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A Skeleton Structure of Self-replicating
Dynamics

Yasumasa Nishiura and Daishin Ueyama

Laboratory of Nonlinear Studies and Computations,
Research Institute for Electronic Science,

Hokkaido University,
Kita-ku, Sapporo, 060, JAPAN

abstract

A skeleton dynamics for the self-replicating patterns (SRP) of reaction diffusion system is presented. Self-
replicating dynamics can be regarded as a transient process from a localized trigger to a stable Turing
pattern or oscillatory Turing pattern. It looks like a reverse process of usual coarsening phenomena, i.e.,
the number of unit localized pattern increases until the domain is filled by them completely. SRP was
found in several chemical reaction models, for instance, the Gray-Scott model as well as in real experi-
ments. The most difficult point to describe SRP lies in the fact that it is truly a transient phenomenon in
the sense that it can be captured neither as a definite object in dynamical system theory like an attractor
nor an orbit itinerating among saddle points in the phase space. To our knowledge, it is not known that
what kind of dynamical framework is suitable to clarify the behavior of SRP. The aim is to give a new
point of view to describe such a transient dynamics of SRP on a finite interval. Especially we concen-
trate on the basic mechanism causing SRP from a bifurcational view point by employing a new model
system and its finite-dimensional compartment model which shares common qualitative features with the
Gray-Scott model. By a careful anatomy of global bifurcation diagrams, the skeleton dynamics of SRP
comes from a hierarchy structure of the subcritical bifurcating loops of oscillatory branches of pulse type.
It should be noted that these loops themselves do not constitute the skeleton dynamics of SRP, but the
ruins of them do it. In other words, the aftereffect of the hierarchy structure manifests the dynamics of
SRP. The most important ingredient of an organizing center from which the whole hierarchy structure of
SRP emerges is Bogdanov-Takens-Turing singularity as well as the existence of stable equilibrium point,

which indicates universality of the above structure in the class of nonlinearities sharing this character.
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1 Introduction

Self-replicating patterns have recently been observed numerically in a reaction diffusion
system ([1], [2], [5], [4]) as well as in laboratories ([3], [7], [8]). A prototypical model is the
irreversible Gray-Scott model that exhibits a variety of new patterns including spots that
self replicate and develop into a variety of asymptotic states in two dimensions ([1]) as
well as pulses that self replicate in one dimension ([2]). A rigorous analysis concerning the
existence of steady single pulse as well as nonexistence of traveling pulses has been done
quite recently by [6]. Nevertheless very little is known about the mechanism which drives
the replication dynamics itself. The aim of this paper is to present a key mechanism for
the self-replicating dynamics with the aid of a new model system that shares qualitatively
the same dynamics as in the Gray-Scott model. The self-replicating dynamics depicted
as in Fig. 1.1 can be regarded as a transient process from a localized trigger to a stable
Turing pattern or oscillatory Turing pattern (i.e., Turing pattern destabilized by Hopf
bifurcation).

Figure 1.1: Self-replication for PDE model (1)
width of interval= 4).

—~

D, = 0.001,D, = 0.004,« = 0.27169,

It looks like a reverse process of the usual coarsening phenomena, i.e., the number
of unit localized pattern increases until the domain is filled by them completely. More
precisely, on a finite interval, there are three different phases of dynamics of SRP:

1. Traveling phase: an isolated pulse-like pattern (i.e., away from other pulses and
boundary) travels almost without changing its shape.

2. Splitting phase: some of the pulses split into two parts.

3. Convergence to a final state: after several circulation of the above two phases,
and the number of localized patterns exceeds a critical level, then the orbit ap-
proaches an asymptotic state.



The goal is to present a hidden structure causing SRP by taking a bifurcational view
point and employing a finite-dimensional compartment model which keeps the essential
features of our model system. At present it is quite hard for us to trace globally all
the time-periodic branches of PDE model without the reduction to the finite-dimensional
model. The difficulty lies in the fact that SRP is neither an invariant set like an time-
periodic branch in X = S x P where S is a solution space and P is a parameter space,
nor an itinerary orbit traveling from a steady state of higher instability to that of lower
instability along stable (or unstable) manifolds of them like a coarsening process of Cahn-
Hilliard or bistable scalar reaction diffusion equations. Nevertheless, by a careful study of
bifurcation diagram, it turns out that the skeleton of SRP dynamics stems from a hierarchy
structure of the subcritical time-periodic bifurcating branches of multi-pulse type in X.
Each branch originates in a secondary bifurcation of Hopf type with loop structure from
the associated Turing (steady state) branch, namely it bifurcates from a Turing branch
and comes back to the same branch. When the size of the loop becomes larger, the type
of bifurcation changes from supercritical to subcritical, and hence the loop has a limiting
point where stable and unstable time-periodic branches coalesce. Hierarchy structure
means that such limiting points are located almost at the same value of the bifurcation
parameter like Fig. 3.17 as well as the connection among stable and unstable manifolds

