consider commutation properties of the operators in W;‘,\,w. Using Theorem
3.2, we can show that, for all A satisfying Hypothesis (A),,

Uy w(t)Uwv(3) = Uw v(3)Uyw(t), (5.11)

Uv,w(t)Tve(S) = Tv‘ﬁ‘(S)Uv,w(t), Uw,V(t)T\%(S) = T‘f\(s)Uw,v(t), , (5.12)
Uy w(t)TA(s) = e T2 (8) Uy w(t), Uwy()TA(s) = e TA()Uwy(t).  (5.13)

A commutation relation between T (s) and T2 (t) is given by (3.13) with v and w
replaced by sv and tw respectively.

Definition 5.3 We say that the magnetic flux is locally quantized (with respect to
the pair {v,w}) if the function ®2 .., on M,y ;w(D) is 27Z/a-valued for all s,¢ € R.

sV, iw

Remark 5.2 It is easy to see that, if 4; € C*(M), j = 1,2, and the magnetic flux is
locally quantized, then A is flat on M.

Theorem 5.4 For all s,t € R, the set W‘é’w of unitary operators satisfies the Weyl
relations with two degrees of freedom if and only if the magnetic fluz is locally quantized.

Proof. It follows Theorem 3.3 and (3.8) that T2(s) and T{(t) commute for all
s,t € R if and only if the magnetic flux is locally quantized. This fact and (5.11)-
(5.13) imply the desired assertion. _ [ |

In the rest of this section, we consider only the case A € F(D), hence ﬂ';}“,w is a

representation of the CCR with two degrees of freedom.
Theorems 5.2 and 5.4 together with the von Neumann uniqueness theorem on the
Weyl form of CCR!®!® give the following result:

Theorem 5.5 The representation W‘I}’w is unitarily equivalent to the Schrodinger rep-

resentation {qj,pj}f___1 if and only if the magnetic fluz is locally quantized.

Remark 5.3 As in the case of the special representation ré’ez discussed in the previ-
ous papers (Refs. 1, 2 and 6), the case where the representation Wéw is inequivalent to
the Schrédinger representation, which, by Theorem 5.4, occurs if and only the magnetic
flux is not locally quantized, physically corresponds to the Aharonov-Bohm effect [see

(3.13) and Remark 4.2(2)].
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The function @&w can be explicitly represented as is shown below. By the assump-
tion for D, we have
6 := inf |a, —an,| > 0. (5.14)
m#n i

It follows from the flatness of A and Green’s theorem that, for all ¢ € (0,6), the line
integral

Vo (Bn) := /lr—a,.|=e A(r)-dr (5.15)

along the circle {e(cosf,sinf) + a,|0 < § < 27} is independent of ¢. It is easy to see
that :
@ﬁw(r) = > sgo(vA W)Y, (a.), T € My w(D), (5.16)
a,€Dr(v,w)
where Dy(v,w) is the interior domain of the curve Cy(v,w) and sgn()) := 1 (resp.
—1) for A > 0 (resp. A < 0). Thus we obtain the following result:

Proposition 5.6 The magnetic fluz is locally quantized if and only if'yA (a,) € 272/
for alln € N.

This proposition and Theorem 5.4 imply the following theorem:

Theorem 5.7 The representation 7rf,‘jw is unitarily equivalent to the Schréodinger rep-

resentation {g;,p;}3 -, if and only if Va(2n) € 21Z/a for alln € N,
Example 5.2 Let A be the vector potential given in Example 5.1. Then

'yA(an) = 27Rey .
Hence, if Re,y1 € Z/c for some nyg € N, then 71';',‘,“, is unitarily inequivalent to the
Schrédinger representation {g;, p;}2_;. Thus there exist lots of inequivalent represen-
tations of CCR. |

In concluding this section, we make a remark on the unitary inequivalence between

the two representations 74, and 7&',, (A’ € F(D) and v/,w' € V(D) are linearly

independent). We introduce a 2 x 2 matrix:

