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Abstract. Let a and S be bounded measurable functions on the unit
circle T. Then the singular integral operator S, g is defined by S, sf =
aP,f + BP_f,(f € L*(T)) where P, is an analytic projection and P_ is
a co-analytic projection. In this paper, the norms of S, and its inverse
operator on the Hilbert space L?(T) are calculated in general, using «, 3
and aff + H®. Moreover, the relations between these and the norms of
Hankel operators are established. As an application, in some special case in
which « and [ are nonconstant functions, the norm of S, g is calculated in
a completely explicit form. If a and 3 are constant functions, then it is well
known that the norm of S, 5 on L3(T) is equal to max {|a|, |8|}. If @ and 3
are nonzero constant functions, then it is also known that S, g on L?(T') has

: . —1 | g-1
an inverse operator S,-1 -1 whose norm is equal to max {|a| .16l }

Keywords: Singular integral operators, Hardy spaces, Hankel operators,
Toeplitz operators. '
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1. INTRODUCTION

Let m denote the normalized Lebesgue measure on the unit circle
T = {¢;|¢] = 1}. That is, dm(¢) = d8/2n for ¢ = €. The inner product in
the Hilbert space L2 = L?(T) is given by

(L@=Lf@ﬂ0®ﬂ%

The norm in L? is given by || fl2 = 1/(f, f). By L® = L%(T) we denote the
space of essentially bounded Lebesgue measurable functions. The norm in
L* is given by || f|lc = esssupr |f|. Let H? (resp. H*®) be the Hardy space
of functions f € L? (resp. f € L™®) whose negative Fourier coefficients are
zero. Let H§ be the space of functions f € L? whose nonnegative Fourier
coefficients are zero. Then L? = H? @ HZ. Let S be the singular integral
operator defined by

6O =% [ Lay

where the integral is understood in the sence of Cauchy’s principal value
(cf. [4, p.12]). If f is in L', then Sf({) exists for almost everywhere ¢ on

T, and Sf becomes a Lebesgue measurable function on 7T'. Let an analytic
projection and a co-analytic projection be

(ael €T),

P,=(+2S5)/2, and P_=(I-25)/2,

where I denotes the identity operator. If o, € L%, then the singular
integral operator S, g on L? is defined by

Sapf =aPf+BP_f, (fel?.

Then S1; = I, S_1 = S, Sio = P; and Soy = P—. The norm of Sy is
defined by
Sasll = sup  [ISasfll2-
feL? || fll2=1
Since ||P4]| = || P-]| = 1, we have
[1Se.sll < lleloo + 18]l < o0
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Hence, S, 4 is a bounded operator on L2. Furthermore, it is well known that

mast {[alos 1Bk} < ISasl < |Vial? + 1P

If « and (8 are constant functions, then it is well known and not difficult to
establish that '

x

Sl = max {|al, 5]}

(cf. [3]). If & and S are nonconstant functions, then we will show in Section
2 that the formula of ||Sa || is more complicated.

If ¢ € L™, then the Toeplitz operator Ty is defined by Tyf = Py (éf)
for f € H?. This operator is bounded, and it’s norm is equal to ||¢]|e (cf. [2,
p.179]). The Hankel operator Hy is defined by Hyf = P_(¢f) for f € H2.
This operator is bounded, and by the Nehari theorem [8] (cf. [9, p.181)), it’s
norm is equal to inf{||¢ — k|lc; K € H*}. Hence,

1]l < 1Tl < ISp0l-

Though the norm of T or Hy is known, the norm of Sy ; is not known.

In this paper, we consider the operator S, g on L? for functions «, 3 €
L*. In Section 2, we give the formula of the norm of Sy g on L? for o, 8 € L™,
which involve lower bounds over the algebra H™. It is a little surprising that
the norm of the singular integral operator S, g is related to the norm of the
Hankel operator H,j for some special @ and §. In Section 3, we also give the
formula of the norm of S;j@ on L? for a, B € L*, which involve upper bounds
over the algebra H®. If S, 5 is invertible, then essinfr (min {|a|,|3|}) > 0.
When ¢ = o/ and essinfr (min {|a|, |3|}) > 0,

Sap = BSs1 = B(P+¢Py + P)(I + P_¢P;).

Then [+ P-¢P; is invertible and (I+P-¢P;)~! = I—-P_¢P; (cf. [9, p.393)).
Hence, Sa is invertible if and only if min{essinfr |a|, essinfr |5} > 0 and
Top is invertible.