explained in Section 3. The simplest case consists of only one limiting point and a Turing
branch like Fig. 1.2.

stable Turing branch of higher mode
\é
Turmg branch of lower mode
§
@]
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Figure 1.2: A basic mechanism for self-replication.

Suppose one takes a parameter value at a = «; which is right after the limiting point
where all time-periodic solutions already disappear there, and starts with an initial data
of pulse shape which is close to a snapshot of stable periodic solution at a = a5 near the
limiting point, it behaves like an time-periodic solitary pulse for a while, and then jumps

3



to a Turing branch of higher modes (see Fig. 1.3). The replication occurs exactly when
the orbit leaves the area close to the limiting point in the phase space.
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Figure 1.3: Splitting of 1-pulse (d = 0.113,«a = 0.28,n = 8): a pulse-like pattern of the
compartment model (3) oscillates temporarily and then splits into two parts.

It should be noted that the orbit only feels the aftereffect of limiting point of time-
periodic solutions of pulse type since there remains no invariant set in the phase space, and
this aftereffect corresponds to the dynamical stage where it behaves like an traveling pulse
before and after replication. Intuitively this aftereffect reminds us of the intermittency
of mapping, and they are, in fact, very close each other in spirit. When the system
size becomes larger, the longer the sequence of limiting points, and the splitting process
continues until the mode number (or the number of pulses) reaches the level enough to
cover the whole region. The most important ingredient of an organizing center from which
the whole hierarchy structure of SRP emerges is the Bogdanov-Takens-Turing (BTT)
singularity as well as the existence of stable equilibrium point, which indicates universality
of the self-replicating phenomenon in the class of nonlinearities sharing this character. It
is unclear at present, however, that such a global hierarchy structure can be obtained by
local unfolding of BTT point.

2 The model
2.1 PDE model

We present a minimal model satisfying three conditions: firstly it has a Bogdanov-Takens
singularity, secondly the Turing instability occurs at the saddle-node branch of equilibria,
and thirdly it has a stable constant state independent of parameters, say (0,0). These
features seem to be common among the nonlinearities which give rise to SRP such as



the Gray-Scott model. The following model system; which seems simpler than the Gray-
Scott model, can serve as one of the prototype models to investigate the self-replicating
dynamics:

ou 9 2

5 = D, V*u + u(u — v* — a)

5 (1)
A 2 —

5 = D, Vv + ku — v,

where D, and D, are diffusion coefficients, ¢ and k are non-negative parameters. We
mainly consider (1) on a finite interval subject to Neumann (zero flux) boundary condi-
tions. As we will see, this model system and the Gray-Scott model share a remarkably
similar qualitative behavior. The corresponding ODE kinetics is

du 5

ke u(u — v’ — o)

J (2)
v

E— ku — v.

The two parameters a and k control the ODE dynamics. The nullclines and the typical
flows are drawn in Fig. 2.1 and Fig. 2.2. When « is small, (2) has two nontrivial constant
states; the upper one is a stable focus and the lower one is a saddle as in Fig. 2.1. As a
becomes larger, through saddle-node bifurcation, (2) becomes monostable like Fig. 2.2.

e
0.5 .
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Figure 2.1: ODE kinetics (bistable)

A codimension 2 singularity called Bogdanov-Takens point (BT-point) appears when both
a and k vary. Fig. 2.3 shows how the dynamics changes around the BT-point. When £ is
fixed to be 0.95, the bifurcation diagram of (2) with respect to « is depicted in Fig. 2.4,
which is a slice of the unfolding of BT-point. Here a. is the saddle-node point and Hj is the
Hopf bifurcation point. We use the symbols of Table 1 for bifurcation points and branches..
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Figure 2.2: ODE kinetics (monostable)
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Figure 2.3: Unfolding of Bogdanov-Takens point.
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Figure 2.4: Unfolding of BT-point at & = 0.95.

