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RATIO MERCERIAN THEOREMS WITH APPLICATIONS
TO HANKEL AND FOURIER TRAN:S_.?]_E‘ORMS

N. H. BINGHAM and A. INOUE

§1. Introduction.

Tauberian theorems have an extensive literature and a long history; broadly speak-
ing, one can distinguish between the works of Hardy and Littlewood and their predecessors
on special kernels, and of Wiener (from 1932 on) and his successors on general kernels.
Ratio Tauberian theorems have formed a small sub-area of this topic; for background
and references, see e.g. [2], §2.10.1. Mercerian theorems, though much less studied than
Tauberian theorems, are closely linked to them, and have an analogous history. Special-
kernel results go back to Hardy in 1912 and before, general-kernel results to Paley and
Wiener [18] in 1933 (see Chapter IV of their classic book [19]). Subsequent textbook ac-
counts are in [21], Ch. V, [2], Ch. 5. The particular Mercerian theorems studied here are
of Drasin-Shea-Jordan type (see below for details and references). This study completes
and complements our recent work [3] on Drasin-Shea-Jordan theorems for Fourier and
Hankel transforms. In improving on the methods of [3], we were led to the ratio Mercerian
theorems below (Theorems 1-3 of §2) for general kernels; these yield definitive versions of

our earlier results for Fourier and Hankel transforms (Theorems 4-6 of §2 and Corollary).

For p € R, we write R, for the class of functions f regularly varying (at infinity)

with indez p: f is measurable, positive for large enough z, and
fQz)/f(z) = A° (z = o) YA >0

see [2] for background. We are concerned here with comparisons between the asymp-
totic behaviour of f and that of integral transforms of f. We will write these in Mellin-
convolution form as

(s D))= [ SO/ (2> 0)

for suitable kernels k. The simplest results of this type are Abelian, and state that under
suitable conditions '

f(@) ~2°4(z) (2 = oo) (1)
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with £ slowly varying (i.e. £ € Ro) implies
(k * f)(z) ~ cz?l(z) (z — o0), (2)

where, if the Mellin transform of the kernel & is

F(s) = /o T k(2 dtft = / "~ wtk(1/u)duu,

0

- e=k(p).

Tauberian results supply a partial converse, under suitable side-conditions ( Tauberian con-
ditions); see e.g. Ch. 4 of [2] for a detailed treatment.

In the circumstances above, one has

(k* f)(z)/f(z) ¢ (z = o0). (3)

The question arises of whether one can obtain (1) - and so (2) - from (3), with p such
that ¢ = k(p). Such results are Mercerian in character. The prototypes are due to Drasin
and Shea ([7], Th. 6.2; [2], Th. 5.2.1), with k non-negative, and Jordan [12], where k can
change sign. The proofs, which are rather long, involve reduction - by real analysis and
Pélya’s lemma - to an integral equation, uniqueness of solution of which is guaranteed by
Fourier analysis (Titchmarsh [26], Th. 146); such uniqueness questions are related to the
Wiener Tauberian theory.

The Abelian and Tauberian results here say that regular variation gives compar-
ability of function and transform, and the Mercerian result that, conversely, comparability
of function and transform gives regular variation of both. Such results are of interest and
importance in at least two areas: the theories of completely regular growth in complex
analysis, and of domains of attraction in probability theory. In complex analysis, one links
regular variation of the growth of an entire function of finite order with that of its zero-
counting function, by the Levin-Pfluger theory (for details and references, see Levin [15],
or [2], Ch. 7); the most basic case is that of functions with only negative zeros, studied
by Valiron and Titchmarsh (see e.g. [2], §7.2). Here the relevant transform is a Stieltjes
transform. The first Mercerian theorem here was proved (not under that name) by Edrei
and Fuchs [8] in 1966, followed by work of Drasin [5] in 1968 and Shea [24] in 1969; in
particular, Shea’s paper (p. 3) contains the astute observation that such results are in fact
Mercerian in character. Further results of this type were proved by Drasin and Shea in
1970 and 1976 [6, 7] and Jordan in 1974 [12]. In probability theory, domains of attraction

describe the probability distributions which give rise to stable limit laws - in other words,
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which give generalizations of the central limit theorem: one draws n independent copies
from the distribution, adds them, then centres and scales ég&ably, and asks for a limit dis-
tribution. It has long been known that domains of attraction involve regular variation; see
e.g. Feller [9], [2] §8.3. In the case of positive random variables, the natural transform to
use (because it takes addition of independent random variables, or convolution of distribu-
tions, into products of transforms) is Laplace-Stieltjes; comparability of function (actually,
the tail of the probability distribution function) and transform has long been known ([9],
XIIL.6,7), and that conversely this implies membership of a domain of attraction follows
from the Drasin-Shea theorem ([2], Th. 5:2.4). For random variables that take both signs,
however, the relevant transform is Fourier-Stieltjes (the characteristic function). Here the
Abelian and Tauberian statements are due to Pitman in 1968 [20]; the Mercerian state-
ment follows from our earlier paper [3].

The Drasin-Shea-Jordan theory as expounded in [2] uses absolute integrals and
requires absolute convergence of the Mellin transform &(s) (in an appropriate strip in the
complex s-plane). However, some of the most interesting and important classical integral
transforms - in particular, the Fourier sine and cosine transforms mentioned above and
Hankel transforms (see also Titchmarsh [26] and Watson [27]) - have Mellin transforms
which are only conditionally convergent. A Drasin-Shea-Jordan theorem for Fourier and
Hankel transforms was obtained recently by the authors in [3]. Two main extra complica-
tions arise:

(1) One is compelled to make use of special properties of the kernels, and so one’s results
lose the generality which is one of the characteristic advantages of the Drasin-Shea-Jordan
theory (and of the Wiener Tauberian theory related to it);

(ii) One obtains a more complicated integral equation, whose solution requires a far-
reaching extension of the Wiener Tauberian theory due to Nyman [17] and Korenblum
[13], [14]; see Gurarii [11] for an accessible treatment in English rather than Russian.