The first author (cf. [7]) calculated essentially the norm of the opera-
tor inverse to Ty. We will show in Section 3 that the formula of the norm of
the operator inverse to Ty is similar to the fomula of the norm of the operator
inverse to S, 5. The second author (cf. [11]) considered the norm of S, on
the weighted space L2(T, W) with a weight function W on T', and proved
the Feldman-Krupnik-Markus theorem [3] using the Cotlar-Sadosky lifting
theorem [1] when « and g are constant functions.

4



2. NORM OF THE OPERATOR S,z

If o, € L™, then the following inequality is well known and not
difficult to establish.

masc (oo, 1Bllec} < 1Sl < | ia+ 18P

We should mention that

111/2

max {[|afloo, [18llc} =

P+ 182 [ (lal2 = I8E)
—2—+J°+< 2 )

[o.¢]

and

2 2 _ 2 _ 1512\ 2
” /a|2+[,6|2 1al +IIBI \]laﬁ_olz‘!‘(lal 5 18l )
It is not difficult to establish that

2|
o 16 J 0B — i+ (;aw : wP)

1/2

o0

?

1Sall* <

o0

for any k € H*. The formula of the norm of S, g is as follows.

Theorem 1. Let o, € L*®. Then

2
jof? + 187 J o — b+ (1212 190)

“Sa,ﬂ”2 = inf

keHe 2

o

The infimum is attained.

Proof. For any k € H*®, we define the quantity M;, acéording to

2
ol 18P | J of— kP + <|a|2 2 Iﬂl"’)

My =

[o o]



We prove that [|Sy ]2 > inf{My; k € H®}. Let v = ”Saﬂ” Then
[1Sasfllz < VI fll2s  (f € LP).
Let Wi =42 — |a|?, Wa = 7% — |8]? and W3 = 4% — af8. Then
(Wi f1, 1) + (Wafa, fo) + 2Re (W3 f1, f2) 2 0,

(fi € H?, f, € HZ). By the Cotlar-Sadosky lifting theorem [1], W; > 0, W, >
0, and there exists a g € H* such that

|Ws — g|*> < W, Wo.
Hence, v > max{|a|, 5|} and
W —aB —g* < (v* ~ la®)(¥* — 18).
Let ky = 7% — g. Then ky € H* and |y? — a8 — g| = |aB — ko|. Hence,
0< (v —lof)(7* ~ 181*) — |oB — kol*
=" — (laf? + 16)7* + aBl” ~ |of — kol?.

2
o laP I8P J 0F — ko + (|a|2 2 Iﬂl2)

Suppose

2

on some measurable subset E of T'. Since

|of® + 1B |le® — 18

2

72 > max{Jaf’, 1612} = +

on T, we have

laf? — 18 161

2 J 0B — koft + <|a12 w|2)2 .

on E. This implies |a| — |3] = |af — ko| = 0 on E. Hence,

2
7 2 max {loft, 167} = 2T J 0B — kol? + (""2 W)

2



on E. Therefore,

2
2ZMP;WP+JMﬁ_%P+(mP;m3

on T. Hence My, <~2. Since v = ||Sasll, we have

o M < My, < [1Sesll?.

We prove that ||S,s(|? < inf{Mj; k € H*}. This is the easy direction of the
theorem. For any k£ € H*, we have

(kfi, f2) =0, (fi € H f2 € H}).

Since
2
MJF\IQB_ICM (|04|2 |ﬁl2) <M,
we have
(Mg — laf*) (M — 18])
> | |laB — k2 + (]a] —|/3|2)2 af? — 1A
N 2
2
<[l - e+ EE |a|2;w|2)
= |af — k|*.
Hence,

M|\ fi + £2l3 = llaf + Bfall3

= |Vt = e[| + |Voe = 18R A ~ 2ReleBf, 2
, ”\/Mk — |82 f2 \

>2 [ (/M= lofy/M = [BF ~ 0B — K1) I faldm > 0.

>2 ” My — |al? fi — 2Re((aB — k) f1, f2)
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Hence, for any k € H®,

I1Sasfll7 < MillFIIZ,  (f € L?).

Therefore,

Jof My < My, < [|Sapl® < inf M.

Hence the equalities hold, and the infimum is attained by k& = k3. This com-
pletes the proof.