Stable stationary solution O Bifurcation point @ Stable periodic solution

- - = Unstable stationary solution Hopf bifurcation point O Unstable periodic solution

Table 1: Notation for bifurcation diagrams.



2.2 Compartment model

Although the model system (1) is simply-looking, it is not an easy task to make a numerical
tracing of time-periodic branches globally in parameter space. Hence we need a simplified
model of (1) which is of finite-dimensional and suitable for numerical tracing. We propose
the following diffusionally coupled compartment model where each compartment has the
same dynamics as (2):

du.
% = ui(ui — v} — &) + d(uim1 — 2u; + uit)

i=1,...,n (3)
dvi
i ku; — v + dB(viey — 2v; + vig)

subject to Neumann boundary conditions on both ends, where 3 is the ratio of diffusivities
of u and v, and d controls the strength of diffusion. This is a nonlinear ODE system of
2n-dimension which is much easier to handle for computation, in particular whole time-
periodic branches can be traced numerically within reasonable time. Moreover, if we take
an appropriate number of compartments, the qualitative features of the dynamics and the
bifurcation diagrams are the same as the original PDE model 1, which will be discussed in
Section 4. In the following sections, § is fixed to be 4, and the number of compartments
n is either 8, 16, 32, or 68.

3 Self-replication of pulse type

Most of the exotic dynamics occur near the saddle-node branch in Fig. 2.4. There are at
least two types of SRP dynamics: one is SRP of pulse type where pulse-like waves self-
replicate as in Fig. 1.1, and the other is SRP of front type only observed in bistable region.
The latter is based on the existence of the traveling front connecting stable equilibrium to
trivial state (0.0), and if the Turing instability occurs to the nontrivial constant state, then
we have a SRP of front type when the velocity of the front is appropriate (more precise
analysis will be reported elsewhere). On the other hand, SRP of pulse type seems to be
more subtle, since there is no apparent clue to the mechanism causing SRP. In this section
we try to find a sort of hidden organizing center of SRP of pulse type by a careful study of
bifurcation diagrams. Although a lot of steady and time-periodic patterns are found by
numerical tracing of bifurcating branches (we used AUTO [9]), those themselves do not
constitute the skeleton of the dynamics of SRP like saddle points and their connecting
orbits in the description of the coarsening process of binary alloy. However this does not
mean that those invariant sets are useless to understand SRP. On the contrary, they play
the key role behind the scenes to describe the transient dynamics in the form of aftereffect.
The aim of this section is to clarify the meaning of aftereffect in the context of transient
dynamics.

3.1 Bogdanov-Takens-Turing point

There are three parameters k, a, and diffusivity d. In what follows we fix the value of k&
as k = 0.95 and the ratio of diffusivities as § = D, /D, = 4. The ODE kinetics employed
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in the model system (1) has a Bogdanov-Takens point when k¥ = 1/v/2 and a = 1/2.
Saddle-node and Hopf singularities coalesce at this point in the parameter space. It
should be noted that the trivial state (0,0) always exists and is locally asymptotically
stable. Therefore the kinetics is of bistable type when a < a., and mono-stable when
a > a., where a. is the a-value of the saddle-node point. When the diffusion effect is
taken into account, we also have the diffusion-driven (Turing) instability at an equilibrium
point on the saddle-node parabolic branch in Fig. 2.4. The Turing bifurcation points can
be easily computed like Fig. 3.1. Note that in most cases, for a fixed d, the highest mode-
number of branch primarily bifurcates from the upper branch with respect to a. The
emanating branch remains as a stable steady state for larger a and become a candidate of
final states after splitting. Combining BT-point and Turing instability, we have a highly
degenerate singularity, what we call, the Bogdanov-Takens-Turing point by tuning
three parameters, which is at least of codimension 3. Since it is quite complicated and
tough to study the unfolding of this singularity, we focus on a special section of this
singularity by fixing k£ = 0.95 and § = D,/D, = 4 as mentioned earlier. We draw
- the bifurcation diagrams in a vs solution space for a given d, and trace the behavior
of bifurcating branches when the diffusivity d decreases. For large d, say d = 2.5, the
bifurcation diagram is the same as that of the ODE kinetics (see Fig. 2.4), i.e., there
appear saddle-node bifurcation of equilibria and the Hopf bifurcation on the upper branch
which ends up with the homoclinic orbit. When d decreases, there appears a Turing loop
of 1-mode type connecting the upper branch to the lower branch of equilibria via diffusion-
driven instability (see Fig. 3.2). The Turing branch in Fig. 3.2 does not look like a loop,
since the norm of the ordinate is L. If we switch to a different norm which distinguishes
a solution from its reflection at the center of the interval, the loop shape becomes visible
like Fig. 3.10. Here “l-mode type” means the Fourier-mode number of the associated
eigenfunction at the bifurcation point. This type of Turing bifurcation successively occurs
as well as secondary and tertiary bifurcations as d decreases, and the resulting branches
form a complicated structure in total as in the following subsections, however it turns
out that there is a similarity structure among those branches which enables us to predict
what will happen as d becomes small.