1 viwh, — wqvh wv! — v

/ ! 1Wo 1Vg 1Y 1w
K(v,w,v,w') = — - 2 ; ; H. (5.17)

v AW\ vowh — wavh wav] — vawy

It is easy to see that K(v,w,v',w’) is bijective with

VAW
det K W) = 1
et K(v,w,v,w') A 5.18)
K(v,w,v, WKV, w v,w)=1T (5.19)
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Proposition 5.8 Suppose that W“,’jw is unitarily equivalent to W‘éi:w/. Then, for all
s,t € R,

exp (—ia@ﬁ,ﬂ,w (K(v,w,v',w')r)) = exp (—ia@‘:‘vl,,tw,(r)) , a.er € R%  (5.20)

Proof. To make explicit the dependence of Py on A, we write P, = P,(A). By the
present assumption, there exists a unitary operator U on L?(R?) such that

UQvwU ™' = Quiw, UQuwaU™ = Quiy, (5.21)
UPy(A)U™! = Py(A'"), UPy(A)U! = Pyi(A). (5.22)

By Theorem 3.3 and (5.22) together with functional calculus of self-adjoint operators,
we have for all 5,1 € R

exp (~iaU®A ,, U™) = exp (~ia®%) u) - (5.23)

tv,sw

It is easy to show that

1 = v1Qvw + wi1Qwy, (5.24)
qz2 = UZQV,W + wzQw,v- (5.25)
(5.26)

These relations and (5.21) imply that
UqU™! = K(v,w,v',w')q. , (5.27)

Hence, by functional calculus, the self-adjoint operator U @QJWU -1 is equal to the
multiplication operator by the function ®2 (K (v,w,V’ ,W')r). This fact and (5.23)

tV,sW

imply (5.20). , |

Remark 5.4 (1) There exist many triples {v,w,A} and {v',w’, A’}, where A, A’ €
F (D), such that (5.20) does not hold. Hence, there exist many pairs {mg,, T4 .} of
representations that are unitarily inequivalent to each other.

(2) In the case v = v/, w = W/, we have

Kv,w,v,w)=1, | (5.28)
so that (5.20) becomes
exp (——ia@ﬁ,,tw(r)) = exp (—ia@ﬁl,tw(r)) a.er € R%, (5.29)
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6 QUANTUM ALGEBRAIC STRUCTURES

In this section we discuss quantum algebraic structures associated with continuous
magnetic translations {T\‘}}veV(D)- We first introduce a special class of vector poten-
tials:

Definition 6.1 We say that a vector potential A is in Ay w(D) if the function @Qw
is equal to a constant on My (D).

Example 6.1 Constant magnetic fields. Let By € R be a constant and

Byz
) = -2 Ay = B2
Then B(r) = By, i.e., the magnetic field is uniformly constant. Hence, by Green’s
theorem, we have

o2,(r) = (VAW)By, r€M,w(D).
Thus A € Ay w(D). [ |

Example 6.2 Vector potentials singular on an infinite lattice. Let L{w;,w,;) be the
infinite lattice given by (1.16) and consider the case D = L(w;,w;) and v = w;, w =
wy. Let Q,,, be as in (1.22) and f(z) be a meromorphic function on C with the
following properties: (i) f is holomorphic on C \ {Q, s }mnez; (ii) the principal part
of f at z =, , is of the form

k
cs_n,'zm)

(2 — Qm,n)km'" ’

)

C C

Pm n — m,n
al2) == o T =)

R

where kn, € N, ¢, cld), are constants (c is independent of m, n). The existence of such
a function f is ensured by the Mittag-Lefller theorem (see Example 5.1). As in Example
5.1, we define a vector potential A = (A;, A;) by (1.23). Then A € F(L(w;,w,)) with
A; being infinitely many times differentiable on the open set

My, := R2\ L(wy, ws). o (6.1)
As in Example 5.2, we have

Vo () =27Re, m,n€Z. (6.2)