Remark 1. Let o, 8 € L™, let ¢ = B, and let ¢ = (Ja® — |5]?)/2.
Then

ISusll® = inf_|VioP + o2 +le— ke + 97|
The infimum is attained. If |a| = |3, then ¢ = 0. Hence

. 2 _
1usl = inf_[l1g] + 6 = Fllleo

Corollary 1. If |a| and |8| are constant functions, then

ol = P g (8 218

2

Proof. It follows from Theorem 1 that

2
of? +187 J 0B — K+ (|a|2 : wl?)

Sapll? =
[Sasl :

2 2 2 2\ 2
_laP+ia +J< it llof— Hlo)’ + (Ial 2|m)

By the Nehari theorem [8], this proves the corollary.

keH>




Corollary 2. Let a,8 € L*™. Then

ISa,sl* < max {2, 18I1% } + | Hagll-

- Proof. It follows from the easy direction of Theorem 1 that

2
2 ¢ lel* +161* 5o [l =182
B [T PR T
~ keH*> 2 o

= inf_[max {lof’, 16} +]af - kth
< max {[loZ, 1615} + ,inf [0 — Klleo

By the Nehari theorem [8], this proves the corollary.

Remark 2. If afl € H®, then the infimum in Theorem 1 is attained
by k£ = af3. In this case,

[1Sa,sll = [lmax {|a, 6] }Hlo = max {{|alloos [|Bloo} -

Hence the equality holds in Corollary 2 because ||H,z|| = 0. By Corollary 1,
if |a| = |B| = constant, then the equality holds in Corollary 2. ,

By Corollary 2, if ¢ € L™ and ||¢||e < 1, then ||Sg1|2 < 1+ ||Hyll-
By Corollary 1, if [¢| = 1, then ||Sy1]|? = 1+||Hy||. When ¢ is a real function
whose range consists of only two points, the norm of Sg; will be calculated
in a completely explicit form in Corollary 3. For example, by Corollary 3,
if F is a measurable subset of the unit circle T satisfying 0 < m(E) < 1,
then ||Syp1l = 2/V3. It is well known that ||H,| = 1/2. In this case,
|Sxz,1lI2 < 1+ ||Hyyll- Hence the equality does not hold in Corollary 2. We
need Lemma 1 to prove Corollary 3.



Lemma 1. Let a and b be real numbers satisfying a # b. Then the
equality

a?+1 a?2—1\% »+1 b2 —1)2
— )2 — ‘ — )2
2+\](aw)+<2) 2+(bx)+(2)

holds for some real number z if and only if |a +b| < 2. Then the z is unique
and it is given by

2(a + b)(1 — ab)
4— (a+0b)?

Proof.  Suppose the equality holds for z = 0. Then a? = b%. Since
a # b, we have a = —b. Hence |a + b| = 0 < 2. Suppose the equahty holds
for some real number z satisfying  # 0. Then

{62502+J(b_m)2+(gé:_l)2}2:(a_m)2+(a22_1)2'

It follows by direct computation that

r =29 =

2(b? — a2)J (z —b)2+ <b2—2‘1) =(b-a){4c-(@+b)(#* +1)}.

Since a # b, we have

2(a+b)\j (z—b)2+ <b2 2_ 1) =4z — (a +b)(¥* +1).

Hence, '
{4 —(a+ b)2} z? = 2(a+ b)(1 — ab)z.

Since z # 0, we have
{4-(a+0)?}z=2(a+b)(1-ab).

If (a +b)2 = 4, then ab = 1. Hence a* = b? = 1. Since a # b, we have
a+ b= 0. This contradiction implies (a + b) # 4. Hence,
2(a + b)(1 — ab)
4—(a+b)? °

10



It follows by direct computation that

45— (a+ B +1) = (a+b){(a—b)2+(b2—|—ab—-2)2}.

4 — (a+ b)?
If a # b, then
B2—1\> (a—0b)%+ (b2 +ab—2)?
- 2 —— =
2\|(.'1: b)+< 5 ) I (a T b7 >0

because (a — b)? > 0. Hence, |a + b| < 2. This proof is reversible.