This paper removes a third difficulty which arises in [2], the restriction to Hankel
transforms of small order. There, we use the kernel k given by

k(z) := z7%%J,(1/z)

with J, the Bessel function of order v > —1/2. We write F,, or simply F, for the Hankel
transform of f, defined in Mellin-convolution form as

F(z) := /0 ” F@O) (/) 20, (¢/z)dt/t (= > 0).

Note that the Fourier cosine and sine transforms are the special cases v = —1/2, 1/2, as

2 cos 2 _ 2sinz
Tnle) = \EW T =\ 7
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also that the Mellin transform is given by Weber’s integral:

. 0 T3 +2+2) 3 1

=k(s)= [ tTk(t)dt/t=20t4 2" 272/ (= =
le) = ko) = [ RO =oAL (- ScRacut ) W)
(Watson [27], 13.24 (1), Titchmarsh [26], (7.4.1): the integral is defined in the first instance
in the strip —v — 3 < Rs < 0, but extends to the larger strip by analytic continuation).
The results of [3] are restricted to ‘small’ v: v < vy, where 1o € (1,1) is the unique root

of the transcendental equation

I &)

g+
log2 + —2—2- =
TTGa+D

(vo = 0.8660252365...: thus the cosine and sine cases are included in v < vo).

0

Here we remove the restriction v < vp, so covering all v > —-%; we simplify the
proofs by a localization technique (discussed in §2 below); we obtain a new type of ‘ratio
Mercerian theorem’ (Theorems 1-3 below); and we apply our results to Hankel transforms

(Theorems 4, 5) and characteristic functions in probability theory (Theorem 6 and its
Corollary).

Recall that the upper order p(f) of an ultimately positive function f is defined by

p(f) := limsup,_, o, log f(z)/log

(thus if f € R,, p(f) = p). The localization technique and the ratio Mercerian results
allow us avoid the condition

3 .
ot 5 < p(f) <0, (4)
needed in (3], as a hypothesis.

§2. Results.

First we state three ‘ratio Mercerian’ theorems, which hold for general transforms
rather than for special cases such as Hankel transforms. We need to recall ([2], §2.1.2) the
Matuszewska indices of a positive function f. The upper Matuszewska indez «(f) is the

infimum of those o for which there exists a constant C' = C(«) such that for each A > 1,
fz)/f(z) < C(1+0(1))A* (z — c0) uniformly in A € [1,A],

the lower Matuszewska indez [(f) is the supremum of those § for which, for some constant
D=D(f)>0andall A > 1,

fOz)/f(z) > D1 +0(1))X* (z = co) uniformlyin X € [1,A]
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One says f has bounded increase, f € BI, if o f) < oo, bounded decrease, f € BD, if
B(f) > —oco. ==

THEOREM 1. Let —c0 < a < b < 00. Fori = 1,2, let k; : (0,00) — [0,00) be non-
negative measurable functions such that the Mellin transforms k;(z) converge absolutely
for a < Rz < b. We assume

/ ki(t)dt/t't* < oo, / ko(t)dt/t1T® = oo,
0 ’ . 0 ’

Let f be a non-negative measurable function such that f is locally bounded on [0, 00),

vanishes in a neighbourhood of zero, has finite upper order p := p(f) € [a,b), and f €
" BDUBI. If
(k2 * f)(z)

" *f)E Jeelo) (o = o), 2.1)

then p > a.

THEOREM 2. For non-negative measurable ky : (0,00) — [0, 00) and measurable k, :
(0,00) = R, let the Mellin transforms k;(z) and kz(z) both converge absolutely in the
stripa < Rz < b. Let f be a non-negative measurable function, locally bounded on [0, o),
vanishing near zero, of finite order p € (a,b), and with f € BDU BI. If

(k2 x f)(2) o oo).
—_(kl*f)(a:) —c#0 (z = o0), (2.2)

then ¢ = ko (p)/k1(p).
THEOREM 3. In Theorem 2, we write
ko(z) = ka(p)k1(z) = ka(p)ka(z) (0 <z < o)

and assume that

ko(z) has a unique zero z = p on the vertical line Rz = p, (2.3)

and that this zero is at most double. We also assume

log |ko(p + 1y)|
exp(54)

260

-0 (y— £o0) (2.4)



for some €9 > 0. Then E; x k1 * f € R, with Ey(z) := I 1)(z) - zP** for sufficiently small
€>0. :

Of course, our interest is in regular variation of f itself, rather than of a smoothed
version such as F3 * k; * f as here. However, we will be able to apply the theorems above
to Hankel transforms to obtain definitive versions of the results of [3).

THEOREM 4. Let v > ~1/2, 3 f(t) € LL_[0,00), f be ultimately decreasing to zero

loc

at infinity with upper order p and Hankel transform F. If

/oot"‘*'%f(t)dt #0 or p>-v- g (2.5)
0

and
F(z)/f(z) 2 c#0  (z - o0), (2.6)
then
(i) -1<p<0ifv=-1/2,and—v—-3<p<0ifv>-1/2;
(ii) c=a,,(p).

THEOREM 5. In Theorem 4, we further assume p # —%. Then f € R,.

For non-negative f, Theorems 4 and 5 together achieve the ‘ideal form’ like that
for, say, the Laplace transform ([2], Th. 5.2.4). But there one has a positive kernel
with an absolutely convergent transform, and here our kernels change sign and have only
conditionally convergent transforms, which makes matters much harder.

We comment briefly on the conditions in Theorems 4 and 5.

a. The counter-example of [3] §7 shows that the condition p # —1 in Theorem 5 is essential.
Now by results of [3] (Propositions 1 of §4 and 5 of §7), for Hankel transforms p # —1 is
equivalent to

Hp+ir)#kp) (r€R, 7#0) | *)

(we imposed this condition on ko as (2.3) in Theorem 3 - note that ko(p) = 0). Condition
(*) has been used by Ganelius [10] and Jordan ([12], (2.4)) in general-kernel Mercerian

theorems; they also showed by counter-example ([10], {12], §4) that this condition is essen-
tial.