3.2 Overhang of Turing loops and emergence of Hopf barrels

The Turing branch always overhangs saddle-node branch like Fig. 3.2 and therefore Turing
patterns persist over the parameter region where there are no nontrivial constant states
(l.e., only zero solution survives there, namely mono-stable region). When the Turing
bifurcation point on the upper branch come close to the limiting point of equilibria o,
(see Fig. 3.1 (a)) as diffusion d decreases, there appears a “Hopf barrel” as a secondary
branch near the Turing bifurcation point like Fig. 3.3.

This Hopf instability is different from the one appeared at Hp in Fig. 2.4, in fact,
a new pair of complex eigenvalue pops up on the way to the bifurcation point H; of
Hopf barrel (see Fig. 3.3 and 3.4) and the associated eigenfunction resembles the spacial
derivative of the steady Turing pattern there. This implies that the resulting oscillatory
pattern rolls from side to side, not up and down (See Fig. 3.5).
Suppose we have a similar type of Hopf bifurcation at the Turing branch of 2-mode, we
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Figure 3.1: Turing bifurcation curves in (d, o) -space (n = 1,2,...,4) for PDE model on
(0,7) with £ = 0.95; (a) (resp.(b)) shows the location of bifurcation points on the upper
(resp. lower) branch of the saddle-node branch. Note that the bifurcation points on
the upper branch are concentrated near the saddle-node point e, = 0.277 (the difference
between the maximum and the minimum values of 1-mode is about 0.026), and the smaller
d, the larger mode-number primarily emerges as « increases.
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Figure 3.3: Hopf barrel (d = 0.555,n = 8); the right diagram is a magnification of the
left one. The Hopf branch emanates at H, and comes back to the 1-mode branch.
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Figure 3.5: Stable oscillatory motion of 1-mode (d = 0.555,a = 0.277,n = 8).
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expect the existence of time-periodic solution of single pulse shape rolling from side to
side. In fact this is the case for our model depicted as in Fig. 3.9, and we discuss about
the Hopf barrel on 2-mode branch in the next subsection. In what follows we call such a
pulse-like time-periodic solution the oscillatory pulse for simplicity. The sequence of Hopf
barrels emanating from even-mode Turing branches is responsible for the coexistence of
stable oscillatory multi-pulse solutions, and constitutes an important part of replicating
dynamics. The expression “important part of replicating dynamics” may be somewhat
misleading, since it will turn out later that the unstable oscillatory multi-pulse solutions
also must be taken into account (in fact, once the orbit is trapped in the basin of such a
stable branch, it never splits after that), and that the aftereffect of saddle-node bifurca-
tion of these two stable and unstable branches plays a crucial role to explain the transient
aspect of replicating dynamics. Namely the self-replicating dynamics can be visible only
after all stable oscillatory multi-pulse solutions disappear via saddle-node bifurcation. We
will discuss more about this in the following subsections.