Corollary 3. Let E be a measurable subset of T satisfying 0 <
m(E) < 1, let a and b be real numbers, and let ¢ = axg + bxge. Then
(1) If max {a?,b%} > 2 — ab, then

15,11l = max {[al, [b]} .
(2) If max {a?,b%} < 2 — ab, then

IS0all = e

Proof. We define the functions f(z) and g(z) according to

fle)= 4 +\(a—x>2+("‘2;1)2,

and

g(z) = kil +4|(b—z)2+ (bz;l)z.

2\ 2

For the real number z¢ defined in Lemma 1, it follows that

f(2o) = g(x0)
g [T

11




:E§1+J0mjﬁﬁ:§;my+<g%gz
4(1 - ab)

T 4= (a+b?
We prove (1). Since max {a?,b?} > ab and max {a?,b?} > 2 — ab, we have
max {a?,b?} > 1. Hence, max{a?b? 1} = max{a? b?}. Since ||¢| =
max{al, ]} and max {|[$] 1} < [|Se.], we have
max {az, b2} = max {a2, b?, l}s 155,111
Suppose a = b. Then ¢ becomes a constant function. Hence, by Remark 2,

18511l = max{|¢|,1} = max{|al, |b], 1} = max{|al, [b]}.

Suppose a # b. Since 0 < m(E) < 1, we have
112 2 _1\?
U - (557)

= inf | (2)x5 + 9(@)X<llo = inf (max{f (), 6(z)}) .

By Lemma 1, if |a + b| > 2, then the equality f(z) = g(z) does not hold for
any real number z. Hence, f(z) < g(z) or f(z) > g(z). Hence,

inf (max{/(a),9(a)}) = max{f(a), g(®)}

2 < i
[S4.1[° < inf

oo

Since f(a) = max{a?,1} and g(b) = max {b?, 1}, we have

max {a2,b2} < |184.1]1? < max{f(a), g(b)} = max {az, v?, 1} = max {az,bz} :
By Lemma 1, if |a + b] < 2, then the equation f(z) = g(z) has a unique
solution z = o which is given in Lemma 1. Hence, f(z9) = g(zo). Without

loss of generality, we assume a < b. If a < z¢ < b, then max {a?, %} < 2—ab.
Since max {a?, 4%} > 2 — ab, we have max {a?, *} = 2 — ab. By this equality,

max {a2, bz} < ||S¢,1||2 < ;Ielzfz (max{f(z), g(x)})

12



= Floo) = gla) = ;o = max {a?, 7).

Ifzg<a<bora<b<xz, then
max {a?,8*} < [|Spa|1* < inf (max{f(z), g(x)})

= max{f(a), g(b)} = max {az, b?, 1} = max {aé,b2} .

We prove (2). Suppose a = b. Then ¢ becomes a constant function and
¢ = a = b. Since max {a?,b%} < 2 — ab, we have a*> = b?> < 1. By Remark 2,

1Sp,1]|* = max{¢?, 1} = max{a?,1} = max{b? 1} = 1.

Suppose a # b. It is sufficient to prove that ||Sy1l|2 = f(z0) = g(zo).
Without loss of generality, we assume a < b. Since max {a?,b?} < 2 — ab, we
have a® + 0% < 2(2 — ab). Hence |a + b| < 2. Let f(z) and g(z) be functions
defined in the proof of (1). By Lemma 1, the equation f(z) = g(z) has a
unique solution z = zo which is given in Lemma 1. Hence, f(zo) = g(xo). It
follows by direct calculation that

(b—a)(a® + ab — 2)
4 — (a+b)?

a— Ty = <0,

(a —b)(b* +ab—2)
4 — (a+b)?
Hence, a < g < b. By Theorem 1, there exists a kg € H*® such that

> 0.

b—x():

2 1 2_1 2

||S¢,1||2="ﬂiww—mu("’b' )
2 2

e L (PP il 1
T keH® 2 2

e +1 e (1o =1)?
SHL T Rl T

13



= inf | /(@)xs + 9(2)xeleo < jnf (max{f (), g(x)}).

Since a < g < b, we have

inf (max{f(z), g(z)}) = f(@o) = g(20).

Z€ER

Hence,
1Ss,11I” < f(zo) = g(zo)-
Then

flan) = “2;1+\(a—wo)2+(“2;1)2,

oo = S5 o (557

Suppose there exists an € > 0 such that ||Ss1]|*> < f(zo) — €. Then

2 2
e | e e e

Since f(zo) = g(xo), we have ||S1]|? < g(zo) — €. Hence,

) 2
WT+1+\I]¢—160|2+(WT—1) Sb2;1+\](b——wo)2+(b22_1) —€.