In {3], for Hankel kernels, we needed not only () itself but also its counter-part
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of ‘strip’ form because we needed to use Korenblum’s theorem. In [3], we could check the
condition (*) of strip form by virtue of the explicit form of k (see (W)). Now in this paper,
in which we apply Theorem 3 to prove Theorem 5, cflecking (%) is replaced by checking
(2.3). Since we also use Korenblum’s theorem in the proof of Theorem 3, we need the strip
form of (2.3). However, in the case of Theorem 3 where kg is defined by an absolutely
convergent integral, the strip form of (2.3) follows from (2.3) itself automatically by the
Riemann-Lebesgue Lemma and Vitali’s theorem (see the beginning of the proof of The-
orem 3 below as well as (2], §5.1.3).

Now p is the upper order of f, and we may lack a priori information on f allowing
us to check p # —1 in Theorem 5 conveniently. In practice, what we do have a priori-
information on is the comparison constant c; this is linked to p via ¢ = l;;(p), as in §1.
Now by Weber’s integral (W), k(~1) = 1. For v < v, p = —7 is the only real root of
k(s) = 1 (by the monotonicity result of [3], Proposition 3), so in the context of [3] we
may replace p # —3 in Theorem 5 by ¢ # 1, obtaining an equivalent reformulation of
Theorem 5. However, for v > 1y, there are three roots (see the Proposition of §5). We may

still reformulate Theorem 5 by replacing p # —% by ¢ # 1, but as this is now a stronger
condition we obtain a weaker theorem.

b. The condition that f be ultimately decreasing ensures that the integral giving the
Hankel transform converges (conditionally). Some such condition is needed. For less
stringent conditions of this type (such as quasi-monotonicity), see e.g. [2], §4.3; we use
monotonicity for simplicity. This implies p < 0.

c. In our earlier work [3], the extra condition —v — % < p(f) < 0 is assumed; it ties the
order of f to the convergence-strip of the Mellin transform of the kernel. It is avoided in
Theorems 4 and 5 under the condition 4 # 0, where 4 := [~ v+ f(t)dt. We note that
the latter condition p > —v — £ in (2.5) implies 4 = 0o, hence the former condition 4 # 0
(see 3], §3). The condition A # 0 is essential; in §8, we give a counter-example showing
this.

d. The condition v < v in [3] concerns one of the main points of the present paper,
so we discuss it in detail. For a generic kernel k, let {z € C: Rz € (a,b)} be the (ab-
solute or conditional) convergence strip of k (thus (a,b) = (~v — £,v + 1) in our case
k(z) = z7%/2J,(1/z)), and p be the upper order of f. The major difference between this
paper and its predecessors, by Drasin and Shea [7], Jordan [12] and the authors [3], is that
we dispense with the following condition:

k is monotone on either (a, p] or [p, b), (A)
which is needed for the method of proof used there. In fact, for Hankel transforms with
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v > v, there appears a subinterval (b,b;) C (a,b) such that for p € (b;,b;) the above
condition (A) is not satisfied (see §5). For those v € [—1,vo] considered in [3], k is strictly
decreasing on (a,b), whence (A) holds for any p € (a,b). In [12], Theorems 1 and la,
Jordan explicitly assumes (A), while in [7], where k > 0, (A) is automatically satisfied
since k" > 0 and k is convex. Here we adopt a new method of proof, a type of localization,
which enables us to dispense with both condition (A) and use of a key tool in [7], [12] and
(3], the Pélya Peak Theorem of Drasin and Shea, and thereby greatly to simply the proofs.
This method also enables us to avoid the assumption —v — § < p < 0. It may be found in
the proofs of Theorems 1 and 3. '

The above Theorems 1, 2 and 3 have other applications. For example, we have

THEOREM 6. Let f(t) € L{ _[0,00), f be ultimately decreasing to zero at infinity. Let

F., Fy be the Fourier cosine and sine transforms of f, respectively: for z > 0,
co—

F(z) = /000— f(t) cos tzdt, Fy(z) := f(t) sintzdt.

If -
/o f(t)dt #0 (2.7)
and

F(z)/Fs(z) > c#0 (z — 04), (2.8)

then ¢ > 0 and f € R, with p:= —(2/n)arctanc € (-1,0).

We apply Theorem 6 to the tail behaviour of a random variable. Let X be a

non-negative random variable and let T be its tail probability:
T(z) := P(X > z) (z > 0).

Then T'(z) is bounded on [0,00) and decreasing to zero as £ — co. Let U and V be the

real and imaginary parts of the characteristic function of X:
U(t) := E[costX], V(t) := E[sintX].

Then -
(1= U@}t = /0 T(z) sin todz,

8



V(E)/t= o T(:c) cos tzdz

(see, e.g., [2], p. 336). By Theorem 6, we immédiately obtain the following

COROLLARY. Let T, U and V be as above. If

V()

mﬁc#O (t = 0+4),

then ¢ > 0 and T € R, with p:= —(2/r)arctanc € (-1,0).

- §3. Korenblum’s theorem.

It is convenient in this section to work with additive convolutions and Fourier
transforms, and to use k for a generic kernel (not the Bessel kernel of §1); when we apply
our results later, we will revert to using multiplicative convolutions and Mellin transforms.

We write the Fourier transform as

k(z) = # /—00 k(z)e™=*dz.

Recall first the key result of the Wiener Tauberian theory for L;(R), giving the
equivalence of three statements:
(i) k(t) has no zeros t € R;
(ii) linear combinations of translates of k are dense in Ly;

(iii) the only solutions g € L (R) of the integral equation

o
(ke9)e) = [ Ko=)ty =0
-0
are the trivial ones g = 0 a.e.