For all r € My, w, (L(w1,w;)), Dr(w1,ws) contanins only one point in {2, »}mnez-
Hence, noting that sgn(w; A ws) = 1, we have from (5.16) and (6.2)

o3 . (r) = 27Re. (6.3)

Thus A € Ay, w, (L(w;,w?)). -
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We denote by Ry w.a the algebra generated by TA and TA.
Let A € Ay w(D). Then, by definition, @“f‘,w is a constant on My w (D). We denote

the constant by CA_ . By Theorem 3.3 we have
v,w

oA
TATA = ¢~ eCvwTATA, (6.4)

Hence Ry w.a is a representation on L?(R?) of a rotation algebra (e.g., Ref. 20,
Chap. VI) or the quantum plane with the deformation parameter ¢ = e"""o‘%w (Ref. 21).

Proposition 6.2 There exist no non-trivial finite dimensional subspaces of L?(R?)
left invariant by Ry w A -

Proof. This follows from Proposition 2.6. |

Proposition 6.3 Let A € Ay,w(D) and A’ € Ay (D). Suppose that C, —CH', ¢
2nZ/a. Then Ry w,a and Ry wr ar are unitarily inequivalent.

Proof. Suppose that there exists a unitary operator U on L?(R?) such that
UTAU = TA ,UTAU-Y = TA'. By (6.4) and the fact that C;ﬁw and Cf,. are
constants, we have exp (——iaC“ﬁw) = exp (—iaC;‘},:w,), which is equivalent to that
C’;’,’jw - C;‘,x,:w, € 2rZ/a. Thus the desired assertion follows. |

Example 6.3 Let A be the vector potential given in Example 6.2. Then, by (6.3), we

have .
TATA = e-tmoReTd TA (6.5)

Hence we have a one parameter family R. := Ry, w, A of representations (on L%(R?))
of rotation algebras (quantum planes). It follows from Proposition 6.3 that, if R(c—c') ¢
Z/c, then the two representations R, and R are unitarily inequivalent to each other.
Thus, associated with singular magnetic fields concentrated on L(w,,w,), there exist
infinitely many representations on L?(R?) of rotation algebras inequivalent to each
other. ||

Remark 6.1 The same consideration as above applies to the algebra R}, ,, 5 generated
by (T2)* and (T4)*, which is a representation of a rotation algebra. We can also
consider the algebra generated by T2, T4, (TA)* and (T4)*, which is a *-subalgebra
of B(L*(R?)).

As is shown in Ref. 6, for any representaiton of a quantum plane where the gener-
ators are represented as bijections, one can construct a representation of the quantum
group U,(sl;). We can apply this method to the present case to construct, from Ry w A,

: : —iaCA _iaCA
representations of U,(sly) on L?(R?) with ¢ = e™**“V\w or ¢ = e **Viw/Z and analyze
them in quite the same way as in Ref. 6. Here we only mention a basic feature of those
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representations: they have no weight vectors and hence no nontrivial finite dimensional
reductions (cf. Proposition 6.2). Note that this makes a big difference from the case
of representations of U,(slz) constructed in terms of discrete magnetic translations on
a lattice (Ref. 12), where finite dimensional representations of U,(sl;) appear (cf. also

Ref. 13).

7 REDUCTION TO LATTICE QUANTUM SYS-
TEMS |

In this section we focus our attention on the case D = L(w;,w;) and consider the
problem of reduction of the continuous magnetic translations

T; =15, j=1,2 (1)

to the closed subspace L2, ,,(R?) which is given by (1.19) and naturally identified
with the Hilbert space £? (L(w;,w;)).

7.1 General aspects

We denote by S() (resp. S()) the open set between the straight lines {nw,+sw,|s € R}
(resp. {mw; + sw;|s € R}) and {(n + 1)w; + sw|s € R} (resp. {(m + 1)w; + sw;|s €
R}).