Hence, there exists an € > 0 such that
la —ko| <|la—zo| —€ on E,

|b— kol < |b—z0] —€' on E°.

Since a < zg < b, we have |a — zg| + |b — zo| = b — a. If |a — zg| > |b — z0,
then
|2la — @o|xEe + a — kol

= laxe + (b + |a — zo| — |b — zo|)xEc — kol
< la— ko|xs + |b— kolxze + (|la — 0| — |b — o) x &

14



<la—m| —¢.
Hence, inf{}|2xg- — k|lc;k € H®} < 1. This is a contradiction (cf. [5,
p.198)). If |a — zo| < |b — x|, then
| = 2[b — @o|xE + b — kol

= [(a + |a — zo| — |b— zo|)x& + bx&- — Kol
< la—kolxg + [b — kolxze + (|6 — zo| — |a — zo|)x&
< Ib — .’Bol - 8’.

Hence, inf{||2xg—Fk||w; k € H*®} < 1. This is a contradiction (cf. [5, p.198]).
These two contradictions imply that & must be zero. This contradiction
implies that € must be zero. Hence,

1S5.1I* = f(z0) = g(z0).

This completes the proof.

When a and b are complex numbers, we give Corollary 4. When |¢|
is not constant, Corollary 4 does not contain the completely explicit form of
the norm of S4;. We need Lemma 2 to prove Corollary 4.

Lemma 2. Let a and b be complex numbers, and let § be a real
number satisfying Re (eio (a— b)) = 0. If the equality

21 [ 21\ R+l | 2_1)?
|a|2+ +\J|e’”a—wl2+<la|2 1) _ 1ol 2+ +J|ezab_z|2+<|blT)

holds for some real number z, then |a| = |b| and the equality holds for any
real numbers z.

Proof.  Suppose the equality holds for some real number z. Then

2
2 (n2 , 2 _1\2 , 2 _1\?
{———————lal 5 i +\j|e“’a—w|2+(———lalz 1) } =|e’0b—x!2+(——-|b|2 1) )

15




Since Re (ew(a — b)) = 0, we have

_(|a|2 _‘ |bl2)\‘ e __ ot + <|a|22_ 1)2

6l* — lal*)(laf* — 1)
2

= 2Re (ew(a ~ b)) z+ b2 —|a* + (

(1b1? = laf?)(a? + 1)
2

Hence, |a| = |b| and the equality
Ieiﬁa — ‘7"12 — |eiob _ :L'|2

holds for any z because Re (ew(a ~ b)) =0.

Corollary 4. Let E be a measurable subset of T satisfying 0 <
m(E) < 1, let a and b be complex numbers, and let ¢ = axg + bxge. Then

(1) If 6 is a real number satisfying Re (ew(a - b)) = 0, then

. 2 +1 . 2 _q B
ISl < max {% + J (rm (e + (57 } .

The equality does not hold in general.

(2) If |a| = [b], then the equality holds for some @ in (1), and

2 2
o _laP+1, [(la=t\" (a1
ISeal? = 121 +\l( b)Y (1R

Proof. 'We prove (2). Suppose a = b. Then ¢ becomes a constant
function. Hence, by Remark 2,

2 1 2 _ 1 2
ISpall? = max g, 1} = max {laft, 1} = 1AL 4 \]M (lal 2 ) |

16



Suppose a # b. Since |¢| = |a| = [b], it follows from Corollary 1 that

2 2 _1\?
Sy = bt bg ey (le2 1Y
b, 9 ¢ 9 .

Let

_2¢—(a+D)
Y= a-b
Then
1 on E
¢—{ —1 on E°

Hence, inf{||Y) — k|co; & € H*} = 1 (cf. [5,p.198]). By the Nehari theorem
[8],
|a — b

|Holl = inf 6 blloo = =,

o la?+1 la—8[\* | (la2—1)?
ISpal? = 2 +¢(—2 L (1)

Since a # b, |a| = |b| and Re (e“’(a - b)) = 0, it follows that there exist real
numbers v and v such that

Hence,

0

ea=u+iv, and €% =u—iv.