For background to this Wiener approximation theorem, see e.g. Reiter [23] I, §4.1, Bingham
[1]. In particular, the resulting theory extends to finitely many real zeros z;, j = 1,---,r
‘(or finitely many common zeros for classes of kernels). The non-trivial solutions g are now
linear combinations of the exp{izz;} (n = 1,---,r); in fact, this is equal to saying that
the finite subset {z;} of R is a Wiener set with respect to the pair (L;(R), Loo(R)) (see,
e.g., [23], I, §4.7).

The extension of this theory from (L;, L) to other pairs of function spaces in
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duality is due to Nyman and Korenblum; see e.g. Gurarii [11), Borichev [4], [2] §4.8.5. For
a > 0, one replaces L;(R) by the Banach algebra L(e) of functions k with norm

el = [ Ib(a)letelds

-0

and convolution as multiplication. The dual space L(a)* of L(e) is the space of measurable

functions g with norm

Jlglt = ess-sup{lg(z)le=!!: o € R} < oo

the duality is given by

-0

(9)i= [ Modgle)iz (k€ L(a)g € L))

For k € L(a), set

. ' -z ~
v*(k) i= limsup,_, 400 (exp{ ——éjl—l} log Ik(x)D
(k(z) — 0 as £ — Foo by the Riemann-Lebesgue lemma, so (k) < 0). The Fourier
transform £(2) is now defined in the strip |Sz| < o in the complex z-plane. The analogue
for L(c) of the Wiener condition that & be non-vanishing on R (except at finitely many
zeros) is the non -vanishing of k in the strip (except at finitely many zeros zj of multiplicity

n;), and in addition Korenblum’s condition
7 (k) =7 (k) =0,

which says that k should not decay to zero at infinity in the strip too fast. The Wiener
results on non-trivial solutions g € L(R) to the integral equation (iii) now extend to
g € L(a)*. We shall need the case r = 1,n; = 1 or 2 of one simple or double zero of k

below.
§4. Proofs of Theorems 1, 2 and 3.

Proof of Theorem 1. For v € (p,b), there exists d(v) € (0, 00) such that

f(z) < d(v)z” (0< z < ).

10



By the following crude but useful bound

pu———.

K * f(2)] < d(v) |K[ (1) %7 (0< 2 < oo),

both ky * f(z) and k; * f(z) converge absolutely for z > 0. :
By Lemma 7 of [3] and the remark just after the proof of Theorem 5.2.3 of [2], the
assumption f € BD U BI yields

[ iwartr=e <) (1)

whence by the Fubini-Tonelli theorem

/ow ks fQd /P = () f() =0 (v< ). (42)

For small € > 0, we write p; := p — €, p2 := p + € and consider
Bi(z) = I(1,00) ()2, Ey(z) := Ig,1)(z)zP2.

We write
g(z) 1= (E1 x Eg x f)(z) (0 < z.< ).

The integral converges by repeated use of the crude bound above.
By (2.1) and (4.2),

(Bixkax f)() _ Jo ko x f(t)dt/e1 T
(El * kp * f)(:c) foz ky * f(t)dt/t1+p1

—c  (z = 00),

(see Step 3 of the proof of Theorem §.2.1 of [2]), and so

ko x g(z) [(By % kg % f)(t)dt/t2tP2
kixg(z) — [7(Buxkyx f)(t)dt/t1Hre

—+c  (z—= o00). (4.3)
Since z7P1 E;(z) is increasing and

z Pig(z) = / (z/t)"P By (z/t)( By * f)(t)dt /101,
0
z~P1g(z) is increasing. Similarly, z7P2g(z) is decreasing. Therefore

ki(t) * ki(t)

(ks % 9)(z) = 22 /o 1 i (5) oGidere [ 22 (3)7 ale/ma

11



o ([ B ["104).

Similarly
ka(t
(k2 % 9)() > o(2) /1 bl g
So -
= Lim F2*9)(@) o Ji ka(t)dt/t+ete

200 (ki % g)(2) = [L ki (8)dt/tiHete 4 [k, (2)dt/trtoe
However, if p = a, then the right-hand side tends to infinity as € | 0 since

* ka(t)
t1+a

* ko(2)

T & <o $1+a

dt =

0 1

This is a contradiction, whence p > a. o

Proof of Theorem 2. For y € (p,b), there exists d(y) € (0, 00) such that
f(z) < d(m)a”  (0<z < o).

We write
Fi(z) := (ki * f)(z) 0<z<oo, 1=1,2).

Then by the bound
|Fi(z)] <d(v) kil () 27 (0<z < o0),
we have for any X > 0 and i = 1,2,

/X [Ei()ldt/tF 7 <00 (v<D), (4.4)

| IR@a e <o (<) (4.5)
By Fubini’s théorem,
(k2 * Fy)(z) = (k2 * (k1 * f))(z) = (k1 * (k2 * f))(2) = (k1 * F2)(z)

or

(k2 % Fy)(c) — (k1 x B)(z) =0 (0 < z < o). (4.6)
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Again by Fubini’s theorem,

(k2 x Fi) () = k2(2)Fa(2), (R ﬁz)’(z) =k(2)F(z) (o <Rz <),

whence by (4.6)
E](Z)Fg(z) - kz(Z)Fl (Z) =0 (,D <Rz< b)

~ Clearly k; is not identically equal to zero, so that k;(p) > 0. Therefore one has, for z
sufficiently close to p with Rz > p, '

| wo-

By (4.1), Fubini’s theorem yields

’;‘l’gz; Fi(t)}dt/t1+* = 0. (4.7)

z

/0°° R/t =FR@) =k * () =knf) =0  (v<p), (4.8)

which with (4.4) gives, for X > 0,

/‘00 Fi(t)dt [t = oo (v < p). (4.9)
X

Therefore, in the same way as Step 1 of the proof of Theorem 5.2.1 of [2], we can use Pélya’s
lemma (cf. [2], Lemma 5.2.2) to show ¢ < k3(p)/k1(p). Similarly, by a method similar to
Step 2 of the proof of Theorem 5.3.1 of [2], ¢ > k2(p)/k1(p), whence ¢ = ky(p)/k1(p). »

Proof of Theorem §. By the Riemann-Lebesgue Lemma and Vitali’s theorem in complex
analysis (see e.g. Titchmarsh [25], §5.2), the condition (2.3) enables us to take € € (0, €o)
such that [p — ¢,p + €] C (a,b) and that ko(z) has a unique root z = p in the strip
p—€< Rz < p+e (see (2], §5.1.3, Jordan [10], p.191). This root is at most double by
assumption. Since €g < €, (2.4) also holds with ¢y replaced by e.