3.3 Interaction of Turing branches and deformation of Hopf bar-
rels

For an appropriate small d, the Turing branch of second mode appears as in Fig. 3.6,
which interacts with one-mode branch as d decreases through double-zero singularity
(codim 2-bifurcation) and the Hopf barrel of one-mode persists as a tertiary bifurcating
branch (see Fig. 3.7). As d decreases, the Turing branch of 3-mode appears on the upper
side of 2-mode branch, and then Hopf barrel appears on the two-mode branch like Fig.
3.8, which is of supercritical type. The resulting oscillatory pattern is of pulse type rolling
from side to side as in Fig. 3.9. We will see in subsection 3.5 that this oscillatory solution
deserves to be called a “pulse” as the system size becomes larger, namely both front and
back sides decay quickly to zero. The size of this barrel becomes larger as d decreases,
and at the same time, the barrel changes its form from the supercritical type to the

14
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Figure 3.11: Dynamics near the limiting point; Even after the event of the saddle-node
bifurcation, there still remains an oscillatory motion at @ = ;. The temporary oscillatory
motion lasts longer and longer, when a; approaches a. :
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subcritical one. In fact, when d = 0.2, the whole part of the Hopf branch is represented
by black circle (i.e., it consists of only stable branch), and hence no turn around as in Fig.
3.8, however as d becomes small, the Hopf branch starts to bend and take the form like
Fig. 3.10(b-4) at d = 0.175. Although this deformation seems innocent from bifurcational
point of view, it has a strong influence on the dynamics as discussed below.

3.4 Fundamental mechanism of self-replicating dynamics

The change from the supercritical type to the subcritical one has a crucial meaning for
the creation of the duplicating dynamics. Subcriticality of Hopf bifurcation gives rise to
the existence of limiting point of the oscillatory branch at o, = 0.267407 (Fig. 3.10(b-4)).
It may be instructive to recall that what kind of dynamics occur near the limiting point.
The schematic picture Fig. 3.11 shows the three different dynamics when « varies. When
a = ay, there are stable and unstable time-periodic solutions which coalesce at o = o, and
disappear after that, however, even at a = a;, there still remains an temporary oscillatory
motion as an aftereffect of the limiting point. An exactly the same thing happens near
the limiting point of Fig. 3.10(b-4). Fig. 3.12 shows the evolution where « is fixed to
be slightly smaller than a. and the initial function is taken from the snapshot of the
stable oscillatory solution at @ = a3. Note that this temporary oscillatory motion keeps
running as long as we want, if we choose the parameter o and initial data appropriately.
In fact, if a is taken to be much closer to a, then it behaves like an oscillatory pulse ten
times longer than before (see Fig. 3.13 and note the difference of time-scale). In other
words, although nothing remains after saddle-node bifurcation in the phase space, there
is a strong secondary effect due to the coalescence of large-amplitude oscillatory motions
when a(< a.) is close to a..
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Figure 3.12: From 1-pulse to Turing pattern of 3-mode (d = 0.175,a = 0.2673,n = 8).
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Figure 3.13: From 1-pulse to Turing pattern of 3-mode (d = 0.175,a = 0.2674,n = 8).

Namely it behaves like an oscillatory pulse for a while, but oscillatory branches already
disappear due to the saddle-node bifurcation, it eventually escapes there and then ap-
proach the Turing pattern of 3-mode which corresponds to the stable steady solution T}
in Fig. 3.10 (a-2), (b-2). It is numerically confirmed that the unstable oscillatory pulse
(white circle of Fig. 3.10 (b-4)) has only one unstable Floquet exponent, and that the
associated unstable manifold is connected to the 3-mode Turing pattern T} and the stable
oscillatory pulse (black circle) respectively, hence, by continuation with respect to a, we
see that it is not a coincidence, but a necessity that the orbit goes to T after splitting.
The important point is that there are two stages of the dynamics, firstly temporal oscilla-
tion of pulse type due to the aftereffect of the saddle-node bifurcation, secondly jumping
to the Turing branch of higher mode inherited from the connection of the unstable mani-
fold to T;. Contrary, without subcriticality (hence no limiting point), there are no exotic
behaviors and aftereffects near Hopf barrel. In fact, the Hopf barrel is of supercritical
type at d = 0.2 like Fig. 3.8, then the orbit starting from a 1-pulse shape settles down
to a Turing solution of 2-mode in a damped oscillatory manner like Fig. 3.14 even if «
is taken to be close to the onset of Hopf barrel. When d becomes smaller (d = 0.113),
a Turing pattern of higher mode (4 mode) emerges, and the orbit behaves like Fig. 1.3.
Namely it oscillates like a one-pulse for a while, then goes to the stable Turing branch of
4-mode (in fact, it is a mixed solution with 2-mode).