Since |a| = |b|, we have

5 =

<|a — bl)2 _laf> — Re(ab)  u?+1? — (u? —2?)
B 2 2

=% = (Im (ewa))2 = (Im (eiob))2.
We prove (1). By (2), it is sufficient to prove (1) when |a| # [b]. We define
the functions f(z) and g(x) according to

2
flay =1L \] a2+ (12

17



and

B2 +1 . B2 —1)°
g(z) = | |2+ +\]|e’9b—$|2+ (u_f—) :

Since |a| # |b|, it follows from Lemma 2 that the equality f(z) = g(z) does
not hold for any real number z. If |a| < |b], then f(z) < g(z) because

Re (e"o(a - b)) = 0. Hence, by Theorem 1,

|62 + 1 g2 ~ 1\°
T*J"’“’“'”(T)

2 _ .
15012 = in

oo

< inf
ZER

|62 +1 g2 ~1)?
———2——-+\‘|¢)—-6 0.’IJ|2+ (T)

o0

= inf | f(@)xe + 9@)xs)ll < inf 9(z) = g (Re (¢7D))

2 2 _1\?
= [bF +1 + \| (Im (e¥b))* + <——|b| 1) )
2 -2
Similarly, if |a| > |b|, then

2 7 _ 2
5l < 25 J (rm (ewa)+ (252

This completes the proof.
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3. NORM OF THE OPERATOR INVERSE TO Se,s

The first author essentially gave Theorem 2 (cf. [7, Corollary 3])
is not diflicult to establish that

inf _ T,fll; > essipf (|6]* ~ ¢ —&I*),
et fia=

for any k € H*®. The formula of the norm of T} is as follows.

Theorem 2. Let ¢ € L*®. Then

NTfl3 = sup (essigs (167 — 16— kP))

fGH2 IIfII

The supremum is attained. When Ty is invertible, this is equal to [T, || =2.

Proof.  For any k € H®, we define the quantity Ji according to
Ji = essinf (|6 — |6 — kI?) .

We prove that inf{||Tyf|13; f € H? | fll: = 1} < sup{Jr; kK € H*®}. Let
e = inf{||T,fll2; f € H?||f[l2 = 1}. Then

ellfille < Tpfilly  (fr € H?).
Since || Ty f1ll3 + [|Hg f1ll3 = ¢ f1]13, we have
1Hsfi15 < (18 — %) fu. fr) -

Let Wi = |¢|* — &2, Wy = 1,W3 = ¢. Since (81, f2) = (Hyf1, f2), for any
fi€ H27f2 € HZ, we have

(Wify, f1) + (szz,‘fz) + 2Re (Wsf1, fa)

> | Hofullz + 1 f2l3 + 2Re (Hofr, f2) = || Hof1 + foll3 > 0,

(f1 € H?, f» € HZ). By the Cotlar-Sadosky lifting theorem [1], W1 > 0, W, >
0, and there exists a ky € H® such that

|Ws — ko|* < W, W

19



Hence,
|6 — kol* < [¢]” ~ €2
Since € = inf {|| T fll2; f € H?, || f|l2 = 1}, we have

T. < J; <su J)
seidE NTfll5 < Jio < up Ji.

We prove that inf{||Tsf||2; f € H% ||fll2 = 1} = sup{Jk; k € H*}. This is
the easy direction of the theorem. For any k € H*, |¢|2 — Ji, > |¢ — k|? and
Hy_j = Hy. Hence, for any f, € H?,

ITofull3 = JellAill3 = 18£2113 — I Hpfllz — Jllefill3

= (16 = J) f1, £1) = | Ho f1ll3 > (16 — B2 f1, f1) — | Hosfull3
= (¢ = k) full3 — | Hp-rf1ll3 = IIT¢ wfill 2 0.
Hence, for any k € H*,

ITefill3 = Jillfil3,  (fr € H?).

Therefore,

sup Jy <  inf T flI2 < Ji, < sup Ji.
s 4 FeH2|flla=1 1T/l 0 = S

Hence the equalities hold, and the infimum is attained by k& = kq. This com-
pletes the proof.