Let py :=p—¢€,p2 :=p+€and E;, E,, F1, F; be as above. We write
hi(z) = (B2 *x By * Fy)(z) 0<z<oo, 1=12).
Then the crude bound above allows use of Fubini’s theorem to transform (4.6) into

(k2 * h1)(z) — (k1 *ho)(z) =0 (0 <z < 0). (4.10)

13



By (4.8) and (2.2),

(B By)(e) _ 5 Fu(t)ds/er+n

(B1x Fy)(z) fO’ Fy(t)dt /t1+ps (z — o0),
and so
ha(z) . f:o(El * Fp)(t)dt /12 +P2
() [P(B s B )@dtjre ¢ @) (4.11)

Since z~P*hi(z) is increasing and zP2h;(z) is decreasing, one has
hi(uz)/hi(z) < max(uP*,uP?) 0<z<o0, i=1,2). (4.12)
Nov&‘/ choose any sequence z, 1t co. Consider
In(u) := hi(znu)/hi1(zn) (u > 0).

By the Helly selection principle, we can find a sequence of integers n' 1 co such that j,(u)
converges pointwise on (0,00), to j, say. Then u™?1j(u) is increasing, j(1) = 1, and by
(4.12)

j(u) < max(uP*,uP?) (0 < u < o).

By (4.11), ho(znu)/ha(zn) = j(u) as n' = oo.

From (4.10),
ha(ew) [ ho(zzm [2) [ ha(zow /1) _ o
Fi(znr) /0 ho(on) ki(t)dt/t /0 halea) k2(t)dt/t=0 (0 <z < o0).

We now have suitably dominated convergence of both integrands. So

ij—% /o,ooj(:n/t)kl (£)dt/t — /owj(z/t)kz(t)dt/t =0  (0<z<oo),

or simply
(koxj)=0 (0 < z < ).

To apply Korenblum’s theory, let
#(z) := j(e%)e™P*, K(z) 1= ko(e®)e™P® (z € R).

Then



/ ” eégK(z)|dm < oo

-0

Our integral equation is
| K@-yéwiy=0 (oeR)

The Fourier transform K of K is equal to (27)~1/2ko(p + i2) for |Sz| < €. So by the strip
form of assumption (2.3), K(z) has a unique root in the strip |Sz| < ¢, which is at most
double. Since we have (2.4), Korenblum’s theorem now yields

¢(z) = a1 + azz ae. z€R

for some ay,a; € C. That is,
Jj(@)zT? = a1 +azlogz ae. z€R.

Since j is real, so are aj, az. Since z7P1j(z) is increasing, j(1-) = a; = j(14), whence

a1 = 1. Since j(-) > 0, az = 0. So j(z) = z” a.e.; this and 271 j(z) increasing give
Jj(z) ==z* (Vz > 0).

This says that the partial limit u? of hy(z,u)/hi1(z,) does not depend on the particular
sequence (z,) chosen. Thus

hi(zu)/hi(z) = u® (z = 00) Vu>0,

and so h; € R,.

Since £ P2 E, * F (z) is decreasing, the function log(z~(!*P1) E; + Fy(z)) is slowly
increasing. So we can use a monotone density argument on

hl(:z:) == E1 * Eg * Fl(.'z:) = gP! / t—(1+P1)E2 * Fl(t)dt

T

to pass from h; € R, to Eo * F; = Eg x ky * f € R,, as required. e

§5. The Mellin transform a,.
Write

¥(z) := I'(2)/T(z)
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- for the logarithmic derivative of the gamma function (the digamma function). Recall the -
series expansions )

—
—y,

W) === S+ s W) = S 1)

([28], §12.16, or [16], p. 14). Thus ¢ is increasing, and ¢’ decreasing, on (0,c0). As above,
define 1o € (3,1) by |
Vo 1
10g2 + ¢(—2‘ + 5) = 0.

PROPOSITION. For v > vy, there exist by and by with
3 1 1
—V—§<b1<—-§<b2<l/+§

such that a, decreases on (—v — %,bl), increases on (b;,by) and decreases on (bg,v + %),
with a,(b1) > 0 and a}(b;) < 0.

Proof. For z € (—v — 3,v + 1), write

1 z v 3 z v 1
fu(z) :=loga,(z) = (z + 5)10g2+logI‘(§ g+ Z) —logl"(—-z— +5+ Z)

Then . 3 . .
'z) =log2+ =p(Z + L4 Oy p =TV 2
O PN S N N
Since 1(z) — —oo as z | 0 (from the series expansion),
, 3 1
fi(z) = —o0 as a:,],—-y—§ or mTu—i—a
Also ) .
M=) = Vi

as v > vo, and since 9’ decreases, f}/ is positive on (—o00,—1), zero at — 3 and negative on

(-—%, oo0). Consequently, there exist by, by in the ranges specified in the Proposition with
fu(b1) = £ (b2) = 0.