Let

r+w;

A= [ AX)-d, =12 (12)

r

Definition 7.1 We say that A is in the class C; (j = 1,2) if, for each n € Z, qﬂf‘ is
constant on SU), i.e., there exists a constant c;(n) € R such that

$r(r) =ci(n), res¥) neZ (7:3)

Remark 7.1 It is easy to see that, if A € C;, then the function: r — A(r) - w; is
periodic on U,ezSY) with period w;. But the converse is not true.

Proposition 7.2 For each j = 1,2, Tj and T} leave L, o, (R?) invariant if and
only if A €C;.
Proof. By Theorem 3.2, we have for all ¥ € L?(R?)

T0)(r) = e~ ) (¢ Pw; ) (r , aereSY,
J n
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Note that e 7% leave L%, w,(R?) invariant. Hence T leaves L7, ., (R?) invariant
if and only if ¢2(r) is constant on S,,,, = S NS for all m,n € Z. Since SY) is
connected and ¢f is continuous on SY), it follows that ¢j&(r) is constant on S,, , for
all m,n € Z if and only if it is constant on SY) for all n € Z. Thus we obtain the
desired result. m

We set

As a corollary of Proposition 7.2, we have the following:

Theorem 7.3 The four unitary operators Ty, Ty Y, Ty and Ty leave L%, w,(R?) in-
variant if and only if A € C.

By this theorem, if A € C, then Ty,7;*, T, and T, ! are reduced by L, o, (R?)
and the restrictions

A

T = T [Lwl W2(R2)7 T - T 1|-Lw1 MQ(R2)7 .7 = 1727 (7'5)

induce magnetic translations on the lattice L(wy,ws,) with(T})~! = ]T]:l But, if these

reduced magnetic translations have the trivial holonomy, i.e., T 1T2T1_1T y ! = I, then
they are uninteresting. Thus we need to find conditions for the magnetic translations.
to have a nontrivial holonomy. The following proposition gives a necessary condition
for that.

Proposition 7.4 Let A € C. Suppose that A; and A, are continuous on R2. Then
T1T2 = T2T1.

Proof. By the condition A € C, we have for allr € S,, ,
O wa(r) = G1() + 67 (r + wi) = 47 (r + wa) — 43(x)
= ca(n)+e(m+1)—a(n+1)—c(m).

Since A; is continuous on R?, so is ¢*. This implies that c;(n) = c;(n + 1) for all
n € Z and j = 1,2. Hence <I>“,1 w, = 0. By this fact and Theorem 3.3 we obtain the

desired result. [ ]
Propostlon 7.4 shows that, in the case A € C, for the magnetic translations
TJ,TJ‘ ,7 = 1,2, to have a nontrlvml holonomy, it is necessary for A to have sin-

gularities in L((‘Jl,UJg).
We next show that, for a given vector potential A satisfying certain properties, we
can construct an element in C.

Definition 7.5 We say that A is in D(w,, w,) if there exist real sequences {v;(n)}nez,
J = 1,2, and real-valued continuous fucntions F; on unezsgﬂ such that

A(r +/ (r+sw;)ds = v;(n), reSY,j=1,2 (7.6)
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It is obvious that C C D(w,w,) (note that every element A € C satisfies (7.6) with
F;=0, j=1,2).
The matrix

Wa1 Waz

W:(Wl%ﬂ (7.7)

is regular, since w; and w, are linearly independent.

Proposition 7.6 Suppose that A € D(w,,w3) and let v;(n), F; be as in Definition
7.5. Let

E:Z (Fl,Fz), (78)
A:=A+WF. (7.9)

Then A € C with o
gM(r) =vi(n), resY, j=1,2. (7.10)

Proof. We have for all r € SU)

~

650 = M) + [ W+ sw;) - wjds.

Since *(W1)w; = e;, we have W 'F(r + sw;) -w; = Fj(r+ sw;). Hence (7.10) follows.
|

Remark 7.2 The modified vector potential A is not necessarily flat on My, even if A
is flat on Mj,. See the next subsection.