Corollary 5. If |@| is a constant function, then

inf T f1Z = 161 — | Hll.
rerd =

Proof. It follows from Theorem 2 that

T = sup (essif (141~ 16— kE%))

fGH2 IIfII

1+ sup (esigt (~49— ) = I — ng_ I HIE,

keH®>

By the Nehari theorem [8], this proves the corollary.
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Corollary 6. Let ¢ € L. Then

inf || TyfI3 > essinf[¢]* — || Hy>
rert =

Proof. It follows from the easy direction of Theorem 2 that

NTfl 2 sup (essig (16~ 10— kP%) )

feH2 Ilfn
1 2 3 — — 2
> kseup (ess inf |4 +essmf( | — K| ))

= ess inf |$|% + sup (ess inf (—|¢ - k[2)>
— 2 _ 2
= essif |47 — inf (16— kI
By the Nehari theorem [8], this proves the corollary.

If o,8 € L™, then the following 1nequa.11ty is well known and not
difficult to establish.

feL2 ||f|| ” Sapfll3 < ess lnf (mm {|a|2, |,@|2})

2 2
:essil%f (M—;___l/B_P _ \)04_ <|a|2 . IIB|2) ) .

It is not difficult to establish that

- 2
rerd . ISasfll2

2
2 essinf (ﬁ—;l—mz —J[aﬁ—k|2+ (|a|2 - |ﬁ|2) ) ,

for any k € H®. The formula of the norm of S;1 o 18 as follows. The proof of
Theorem 3 is essentlally the same as the proof of Theorem 1. :
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Theorem 3. Let o, € L*. Then
” a,ﬂf ”2

fGL"",IlfIIz 1

2 2 _ 2 __ 2\ 2
:—.kselgzo (essix%f (M _Jlalg_klz_*_ <Ia| 5 Iﬂl ) )) .

The supremum is attained. When S, g is invertible, the supremum is equal
to [|Sq gll 2.

Proof. For any k € H*®, we define the quantity Ny according to

2
Nk_essmf(| llt 197 _ JM_W NES I6I2))

We prove that inf{||Sasfl|3; f € L% ||fll2 = 1} < sup{Nix;k € H*}. Let
e = inf{|[Susflles f € L | £ = 1}. Then

ellfllz < 1Sapfllz,  (F € L?).
Let Wi = |a|? — &%, W2 = |B|> — €% and W3 = aff — €%. Then
(Wif1, f1) + (Wafa, f2) + 2Re (W fi, f2) > 0,

(f1 € H?, f, € H?). By the Cotlar-Sadosky lifting theorem [1], W; > 0, Wy >
0, and there exists a ¢ € H* such that

| |Ws — g < W1We.
Hence, ¢ < min{|a|, |G|} and there exists a ¢ € H* such that
o — & — g* < (laf* - &*) (181 = €*) .
Let ko = €2+ g. Then ky € H® and |af — €® — g| = |aB — ko|. Hence,
0 < (lof? — &) (I8 - €*) — |aB — kol*
=&' — (lof +18%) € + [aB* - |aB — kI*
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Suppose

2 2 _ 2 2\ ?
s lel I8 J,aﬁ_ko|2+(ial 2|ﬁ|)
on some measurable subset E of T. Since

|of? + 161 _ |lod® - 18I

2

: 2
+J|a5-k0|2+(|°"2 'mz) <0

on E. This implies |a| — |8| = |a8 — ko| = 0 on E. Hence,

2
€ <m1n{|a|2 18] } M \l|aﬁ_k0|2+ (|a|2-2-lﬂ12)

€ <m1n{|al2 18| }
on T, we have

l |of? — 1812
2

on E. Therefore,

2
s ¢ loP 18P J o e + (12 512)

2
on T. Hence €? < Ny,. Since € = inf{||Sssfll2; f € L?, || f|l2 = 1}, we have

S < N, < su N,
sed o n wsfll3 < Niy < 1p Nj.

We prove that inf{||Sasf||3; f € L2, || flla = 1} > sup{Ni; k € H®}. This is
the easy direction of the theorem. For any k¥ € H*, we have

(kfi,f2) =0, (fi € H? fx € HY).

o + AF _J,aﬁ_ K+ <|a|2 Iﬁl2)2 -

Since

we have

(lof* ~ Ne) (181" — Ni)
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A%

[ 2 2 2
@B — k2 + o2 — |62 |a| — 18]
\\l Bkl ( ) 2 )

( 2 2 2
oG k4 (12 =182\ el =18
S\ (57 -5 )

= |af — k|

Hence,

lafi + Bfall2 — Nellfi + fll3
= |ViaP ~ N, z +|VigE =Nty : + 2Re(aBify, fo)
> 9 ||\/|a|2 ~Nefi|, H\/wlz —Nefa| +2Re(0B~K)fy, £

>2 [ (ViaP = Nu/I6F = Ne — | — k) |fufoldm > 0.