By considering the second derivative, we can easily check that the signs of the second

derivatives at these points are as stated. o

16



COROLLARY. Forv>-1,)€ ( v—2,v+1)\{~1}, theroot z = ) of a,(z) —a, ()
is at most double.

r—
TR

§6. Proofs of Theorems 4 and 5.
As in [3], we introduce the positive kernels defined by

zvt 3

= gVt E s -
C(z):=2""2e"%,  D(z) ‘_d"(1+x2)"+%,

where

d, =" 52" (Y + 3)

The convergence strips of their Mellin transforms C, D are Rz < u+%, —v—% <Rz< V-I-‘g-,
respectively. By a formula of Gegenbauer (see [27], §13.2 (5)),

D(z) = (k*C)(z) (0 <z <o),

where k(z) 1= 273/2J,(1/z) is the kernel of Hankel transform in §1. |
Choose X > 0 so large that f is finite and decreasing on [X,00). We write
f(z) = I1x 00) f(z). In the proof below, we first prove

D x ]f(x)
C * f(z)

and then apply Theorems 1, 2 and 3.
Step 1. We show D* f = C «x F:

¢ (z— ), (6.1)

z"t3 / = i-:: T3 f@t)dt = /0 (a:/t)""'%e”’/tF(t)dt/t (0<z <), (6.2)
both integrals converging absolutely. In Lemma 2 of (3], we proved (6.2) under the as-
sumption p < 0. By the same proof, which makes essential use of the Parseval formula for
Hankel transforms, we find that (6.2) also holds even without p < 0 if we replace f0°° on
the right by [~ . However, F(z) is of constant sign for z large enough by (2.6), whence
fooo_ again reduces to fooo. Thus (6.2) follows. In particular, together with (2.6), this gives

/w IF(mzldz < oo, / If(+2|d < 00 (Va > 0) (63)

zvt3
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Step 2. We prove (6.1). First we prove

m—
e ——

/ °°t_"+% F(t)dt = oo. (6.4)
0

For simplicity, we write A for the integral on the left. Since the assumption p > —y - 3
implies (6.4) as in [3], §3, it is enough to prove (6.4) under the condition A # 0. Suppose
A is non-zero but finite. Since there exists a positive constant M such that

o™ L(z) <M (0 <z <oo),

the dominated convergence theorem yields
2¥*3 f(z =fﬁ)—/wt"¥% )(t/z)"" J, (t/z)dt
(@) = s [ e/ 00

A
ST

But this implies A = oo, which contradicts our assumption. Thus we also obtain (6.4)
under the condition A # 0. By (6.4),

(hence > 0) (z = o).

Dxfle) [ e/ + (1)) E

Dxfe) _y, Jo i@y @/epytt

Now, by (6.3), we may consider C * f. So as in [3], §3, we have

D*]i(m) _ C*Ii‘(:z:)
Cxf(e) Cxf(z)

Combining, we obtain (6.1). We also find ¢ > 0, by (6.1) and the assumption ¢ # 0.
Step 3. We prove Theorem 4. Since f is eventually decreasing, p < 0, while p > —v — %
by (6.4). So —v—3 <p <0

Suppose v = —1/2 but p = 0. For ¢ € (0,1) and p; := —¢, py :=¢, let Ey, E; be

as in §4. Since

—c (z = o0).

Cx f(z) = /oo e/t f(t)dt/t < /: f@)dt/t (0 <z < o0),

0

(6.3) shows that Cx* f is bounded. Therefore we may consider By x By x C'x f , and similarly
E; x By x D+ f. Asin (4.3), we have

D * g(z)

m—)c (z = o0),
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where

g(z) :-—-.,Eé * Eq * f(z) (0 <z < ).

Since z¢g(z) is increasing and z~¢g(z) is decreasing,

1 oo
Dxg(z) = :1:“/0' flfz (z/t)"cg(z/t)dt + m_‘/J: 'Zi) (z/t)g(z/t)dt

coto ([ B [" 204,

Cxg(z) 2 g(z) /0 tl(te)

Similarly,

| Therefore .
N CINION [ o(a/p-
¢ =m0 (Dxg)(=) = [ D(t)dt/t+e + [° D(t)dt/ri—

However, the right-hand side tends to infinity as € | 0 since

/01 C(t)dt/t = /01 e~tdt/t = oo, /OOOD(t)dt/t = \/g/:o (Ti??jdt < 00,

giving a contradiction. Thus p #0 if v = ~1/2.
Since p € [-v —3/2,v + 1/2) and

/ t+3C(t)dt < oo, / t**3 D(t)dt = oo

0 0

we can apply Theorem 1 to obtain p > —v — 2, whence Theorem 4 (i). Since —v — 2 <

p < v+ %, we can apply Theorem 2 to obtain ¢ = D(p)/C(p). But

C(z) = / trmrmhemtdt = M(—z+v+ %) Rz < v+ %),
0

D(z)—/oo e dt—l"(—z+1/+l)a (2) (—V—3<§Rz<u+3)
T Jo (14e)tE T 2/ 2 27

whence ¢ = a,(p). Thus Theorem 4 (ii) follows.

Step 4. We prove Theorem 5. By Proposition 1 of [3], a,(2) takes the value a,,‘rronly at
z = p on the line Rz = p. If we write

ko(z) := D(p)C(z) = C(p)D(z) (= >0),
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then the Mellin transform ko of ko has the strip of absolute convergence —v — 3 < §Rz <
v+ i 2 and is given there by

it
TR

Fo(e) = T=p+ v + 50~ + v+ 3){as(e) - ()}

So Eo(z) has a unique root z = p on the line Rz = p), which by the Corollary to the
Proposition in §5 is at most double. By Propositions 2 and 4 of [3] - or by direct calculation
from the complex form of Stirling’s formula (see e.g. [22], p. 38 or [28], §12.33) - the
Korenblum condition (2.4) of Theorem 3 is satisfied for some ¢y > 0. Therefore E;*Cx f €
R, by Theorem 3, for small enough ¢ > 0.

We conclude as in [3], §6, Step 6. Since

~

Cx* f(z) =z**3% /0'00 e_“u”_%f(l/u)du, (6.5)

the function z=(**+2)C« f(z) is decreasing, whence log(z=(+P2)C % f(x)) is slowly increas-

ing. So we can apply a monotone density argument to

By % C * f(z) = «P? / t=(P) 0 & f(1)dt

T

in order to pass from E;*C*f € R, to Cx f € R,. Now the integral in (6.5) is essentially a
Laplace transform. The Hardy-Littlewood-Karamata theorem (or Karamata’s Tauberian
theorem for Laplace transforms - [2], §1.7) and a further monotone density argument give
fe R,. This says that f € R,, as required. o

§7. Proof of Theorem 6.