3.5 A hierarchy structure of limiting points of oscillatory pulses
forms the skeleton of self-replicating dynamics

When diffusion becomes weak, higher modes of Turing patterns bifurcate from the saddle-
node branch and interact with lower modes of Turing patterns, and the resulting bifurca-
tion diagram becomes more and more complicated as d decreases. We extract a hidden
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Figure 3.14: Damped oscillation to Turing pattern of 2-mode (d = 0.2, = 0.27,n = 8).

structure driving the self-replicating dynamics by careful anatomy of those diagrams.
Since our model consists of finitely many compartments (we take n = 32 in this sub-
section), there is an upper limit for the mode-number of Turing pattern. However, up
to some level, the following hierarchy structure is formed, which is responsible for the
replicating dynamics.

1.

o

The stable Hopf barrel from Turing branch of 2m-mode appears, swells, and becomes
subcritical as d decreases, and hence it has a limiting point at some value of «. The
corresponding stable oscillatory solution looks like a traveling m-pulse bouncing at
boundary points (see Fig. 3.15 for m = 2).

The existence of such a limiting point persists even after the Hopf barrel deforms,
and there appear such limiting points up to some mq in sequence when d decreases.
Moreover those points are located almost at the same values of o, say a*. In fact,
for 32-compartment model with d = 0.3, it is confirmed numerically that at least
three different stable oscillatory pulses (from 1-pulse to 3-pulse) exist on each solid
interval as in Fig. 3.16, and they cease to exist around a* = 0.27. This strongly
suggests that the bifurcation diagram of Fig. 3.17(b) is plausible; each oscillatory
branch has a limiting point and they make an almost straight line. This remarkable
coincidence of location of limiting points is a key ingredient to explain the transitory
aspect of self-replication dynamics as will be seen below.

. Besides those oscillatory pulse solutions, there always exists a stable steady Turing

pattern or stable oscillatory Turing pattern near o = o*, the mode-number of
which is higher than the above oscillatory patterns and is enough to cover the whole
region. This is one of the consequence that the highest mode-number of Turing
pattern primarily bifurcates from the upper part of the saddle-node branch and
remains as a stable steady state (or a oscillatory Turing pattern if it experiences
Hopf bifurcation) for larger @ where SRP is observed (see Section 3.1).
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4. Suppose that one takes o to be slightly smaller than o* = 0.27, the solution orbit
starting from 1-pulse shape behaves as follows: first it oscillates a couple of times
with keeping one pulse shape, then splits into two pulses (duplication!) and oscillates
again for a while with keeping two-pulse shape. Next one of the pulses (or both of
them depending on initial data) splits again, and eventually approach the Turing
pattern of 8-mode (see Fig. 3.18). It should be noted that when each multi-pulse
pattern oscillates without changing its mode-number, the orbit is wondering the
area in the phase space which is very close to the limiting point as in Fig. 3.17(b-
2). Namely the fundamental mechanism discussed in Section 3.5 is assembled in
a hierarchy way, and the orbit makes a course of itineracy among oscillatory pulse
solutions. Moreover, there are in general several candidates for the final destination,
and hence, it is rather common to observe the subtle dependence of the final state on
initial data. In fact, when we slightly change the initial data in the above simulation,
the orbit goes to the oscillatory Turing pattern of 6-mode as in Fig. 3.19, although
the first half of the splitting process remains as before (see Fig. 3.17(b-1)). The
schematic picture depicted in Fig. 3.17 shows the essence of the transitory behavior
of the self-replication. The scenario continues until the mode number does not
exceed the upper limit.

~

D e

t=500

0 -

t=1500

Figure 3.15: Oscillatory 2-pulses (d = 0.3,a = 0.272,n = 32).