Hence, for any k € H*®,

I1Sa,8fl3 > Nill F1I3, (f € L?).

Therefore,

sup N < S, < Ny, < su N,
P N < I WSea Sl < Nio < sup N

Hence the equalities hold, and the infimum is attained by k = ky. This com-
pletes the proof.

Remark 3. Leta,B € L, let ¢ = af, and let ¥ = (Jof* —|8]?)/2.
Then

A Sasflls = Sup. (essmf (\/|¢|2+¢2 N k|2+¢2))

fGL2 Ilf li2=

The supremum is attained. If |a| = |3|, then 1) = 0. Hence

1Sas 1 = sup (essipf (1¢1— 16~ kD).

f€L2 IIfII
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Corollary 7. If |a| and |,3I are constant functions, then

2 2 2\ 2
ol = I _ J”Haﬁ||2+<|al sm)

fEL2 lIfII

Proof. 1t follows from Theorem 3 that

NSasfli

f€L2 I fll2=

2
= sup (essinf (M - \‘ laB — k|2 + (lal |ﬂ|2) ))
keH™> T 2
2
= lof® + 157 + sup (essinf (—\' laB — k|2 + (|a|2 lﬁlz) ))
2 keHe T

2
NCET (_INW;_ N (D )
keH>

ClaP 4182 . 2 iy [l =182\

== ol |\l -k 5

a2 +161? . = e 1 (lel2 =162\
== b=kt { =]

By the Nehari theorem [8], this proves the corollary.

Corollary 8. Let o, 3 € L*. Then

rerd T 15251113 2 essinf (min{lal®, 167}) — | Hapll

Proof. It follows from the easy direction of Theorem 3 that

inf
FeL? | fll2=1
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2
> sup ( inf (I_al__;cifz!_ - J o — kf2 + (!aP 2 W) ))
> sup (essu%f <|C¥|2—+|,6E _ |a5 _ kl |a|2 |,8|2 ))
= kSELIlIEO (essmf (m1n{|oz|2 |6 } |aB — k‘))

keH® 2
> sup (ess inf (m1n{|oz|2 18] }) +essir%f (—laf‘f — k|)>

keH®
= essinf (min {|a|2, l,8|2}) + Sup, (ess ir%f (—IaB - kl))
= ess ipf (min {|a|?, 18I2}) + Sup. (~lloB — Klloo)
= ess i%f (min {|a|2, |ﬂ[2}) - kér}{fm |aB — k||oo-
By the Nehari theorem [8], this proves the corollary.

Remark 4. If afl € H*®, then the supremum in Theorem 3 is
attained by k£ = a(. In this case,

f€L2 ||f|l ” O‘,Bf”2 = €588 lIlf (mln {lal I/BI})

For functions a, § € L, S, p is left invertible if and only if

e [lelP 182 | s e (le =162
essu%f (T— laB — k|? + 5 >0,

for some k € H*®. By Corollary 5, for a function ¢ € L* satisfying |¢| = 1,
Ty is left invertible if and only if Sg; is left invertible if and only if ||Hg|| < 1
(cf. [9, p.203]).

Corollary 9. Let ¢ € L*®,|¢| = 1. Then

AT fl = 1501 ( ns¢1f||2)

feH2 lIfII fEL2,IIf||
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Proof. It follows from Corollary 5 that

MNTflls =1 - 1 Hyll™.

EHz,IIfIl

It follows from Corollary 1 that
[S.lI* =1+ || Hyll.

It follows from Corollary 7 that

it ISsaflB=1=I1E].

These equalities proves the corollary.

Corollary 10. If a and b are invertible functions in H*®, then

()

where L, denotes the Laurent operator on L?. The supremum is attained.

2 2 I
_ | + o] 5
SosLyll =2 = g [l LI |
“ a,b 1/b|| ksel}}zo (essn% ( 2|a|2

a

k

Proof.  Since a and b are invertible functions H*, it follows that
St/q,1 is invertible, and
Sb_/a 1 Sa,l—)Ll/Ba

(cf. [6, p.88], [10, Theorem 3]). Hence,

1Sa 5Lyl = IS5/, 172 = Sea1 13-

fEL'“’,IIfI!

By Theorem 3, this proves the corollary.
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