We write

Fi(z) = 271 Fy(1/z), Fy(z) := 271 Fe(1/z) (0 <z < o0).
Then, in Mellin convolution notation,

Fi =K, *f, F, =Ky *f,

where sin(1/z) cos(1/z)
Ki(z) := — Ky (z) := —
Our key assumption (2.8) is
K, * f(z)
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Now we have

/ e Ttsintdt = = / e~ %t costdt =
0 0

T ‘ :
oY o (0 <z < o)
or, in Mellin-convolution notation,
D,(z) = (C * K, )(=z), D;(z) = (C * K3)(z),
where 1
- z -
C(:c) =e 1‘, ) Dl(:z:) = m, Dz( ) .'I:2 T 1

The convergence strips of the Mellin transforms D;(2), Dy(z) are =2 < Rz < 0, —1 <
Rz < 1, respectively.

Choose X > 0 so largé that f is finite and decreasing on [X,00). We write
f(z) = I1x,00)f(z). In the proof below we first prove

(Ds * f)(z) i) 2) ¢ (z = 00), (7.1)

(D1 * f)(z)
and then apply Theorems 1, 2 and 3.

Step 1. By (2.8), both Fi(z) and Fy(z) are of constant sign for z large enough So by
Theorem 36 of [26], Dy * f = C x Fy:

/O > S 0 = /0 Tt B @mdtt (o> 0) (7.2)

(the integrals are improper in the first instance but reduce to absolutely convergent ones

since both f(z) and Fy(z) are of constant sign for z large enough). In particular, together
with (2.8), this gives

/ IR(ldt/t <oo  (i=1,2, ¥a>0). (7.3)
Next we show Dy x f = C * Fy:
/0 - ()t = / e R (H)dt/t (0 <z < o), (7.4)

both integrals converging absolutely. We write ¥, for the Fourier sine transform of . Since

7.4) holds for the pair of o x)(z)f(z) and its Fourier sine transform by Theorem 35 of
(0,X)
[26], it is enough to prove

/0 = - j_ s Ft)dt = /0 Temhwdy (0 <z < oo) (7.5)
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in order to get (7.4).

By the second integral mean-value theorem,

\By(z)| = I /X ” F(t)sin tedt| < ﬂf—*—)

(0 < z < 00). ‘(7.6)

By residue calculus,

M, .

tsintu T

A mdt = 56 P RM(U;:E) (‘U,,(B,M‘> 0),

where ,
zezzu.

22 4+ x2

Rpr(ujz) := —;—3(/ dz)

~ and v is the semicircle z = Me'® with § increasing from 0 to #. For M > /2z,

™ ) /2
| R (u; )| < / e~uMsinbgg < 2/ e~2uMb/m 49 < min(m, —1—) (7.7)
0 0 M'LL
By Theorem 38 of [26], for M large enough,
‘ M t . oo —zu 2 .
/0 i = /0 {7 = 2 Rag(w; 2)} Fa(u)d, (7.8)

where the integral on the right is improper both at 0 and oo in the first instance but
reduces to an absolutely convergent one by (7.3), (7.6) and (7.7). These estimates also
assure suitable dominated convergence in (7.8), as M — oo, to yield (7.5), whence (7.4).

From (7.4), we have in particular
/ &dt < oo. (7.9)
x t

Step 2. We prove (7.1). Choose Y so large that Fj(z) is of constant sign for > Y. Then
for M >Y and i = 1,2,

Jo €=/ | Fu(t)|dt/t fo e~*/*| Fy(t)ldt/t
fy em= Ry (t)ldt/t ~ fMe‘”/‘lFl(t)Idt/t

S exp{—z(} — 2)}Fit)|dt/t
<= fM |F1(t)|dt/t (z = o0). (7.10)
In particular,
C*Fl(:l:) fO —:c/tFI(t dt/t
e TR e R
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For any € > 0, we can find M > Y so that

=|BE)_ ).
Fi(z) IS (z 2 M).
Then
C*Fz(m)
K el R(dtft <I(z) + H(z) + 111(=),
where

_ g €7 Fy(t) — cFy(t)|dt/t

I(m) = f;o e—-z/tlFI(t)ldt/t ,
ok M o=/t By(t)|dt /¢
II(-'B) = f;’oo e_x/tlFl(t)Idt/t ’
I11(z) := cfxlfw e~=/| Fy(t)|dt/t

 Jy e R @)/t

Clearly, I(z) < ¢, while by (7.10) both II(z) and III(z) tend to zero as z — co. Combin-
ing,
; C * FQ(IE) 5
[y e~=/tFi(t)dt/t

¢  (z - 00),

whence

D2 * f(II)) — C* Fz(x)
Dy f(z) CxFi(z)

—+c  (z—00).

Now we have

/ f(t)dt = oo. (7.11)
0
For, if not, then f € L'[0,00). However by (2.7) the dominated convergence theorem yields
Fe
(=) 0 0 (z—0+),

R(z) ~ i@

contradicting (2.8). Thus (7.11) follows. Therefore

Dyxf() _,, Jo St/ {1+ (t/x)zi D1 (o)

D * f(z) Ix f®)dt/{1 + (t/z)?

Similarly,
M -1 (z = o0).
Dl * f(.'l:)
Thus we obtain (7.1).