7.2 Construction of a subset of C from quasi-periodic func-
tions

Definition 7.7 Let f(z) be a holomorphic fucntion on C\ {Q n}m nez With possible
poles at z = Qp, n, m,n € Z. We say that f is in the class £ if there exist constants
& =&+ 162 € C, j=1,2, such that

f(Z +wj) = .f(z) + €j7 .7 = 1,27 z€C \ {Qm,n}m,nEZ' (711)

Remark 7.3 Every function f € £ is a primitive function of an elliptic function with
periods w;, j =1,2. The constnat £; on the r.h.s. of (7.11) is given by, e.g.,

o=1(3)-1(3)
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Let f € £ and A;, j = 1,2, be defined from f by (1.23). Set A = (A;, Az). Then
the Cauchy-Riemann equation implies that A is flat on My, and

0:A; +0,A2 =0 on M. (7.12)
Let ¢; be as in (7.11) and
& =), &= (6én), =12 (7.13)
Proposition 7.8 For alln € Z, there exist constants ¢;(n), j = 1,2, such that
¢r(r)=r-& +cj(n), resY. (7.14)

Proof. Let w; be as in (1.21) and 6; := argw;. Let R(6) be defined by (2.10) and
let
gi(r) = A(R(6;)r) - wj,  ¢j(r) := ¢7(R(6;)r).
Then we have

8(0) = [ gi(c + swt)ds,

where w} = |w;|e;. On the connected domain R(—0,)SY), g:(- + sw}) and ¢ are
infinitely many times differentiable with

1 .
0, 5(r) = /0 Bog;(r + sw')ds, r € R(—6;)SY).
It is easy to see that

d
Ozgi(r + sw}) = |wj|'lgggj(l‘ + sw?).

Hence ( ‘ A -
g;\r + w;) — g;(r
0.4(r) = J )
i) jwil
On the other hand, we have by (7.11) and (1.23)
’ Ar+w;)—A(r)=¢,, reMg. (7.15)
Thus we obtain .
8, ¢(r) = w|Jw|€J , T € UnezR(—0;)SY). (7.16)

By the flatness of A on My, and (7.12), we can show that
0y9;(r) = O.w; A A(R(0;)r).
Hence, in the same way as above, we obtain

w; NE;

wsl

r € U,czR(—0;)SY, (7.17)

8, ¢;(r) =
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It follows from (7.16) and (7.17) that there exist constants ¢;(n), j = 1,2, n € Z, such

that . ,
w; & w;NE;

$ih(x) = [R(()ﬂ( )] .r+¢i(n), r € SY),

il 7 Jwj]
The r.h.s. of this equation is equal to the r.h.s. of (7.14). [ ]
Theorem 7.9 Let
hi(r) = (-‘1’2-1_ ) ' reR%, j=12  h=(h,h), (7.18)
and .
A:=A+Wh. (7.19)
Then A is in C with
$A(r)=ci(n), resY, j=1,2 nel. - (1:20)
Moreover,
(TA) () = O +wy), resd, j=12nez  (121)

Proof. By Proposition 7.8 , (7.6) holds with F; = h; and v;(n) = ¢;(n). Hence, by
Proposition 7.6, the desired assertion follows. Formula (7.21) follows from (3.5) and
(7.20). |

Theorem 7.9 establishes the existence of a mapping from £ to a subset of C by the
correspondence f — A defined by (7.19).
It is interesting to see when A is flat on My,.

Lemma 7.10 The vector potential A given by (7.19) is flat on My, if and only if
& rwr=8 w (7.22)
Proof. The magnetic field
B(r) :== D, A; — D A, (7.23)

of the vector potential A is constant with

! _ ! .
B(r) =& w;et ‘f} Y1 reMy. (7.24)

Thus the desired assertion follows. ' [ ]

We note the following fact:
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Lemma 7.11 Let r, be the residue of f at z = Qy,n. Then r, is independent of
m,n € Z and obeys the relation

brwy — &y = 2mir,. (7.25)

Proof. Let a = (m — 3)wi + (n — })w; and Cr, » be the contour formed by the edges
of the cell whose corners are a, a + w, @ +w; +ws, a + wy, where the orientation of Cp, ,,
is taken to be anticlockwise. Then we have

2mir, = /Cm,n f(z)dz
atwi atw?
= /a {f(z)—f(z+w2)}dz—/a {f(2) = f(z+w1)}dz
= —bw; +&wa,

where we have used the quasi-periodicity (7.11) of f. Thus (7.25) is obtained. [ |

The following proposition gives a complete characterization on the flatness of Ain
terms of only f:

Proposition 7.12 The vector potential A given by (7.19) is flat on My, if and only
if Rr, = 0.