4 Comparison with PDE model

We compare the dynamics of the compartment model with n = 68 with that of PDE model
(1). Fig. 1.1 in Section 1 shows the replication dynamics of (1) for @ = 0.27169, and
similarly Fig. 4.1 for (3) with n = 68 and o = 0.27018. There is an apparent similarity
between these two simulations, although the values of o are slightly different. It is in
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Figure 3.16: Hierarchy structure of oscillatory pulses for compartment model (d
0.3,n = 32): Each arrow indicates the interval where the associated pulse is stable.
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Figure 3.17: Hierarchy structure of limiting points of the oscillatory n-pulse branches.
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Figure 3.19: From 1l-pulse to oscillatory Turing pattern of 6-mode (d = 0.3,a =
0.27028,n = 32).
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general dangerous to conclude something about the relation of the solution structure
between (1) and (3) only by simulations, since (3) should be regarded to be a different
model from (1). However there is a strong evidence that SRP for PDE model also stems
from the same origin, namely the bifurcational structure of (1) is qualitatively similar to
that of (3). For instance, the diagrams for the onset of Hopf points on Turing branches
of 1-mode and 2-mode for (1) are essentially the same as in Fig. 3.3 and Fig. 3.6, and
more importantly, the subcritical nature of oscillatory 1-pulse holds true for (1) as in Fig.
4.2. In general, it is quite tough and time-consuming to trace the deformation of the
whole Hopf branch numerically for PDE-model, so we have not checked yet that the Hopf
branch in Fig. 4.2 comes from the small Hopf barrel (this is the main reason that we
adopted the compartment model). Also similar hierarchy structure of subcritical loops
of oscillatory multi-pulse type is observed by checking the a-intervals where each stable
oscillatory multi-pulse exists (see Fig 4.3). Comparing this with Fig. 3.16, it is plausible
that the dynamics of SRP for PDE-model comes from the same skeleton structure as (3).
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I : AN A A A A

t=2000

Figure 4.1: Self-replication for 68-compartment model (d = 0.3, = 0.27028, n = 68).

5 Discussion

We proposed a candidate for the dynamical mechanism to drive the SRP for the model
system (1) on a finite interval. A hierarchy structure of limiting points of oscillatory
multi-pulse branches plays a crucial role in the replication process. As we saw in Section
4 (see Fig. 3.17), in order to have SRP, the limiting points of oscillatory pulses must
locate almost at the same value of «, which can be formed only when all the parameters
are tuned in an appropriately way. This is the reason for the fact that SRP was observed
only in a restricted area of the parameter space. In fact, if we change k or B of (3),
such a structure does not persist, and hence the exotic behavior also disappears. This is
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Figure 4.2: Subcriticality implies the existence of limiting point for 1-pulse branch of
PDE model (system size=0.65). The norm of the vertical axis is the same as in Fig. 3.10.
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Figure 4.3: Hierarchy structure of oscillatory pulses for PDE model (D, = 0.001,D, =
0.004, width of interval= 4).

the case also for the Gray-Scott model as in [1]. In this sense SRP is not a universally
observed phenomenon for arbitrary chosen parameters. However suppose we have a stable
oscillatory 1-pulse for small d (or in a wider interval for a fixed d), then we have a
high possibility to have SRP, because the following plausible argument seems to work to
explain why the limiting points locate almost at the same value of a. First of all, both
front and tail parts of such a 1-pulse decay quickly to zero, and hence there are very
few interaction among pulses when we superpose several pulses on the interval without
intersection. Secondly, since the boundary condition is of Neumann type, the pulses must
be robust on symmetric collision. Hence it is plausible that the solution remains as a
stable oscillatory multi-pulse even after collision, when the evolution starts from such
an superposed initial data. This implies that all the oscillatory multi-pulses up to some
number remains stable almost on the same a-interval. Moreover when 1-pulse becomes
unstable or ceases to exist, all the other oscillatory pulses are also expected to behave in
a similar way, which implies the coincidence of location of limiting points.

In 2-dimensional space we also found the self-replicating spots like Fig. 5.1 for our model
system, which is quite similar to those in [1], [3], and [7]. Although we do not know the
detailed structure of bifurcating localized pulses, it might be possible to know the basic
mechanism if the system size is rather small. Namely, for instance, take such an domain
so that only two localized spots can survive in it, then, if we start from a localized 1-spot,
it may split and settle down to the two spots state, which is quite similar to the situation
discussed in Section 3.4.

Our model system (1) is different from the Gray-Scott model [10], however these two
models share remarkably similar replicating dynamics. This is because both systems
satisfy three conditions mentioned at the begining of Section 2.1, which, we believe, are
the main ingredients to form the self-replication. The same approach employed in this
paper seems to work also for the Gray-Scott model on a finite interval. The global
behavior of steady branches of pulse type (i.e., standing pulses) may become important in
this model. In spite of a number of open problems, our approach gives a strong evidence
for the ubiquity of the proposed mechanism for SRP, and we hope that this idea can be
applied to specific new problems of transient dynamics.
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Figure 5.1: Self-replicationg spots (D, = 0.001, D, = 0.004,a = 0.275,k = 1, system
size= 2 X 2).
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