Step 8. Let p be the upper order of f. In this step, we prove =1 < p < 0 and ¢ =
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tan(—mp/2). Since f is eventually decreasing, p < 0, while p > —1 by (7.'17.1). Thus
~1<p<0. - p

Now suppose p = 0. For € € (0,1), let B; and E; be as in Step 3 of §6. §ince

P

Dz*f(a:)g‘/x %f(t)dt:%/x fg—t)dt (0 < z < o0),

(7.9) shows that D;  f is bounded on (0,00). Similarly, so is Dy * f. Therefore we may
consider both Eq * By * Dy % f and By * By * Dy * f However, since

1 o '
/ D, (t) dt = oo, / _Dz_(tldt < 00,
0 0 t

13

- arguing as in Step 3 of §6 we obtain a contradiction, whence p # 0.

Now since —1 < p < 0 and

/ Dy (t)dt < o, / Dy(t)dt = oo,
0 0

we can apply Theorem 1 to obtain p > —1, whence —1 < p < 0.
Now we can apply Theorem 2 to obtain ¢ = Dy (p)/D;(p). But

Du(e) = /ooo i-_—:fz dt = singiirz:z)/2) (_2 <Rz <0),

Dq(2) = /ooo 1’:12& = ng:r/f}_g) (-1<Rz<1),

whence ¢ = tan(—mp/2).
Step 4. We write

ko(z) := D2(p)D1(z) — D1(p)Da(z) (0 <z < o).

Then .
];Io(z) — (77'/2)2 {tan(——ﬂp/Z) — tan(—7rz/2)}
sin(—mp/2) sin(—mz/2)
Now sin(—nz/2) has no root in the strip —1 < Rz < 0, while tan(—nz/2) — tan(—mp/2)

has a unique root z = p in the strip and this root is simple. Therefore ko(z) also has a

(-1 <Rz <0).

unique root z = p in this strip (whence on the line Rz = p) and it is simple.

For any r € (—1,0) and any a > 0, we prove

log |ko(r + iy)|
exp (1'2%1)

=0  (y— %oo). (7.12)
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For z = r + 1y, ‘
|sin(~72/2)| < %('e"!’/2 +e"™/2) < eml/2

while by the mean-value theorem
|sin(=n2/2)] > .;.(evrlylﬂ _ emrlil/zy > Z’.lzy_le—wlyvz,
whence
|log | sin(—7z/2)|| < log(7/2) + n|y| + |log yl].
On the other hand, |
tan(—7z/2) =+ F1  (y = %o0).

Thus (7.12) follows.

For small enough € > 0, write Ey(z) := I(,1)(z)z?T¢ as above. Then we can apply
Theorem 3 to obtain E; *+ Dy * f € R,. As in Step 4 of §6, we can apply a monotone
density argument to pass from E; * D; * f € R, to Dy * fe R,. Now for z > 0,

i _ [Tt 1 e, L dU(s)
(Dl*f)(ﬁ)—/o mdt_io m+sd3_:‘2_/(o,oo)m+s’

where /e
U(z) :=/ F(V/s)ds =/ tf(t)dt (0 <z < oo).
0 0
Therefore by the Tauberian theorem for Stieltjes transforms (see, e.g., Theorem 1.7.4 of

2]), we obtain U € Ry, 2. Again by a monotone density argument, f € R , Whence
(2+0)/ g p
fER, o

§8. Counter-examples.

We show, by counter-example, that Theorems 4 and 5 fail if the assumption

[t f(t)dt # 0 is not satisfied. Let t*+3 f(t) € LL_[0,00), f be ultimately decreasing
to zero at infinity with

/O T )t = o, (8.1)
We also assume
F) ~271E) (> oo) (5.2
with [ € Ry and . 3
Vo g <p<-v-g. (8.3)
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We have the following counter-example: for M > 0 so large that u?t*+3(u)'e L1[M, c0),

- Lié W Hu)dy (0St<M),  =tA(t) (M <t<o)
2 /M

Write

F(t) =

gi(z) ;=¥ % / u"+%f(u)du (z >0).
xz
Then t(*+1)+3 g, (z) € L} [0,00), g1 is eventually decreasing to zero at infinity, and

g1(t) ~ U (8) - —— T

m (t = o).

Let F, be the Hankel transform of f (of Mellin convolution form). Since

% {t70. @)} = =t s (t),

integration by parts yields

Fy(z) = 2=~} /0 T () (tf2) " o (22 dt

:-i-éﬂmm@wmfﬂhﬂuﬂﬂt

~zfl(z)a,(p) (& 0),

where in the last step we used the Abelian theorem for Hankel transforms of order v + 1

and the equality

| avt+1(p+1)

—— = ay(p).

(o+vd) ~ *W
Therefore

F,(z)

f(=)

whence we have a counter-example.

- a,(p) <0 (z = o0),

One may not be satisfied with the example above because the limit a, (p) above is

negative. So we consider another example with positive limit. Let f be as above but with

11 7
—V—7<P<—V—§ (84)
instead of (8.3). We assume also
/ T3 f()dt =0 (8.5)
0
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in addition to (8.1). For éxample, we obtain such f if we choose M large enough and aq,
a; suitably in -

.

f(t)i=a0+a;t (0<t< M), =tl(t) (M <t< o)
Let g; be as above. We write

S

g2(z) :=z7""2 / 3, (¢)dt (z >0).

Then t(*+2)+3 gy (z) € L1 .[0,00), g; is eventually decreasing to zero at infinity, and

1

12(2) ~ tPF20(2) - t — oco).
w0 e Dereen €7
Since - | foo
/ ' 3g (t)dt = ——/ u’*% f(u)du = 0,
0 2 Jo ‘

integration by parts yields

F,(z)= -z % /oo'o_t"+%gl(t)(t/m)"”‘1Jy+1(t/m)dt

- 5}5 ' %/0‘” g2(t)(¢/2)** Jy4a(t/2)dt

~ U2 (p) (o - o),

where in the last step we used the Abelian theorem for Hankel transforms of order v + 2

and the equality
av+2(p +2)

Grv+Dprvep W
Therefore ()
0 = ay(p) >0 (z — ),

whence we have a counter-example with positive limit.

By a similar method, one may construct a counter-exa,mple to show that Theorem
6 fails if the condition [~ f(t)dt # 0 is not satisfied.
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