Proof. We note that
6’1 .‘wz - &’2 ‘W1 = 8(610‘)2 - €2w1)

By Lemma 7.11, the r.h.s. is equal to 27%r,. From this fact and Lemma 7.10, the
desired result follows. |

Remark 7.4 Let f € £ and Rr, = 0. Then, by Proposition 7.12, A is flat on My,
We have @5, ,, =27Rr, =0 and

A A w-lh
le,wz = q)whwz + (I)wlywz =0.
Hence, in this case, the representations 7rf,1 w, and 7r£l «w, of CCR are unitarily equiv-
alent to the Schrédinger representation and the algebras Ruw, w,a and R,  x are
commutative. Thus, for f € £, the case R, = 0 is uninteresting and only the case

where A is not flat on My, may be interesting.

Example 7.1 Consider the case where f(z) is the Weierstrass Zeta-function:

fz2) =((2) =

NI

1 1 2
* (m,n)gz:2\{o} {z — Qn + Qo t ann} . (7.26)
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It is well known (e.g, Ref. 22, Chap. XX, 20 - 41) that
C(Z +wj) = C(Z) + 2"717 ] = 1,2, (727)

where

n; = ((w;/2). (7.28)

Hence ¢ € €. Since r, = 1, Lemma 7.11 implies that, in the present case, A is not flat
on Mj,. By Lemma 7.11 we have

MWy — Nowy = IT
(This is a well known formula: e.g, Ref. 22, Chap. XX, 20 - 411, pp.446-447). Hence
Ny Wy — 1My Wy =T.

Thus, in the present example,

7.3 Derivation of Hamiltonians of Hofstadter type from con-
tinuous systems

It is well known that some transport phenomena in two-dimensional solids can be
modeled in part by Hamiltonians of Hofstadter type, which are usually defined on
two-dimensional infinite lattices (e.g., Ref. 13). It may be interesting to investigate if
Hamiltonians of Hofstadter type can be obtained as reductions of self-adjoint Hamilto-
nians of continuous quantum systems whose Hilbert spaces of state vectors are equal to
L?(R?). For that purpose, we introduce a family {H* (¢)};cr of bounded self-adjoint
operators

HA®) s = T(0) + wT2,(1) + e [T2, (0 + T5, ()] + ATS, (0T, (1)
+uTh ()Tl ()" + 4T (£)°T5, (t) + hec., (7.29)
where y,e, A, v,v are complex parameters and h.c. means Hermitian conjugate. The

operator HA(t) is a continuous version of Hamiltonians of Hofstadter type. By Theo-
rem 7.3, if A € C, then

HA = HA1) =Ty + pTa + ¢ (T + T3) + ATy + v T3 +9T7T; + he.  (7.30)

is reduced by L2, ,(R?) = £*(L(w;,w.)) and its reduced part yields a Hamiltonian

of Hofstadter type on the lattice L(w;,w;). This shows that, in the case A € C, it
is possible to obtain Hamiltonians of Hofstatder type on L(w;,w;) as reductions of
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Hamiltonians of the type HA. By Theorem 7.9, there exists a wide class of vector
potentials A that give this kind of reduction for the Hamiltonian H#. We also remark
that the reduction of H® with A € C to the subspace £>(L(w;,w;)) makes it possible
to identify the spectrum of H A in part by analyzing the spectra of Hamiltonians of
Hofstadter type on the lattice L(w;, w,) which may have interesting structures such as
fractal ones (Ref. 13).
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